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A proof of Furstenberg’s conjecture on the
intersections of xp- and Xx¢g-invariant sets

By MENG WU

Abstract

We prove the following conjecture of Furstenberg (1969): if A, B C [0, 1]
are closed and invariant under xp mod 1 and xgq mod 1, respectively, and
if logp/log q ¢ Q, then for all real numbers u and v,

dimy (uA + v) N B < max{0, dimu A + dimyg B — 1}.

We obtain this result as a consequence of our study on the intersections of
incommensurable self-similar sets on R. Our methods also allow us to give
upper bounds for dimensions of arbitrary slices of planar self-similar sets
satisfying SSC and certain natural irreducible conditions.

1. Introduction

1.1. Background and history. This paper is concerned with Furstenberg’s
problem [15] about the intersections of Cantor sets. The Cantor sets under
consideration are dynamically defined, that is, they are either invariant sets
or attractors of certain dynamical systems. Let (X, f) be a dynamical sys-
tem where f : X — X is a measurable map on a compact metric space X.
Many important dynamical properties of f are displayed by its invariant sets.
Supposing that we are given two dynamical systems (X, f) and (X, g), it is
reasonable to expect that information about common dynamical features of f
and g can be obtained by comparing their respectively invariant sets. We are
particularly interested in systems (X, f) and (X, g) that are arisen from two
arithmetically or geometrically “independent” origins. In this case, one ex-
pects that the two systems should share as few common structures as possible
and thus an f-invariant set should intersect a g-invariant set in as small a set
as possible.
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Furstenberg has given in [15] some quantitative formulations of the above
philosophy. Let dim denote a dimension function for subsets of X (e.g. Haus-
dorff dimension). Following Furstenberg, we say that f and g are transverse if

dim AN B < max{0,dim A 4+ dim B — dim X'}

for all closed sets A and B that are f- and g-invariant, respectively. The
present work was motivated by a conjecture of Furstenberg concerning the
transversality of two arithmetically “independent” systems.

Two positive real numbers a and b are said to be multiplicatively indepen-
dent, denoted by a ~ b, if loga/logh ¢ Q. For a natural number m > 2, let
Ty : ¢ — ma mod 1 be the m-fold map of the unit interval. We use dimyg A
to denote the Hausdorff dimension of a set A. Furstenberg conjectured that
two dynamics T}, and Tj; with p » ¢ are transverse. More precisely,

CONJECTURE 1.1 (Furstenberg, [15]). Assume that p ~ q. Let Ap, By C
[0,1] be closed sets that are invariant under T, and Ty, respectively. Then for
all real numbers u and v,

dimy (uAp 4+ v) N By < max{0,dimyx Ay + dimyg By — 1}.

In this paper, we prove Conjecture 1.1. We point out that Conjecture 1.1
is closely related to another conjecture of Furstenberg about expansions of real
numbers in different bases, which is stronger and remains open. For z € [0, 1],
we denote the orbit of z under the map T, by O, (z) = {TF (z) : k € N}.

CONJECTURE 1.2 (Furstenberg, [15]). Ifp = q, then for each x € [0,1]\Q,
we have

(1.1) dimy Op(z) + dimy O, (z) > 1.

Suppose that p « ¢, A, is a closed T)-invariant set and B, is a closed
Ty-invariant set, and dimyg A, + dimyg B; < 1. Then Conjecture 1.1 implies
that dimpg A, N B, = 0, while Conjecture 1.2 predicts that 4, N B, C Q. In
this respect, Conjecture 1.2 is much stronger than Conjecture 1.1. It seems
that Conjecture 1.2 is still far out of reach of current methods. Nevertheless,
as observed already by Furstenberg, using Conjecture 1.1 one can obtain some
partial results towards Conjecture 1.2: the set of = € [0, 1] that do not satisfy
(1.1) has Hausdorff dimension zero. See Theorem 9.4 for a detailed proof.

The aforementioned conjectures belong to the broad category of rigidity
problems about xp and xq dynamics, where there is a rich literature; see,
e.g., the survey paper of Lindenstrauss [25] and the references therein. The
study of rigidity properties between xp and x¢q dynamics (when p ~ ¢) was
initiated by Furstenberg in his landmark paper [14]. In that paper, Furstenberg
established the celebrated Diophantine result: if p » ¢, then the unit interval
itself is the only (infinite) closed set that is both T}, and Tj invariant. He has
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famously conjectured that the measure version of this should be also true: any
Borel probability measure on the unit interval invariant under 7T}, and Ty is a
linear combination of Lebesgue measure and an atomic measure supported on
finitely many rational points. The best partial result towards this conjecture
is due to Rudolph and Johnson [30], [23] who proved the conjecture under the
assumption of positive entropy. The research along this line has been fruitful
and influential, and it has led to deep advances in Diophantine approximation
and homogeneous dynamics (see [25]).

In another direction, Conjecture 1.1 can also be regarded as a problem
about slices of fractal sets. Note that the set (uAy,+v) N By is, up to an affine
coordinate change, the intersection of the product set A, x B, with the line
lyy = {(z,y) : y = ux + v}. By a classical result of Marstrand [26], for any
Borel set £ C R? and each u € R, Lebesgue almost every v € R satisfies

dimg E N4y, < max{0, dimy £ — 1}.
In general, this is only an almost every result, and there could be exceptional
pairs (u,v) for which the above inequality fails. In most cases, the set of
exceptional (u,v) is quite difficult to analyze.

While explicitly determining the exceptional set is in general intractable,
for certain fractal sets with regular arithmetical or geometrical structures, it is
widely believed that the exceptional set should be very small and could only
be caused by some evident algebraic or combinatorial reasons. For A, B, as
in Conjecture 1.1, the set A, x B, is such an example, for which it is clear
that certain lines parallel to the axes are exceptional for the slice result, and
Conjecture 1.1 predicts that these lines are the only exceptions.

There is a rich literature about generic slices of various fractal sets; see,
e.g., [26], [18], [24], [27], [6], [7], [2], [34]. However, very little is known about
specific slices, and there were few partial results concerning Conjecture 1.1
before the present paper. The first and perhaps also the best one is due to
Furstenberg [15, Th. 4]. His result states that under the assumption of the
conjecture, if dimp(ugA + vo) N B =~ > 0 for some uy # 0,v9 € R, then for
Lebesgue almost every u € R, there is v such that dimg(uAy, +v) N By > 7.
From the last assertion, it is not hard to deduce that in this case, we must
have dimyg A, + dimyg B, > 1/2; see [20, Th. 7.9] for the deduction. Thus,
under the assumption dimy A, +dimy B, < 1/2, Furstenberg’s result confirms
Conjecture 1.1. We will return back to [15, Th. 4] in Section 4.2. We would like
to mention that the technique (namely, CP-process) Furstenberg introduced
and used in [15] is also important for the present work. It will be one of the
main ingredients for our proof of Conjecture 1.1.

Recently, Feng, Huang and Rao [12] studied affine embeddings between
incommensurable self-similar sets and, as a consequence, they showed that if
p ~ ¢, then for Tp-invariant self-similar set £ and Tj-invariant self-similar
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set F', there exists a (non-effective) positive constant ¢ depending on F and F
such that the Hausdorff dimension of the intersection of F with each C!-diffeo-
morphic image of E does not exceed min{dimyg F,dimy F'} — 0. Later, Feng
[11] obtained some effective versions of the results of [12], but these effective
versions are still far from sufficient for proving Conjecture 1.1. Feng [11] also
constructed, for any s,t € (0,1) and € > 0, a T-invariant set A of dimension s
and a T,-invariant set B of dimension ¢ that verify Conjecture 1.1 with a loss
of .

Finally, we note that the slice problem may be considered as “dual” to the
projection problem for fractal sets. In that direction, there is a dual version of
Conjecture 1.1, also due to Furstenberg and recently settled by Hochman and
Shmerkin [21] (some special cases by Peres and Shmerkin[29]), which asserts
that under the assumptions of Conjecture 1.1, for each orthogonal projection
Py from R? to R with direction 6 not parallel to the axes, we have

dimp Py(A, x By) = min{1,dimy (A, x By)}.

Recently, there has been considerable interest in the study of projections of dy-
namically defined Cantor sets; see, for instance, the survey paper of Shmerkin
[32] and the references therein for more details.

1.2. Statements of general results. We prove a more general statement
about intersections of regular homogeneous self-similar sets on R (see below
for the definition) under natural irreducibility assumptions. Conjecture 1.1
will be a consequence of this general result.

We first recall some relevant definitions. An iterated function system (IFS)
on R? is a finite family {f;}7, of strictly contracting maps f; : R? — R%. Tts
attractor is the unique non-empty compact set X C R? satisfying

X = G fi(X).
=1

The IFS {f;}1*, is called self-similar if each map f; is a similarity transforma-
tion. In this case, the attractor is called a self-similar set.

A self-similar IFS {f;}7*, defined on the line R is said to be regular and
A-self-similar if it satisfies the following conditions:

(1) regular condition: there exists an open interval J such that f;(J) C J for
each ¢ and f;(J) N f;(J) =0 for i # j;

(2) A-self-similar condition: there exists 0 < A < 1 such that each f; is of the
form fi(z) = \x + t;.

The attractor of a regular and A-self-similar IF'S will be called a regular A-self-

similar set.
We use dimp to denote upper box-counting dimension.
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THEOREM 1.3. Assume that o, 8 € (0,1) with o = 3. Let C,, C R be a
reqular a-self-similar set, and let Cg C R be a regular 3-self-similar set. Then
for all real numbers u and v, we have

dimp(uCy + v) N Cs < max{0,dimy Cy + dimy C5 — 1}.

If we compare Theorem 1.3 and Conjecture 1.1, we notice that in The-
orem 1.3, «, 3 are real numbers, and moreover we consider the upper box-
counting dimension of intersections.

From Theorem 1.3, we can deduce a slightly stronger result than what is
stated in Conjecture 1.1.

THEOREM 1.4. Under the assumptions of Conjecture 1.1, we have for all
real numbers u and v,

dimp(uA, + v) N B, < max{0,dimy 4, + dimy B, — 1}.

Remark 1.5. (1) One deduces Theorem 1.4 from Theorem 1.3 by using
the fact that if A C [0,1] is a closed Tj,-invariant set, then for any £ > 0,
there exist k € N and a regular 1/m*-self-similar set A such that A C A and
dimyg A > dimg A — ¢. See Section 9 for the detailed proof.

(2) In Theorem 1.3, we only consider regular A-self-similar IFSs, but it
also works for some other cases. For example, the same proof works if the
regular condition is replaced by the strong separation condition (SSC).

(3) Our approach is purely ergodic theoretical; it is quite flexible and can
be extended to more general settings. A natural generalization of Theorem 1.3
is to consider intersections of linear and non-linear IFS attractors. Under
certain natural circumstances, one should expect similar dimension bounds as
above for the intersections. We expect that our methods could be developed
further to treat these problems.

(4) Theorem 1.3 has consequences on problems of embeddings between
self-similar sets as studied in [12]. See Section 9 for details.

Our next result concerns slices of self-similar sets on the plane with irra-
tional rotation.

Let {fi}®, be a homogeneous self-similar IFS on R?, where for fixed
A€ (0,1) and € € [0,1), each f; : R? — R? is defined by

fz(as) = )\ng + 5,

with t; € R? and O¢ being the rotation matrix of angle 27¢ € [0, 2).

THEOREM 1.6. Let X be a self-similar set corresponding to an IFS as
above. Suppose that & is irrational and the IFS {f;}; satisfies the strong sepa-
ration condition. Then

dimp (X N ¢) < max{0,dimyg X — 1}

for any line £ of R2.
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Remark 1.7. The irrationality condition for £ is necessary, as we can see
from the 4-corner 1/3-Cantor set (i.e., the product of the classical 1/3-Cantor
set C' with itself): certain lines parallel to the = or y-axes intersect C' x C' in
a set that is a copy of C.

