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Abstract. In this article we define new flows on the Hitchin components for PGL(V).
Special examples of these flows are associated to simple closed curves on the sur-
face and give generalized twist flows. Other examples, so called eruption flows, are
associated to pair of pants in .S and capture new phenomena which are not present
in the case when n = 2. We determine a global coordinate system on the Hitchin
component. Using the computation of the Goldman symplectic form on the Hitchin
component, that is developed by two of the authors in a companion paper to this
article (Sun and Zhang in The Goldman symplectic form on the PGL(V')-Hitchin
component, 2017. arXiv:1709.03589), this gives a global Darboux coordinate system
on the Hitchin component.
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1 Introduction

Let S be a closed oriented surface of genus at least 2, and let H(S) denote the
space of marked hyperbolic structures on S. By the uniformization theorem H(S)
can be identified with the Teichmiiller space of S, which is a smooth cover of the
moduli space of Riemann surfaces. There is a natural symplectic structure on H(S5),
given by the Weil-Petersson symplectic form. Given a simple closed curve ¢ on S
the length function with respect to c¢ is the function on H(S) which associates to a
marked hyperbolic structure the hyperbolic length of the unique geodesic in the free
homotopy class of ¢. The Fenchel-Nielsen twist flow associated to the simple closed
curve c is one of the simplest flows on H(S). Geometrically it can be described by
cutting S along the curve ¢ and regluing after a twist. Wolpert [Wol82, Wol83] showed
that the Fenchel-Nielsen twist flow associated to a simple closed curve c is precisely
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the Hamiltonian flow of the length function with respect to c¢. Furthermore, he
proved that the twist flows associated to non-intersecting simple closed curves have
Poisson commuting Hamiltonian functions. In particular, given a maximal family of
pairwise non-intersecting simple closed curves, the twist flows generate a Lagrangian
submanifold of H(S).

A maximal family of pairwise non-intersecting simple closed curves gives a de-
composition of S into pairs of pants. Fixing a pair of pants decomposition and
a transversal to each pants curve, H(S) can be parametrized by Fenchel-Nielsen
coordinates, which consist of the length functions [; of the 3g — 3 pants curves,
and 3g — 3 twist functions #;, which measure the twisting across each pants curve.
Wolpert [Wol82, Wol83] gave a beautiful explicit description of the Weil-Petersson
symplectic structure in terms the Fenchel-Nielsen coordinates. He showed that the
length and twist functions give global Darboux coordinates for Teichmiiller space,
i.e. the Weil-Petersson symplectic form can be written as

39—3

w= Y dl; Adb;. (1.1)

i=1

Goldman [Gol84] showed that for any semisimple Lie group G, there is a natural
symplectic structure on the set of smooth points of Hom(m(S),G)/G. We refer
to this symplectic structure as the Goldman symplectic structure. He also defined
generalized twist flows and showed that they are precisely the Hamiltonian flows
associated to generalized length functions on Hom(7(S), G)/G [Gol86]. Associating
to a marked hyperbolic structure its holonomy provides an embedding of H(.S) into
Hom(7(5), PGL2(R))/PGL2(R) as the connected component consisting entirely of
discrete and faithful representations, which is smooth. Goldman then showed that
via this embedding, the restriction of the Goldman symplectic form to H(S) is (up
to scaling) the Weil-Petersson symplectic form.

In recent years there has been a lot of interest in studying more general represen-
tations varieties Hom(m(S), G)/G, where G is a semisimple Lie group. For some Lie
groups G (of higher rank) there exist connected components in Hom(m(S5), G)/G
that consist entirely of discrete and faithful representations. The study of these con-
nected components is the central theme of the burgeoning field of higher Teichmiiller
theory. Hitchin [Hit92] introduced the first such component, which is now called the
G-Hitchin component, and proved that it is homeomorphic to a cell of dimension
(29 —2)dimG.

In this article, and its companion paper [SZ17], we extend the results of Wolpert
to the setting of the PGL(V)-Hitchin component Hity (S). The main goal of this
paper is to define new flows on the Hitchin component. These flows are defined with
respect to an ideal triangulation of S and a set of transversals. We give a clean
description of these flows in terms of a mild but non-trivial reparametrization of
the Bonahon-Dreyer parametrization of Hity (S) [BD14, BD17]. The flows we define
pairwise commute and provide a trivialization of the tangent bundle of Hity (5).
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When the ideal triangulation and the set of transverals are subordinate to a pair
of pants decomposition of S, we use a special family of these new flows to construct a
new coordinate system on Hity (S) that generalizes Fenchel-Nielsen coordinates on
H(S) in the setting of the PGL(V)-Hitchin component. One of the key new features
is that the flows and coordinates are not only associated to simple closed curves,
but also to pairs of pants in .S given by the pants decomposition.

In the companion paper [SZ17] it is proved that the flows defined here are in
fact Hamiltonian flows, and that the coordinate system we construct here is a global
Darboux coordinate system for Hity (.5).