We note that Theorems 1.4 and 1.6 have been simultaneously and in-
dependently proved by P. Shmerkin [33] using completely different (additive
combinatorial) methods.

1.3. Strategy of the proof. Let us briefly describe our strategy for proving
Theorem 1.6. The proof of Theorem 1.3 follows the same strategy, but is a bit
more technical. For a set A C R%, we denote by Ns(A) the minimal number of
balls of diameter ¢ needed to cover A.

Let X be a self-similar set satisfying the conditions of Theorem 1.6. Our
overall strategy is to show that whenever there exists a line ¢y such that
dimpX N ¥y =: v > 0, then we must have dimyy X > 1 4 . To prove this, we
proceed to show that for any € > 0 and all large enough n, there exist £ C X
and a set of angles F C [0, 27) satisfying the following properties:

(1) Ny (ES) < 20

(2) Nyon(FE) > 200-2);

(3) for each t € Ff, there exists a line ¢; with angle ¢ intersecting EZ, such that
infaex No-n (X N &)\ B(x,70)) > 2"79) where rg = r(¢) > 0 is some
constant not depending on n.

From these estimates, one can deduce that dimgpX > 1 + ~. Since the self-

similar set X has equal Hausdorff and upper box dimensions, we get dimy X >

1+ ~; see Section 7.1.

To show the existence of the sets E; and F); described above, we use
ergodic methods. We consider the dynamical system (X, W) where W is the
inverse map of the IFS {f;}, on X; that is, the restriction of W on f;(X)
is fi_l. Then W is expanding and rotating, for each k& > 1 the map W¥*
transforms a slice £ N X into a finite family Ly (¢) of slices and the angle of
each slice in L (¢) is rotated by —k& compared to that of £. For z € £ N X, we
denote by S(¢, z, k) the unique slice in Lg(¢) containing WF(2).

Now, for any £ > 0, we would like to find a slice /N X and a point z € /NX
such that there exists a set E;, C X satisfying the following:

(i) Ny (B2) < 27

(ii) the set F5(2) := {—k& mod 27 : WF(2) € ES} satisfies Ny-n(F5(2)) >

2n(1—5);

(iii) for MOST k € {i € N: W¥(z) € E5}, we have

(1.2) inf Ny-n (S(6, 2,k) \ B, o)) > on(r=e),

where MOST means such k’s have relative density 1—cin {i € N : W¥(z) €
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To achieve this goal, we first construct an ergodic W-invariant measure v with
positive entropy h(v, W) > 0 such that for v-a.e. z, there exists some “good”
slice £ N X such that z € /N X and the estimate (1.2) holds for most k£ € N.
Such a measure v will be constructed in two steps. First, based on the initial
slice £g N X with upper box dimension v, we apply Furstenberg’s CP-process
machinery to create a rich family of “nice” measures p that are supported on
slices of X, where “nice” roughly means that for p-a.e. z on the supporting
slice N X of p, (1.2) holds for most k£ € N. Then a beautiful argument due to
Hochman and Shmerkin [22, Th. 2.1], which relates the small-scale structure of
a measure to the distribution of W-orbits of its almost every point, will enable
us to construct a W-invariant measure v based on a “nice” measure provided
by Furstenberg’s CP-process. We show that this W-invariant measure v admits
the desired properties.

After having constructed such a W-invariant (ergodic) measure v, we ap-
ply our third ingredient, which is a general result in ergodic theory and a
consequence of Sinai’s factor theorem, to show that the space X can be parti-
tioned (up to a part of small v-measure) into finitely many subsets U;A; such
that for v-a.e. z and for each j, the set £}, := A; satisfies the above properties
(i) and (ii).

We would like to mention that if we could prove that the measure v is
weak-mixing (or more precisely, the spectrum of the system (X, W, v) does not
contain ), then it is easy to show that for any measurable set A C X with
Ny-n(A) <27 and v(A) > 0, the set Ef := A satisfies the required properties
(i) and (ii) for v-a.e. z. But from the construction of v, it seems difficult to
get any information about the mixing or spectral properties of v. Instead,
we have Sinai’s factor theorem at our disposal, which provides us a Bernoulli
factor system of (X, W,v) with the same entropy as that of v, so we can first
establish the required properties in the factor system and then “transfer” the
results back to the original system (X, W, ). We note that the application of
Sinai’s factor theorem in the study of the kind of problems considered in the
present paper seems new, and we hope that it may be useful for investigating
other related questions.

For proving Theorem 1.3, we follow in principle the same scheme as de-
scribed above, but instead of considering a single transformation on K =
Cq x Cg, we consider a skew product U on K x [0,1). The component of the
map U on K is induced by the inverse maps of the defining IFSs of C, and
Cp and has the effect that it transforms a slice /N K into finitely many pieces
of slices whose slopes are changed in a way similar as the irrational rotation of
angle 6 = log «/ log 8 comparing to that of ¢/ N K.

There will be three main steps in the proof of Theorem 1.3, as for the
case of Theorem 1.6. First, assuming the existence of a slice £, N X with upper
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box dimension v > 0, we construct a CP-distribution that is supported on
“nice” slice measures (with dimension 7) on K. Then based on these “nice”
measures, we construct a U-invariant (ergodic) measure v, whose marginal on
K satisfies some similar “nice slice” properties as that of v; i.e., almost every
point with respect to the marginal of v, lies on a “good” slice of K. After
the construction of such a measure v, we proceed to the last step: apply our
ergodic theoretic result to the system (K x [0, 1), U, vs,) and conclude the proof.

1.4. Organization of the paper. In Section 2 we present some general nota-
tion and collect some notions and basic properties of symbolic spaces, entropy,
dimension and dynamical systems. In Section 3 we recall the CP-process the-
ory. Sections 47 are devoted to the proof of Theorem 1.3. In Section 4 we con-
struct an ergodic CP-distribution that is supported on slice measures of C X
Cp. In Section 5 we define the skew-product U and construct the U-invariant
measure Vs. In Section 6 we state and prove our general ergodic theoretic
result. In Section 7 we prove Theorem 1.3. In Section 8 we sketch the proof of
Theorem 1.6. In Section 9 we present an application of Theorem 1.3 on embed-
dings of self-similar sets, and we complete proofs of the remaining statements.

1.5. Acknowledgements. We gratefully acknowledge the helpful sugges-
tions of P. Shmerkin on the presentation of the material in Section 4. We also
wish to express our thanks to A. Algom, A. H. Fan, M. Hochman, E. Jarvenpéa,
M. Jarvenpad, T. Orponen and V. Suomala for their useful comments on the
writing of the paper. We are particularly indebted to the anonymous referee
for a very through reading and many helpful suggestions that greatly improved
the presentation of the paper.

1.6. Summary of notation. For the reader’s convenience, we summarize
our main notation conventions in Table 1.

2. Notation and preliminaries

2.1. General notation and conventions.

We use §A to denote the cardinality of a set A. In a metric space, B(z,)

denotes the closed ball of radius r around x.

e In this paper, a measure is always a Borel probability measure. The set of
all Borel probability measures on a metric space X will be denoted by P(X).
Usually, we will not mention the o-algebra of a measurable space; sets and
functions are implicitly assumed to be Borel measurable when it is required.

e If X and Y are metric spaces, and f : X — Y is any measurable map, then
for any u € P(X), we define fu as the push-forward measure po f~1.

e The topological support of a measure p is denoted by supp(u); the restriction

of ;1 on a set E is denoted by p|g.

We use 6§, to denote the Dirac measure at a point x.

We will use standard “big O” and “little 0” notation.
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B(z,r) The closed ball of radius r around =

P(X) Space of probability measures on X

v, m, v, ¥ Measures

P,Q Probability distributions (elements of P(P(X)))
1l a Restriction of g on A

D(u,x), D(p, )
D, A F
D,,(R%) (or D,,)

Lower and upper local dimension of p at  (§2.3)
Partitions
Partition of R? into n-th level dyadic cubes (§2.3)

Dy (z), A(x) The element of D,, (resp. A) containing z

No-n(A) The number of elements of D,, intersecting A (§2.3.2)
A Alphabet set (finite)

o Shift map, o(z), = Tpt+1

[a] Cylinder set corresponding to a € A"

k! o™ (ulia)/1([a]) (§3.2)

H(p, A) Shannon entropy (§2.3)

Al Partition (Definition (5.3))

A () Definition (5.4)

Table 1.

2.2. Symbolic space. In this subsection, we recall some classical notion for

symbolic spaces. Let A be a finite set that we call an alphabet set. Let AN be
the symbolic space of infinite sequences from the alphabet set. We endow AN

with the standard metric d, with respect to a number p € (0, 1):
(2.1) dol,y) = pin et

Then (AY, d,) is a compact totally disconnected metric space.

We denote by A* = J,>0 A" the set of finite words (with the convention
that A = {0}). For n > 0, the length of a word u € A", denoted by |ul, is
defined to be n. For u € A™, the n-th level cylinder associated to u is the set

u] ={z e AN: 2y 2, =u}.
Every cylinder is a closed and open set. For 2 € A* U AN, we will use

to represent the word consisting of the k first letters of z when k& < |z|. Define
the left-shift o on AN by

o((n)n>1) = (Tnt1)n>1-
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2.3. Dimension and entropy. In this subsection, we recall some basic no-
tion and facts about dimension and entropy of measures (or sets). We use
dimp A and dimp A to denote the Hausdorff dimension and upper box-counting
dimension of a set A, respectively.

2.3.1. Dimension of measures. Let pu be a Borel measure on a metric
space. The lower (Hausdorff) dimension of u is defined as

dim, (p) = inf {dimg A : u(A) > 0}.

Closely related to the lower dimension of y is the lower local dimension, defined
at each x € supp(u) as

1 B
D(i, 7) = lim inf 2BABE:)
r—0 10gr

Similarly, we can consider the upper limit and define the upper local dimension
D(u, ) of p at z. When D(u,z) = D(u, ), we say that the local dimension
of p at x exists and denote it by D(u,x). If the local dimension of p exists
and is constant p-almost everywhere, then p is called exact dimensional and
the almost sure local dimension is denoted by dim(u). For more details about
different definitions of dimensions of measures, we refer the readers to [8], [5],

[27], [9].

2.3.2. Partitions and entropy. Let u be a Borel measure on a metric
space X. For a finite or countable partition A of X, the entropy of u with
respect to A is

H(p, A) == p(A)log u(A)
AcA

with the convention that 0log0 = 0. Here and in what follows, the logarithm
is in base e.

Next, we define entropy dimension of measures—first in the symbolic
space, then in the FEuclidean space. In a symbolic space (AN,dp)7 let F,, be
the partition of AN given by the n-th level cylinder sets {[u] : u € A"}. For
a set A C AN, we will use Nyn(A) to count the number of elements of F,
intersecting A. For p € P(AY), we define the entropy dimension of u by

. ) 1
if the limit exists; otherwise we consider the upper and lower entropy dimen-
sions dim,(x) and dim,(u) defined by replacing limit, respectively, by lim sup
and liminf.
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Now, we define the entropy dimension on Euclidean space. For any n > 0,
let D,,(R%) be the collection of n-th level dyadic cubes of RY, that is,

d

ki k41

D, (R ;:{H[zn, o ):(kl,...,kd)eZd}.
=1

Then D, (RY) is a partition of R%. For a set A C R%, we will use Ny—n(A) to
count the number of elements of D, (R?) intersecting A. For u € P(R?), the
entropy dimension of y is defined as

dime(p) = lim H(p, Dy (RY))

n—o0 n log 2

if the limit exists; otherwise we consider the upper and lower entropy dimen-
sions. We will simply write D,, for D,,(R%) when no confusion can arise.

The following lemma presents some relationships between different dimen-
sions of a measure.

LEMMA 2.1. Let pu be a measure on R% or AN. Then
dim, () < dim, () < dime(p).
If 1 is exact dimensional, then
dim,(p) = dim(p) = dim,(p) = dime(p).

Proof. Proofs for the Euclidean case can be found in [9]. The symbolic
case is analogous. O

2.3.3. Dimensions of product sets. We recall the following dimension for-
mula for dimensions of product sets.

LEMMA 2.2 (Theorem 8.10 of [27]). Let E,F C R? be non-empty Borel
sets. Then

dimyg F + dimg F < dimH(E X F) < MB<E X F) < MBE+MBF.

2.4. Dynamical systems. In this subsection, we collect some basic notions
and properties of dynamical systems. We refer the reader to [38], [3], [4] for
more information.

2.4.1. Measure preserving dynamical system. By a Measure preserving
dynamical system (or dynamical system for short) we mean a quadruple
(X,B,T,u), where X is a compact metric space, B is the Borel o-algebra
on X, T : X — X is a Borel map and p is a T-invariant measure. We shall
often omit B in our notation and abbreviate the system to (X, T, u).

A dynamical system is ergodic if the only invariant sets are trivial, i.e.,
if W(AAT=1A) = 0, then u(A) = 0 or u(A) = 1. By the ergodic decomposi-

tion theorem, every T-invariant measure p can be decomposed as mixtures of
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T-invariant ergodic measures: u = fu(x)d,u,(x), where for p-ae. z, i is a
T-invariant and ergodic measure, called an ergodic component of u. We refer
the reader to [4, Ch. 4.2] for more information.

Another important notion in ergodic theory is weak-mizing. For the pre-
cise definition of weak-mixing and its many equivalent formulations, see [38]
and [4]. We will make use the following characterization of weak-mixing (see[4,
Th. 2.36]): a dynamical system (X, T, i) is weakly mixing if and only if, for any
ergodic dynamical system (Y, S, v), the product system (X x Y, T x S, u ® v)
is also ergodic.

An important class of dynamical systems that we will have occasion to
use are symbolic dynamical systems, in which X is the symbolic space AN and
T is the shift transformation o, and p is a shift-invariant measure. In the case
when p is a product measure determined by a probability vector p = (p;)iea
on A, we call (AN, o, 1) a Bernoulli shift.

A dynamical system (Y, S,v) is a factor of (X, T, ) if there exists a mea-
surable map 7w : X — Y, called the factor map, which is equivariant, i.e.,
moT =Somand T =v.

Let (X, T, u) be a dynamical system. A point x € X is generic for p if

1 N1
N 2571%—)# as N — oo
n=0
in the weak-* topology. It follows from the ergodic theorem that if u is ergodic,
then p-a.e. x is generic for u.

2.4.2. Measure-theoretic entropy. The measure-theoretic entropy of a dy-
namical system (X, T, u) will be denoted by h(u,T’). We refer the reader to
[38], [3] for precise definition of entropy and related material.

For a finite measurable partition A of X, we write A,, = \/Z;é T-*A for
the coarsest common refinement of A, T~ A, ..., T~ ("D A We call {An}n>1
the filtration generated by A with respect to T'. For each n > 1 and x € X,
A, () is the unique element of A,, containing x. We use A = \/32, T %A to
denote the o-algebra generated by the partitions A,, n > 1. We say that A is
a generator for T if Ay, is the full Borel o-algebra.

3. CP-processes

3.1. General theory. The CP-process theory was pioneered by Furstenberg
in [15], initially as a tool to investigate Conjecture 1.1. Recently, a more sys-
tematic study of CP-processes was initiated by Furstenberg [16], with further
developments by Gavish [17], Hochman [19], Hochman and Shmerkin [21] and
others. Let us first recall some basic concepts related to this theory in the
symbolic setting.
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Recall that P(X) is the set of all Borel probability measures on a metric
space X. A distribution is a Borel probability measure on P(X) (or even larger
spaces). Notice that distributions are measures on space of measures.

Fix a finite alphabet A. For 0 < p < 1, consider the symbolic space AN
endowed with the metric defined as (2.1). Let

Q= {(,u,x) eP(AY ) x ANz e supp(,u)} .

The CP-process theory studies the dynamical properties under the action
of magnification of measures.

Definition 3.1 (Magnification dynamics). We define the magnification op-
erator M : Q) — Q as

M(H? x) = (:U'[ml] ) O-(:E))’
where 1 = o)1)

It is clear that M (2) C ©Q and M is continuous. For any distribution P on
Q (i.e., P € P()), we denote by P; its marginal on the measure coordinate.

Definition 3.2 (Adaptedness). A distribution P on € is called adapted if
for every f € C(P(AYN) x AY),

[ fwwar,w) = [ ([ sn0)du@) apio.

In other words, P is adapted if, conditioned on the measure component
being u, the point component x is distributed according to p. In particular, if
a property holds for P-a.e. (u,x) and P is adapted, then this property holds
for Pi-a.e. 4 and p-a.e. x.

Definition 3.3 (CP-distribution). A distribution P on Q is a CP-distribu-
tion if it is M-invariant and adapted. In this case, we call the system (2, P, M)
a CP-process.

A CP-distribution P is ergodic if the measure preserving system (€2, P, M)
is ergodic in the usual sense. If it is not ergodic, then we can consider its ergodic
decomposition.

ProprosITION 3.4. The ergodic components of a CP-distribution are
adapted; in particular, they are ergodic CP-distributions.

A proof of this result is indicated in the remark following Proposition 5.1
of [16]. See also [31, Prop. 22] and [19, Th. 1.3] for alternative proofs.

3.2. Dimension and generic properties of CP-processes. In this subsec-
tion, we list some useful properties of CP-processes that we will use later.
The first one concerns dimension information of typical measures for ergodic
CP-distributions.
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PROPOSITION 3.5 (Theorem 2.1 of [16]). Let P be an ergodic CP-distribu-
tion. Then Pi-almost every measure | is exact dimensional with dimension

) 1
dim p = 1ng_1/ log v[z1|dP(v, x) = Jog p—l /;\ i]log v[ild Py (v).
For an ergodic CP-distribution P, we denote by dim P the almost sure
dimension of p for a P-typical pu.
Several times we will use the following lemma, which is an immediate con-
sequence of the ergodic theorem and the adaptedness property of CP-processes.
We denote

(3.1) ki) = o™l ym) / ([27]).
LEMMA 3.6. Let P be an ergodic CP-distribution. Then Pj-a.e. p gener-

ates P; in the sense that for p-a.e. x, we have

1 N1
(3.2) N Z 6 wm — P weak-* as N — oo.
—0 K

For a measure p that generates P; in the above sense, we say p is generic
for P;. As a corollary of Proposition 3.5 and Lemma 3.6, we obtain the follow-
ing easy but useful properties concerning typical measures of CP-distributions
with positive dimension. Similar results have appeared in [22].

ProprosITION 3.7. Let P be an ergodic CP-distribution with dim P =
h > 0. For any € > 0, there exists no(¢) € N such that for each p that is
generic for Py and for p-a.e. x,

(3.3) liminfljj {1 <k<N: max ,u[xlf]([u]) < 5} >1—¢
Nooso N weAn0(®)

and

— [5’31] -1 _
(3.4) lwgf j:t{1<k<N H(p*"1, Fy) > n(hlogp 6)}

>1—¢ foralln > ny(e).
In particular, for Pi-a.e. p and p-a.e. x, the above properties hold.
Proof. The proof is similar to that of [22, Lemma 4.11]. Fix any € > 0.

By Proposition 3.5, Pj-a.e. v is exact dimensional with dimension h > 0, so v
is non-atomic and using Lemma 2.1, we have

lim H(V Fpn) =hlogp™ L.

n—00 N,

Thus for Pj-a.e. v, there exists a finite integer n(v) such that for each n > n(v),

(3.5) max v([u]) <e and H(v, F,) > n(hlogp™! —e).
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It follows that there exist a set E. of measures with P;(E.;) > 1—¢ and a finite
no(e) € N such that ng(e) > n(v) for v € E.. For any n > ng(e), let E? be the
set of measures v such that (3.5) holds. Then E. C E! and E! is open. Since
1 generates Pp, we have, for u-a.e. x,

li f* (EY) > Pi(E? 1-—
}\I&loré Z(S (BT > €.

The above statement holds for each n > ng(g), which is what we wanted to
show. [

Remark 3.8. In the above proof, we saw that properties (3.3) and (3.4)
hold for each pair (i, x) satisfying (3.2).

4. Constructions of CP-distributions based on K = C, x (g

Let us first recall the sets C,, and C3 and some preliminary results about
them. Fix two real numbers 0 < 5 < a < 1 such that 8 = loga/logf is
irrational. Let ® = {¢;(x) = az + ¢}y and ¥ = {¢;(2) = Bz + A/ }_, be
two regular self-similar IF'Ss on R. Let C, be the attractor of ® and Cg be the
attractor of ¥. Let K = C, x Cp.

In this section, assuming the existence of a slice £o N K with upper box
dimension v > 0, we construct a family of ergodic CP-distributions having
dimensions at least v and supported on measures that are supported on slices
of K. The construction of such CP-distributions is essentially due to Fursten-
berg [15]; we just reinterpret the material in our setting.

Since the IFSs ® and W satisfy the convex open set condition, there exist
open intervals I, and Ig with ¢;(lo) C Io (1 < i < m) and ;(Ig) C I
(1 <j <) such that

¢z1( )m¢zz( I,) = 0 for iy # iz and ¥ (IB) m¢j2(l,3) = () for j1 # jo.

Let {I.}™, be a partition of JI; ¢; (E) such that each I’ is an interval that
may be open, closed or half open and whose interior is the same as that of
oi (E) Similarly, we choose such a partition {I é é ) for Ué’:l (8 (E) Then
we define S, to be the inverse map of ® on |J; ¢;(1,), that is, the restriction of
Sy on I is qﬁi_l for 1 <i < m. Let Sg be the inverse map of ¥ on J;v;(I3).
We define two maps on (U; ¢i(1a)) x (U; (1)) by

e1(z,y) = (Sa(x),y) and  @a(z,y) = (Sa(x), Ss(y))-

Then K = C, x Cg is invariant under both maps ¢1 and 3. Given a line ¢
with slope u that intersects K, then ¢ transforms £ N [0, 1]? into finitely many
line segments, each with slope au and o transforms £N [0, 1]? into finitely
many line segments, each with slope au/f.
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Now suppose that there exists a line ¢ that intersects K in a set of upper
box dimension v > 0. The same will be true for at least one of the lines of 1 ()
and for one of the lines of ¢3(¢). We can continue in this way and finally we
will find a family L of infinitely many lines such that each line of L intersects
K in a set of upper box dimension . If the initial line ¢ has slope u with
u ¢ {0, 00}, then for each pair (n,m) € N2 with n > m, there exists a line in L
with slope ua™/B™. Since log o/ log 8 is irrational, the set {ua™/8™ :n > m}
is dense in (0,400) or in (—o0,0) depending on whether u > 0 or u < 0.

In the rest of this paper, we always make the assumption that

there exists a line £y with slope ug € (0, +00)

(4.1) .
such that dimg(¢p N K) =~ > 0.

Our ultimate aim is to show that, in this case, we must have dimyg K > 1 + 7.
For the case of negative slope ug, we apply a reflection to C,, to make the slope
positive.

In the rest of this section, we will follow Furstenberg [15] to construct an
ergodic CP-distribution (with dimension 7) on the space of measures that are
supported on slices of K with slopes in [1,1/5]. In the end of Section 4.2, as
a direct application of this CP-distribution, we will give the proof of Fursten-
berg’s main result in [15, Th. 4]: under the assumption (4.1), for Lebesgue
almost all u € (0,4+00), there exists a slice of K with slope u and Hausdorff
dimension > 7.

4.1. Symbolic setting. Let Ao = {A{'}2, and Ag = {)\f}ézl. Note that
C,, can be written as

C, = {Z a" la, (an)n>1 € Ag} .
n=1

A similar representation holds for Cpg, replacing a by 3 and A, by Ag.

Write A = A, x Ag. Let X = AN, Recall that 6 = loga/log 8. For each
t € [0,1) = R/Z, we construct a tree X; C X = AN as follows. For s € [0,1),
write L(s) = A if s € [0,0) and L(s) = A, X {)\f} otherwise. We define

Ry(s)=s—60 mod1 forsel0,1).

In the rest of this paper, we identify [0, 1) with R/Z; thus [0, 1) is compact and
Ry is continuous on it.
Let

X, = T L(RY().
n=0

By definition, for x € Xy, the shifted point o(x) is an element of Xg, ). On
each X; we consider the metric d, (recall (2.1)).
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For s € [0,1), let Z(s) = {n > 0: Ry(s) € [0,6)}. We write the elements
of Z(s) in an increasing order as wi(s) < wa(s) < ---. We define a projection
map 7 : Xy — K by

7t ((an)n, (bn)n) = (Z o tay, Z Bn_lbwn(t)> .
n=1

n=1
Note that m; is a surjective map.
Let us record for later use some properties about X; and m; in the following
lemma. We use cov,(A) to denote the minimal number of balls of diameter r
needed to cover a set A. Recall also the notation N (A) (see Section 2.3.2).

LEMMA 4.1.

(1) Iftx,t €[0,1) are such that t, — t and Ry(t) # 6 for alln, then X;, — X;
(under the Hausdorff metric) and m, — m.

(2) There exists a constant C; > 0 such that the maps m are uniformly
C1-Lipschitz.

(3) There ezists a constant Cy > 0 such that for all t € [0,1) and all A C Xy,
Nk (A) < Cy - covyr(m(A)) for each k € N.

(4) For allt € [0,1) and all A C X}, we have dimpg A = dimpg m(A).

Proof. We give the proof for parts (1) and (2), the other parts are obvious.
The first part follows from the fact that, if Rj(t) # 6 for all n < M, then for
all sufficiently large k, we have wy, (tx) = wy,(t) for all n < M, and this implies
that the first M generations of the trees X;, and X; coincide, and that m, is
uniformly close to .

To prove part (2), it suffices to show that there is Cy (independent of ¢)
such that

Cflak < Brk(t) < ClOék,

where 1y, (t) = §{0 < i < k—1: Rj(t) € [0,0)}. This is equivalent to saying that
|ri(t) — k6| is bounded by some uniform constant. To show this, we only need
to observe that ri () is the number of i € {0, ...,k — 1} such that there exists
an integer n with t —i0 > n and t — (i + 1)0 < n. Thus —r(t) is the largest
integer not greater than ¢ — k6, from which we deduce that |ri(¢) — k0| <2. O

Let ¢, . denote the line through 2z with slope u. We define
F= {(A,x,t) :t€10,1), A C X; is compact, x € A, m(A) C K ﬂﬁﬁftm(gﬁ)} .

Note that for any line £g—:, with ¢ € [0,1),2 € K and any z € 7; '(z), we
have the set (7, ' (K Nlg-t ), x,t) € F.

LEMMA 4.2.
(1) If (A, z,t) € F, then (c(AN[z1]),0(x), Re(t)) € F.
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(2) Suppose that (Ax,yk,tr) — (A, z,t) and (Ak,yk,tx) € F for each k. If
Ry (t) # 0 for all n, then (A, z,t) € F.

Proof. Note that for 2’ € X;, we have mp, ) (0(2')) = ®4(m(2)). Thus
we have
Try(t) (0 (AN [11])) = Po(m (AN [21])).
From this we deduce claim (1). Claim (2) is a consequence of part (1) of
Lemma 4.1. (]

4.2. Construction of CP-distributions. Consider the space
Y =P(X)x X x[0,1).
Note that Y is a compact space. We define a map MonY by
NE(,2,8) = (1), 0(2), Ro(2)).

The map M can be viewed as an “extension” of the magnification operator M
in Definition 3.1. It is continuous on Y (where we consider the weak topology
on P(X)).

By the assumption (4.1) and the discussion preceding it, there exist some
to € [0,1) and a line ¢ with slope 7% such that dimgK N¢ = v > 0. Let
E = ﬂt_ol(Kﬂf). Then by parts (2) and (3) of Lemma 4.1, we have dimgE = 7
(in the space Xy,). Thus there exists a sequence ny * co such that

log Ny (E
(4.2) lim log N (E) =
k—oo —nyloga

We define a sequence of measures {y}r on E by setting

1
= > e
Nar (E) €Ak [ulNE#D

where x,, is some point in [u] N E. Finally, let

1
Pk' = N 1N Z 5(/"kvmu7t0)
Nori (E) wEA [u)NE£D

and

=0
By the construction of Py, it is clear that for any f € C(Y'), we have

/f(u,x,t)de(u,J:,t) :/(/f(,u,x,t)du(x)) AP, t),

where we use (Py)13 to denote the marginal of P, on the first and third co-
ordinates. The same is true for Q. Let us call a distribution P € P(Y)
globally adapted if it satisfies the above identity. It follows from the definition
that if a property holds for P-a.e. (u,z,t) and P is globally adapted, then this
property holds for P; 3-a.e. (i,t) and p-a.e. z. Clearly, for a globally adapted
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distribution, its marginal on the first two coordinates (u, z) is adapted in the
sense of Definition 3.2. For each P € P(Y), we define

1 ~logp [z1]d Py 2(p, ),

where P 5 is the marginal of P on (,u, x). Let us calculate

1 1 #k[ul]
HQk)=——"m= —

ng Noni (E) uEA”k%:]ﬂEyé@; loga k[ ut 1]

1 1 1 _ log Noni (E)

S > log pr[u] =
Nk Na”k (E> u€A"k :[u]NE#) log @

—nploga

It follows from (4.2) that
H(Qy) — v as k — oo.

Passing to a further subsequence we can assume that Q; — @ in P(Y). Now
by continuity of M , Q is M -invariant; and since each @y is globally adapted,
we deduce that @ is also globally adapted. Thus the marginal of @ on (u,x)
is a CP-distribution. Since the map H is continuous on P(Y), we have

H(Q) = lim H(Q)=1
—00
Let
Q= [ QUaqu,.)
be the ergodic decomposition of (). We define

(4.3) & ={(pz,t) €Y HQW™ ) >~}
Then we have Q(&5) > 0, and for Q-a.e. (u, t) € &, the marginal of Qmx:t)
on the first two coordinates, denoted by Q(“ | is an ergodic CP-distribution

with dimension H(Q®**%)) > ~. Note that for the adaptedness of Q(“’I ) , We
have used Proposition 3.4.
Let
Er= U PA) x{z}x{t}.

(Azt)eF

LEMMA 4.3. The distribution QQ is supported on Zx. In particular, this
holds for Q-a.e. ergodic component of Q.

Proof. We need to prove that for Q-a.e. (u,z,t), we have (supp(u),z,t)
€ F. Since @ is a weak limit of () and each Q) is supported on =, it follows
that () is supported on triples of the form

(/L,l‘,t) = lim (/Lkawkatk)
k—o0

with (supp(uk),zk,tx) € F. Now, since the marginal of @) on the third coor-
dinate is an Rp-invariant measure on [0, 1), it must be the Lebesgue measure.
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Thus for Q-a.e. (1, z,t), we have Ry (t) # 6 for all n. From this, part (2) of
Lemma 4.2 and the fact that supp(px) C liminfy_,o supp(ug), we deduce that
(supp(), z,t) € F. O

We finish this subsection by giving the proof of the following result of
Furstenberg [15, Th. 4] by using the CP-distributions {Qg’ff’t)}(mx7t) we con-
structed above.

THEOREM 4.4 (Furstenberg, [15]). Assume that (4.1) holds. Then for
Lebesgue almost every u € (0,+00), there exists a line £ with slope u such that
dimp /N K > 7.

Proof. By the discussion preceding assumption (4.1), we only need to show
that for Lebesgue almost every u € [1, 371], there exists a line ¢ with slope u
such that dimy /N K > 7. Let Q,&,,ZF be as above. We choose an element
(,z,t) € &, such that the ergodic component Q1) i supported on Zx and
its marginal Q(1“ 2’”) is an ergodic CP-distribution (with dimension at least ).
Thus for Q" -ae. (9,y,s), ¥ is a measure with dimension at least . Again,
since the marginal of Q(**) on the third coordinate is an Rg-invariant measure
on [0,1), it must be the Lebesgue measure. Hence for Lebesgue almost every
s €[0,1), there exists (,y) such that (¥,y,s) € Ex and dim ¥ > +. From the
definition of Zx and part (4) of Lemma 4.1, we deduce that there exists a line
£ with slope 87° such that dimg ¢ N K > ~. O

5. A skew product U on K x [0,1)
and a class of U-invariant measures

In the previous section, we constructed a family of ergodic M-invariant
distributions {Q(“””’t)}(Wv’t)e‘g7 whose marginals on the first two coordinates
are ergodic CP-distributions having dimensions at least v and supported on
measures that are supported on slices of K. In Section 5.1, we will define a
skew product on K x [0,1), which can be regarded as the geometric version
of the shift map o on X; (¢t € [0,1)), and we study some partitions generated
by U. In Section 5.2, we will construct a family of U-invariant measures such
that each of them is a certain form of superposition of measures distributed
according to Q“*!) with some (u,x,t) € E,. In Section 5.3, we will study
some further properties of such a U-invariant measure.

5.1. The transformation U and some basic properties. For each t € [0, 1),
we define a map ¢, : K — K by

oy — 4 (Sal@),85(y)) if t € 0,0),
(51) q)t( 7y) {(Sa($)’y) otherwise.
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Note that, by the discussion about S, and Sz at the beginning of Section 4,
we have the following result.

LEMMA 5.1. If ¢ is a line with slope B~¢ (t € [0,1)) that intersects K,

then ®.(0) consists of a finite number of lines, each of which has slope R (),

We consider the following transformation U : K x [0,1) — K x [0,1)
defined as a skew product:

U(z,t) = (®u(2), Ro(t)).
Recall that @, is defined by (5.1) and Ry is the irrational rotation map defined
by Ry(t) =t —60 mod 1.
Let us write U{*(z) for the first component of U"(z,t). Then it follows
from the definition of U that we have

Ui (2) = Ppnotgy 0+ 0 Ppy(ry © 4(2) = (Sa(21), S5 (22)) for z = (21, 22),

where 7, (t) ;== 4{0 < k <n —1: RE(t) € [0,0)}.

In the following, we define a sequence of refining partitions of K x [0, 1),
which is generated by U. First, recall that {I.}™, and {Ié}é-zl are, respec-
tively, partitions of | JI"; ¢;(I,) and Ué‘:l ¥;(I3); see the beginning of Section 4.
We take C = {[0,0),]0,1) \ [0,0)} as a partition of [0,1). Let

(5.2) By ={I,NCu}i, x {I5nCs}_, xC
be our first level partition of K x [0,1). Then for n > 2, let
n—1
B,=\/ U*®B)
k=0

For later use, let us give some more details about the partitions {8y }.
Forn > 1, let

n—1

k=0

Recall that the map UF is defined via the relation U*(z,t) = (UF(2), RE(t)).
Forn>1and t€0,1), let

n—1

AL =\ (UF) ™ ({IL N Ca}iy x (TSN CsYiy).
k=0

Note that by the fact U*(z) = (SZ(z1), Sg"(t)(zg)), we have
1

n—

n—1 .
(5.3) Al = (\/ SaE ({1 n ca};zl)> x (\/ s ({13 mcﬁ}g_l)) .
k=0 k=0

Thus by the definition of {ry(t)}x, we have A!, = A" if t and ¢’ both belong to
a same element of C,,. By the definition of U, it is not hard to check that each
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element of B, has the form A x C with some C' € C, and A € A}, for some
teC.

As usual, for all z € K, we write A% (2) for the unique element of Al
containing z. For any measure v € P(K) and z € supp(v), we write

: Vg (2)
4 At (2) _Im n ]
o4 A0 vt ()
Note that if v € P(UNK) for some line £ with slope 57, then v4»() € P(¢'NK)
for some line ¢ with slope S~ ®). Recall also the notation pl*i] (see (3.1)).
In what follows, the boundary of A! should be understood as relative to the
space K.

LEMMA 5.2.

(1) Let t € [0,1) and x € X;. If m(x) is not at the boundary of At /(m(z)),
then the set m([x7]) coincides with At (m¢(z)) N K except possibly at the
boundary points of AL (m(z)).

(2) Let (p,z,t) € Ex. If pu is non-atomic, then for p-a.e. x and n > 1, we
have

(5.5) TRo (1) (M[ﬂf}) _ (ﬂ't/l)A%(Wt(w))'

Proof. The part (1) is clear; we only need to prove (2). By definition, mu
is a measure supported on some slice of K with the form K N/#3-: , for some
z € K. It is clear that, for all n > 1 and each element A of A!, the support of
b intersects the boundary of A in at most two points. Since p is non-atomic,
it follows that 7 gives zero measure to the boundary of A. Thus for y-a.e. x
and n > 1,

Te(lian)) = Tl 4t (xy () -
Note that for ¢ € [0,1) and = € X;, we have

U™ (my(x), t) = (U (mi(2)), Ry (t)) = (mryp ) (0" (2)), R (1))
Combining the above conclusions, we obtain (5.5). O

5.2. Construction of a class of U-invariant measures. This subsection is
devoted to the construction of a class of U-invariant measures. We will first
define these measures and then show that they are U-invariant.

Let @ be the M-invariant distribution constructed in Section 4.2. Recall
that Q = [ Q k1) dQ(u, z,t) is the ergodic decomposition of Q. By the ergodic
theorem, for Q-a.e. (u,x,t), the triple (u,z,t) generates Q1) in the sense
that
N—-1

Z Oxrm () — QW as N — oo
=0

(5.6) %

3
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in the weak-* topology. Consider the map G : Er — P(K x [0,1)) defined by
G(p,x,t) = mp X Oy

Then G is continuous. It follows from (5.6) that for Q-a.e. (u,x,t),

N—-1
(5.7) iZGM” (1, 1)) —>/GdQWt> as N — oo.

Recall that by the definition of M, we have
(5.8) M™(p,x,t) = (u"1] 0™ (2), R (1)) .

We use Q1,3 and Q7’3 (oat) 4, denote, respectively, the marginals of ) and
Q™1 on the first and thlrd coordinates. Recall the definition of &, (see

(4.3)).

LEMMA 5.3. For Qi 3-a.e. (u,t) and p-a.e. x with (p,x,t) € &, we have
o.

—~

e
Z (mepe) An (i (@ ))xéRn() — ) = /ﬂsﬁxé dQ(“’m (¥,s5) as N — o0

in the weak-* topology.

Proof. First, we claim that for Q-a.e. (i, x,t) € &,, the measure £ is non-
atomic. To see this, recall that for Q a.e. (u,x,t) € &, the triple (p,z,t)
generates Q*%1) and the marginal Q1 1 is an ergodic CP-distribution with
positive dlmensmn Let us fix any such (,u, x,t) € &. Then (i, x) generates the
marginal Q(“ @) , and it follows from Proposition 3.7, (3.3) (and Remark 3.8)
that p is non—atomic.

Now, combining (5.7), (5.8), (5.4) and part (2) of Lemma 5.2, we get (5.9)
for Q-a.e. (u,z,t) € £,. Since Q is globally adapted, we deduce that (5.9)
holds for Q1 3-a.e. (1, t) and p-a.e. x such that (u,z,t) € &,. O

We saw in the above proof that formula (5.9) actually holds for Q) 3-a.e.
(u,t) and pra.e. z with H(QWY) > 0, but we will not use this fact.
The rest of this subsection is devoted to the proof of the following.

PROPOSITION 5.4. For Qi3-a.e. (p,t) and p-a.e. x with (p,x,t) € &,
the measure vW®Y) s U-invariant.

Our idea for the proof of Proposition 5.4 is inspired by [22, Th. 2.1] where
it is shown, for a Borel map T of a compact metric space X, how to relate the
small-scale structure of a measure v € P(X) to the distribution of T-orbits of
v-typical points.
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The proof of Proposition 5.4 relies on three lemmas. For any (z,t) €
K x [0,1), we define a sequence of measures
1 N1
T]N(Z,t) = N Z 6U"(Z,t)7 N 2 1.
n=0
The first lemma shows that, for a given measure v € P(K), when restricted
on the elements of By, k > 1, the measures ny(z,t) and the Cesaro averages of
vAR(2) 5Rg(t) are asymptotically the same for v-a.e. z.

LEMMA 5.5. Let v € P(K). For anyt € [0,1), k > 1 and each B € By,
we have
N—1

. 1 n Al (2
A}gnooﬁ ;::0 (1B(U (2,t)) — v x 5Rg(t)(B)> =0 forv-a.e. z.

Proof. Fix k > 1. Let B € Bi. Recall that we can write B=A x C
with some C' € C, and A € .A}Z for some t' € C. Then 15(U"(2,t)) =
LU (2)1e(Ry (1)) and vAn®) x 6pn(y(B) = vAn&)(A)1o(Ry(t). Observe
that by the definition of UAZ(Z), we have

A (A) = By (14 0 UPAL)(2).

Let fu(z) = Eu(la o UP'|AL)(2)10(RE(t) — 1a(Uf(2))1c(RE(t)). Note
that f,, is bounded uniformly in n. We only need to prove that

1 N—1
iy 2 a2 =0

for v-a.e. z. For this, it is sufficient to show that for certain &’ > 1 and each
p=0,...,k —1, we have limy_, % SN Jok'+p(2) = 0 for v-a.e. z.

Now, for each n > 1, we have E,(f,|A,) = 0. By the definition of the
partitions { A%}, (see (5.3)), it is clear that there exists k” € N such that for
all s,5" € [0,1) and all n > 1, A7, refines A?'. Because of this and since
A€ A, the map 140U} is Al | o-measurable for k' = k+k". Thus { fur/4p}n
is a sequence of bounded martingale differences for the filtration {A.,, iptns
from which we deduce that their Cesaro averages converge to 0 for v-a.e. z;

see [10, Th. 3 in Ch. VIL.9]. O

LEMMA 5.6. For Q1 3-a.e. (i, t) and p-a.e. x with (p,x,t) € £, we have
that for any k > 1 and each B € By,

1 N—-1
(5.10) n]rVn sup - S (o)A ) X G (0B) @) = 0(1) as £ — 0,
—00 n=0

where E©) denotes the e-neighborhood of a set E.
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Proof. By the global adaptedness of @), we only need to show (5.10) for

Q-ae. (p,z,t) € E,.
Fix k > 1, and let B € Bi. Recall that B = A x C with C € C; and
A e Al for some t € C. Observe that we have

0B)® c (K x (0C0)@) | J ((04)® x [0,1)).

Thus it is sufficient to show that for Q-a.e. (u,z,t) € &,,

1 V-1
(5.11) li]I\][asup N Z 5Rg(t)((30)(5)) =o0(l) ase =0
— 00 n=0
and
1 = .
(5.12) li]{[n sup o > (o)) ((04)©) = o(1) as e — 0.
— 00 n=0

The statement (5.11) is clearly true. Actually, since 6 is irrational, for any
t € 10,1), the limsup in (5.11) is a limit and it is bounded by the Lebesgue
measure of (9C)(®) that is o(1) when € — 0.

Now, let us prove (5.12). In the proof of Lemma 5.3, we have seen that for
Q-ae. (p,x,t) € &, (1, x) generates an ergodic CP-distribution Qﬁfg‘”’” with
positive dimension. It follows from Proposition 3.7, (3.3) (and Remark 3.8)
that for any € > 0, there exists ng(¢) € N such that

1
(5.13) lig inf - {1 <k<N: max pll([u]) < s} >1—e.
—0 ueAno(e)
Now, recalling TRE (1) (M[mlﬂ) = (mep) (™) and using part (3) of Lemma 4.1,

we deduce that for any ¢ > 0, there exists §(¢) > 0 such that

(5.14) hmmfiﬁ {1 <k < N :sup(mp) @) (B(y, 5(e))) < s} >1-—c¢.
N—oo N yeK

By definition, all elements in A% have uniformly bounded eccentricities® (less
than 1/8). On the other hand, the measure ()™ (*) is supported on
some slice of K with slope between 1 and 1/3. Hence there exists an absolute
constant depending only on 3 such that for any A € A’ the intersection of the
support of (mp) (™) with (9A)© is included in two balls of diameter less
than e times this constant. Combining this fact with (5.14), we get (5.12). O

!The eccentricity of a rectangle is the ratio of the lengths of the longest and shortest side.
Here we are actually referring to the eccentricity of the convex hull of A%, but not itself, since
At is in general a Cantor set.
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The following lemma says that the measures ny(z,t) and the Cesaro av-
erages of (mp)An(™(@) x5 Rr(1) are asymptotically the same for typical (1, x, t)
in &,.

LEMMA 5.7. For Qi 3-a.e. (u,t) and p-a.e. x with (u,x,t) € &, we have
nn(m(a), t) = v gs N — oo

in the weak-* topology.

Proof. By the definition of {B,,},, it is clear that maxpep, diam(B) — 0
as n — oo. So the partitions {B,}, generate the Borel o-algebra of K x
[0,1). Now by this fact and Lemma 5.5, it is well known that for proving
Lemma 5.7 we only need to show the following: for Q1 3-a.e. (i,t) and p-a.e.
x with (p,z,t) € &, whenever ny, (m:(x),t) — v along some N, — oo, then
v(0B) = 0 for each B € B,, and all n > 1. For this, we use Lemma 5.6. Fix any
no > 1and B € B,,. For any € > 0, let f. € C(K x[0,1)) be such that 1pp <
fe < 1(gpye- Since maxpep, diam(B) — 0 as k — oo, for n large enough we
can find a finite family {B;} C B,, such that (9B)®) c U;B; C (0B)?%). Now
if nn, (me(x),t) = v, then by Lemma 5.5 and Lemma 5.6, we have

Nj,—1

[ gt = i e 3 07 )
<timsup = 3 (AT b (B
= s ano tH Rp(t)\WDiDi
< limsu le(w YA @) 5§y ((OB) ()
> N_mPN P Lt Ry ()

=o0(l) ase —0.

This implies that v(0B) = 0. O
We are now ready to prove Proposition 5.4.

Proof of Proposition 5.4. By Lemma 5.7, for Qq3-a.e. (u,t) and p-a.e.
x with (p,z,t) € &, vt ig g measure according to which certain orbit
{U"(2,t)}n equidistributes. Thus for proving the U-invariance of v(#%!)  we
only need to show that it gives zero measure to the set of discontinuities of U.
This is an immediate consequence of the fact that the discontinuities of U are
contained in the set |Jpep, 0B, since in the proof of Lemma 5.7 we have shown
that (%1 gives zero measure to this set. O
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5.3. Further properties of a U-invariant measure V. From now on, let

(10,20,t0)
1,2

us fix an element (o, z0,t0) € &, such that Qy is an ergodic CP-dis-

tribution with dimension > + and the measure
Voo = V(Mo’xo’t()) = /Wsﬂ X Oy ng7§7xO’t0)(uat)

is U-invariant.

Applying Proposition 3.7 to the ergodic CP-distribution Q§“ 5 20:10) (e get
that for any € > 0, there exists no(¢) € N such that for Qg“o’xo’to)—a.e. w and
p-a.e. x,

(5.15)

1 k
iminf — < k< . 7] <
l}\rfnloréfij{l <k<N uég\lgﬁ{(g)ﬂ U(lu]) <e

and H(u[rlf],]-'n) > n(yloga™! — 5)} >1—2¢ for all n > ng(e).
Here we use Qg“ 0:%0:0) 6, denote the measure marginal of Qg“ ;’mo’to). Now,
using part (3) of Lemma 4.1, we deduce that for any € > 0 there exist d(¢) > 0

and nq(¢) € N such that for Qg’m’mo’to)—a.e. w and mp-a.e. z,

1
lim inf u{1 <k < N :sup(mp) k@) (B(y,8(e))) < e
N—oo N yeK

5.16
(5.16) and H((mp) %3 D) > n(ylog2 — 25)}
>1—2¢ forall n > ny(e).
In particular, the above property also holds for g” ;’wo’to)—a.e. (u,t) and

mip-a.e. z. On the other hand, since the measure vy has the form [ mpu x
5y ng‘g’xo’to)(u, t), selecting a pair (2,t) according to v, can be done by first

selecting a pair (u,t) according to Qg“ 3 0:80) 4nd then selecting a point z ac-
cording to myp.

It follows from the above discussions that we have

PROPOSITION 5.8. The measure vy satisfies the following property:

For any € > 0, there are §(¢) > 0 and ny(e) such that for ve-a.e.
(5.17)  (z,t), we can find p € P(X) such that mpp € P({NK) for some
line £ with slope = and (5.16) holds for myu and z.

In particular, almost every ergodic component of Vs still satisfies this property.

In the rest of this paper, we choose an ergodic component of vy, that
satisfies property (5.17) and still denote it by vs. We have thus proved the
following:
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THEOREM 5.9. There exists a U-invariant ergodic measure Vo, that sat-
isfies property (5.17).

6. An ergodic theoretic result

This section is devoted to the proof of the following theorem in ergodic
theory. Recall that a sequence {zy}ren € [0, 1) is called uniformly distributed
(UD) if for any sub-interval J of [0, 1), we have

lim N"H{0<k<N-1:2,€J}=L(J).

N—oo

THEOREM 6.1. Let (X,T,u) be an ergodic dynamical system. Let A be
a generator with finite cardinality, and let {A,}, be the filtration generated
by A with respect to T' (see Section 2.4.2). Suppose that (1(0A) = 0 for each
A€ A, and alln > 1. Let £ be an irrational number. For any € > 0, there
exists ng = na(e) € N such that for each n > ny, we can find a disjoint family
{C’i}ﬁ\i({b’e) of measurable subsets C; C X satisfying the following properties:
(1) We have pu(J; C;) > 1 —e.
(2) For each 1 <i < N(n,e), we have §{A € A, : C;NA# 0} <e".
(3) There exists another disjoint family {51}]1\[:(71”) of measurable subsets C; C X
such that for each 1 < i < N(n,e), we have C; C C; and p(C;) >
(1 —&)u(Cy), and moreover, for p-a.e. = the sequence

{RE0) €[0,1) : k € N and T"(z) € Ci}

is UD. Here R¢ is the irrational rotation map defined by Re(t) =t — &
mod 1.

Remark 6.2. The conclusion of the theorem holds without the condition
that the generator A has finite cardinality, but we will not use this fact. As-
suming the condition on A will make the proof shorter.

We will use Sinai’s factor theorem in the proof of Theorem 6.1.

THEOREM 6.3 (Sinai’s factor theorem). Let (X,T,u) be an ergodic dy-
namical system. Then any Bernoulli shift (XN, o,v) with h(v,o) < h(u,T) is
a factor of (X, T, ).

For definitions of Bernoulli shift and factor, see Section 2.4. In the above
version of Sinai’s factor theorem, we include the case when h(u,T) = 0 —
in this case the theorem is obviously true since every Bernoulli shift with zero
entropy is a trivial one-point system (the product measure v is a Dirac measure
at a fixed point) that is trivially a factor of (X, T, u). The original version of
Sinai’s factor theorem [36], [37] was stated for invertible systems, but it also
implicitly applies to non-invertible ones. (For the proof, see also [28].)
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For the rest of this section, we fix an ergodic dynamical sys-
tem (X, T, p) satisfying the hypothesis of Theorem 6.1 and let
(XN o, v) be a Bernoulli shift with h(v,o) = h(u,T).

It follows from Sinai’s factor theorem that there exists a factor map =« :
X — YN such that

ol =com and v =mu.

By Rohlin’s disintegration theorem, there exists a system of conditional mea-
sures (fy) ey of p with respect to m satisfying the following properties:

(1) for v-a.e. y, u, is a Borel probability measure supported on 7~ (y);
(2) for every p-measurable B C X, the map y — p,(B) is v-measurable and

p(B) = | py(B)dv(y);
N
(3) moreover for v-a.e. y, the measure p, can be obtained as the weak-* limit

of limy—0 fr—1(B(y,r)), Where piz—1(p(yr)) is defined by

_p (BN A
He1 B (A) = =TT B )

For a proof of the above version of Rohlin’s disintegration theorem, see [35].

The proof of Theorem 6.1 relies on two lemmas. Recall that {A,}, is the
filtration associated to the generator A and, for z € X, A,(z) is the unique
element of A,, containing .

LEMMA 6.4. Suppose that u satisfies the hypothesis of Theorem 6.1. Let
v and (py)yesn be as above. For any § > 0, we have

(i) there exist a measurable set A5 C X with p(As) >1—38 and n’ € N such
that for each x € Ag,

(6.1) fr () (An(z)) > e ™ for allm > n';

(ii) for any n > 1, there exist a measurable set B} C XN with v(BY) >1-§
and r = r(d,n) > 0 such that for each y € By and each A € A,,, we have

62) p(x~ (Bly, 1) N A)
p(r=H(B(y,r)
Proof. (i) Since (XN, ,v) is a factor of (X, T, u) with h(v,0) = h(u,T), it
follows from the conditional Shannon-McMillan-Breiman Theorem [3, Th. 3.3.7]
that for p-a.e. x,

> (1 8y (A).

1 n
o 108 ) (An (@)

n—o0 —n

= 0.
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By Egorov’s theorem, there exist a measurable set Ay C X with u(As) >1—40
and n’ € N such that for each z € Ay,

—n

<§ foraln>n'.

This is exactly (6.1).

(ii) Fix any n > 1. By hypothesis, u(0A) = 0 for all A € A,,. The same
holds for p, for v-a.e. y. Recall that by Rohlin’s disintegration theorem, for
v-a.e. Y, [y is the weak-* limit of Kr=1(B(y,r)) @ T — 0. Thus, by Portmanteau’s
theorem, we deduce that for v-a.e. y and for all A € A,,

-YB A
G (BN ) (4).
r=oo p(mH(B(y, 7))
Then we can again apply Egorov’s theorem to obtain a measurable set By C ¥N
with v(B§') > 1—06 and r = r(d,n) > 0 such that for each y € B} and each
A € A, we have (6.2). O

The following result is an easy consequence of the mixing property of the
Bernoulli shift (XN, o, v).

LEMMA 6.5. For any measurable set B C N with v(B) > 0, the sequence
{ng(()) keN and TF(z) € W_I(B)}
is UD for p-a.e. x € X.

Proof. Since the Bernoulli shift (XN, 0,v) is weak-mixing, for any irra-
tional rotation system ([0,1), R¢, £), the product system

(ZN % [0,1),0 x Re,v x L)

is ergodic (see Section 2.4.1). We claim that if B C ¥V is measurable with
v(B) > 0, then the set

{RE(0) : k €N and 0" (y) € B}

is UD for v-a.e. y € ©N. To see this, note that by the ergodic theorem, for
v-a.e. y and L-a.e. t, the sequence {x,(y,t)}n ::{Rf(t) k€N and o*(y) € B}
satisfies limy oo N71{1 <n < N : 2,(y,t) € J} = L(J) for each dyadic in-
terval J € Di(]0,1)), k& > 1. This clearly implies that the sequence {z,(y,t)}n
is UD. Since R’g(t) = R’g(O) +tin [0,1), we deduce that {z,(y,0)}, is UD for
v-a.e. ¥, as claimed.

On the other hand, since (XN, 0,v) is a factor of (X, T, u) with factor
map m, we have for p-a.e. x € X,

{keN:THz) e n71(B)} = {k e N: o*(n(z)) € B}.

Combining this with the above claim, we get the desired result. O
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Proof of Theorem 6.1. Fix € > 0. Let § > 0 be a small constant which we
will choose later. Let As and n’ =: ng be the set and the number provided by
Lemma 6.4(i). Then we have

L roA9)dvty) = u(4s) > 1=

From this, we deduce that there exists d; > 0, with 6; = o(1) when 6 — 0,
so that the following holds: we can find a measurable set B; € XV with
v(B1) > 1 — 41 such that for each y € B;, we have p,(As;) > 1 — ;. For
instance, we can take §; = V0.

Fix any n > no. Let By and r be the measurable set and the number
provided by Lemma 6.4(ii). Note that we have v(Bj) > 1 — 4. Let By =
By N Bj. Then we have v(By) > 1 — 4§ — 6;. For each y € By, let

E(y,n)={A€ Ay m  (y) NAs N A#0}.

By the definition of As, if x € As, then pir () (An(z)) > e "9, Tt follows that
for each A € E(y,n), we have p,(A) > e™™. Since y, is a probability measure,
we deduce that §(E(y,n)) < e for each y € By.

Now, let us consider the following collection of balls of XN:

{B(y,r) c¥N:ye By and v(B(y,r)) > 0} )

Since we use an ultra-metric in X, the above collection is actually finite. Let

us enumerate its elements by {Bi}ij\;(n) . Note that B;’s are disjoint balls. For
each 1 < i < N(n), let us define

@ = Wﬁl(Bi) and C; = ﬂfl(Bi) ﬂ < U A) ,
A€E(y,n)

where y is some point in By such that B(y,r) = B;. Now we can make our
choice of §. In the following we fix § small enough such that

d<e and (1-0—-01)1—-0)(1—61)>1—e.

Let N(n,e) :== N(n). We claim that the families {Ci}i]i(f’s) and {(Z}glng)
satisfy properties (1), (2) and (3) in Theorem 6.1.

We first verify property (2). We have seen that 4(E(y,n)) < e for each
y € Bs. By the definition of C; and the assumption § < ¢, this clearly implies
property (2).

Now, we verify properties (1) and (3). Observe that A, is a partition of
X, thus by definition of E(y,n) we have for y € B,

ﬂfl(y) NAs C U A.
A€E(y,n)
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Note that by the choice of By, we have

Hy (W_l(y) N Ad) = py(As) >1-0
for each y € By. From these two facts, we deduce that if y € By C By, then

(6.3) [y < U A> >1— 6.
A€E(y,n)

On the other hand, recall that each y € Bj satisfies (6.2) for all A € A,,. Using
this and the fact By C By, we deduce from from (6.3) that for each y € By,
we have

7 <7T1(B(y,r)) N < U A)) > (1=0)1 =) (7 (B(y,m))) -
)

A€E(y,n

Combining this with the definitions of C; and CZ and the choice of §, we get
wC) > (1= 6)(1 = 61)u(Cy) > (1 —e)u(Cy)
for each 1 <i < N(n,¢e). Note also that
I (Uz@) =pu (Uﬂr_l(B,-)) =v(UiB;) > v(By) >1—0 — 6.
Thus again by the choice of §, we obtain
p(iCy) > (1= 8)(1 = 00)p (Ui Cy) = (1= 8 = 81)(1 —8)(1 = 61) > 1 —e.
It remains to show that the sequence
{RE(0) €[0,1) : k € N and T*(z) € Ci}
is UD on [0,1). This is implied by Lemma 6.5. g

7. Proof of Theorem 1.3

The following result is essential for proving Theorem 1.3. It is a con-
sequence of property (5.17) of v and an application of Theorem 6.1 to the
system (K x[0,1),U, Vo). Recall that II; is the projection from K x[0,1) to K
and Ny-n(A) denotes the number of n-level dyadic cubes intersecting a set A.

PROPOSITION 7.1. For any € > 0, there exist 1o = ro(e) > 0 and ng =
n3(e) € N such that for each n > ns, the following is true: for veo-a.e. (2,t),
we can find a measure v € P(K), a measurable set D C K x[0,1) and a subset
N C N satisfying the following properties:

(1) the measure v € P({N K) for some line { with slope B~¢;

(2) n~log Nyr (T (D)) < &

(3) for each k € N, U*(2,t) € D;

4) L ({R’g(t) ke N}) > 1 — e, where L denotes the normalized Lebesgue
measure on [0,1) (i.e., £(]0,1)) =1);
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(5) for each k € N,

N

inf
yeK nlog?2

H (V‘AZ(Z)’B(y,TO)CyDn> >y — e,

Recall that v4(?) is defined as (5.4), and it is supported on some slice
¢ N K with slope B_ng (), Recall also that n|E denotes the restriction of a
measure 7 on E; see Section 2.3.2 for the definition of entropy.
For the proof of Proposition 7.1, we need two elementary lemmas. For
F; C F» C N, we define the upper density of Fy in Fy, denoted d(Fy, Fy), as
= . ﬁ{Flm[OaN_]-]}
d(Fy, F5) = limsup .
UL F2) = e Sy A o, N — 1))
Similarly, we define the lower density d(Fy, Fy) of Fy in Fy. If d(Fy, Fy) =
d(F1, F3), then we say the density of F} in Fy exists and denote it by d(F}, F»).

LEMMA 7.2. Let {zx}ren C [0,1) be a sequence that is UD. Suppose that
F CN. Then

L ({zx -k € F}) > d(F,N).
Proof. Let E = {z : k € F}. If L(E®) > 0, then for any ¢ > 0, we can

find finitely many intervals {.J;}; C E€ such that £(U;J;) > L(E°) —e. Now
since {zy }ren is UD, we have

L(Uid;) = lim N1 <k<N:z €U}
=1- lim N UMA<k<N:zp ¢ U} <1—d(F). O
—00

LEMMA 7.3. Let n € P(R?) and 0 < § < 1. If sup,cgan(B(y,6)) < ¢,
then for n € N with 27" < §, we have

. 1
inf H(n|p(y.sye; Pn) = H(n, Dp) — C1ne?
y€ERd

for some constant Cy depending only on d.

Proof. We will use the elementary fact that if y is a finite (not necessarily
probability) measure on a metric space X, then for any finite partition A =
{A}E_ | of X, we have

1(X) k 1
7.1 H(u, A) < ———log —— = pu(X)logk + u(X)log ——,
@0 HA) < S g = () (X) 105 en
with equality only if u(A;) = u(X)/k for each i.

Recall that D, is the collection of n-th level dyadic cubes of R?. Fix any
yo € R% Let A= {w € D, : wN B(yo,d) # 0} and E = Uyeqw. Note that
since 27" < §, for some constant C' = C’(d), we have diam(F) < C’0 and E
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can be covered by less than C” balls of diameter §, thus n(E) < C’e. Now to
conclude the proof we only need to notice that

H(mB(yo,(S)CaDn) > H(T],Dn) - H(n’EaA)
and by (7.1),

H(nlp, A) < n(E)log A + 1(E) log < Cyne?

1
n(E)
for some constant C7 = Cy(d). O

Now we are ready to prove Proposition 7.1.

Proof of Proposition 7.1. Fix any € > 0. Recall that by Theorem 5.9, the
measure Vo is ergodic and satisfies property (5.17). Let ro(e) := d(¢), where
d(e) is the constant appearing in property (5.17).

Recall that B; is the partition of K x [0,1) defined in (5.2). Since Bj is
a generator with finite cardinality and vo(0B) = 0 for each B € B,,, n > 1
(see the proof of Lemma 5.7), we can apply Theorem 6.1 to the system (K x
[0,1),U,vs). Let na(e) be the integer provided by Theorem 6.1. Let

loga™!

7n1(5)}a

ns(e) := max{na(g), na(e) o 2

where ny () is the integer appearing in (5.17).
We fix any n > n3(e). Letn = |[n lolgc;)igl |+1, where | x| denotes the integer

part of z. By the choice of n3(e), we have n > na(e). Then by Theorem 6.1,

we can find a disjoint family {Cz}fi(ln ) of measurable subsets C; C K x [0,1)

satisfying the following properties:

(i) we have vo(U; Ci) > 1 —¢;

(i) for 1 <i < N(@,e), we have f{E € B> : C; N E # 0} < "

(iii) there exists another disjoint family {d}fﬁf ) of measurable iubsets Ci C
K x [0, 1) such that for each 1 <i < N(n, ), we have C; C Cj, v (Cl) 2
(1 — €)vo(C;) and for vo-a.e. (z,t), the sequence

(7.2) {RE(t) €10,1) : k € N and U¥(z,t) € Ci}

is UD.
Now, it follows from the above property (iii) and property (5.17) that the
following set
(z,t) :  the sequence (7.2) is UD for each 1 <1i < N(n,¢) and there
A= exists = p, 4 such that mp € P(IN K) for some line | with
slope Bt and (5.16) holds for mpu and 2.
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has full vo-measure. For 1 <i < N(n,¢), let

H(C;, z,t) = {k‘ eN:U*(z,t) € C’i}
and
H(a,z,t) = {k e Nand UF(z,t) € 5’1} )

Let A” be the set of (z,t) such that for each i,
d(H(Ci, 2,t),N) = v0o(C;) and d(H(Cj, 2,1),N) = 150 (C}).

Recall that for a subset F' of N, d(F,N) denotes the density of F' in N. By
ergodicity of v, A” also has full v,-measure. Let A = A’N A”. Then we still
have voo(A4) = 1.

Now, let us pick any (z,t) € A. In the following, we will find a measure
v € P(K), a measurable set D C K x [0,1) and a subset N' C N satisfying
properties (1)—(5) in the statement of Proposition 7.1.

Note that since A C A', (z,t) € A’. It follows that there exists p = pi, ¢
such that mu € P(¢ N K) for some line ¢ with slope 3% and (5.16) holds for
mpe and z. Let

V="Tlzt-

Recall that ro(e) = d(e) and n > n3(e) > ni(e), where d(¢) and n;(e) are the
constant and the integer appearing in property (5.16). Thus by (5.16), the set

A(v,2,1) = {k: eN: sup vA4E)(B(y,d(e))) <&
Yy

and H(VAZ(Z), D,) > n(vylog2 — 25)}

has lower density at least 1 — 2¢ in N. On the other hand, by the above
property (i), the density of Ui]\;(f’g) H(Cy,z,t) in N is at least 1 — . Note
also that the H(C;, z,t)’s are disjoint. It follows that there exists at least
one 1 < iy < N(m,¢) such that the lower density of A(v,z,t) N H(Cyy, 2,t) in
H(Cjy, 2,t) is at least 1 — 3e. Let

D=0C;, and N = A(v,z,t) N H(Cyy, z,1).
Since H(Cj,, z,t) has density at least (1 —¢) in H(@-O,z,t), we deduce that

the lower density of N in H(Cj,,z,t) is at least (1 — 3¢)(1 — ). Now, since
(z,t) € A’, the sequence

{RE(t) €[0,1) 1 k € H(Cyy, 2, 1)}

is UD in [0,1). From Lemma 7.2, we obtain

L({RE) kEN}) > (1-3)(1—2) > 1~ de.



742 MENG WU

Let us now consider the projection II; (D). By the above property (ii), we have
t{E€B-:DNE#0} <.
It follows that
${A €I (Bs) : TI(D)NA# (0} < e,
Recall that each element of I1;(B;) is in .A% for some ¢ € [0,1). By definition,

it is clear that each element in .A% can be covered by Cy balls of diameter oﬁ,
where (5 is a constant depending only on the geometry of R2, a and 8. By
the choice of n, we have o' < 27". Thus we get

n1 log Ny—n (Hl (D)) < Cse

for some constant C3 depending only on R?, a and 3. It remains to show
property (5) of Proposition 7.1. For this, we use the fact that for each k € N,
Ai(2) gatisfies the inequalities in the definition of A(v, z,t) and
AL o get

the measure v
apply Lemma 7.3 to v

t 1
it rogz (O lsaenes Pn) 27 = Cac?
for some constant Cy depending only on R?, o and 3. Note that to effectively
apply Lemma 7.3 we need to assume that n > ng(e) was chosen large enough
so that 27" < rg(e). For this we may replace ns(¢), if necessary, by a larger
number, which we continue to denote by n3(e), such that 2773(5) < ry(e). Let-
ting C = max{Cs3,4,C?}, we get that the chosen v, D and N satisfy properties
(1)=(5) of Proposition 7.1 provided that in (1)—(5) we replace ¢ by Ce. To
complete the proof, we only need to replace r¢(¢) and ng(e) by ro(¢/C) and
ns(e/C), respectively. O

7.1. Proof of Theorem 1.3. Recall that we initially assumed (4.1) and we
need to prove dimpg K > 1+ . Since K = C, x Cg, dimy C, = dimpC,, and
dimy Cg = MBCﬁ, by Lemma 2.2, dimp K = dimgK. Thus it suffices to
show that dimpK > 1 + 7.

Fix a small € > 0. Let g = ro(¢) and n3 = n3(e) be as in Proposition 7.1.
Fix any large n > nz. Choose a point (z,t) € K x [0,1), a measure v € P(K),
a measurable set D C K x [0,1) and a subset N/ C N satisfying properties
(1)=(5) of Proposition 7.1.

We claim that for any k € N,

log No—n (supp (I/AZ(Z)> \B(y,ro)) >y —o(1)

as € — 0 and n — oo.

inf
(7.3) veEK N log 2

The claim is just a consequence of property (5) and the elementary formula (7.1).
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Note that since v € P(£ N K) for some line ¢ with slope 8¢, v4:() is a
measure supported on some other slice ¢ N K with slope B_ng(t). Note also
that for each k € A, we have II; (U*(z,t)) € II;(D) and the support of v4(?)
intersects Iy (D).

Let us summarize the consequences of properties (1)—(5): For any £ > 0,
there exist a set F' = {RE(t) : k € N'} C [0,1) with £ (F) >1— Ce and a set
Dy =111(D) C K with n='log Ny—n(D1) < Ce such that for each s € F, there
exists a line ¢ = ¢, with slope 7° intersecting D; and satisfying
(7.4)

inf
yeK nlog2

log No-n (¢ N K\ B(y,70)) >v—o0(1l) ase — 0 and n — oo.

Now, let us consider the set K := K — D; = {w—v : w € K,v € D{}. It
follows from the above summarized property that for any ¢t € F, we can find
some line ¢ = ¢} with slope 57! satisfying (7.4) and passing through an n-th
level dyadic cube containing the origin. From this, it is easy to check that we
have

log No—n (K)

>1+~v—0(1) ase = 0 and n — oc.
nlog?2

It is a well-known fact that for each d > 1, there exists a constant C(d)
such that Ny-n(A + B) < C(d)Ny-n(A)Ny-n(B) for any A, B C R% Since
n~1log Ny-n(D1) = o(1), it follows that

log No—n (K)

>1+~v—0(1) ase — 0 and n — oc.
nlog?2

This implies dimp(K) > 1 + 1.

8. Proof of Theorem 1.6

For proving Theorem 1.6, we follow the same scheme as in the proof of
Theorem 1.3. We only give a sketch of the proof.

Let X be a self-similar set satisfying the conditions of Theorem 1.6. Sup-
pose that there exists a slice {5 N X with upper box dimension v > 0. Our aim
is to show that we must have dimpg X > 1 + 7.

Construction of CP-distributions based on foN X. We will first construct
an ergodic CP-distribution ) with dimension at least v such that (Qi-almost
every measure is supported on a slice of X.

We first recall some notation. Let F = {fi(x) = AO¢x +t;}j~, be the IFS
generating X. Recall that A € (0,1),#; € R? and Og is the rotation matrix of
angle 27¢ € [0, 2m) with ¢ irrational.
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Write A = {t;},. Consider the symbolic space AN endowed with the
metric dy (recall (2.1)). Let I : AN — X be the projection map defined as

I((zn)n) = Z )\”_10?_1;16”.
n=1

Then X = II(AY). Note that since F satisfies the strong separation condition,
the map IT is bi-Lipschitz. Let M : P(AY) x AN be the magnification operator
defined as

M, 2) = (1, o(2)).

Recall that for some line £y, we have dimp X Ny = 7. Let A = II71(XN¥p).
Since II is bi-Lipschitz, the upper box dimension of A is also 7. Thus there
exists a sequence ny " oo such that

Ny, (A
lim — 2k «(4) =
k—oo —N log A
Similarly as in Section 4.2, we define a sequence of measures {py}; on A:
1
T v D SR
N (A> u€EAk:[u]NAAD

where x,, is some point in [u] N A. Then we set

1 1 et
Pk = < Z 5(Mk7$u) and Qk = — Z ]\4ZP]C
N (A) L eaniTnaze "k iz0

Let @ be an accumulation point of {Q }x. Then @ is M-invariant and adapted,
and thus it is a CP-distribution. Moreover, it has dimension

HQ = [ =

log
One can also show that the measure component of () is supported on mea-
sures that are supported on slices of X. Up to replacing Q by one of its
ergodic components with dimension > v, we may assume that () is an ergodic
CP-distribution with dimension at least v and that @) is supported on measures
that are supported on slices of X.

log plz1]dQ(p, z) = .

The transformation W on X and a W -invariant measure v. Let W be
the inverse map of the IFS F on X; that is, the restriction of W on f;(X) is
fi_l. Then W is expanding and rotating, and it transforms a slice [ N X into
finitely many pieces of slices with the angle of each of the transformed slices
being rotated by —& comparing to that of the initial slice [.

We use A, to denote the partition of X given by
{II([u]) : w € A"}
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For any measure n € P(X) and x € supp(n), we write

An(e) _ nnWw>

Ui =W ( .
1(An(2))

Consider the map G : P(AN) x AN — P(X) defined by

G(p, ) = Hp.

Then G is continuous. Applying the ergodic theorem to the CP-distribution @),
we get for Q-a.e. (u, ),
1 N-1
——ZGMM% %/MQ%N%%
n=0

By the definition of M, we have G(M™(u,x)) = (Ip)**®). Thus for Q-a.e.
(1, ),

N—
Z HMA”x)%/HudQ as N — oo.
nO

Now, with similar arguments as in the proof of Proposition 5.4, we can prove
that the measure v := [TIudQ is actually W-invariant. Furthermore, by pro-
ceeding analogously as in Section 5.3, we can show that v satisfy a similar
property as (5.17): for any € > 0, there exist § = d(¢) > 0 and ng = ng(e) € N
such that for v-a.e. z € X, there exists u € P(AN) with Iy € P(IN X) for
some line [ and

(8.1)

hmlnfﬁ{l <k < N :sup(p)**3)(B(y,8)) <e and

H((Tp)*) D,) > n(ylog2 — 5)} >1—¢ for all n > ny.

Up to taking an ergodic component, we may also assume that v is ergodic.

Applying the ergodic theoretical result to the system (X, W,v), and con-
clusion. Now, we apply Theorem 6.1 to the system (X, W,v) and proceed as
in Section 7 to finally conclude that dimg(X) > 1+ . Since X has equal
Hausdorff and upper box dimensions, we get dimyg X > 1+ ~.

9. Embeddings of self-similar sets and proofs
of the remaining statements

In this section, we first present and prove an application of Theorem 1.3
in the study of affine embeddings of self-similar sets, and then we complete the
proofs of the remaining statements: Theorem 1.4 and the claim that Conjec-
ture 1.2 holds outside a set of Hausdorff dimension zero.



746 MENG WU

9.1. Embeddings of self-similar sets. Let ® = {¢i(x) = oz + a;}*; and
U = {¢;(z) = Bjz + bj}é-zl be two self-similar IFSs on R. We denote their
attractors by X¢ and Xy, respectively. The problem of affine embeddings of
self-similar sets was studied in [12]. The following conjecture is a special case
of [12, Conj. 1.2].

CONJECTURE 9.1. Let ®, U be the self-similar IFSs defined above. As-
sume that Xg is not a singleton and ® satisfies the SSC and dimyg Xo < 1.
If there exist real numbers v,u # 0 such that uXy + v C Xg, then for each
1 < j <1, there exist rational numbers r; ; > 0 such that 8; = [[i%, a:i’j.

Some special cases of Conjecture 9.1 have been proved in [12], and more
recently in [1], [13]. As a corollary of Theorem 1.3, we show that Conjecture 9.1
holds under the assumption that ® is homogeneous.

COROLLARY 9.2. Under the assumptions of Conjecture 9.1, suppose fur-
ther that ® is homogeneous: there exists 0 < a < 1 such that o; = « for each
1 <i < m. Then the conclusion of Conjecture 9.1 holds, i.e., log 5;/loga € Q
for each 1 < j <I.

Proof of Corollary 9.2. We first prove the conclusion under the assump-
tion that Xy satisfies the SSC. Fix any jo € {1,...,l}. We will show that
log Bj,/loga € Q. Choose any j € {1,...,l}\ {jo}, and let X; be the attrac-
tor of the homogeneous self-similar IF'S {1, 0 15, 1; 0 15, }. Since Xy satisfies
the SSC, the same holds for X;. Note that X; C Xy, and thus by hypothesis
we have uX; +v C Xo. We claim that log(8j,5;)/loga € Q. Otherwise, by
Theorem 1.3 (and part (2) of Remark 1.5), we would have

dimH(uX1 + 7)) NXg < maX{O,dimH X1 + dimyg Xg — 1} < dimyg X7,

which contradicts the fact (uX;+v)NXg = uX;1+v. Similarly, we can consider
the TFS {1, o ¥%, 97 o ¢;,} and deduce that log(8;,7)/log e € Q. Then we
get log Bj,/log a € Q.

Now we consider general Xy. Fix any j; € {1,...,l}. We will show that
log B;,/loga € Q. Since Xy is not a singleton, there exists j € {1,...,[}
such that 1;, and v; have different fixed points. From this we deduce that for
large enough n, the IFS {9}, 47} satisfies the SSC. Let X3 be the attractor
of this IFS. Then we have uXs + v C X¢. From this and what we have
just proved, we deduce that log 3} /loga € Q, which in turn implies that

log 3;,/loga € Q. O

9.2. Proofs of the remaining statements. We first complete the proof of
Theorem 1.4. Following Furstenberg, we call C' C R a p-Cantor set if it is the
attractor of a certain IFS F = {x/p + i/p}ica for some A C {0,...,p — 1}.
Clearly, each p-Cantor set is a regular 1/p-self-similar set.
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PROPOSITION 9.3. Let A C T =10,1) be a Ty,-invariant closed set. Then
for any € > 0, there exist k € N and an mk Cantor set A such that A C A and
dimg A > dimyg A—e.

Proof. Let us denote by Dj* the set of k-th level m-adic intervals of
T = [0,1), ie, Df* = {[i/mF, (i+1)/mF):0<i<mF—1}. Let N,,«(A)
be the number of elements in D" intersecting A. It is a classical result, due
to Furstenberg [14], that any T,,-invariant closed set has equal Hausdorff and
box dimensions. Thus we have

dimpg A = hm w.
k—oo  klogm

log N, —x(A)

lm < dimyg A + . We consider

Let us fix a large enough k such that
the IFS

f:{miﬁ; 0<i<mb—1 and [i/m", (i +1)/m) 1A %0}

Since A is Ty,-invariant, it is also 7% -invariant, from which we deduce that A is
a sub-attractor of F,i.e., A C Jser f(A). Let A be the attractor of . Then A
is a mF-Cantor set and A C A. Now, it remains to show dimpg A > dimy A—=e.
For this, we only need to notice that A satisfies the open set condition, and it

is well known that its Hausdorff dimension is %. By the choice of k,
we get the desired result. O

Proof of Theorem 1.4. Let ACT be closed and T)-invariant, and let BCT
be closed and Tj-invariant, with p ~ ¢. Fix any € > 0. By Proposition 9.3,
for some large k and I, there exist a p*-Cantor set A and a ¢'-Cantor set B
such that A C A, dimg A > dimp A — e, B C B and dimg B > dimy B — ¢.
Now, from the hypothesis p = ¢ we deduce that p* ~ ¢!, thus we can apply
Theorem 1.3 to the sets A and B to get

diim]g(u;lv—i- v) N B < max{0, dimyy A+ dimyg B — 1}.
From this we deduce that
dimp(uA +v) N B < max{0,dimyg A + dimyg B — 1} + 2.
Since € is arbitrary, we get the desired result. ([l

We now show that Conjecture 1.2 holds outside a set of Hausdorff dimen-
sion zero.

THEOREM 9.4. If p = q, then the set of x € [0,1] that do not satisfy
dimy O, (z) + dimg Oy (x) > 1

has Hausdorff dimension zero; in fact it is a countable union of sets with upper
box dimension zero.
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Proof. Let E = {a: € [0,1] : dimyg Op(z) + dimy O, (7) < 1}. We need to
show that the set E is a countable union of sets with upper box dimension
zZero.

In the following, by a T),-invariant set we always mean a T;,-invariant and
closed set of [0, 1]. Let

Fy = {(A, B) : Ais a T-invariant set, B is a Tj-invariant set
and dimyg A + dimy B < 1}
and
= {(Z, E) cAisa pF-Cantor set, Bisa ¢'-Cantor set
and dimy A + dimp B < 1,k,1 € N}.

By Proposition 9.3, for each pair (A4, B) € F}, there exists (Z, E) € Iy such
that A C A and B C B. Thus we have

Ec |J AnBc |J AnB.
(AvB)eFl (Z,E)EFQ

Now, note that for each k € N, there are only finitely many p*-Cantor sets and
finitely many ¢*-Cantor sets. Thus the cardinality of F is at most countable.
Since p = ¢, we have p* = ¢! for any k,! € N. Thus by Theorem 1.3, for each
(Z, E) € Fy, we have

dimp(A N B) < max{0, dimyg A 4 dimg B — 1} = 0.

Hence F is contained in a countable union of sets with upper box dimension
Z€ero. ([l
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