1.1 Frenet curves. A key tool we use in our approach is a theorem due to
[Lab06] and Guichard [GuiO8], which says that there is a canonical embedding of
the Hitchin component Hity (.S) into the space Fre(V') of projective classes of Frenet
curves. Frenet curves are maps from S! into the space of (complete) flags F (V') of
V', which satisfy strong continuity and transversality properties (see Definition 2.6).
More precisely, they show that using the identification of the Gromov boundary
Om1(S) of 71 (S) with S, the PGL(V)-Hitchin component Hity (S) can be iden-
tified with projective classes of Frenet curves from S' = 9m(S) into F(V) that
are p-equivariant for some representation p : m(S) — PGL(V). In the case when
dim (V') = 2, this is just the classical fact that a representation p : m;(S) — PGL2(R)
is the holonomy of a hyperbolic surface if and only if there is a p-equivariant, con-
tinuous, injective map & : Omy(S) — RPL.

We first introduce two types of flows, the elementary shearing flows and the
elementary eruption flows, on the space of projective classes of Frenet curves Fre(V),
that do not preserve Hity (5).

The elementary shearing flows generalize the shear along a geodesic in the Poincaré
disk. They are associated to a pair of distinct points r := (r1,72) in S and a pair of
positive integers k := (ki, k2) that sum to n. Given a Frenet curve & : St — F(V),
the pair k determines a one-parameter family of projective transformations that fix
the two flags £(r1) and &(r2). We then apply this one-parameter family of projective
transformations to one of the two connected components of £(S*\ {ry,r2}), and its
inverse to the other connected component (see Section 3.2 for the precise definition).
The elementary shearing flow keeps each component of £(S*\ {ry,r2}) projectively
invariant, but changes the way the two components are glued together at £(r).

The elementary eruption flows are a new feature that only arises when dim(V') >
2. They are associated to a triple X := (21,2, z3) of pairwise distinct points in S*
and a triple of positive integers i := (i1,1i2,73) that sum to n. Given a Frenet curve
€: 8 — F(V), we use i to specify three one-parameter families of projective trans-
formations, and deform the three connected components of £(S*\ {1, 22, v3}) using
these three one-parameter families (see Section 3.1 for the precise definition). The
elementary eruption flows change the projective class of the triple of flags £(x). In
the case when dim (V') = 3, these flows have a particularly nice geometric description
as changing the gluing parameter of a triple of flags, see [WZ17].
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In order to define flows that preserve the Hitchin component Hity (S) inside of
Fre(V), we fix an ideal triangulation 7 of S and a set of transversals 7, that we call
a compatible bridge system. We lift this to an ideal triangulation T of S. Note that
any edge of 7 corresponds to a pair of distinct points in S*, and any triangle of T
correponds to a triple of pairwise distinct points in S*. To deﬁne a flow on the Hitchin
component Hity (S) we thus want to perform an infinite 71 (S)-invariant family of
elementary shearing flows along the edges of 7, and of elementary eruption flows
along the ideal triangles of 7. This is a simple idea, but it turns out that formally
defining these flows is rather delicate; one has to compose this infinite family of
elementary flows in a certain order to ensure convergence. These technical difficulties
are addressed in Sections 6 and 7. In fact, we construct, for any equivariant Frenet
curve { and any tangent vector u in TigHity (S), such a flow whose tangent vector
at [£] is p. The flow that we construct this way is called the (7, J)-parallel flow
associated to p (see Definition 6.5).

A key ingredient to prove that the (7, J)-parallel flows are well-defined is that
the choice of an ideal triangulation and a set of transversal gives a real analytic
parametrization of Hity (S). Such a parametrization was first given by Bonahon and
Dreyer [BD14, BD17], based on work of Fock and Goncharov in the case of surface
with punctures [FGO06]. See Section 5.3 for more details.

The first main result of the paper can be condensed into the following theorem.

Theorem 1.1. (Theorems 5.20, 6.6) Let 7 be an ideal triangulation on S and J a
compatible bridge system. Denote by © the set of ideal triangles of T. Then there
is a (n? — 1)(2g — 2)-dimensional subspace

Tln-1 (n=1)(n=2)
Wy c RIZIn=D+O]==5=—=
an open convex polytope Cr C Wy, and a real analytic diffeomorphism

Q=Qr 7: Hity (S) — Cr

such that the (T, J)-parallel flow associated to u, ¢}’ : Hity (S) — Hity (), is given
by

1 1e] = Q71 QL) + t)

where the vector p in T[g]HitV(S ) is viewed as a vector in W via Q. In particular,
any two (7, J)-parallel flows commute.

The parametrization €2 in the above theorem is a slight reparametrization of the
Bonahon-Dreyer parametrization of Hity (S) in [BD14], where we replace their edge
invariants associated to the closed curves in 7 with a new invariant that we call the
symplectic closed edge invariants.

Theorem 1.1 implies that ¢}'[£] is a well-defined projective class of Frenet curves
in Hity (S), as long as Q[£] + tu lies in C7.
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More conceptually, Theorem 1.1 states that any pair (7,J) of an ideal trian-
gulation and a compatible bridge system determines a trivialization of the tangent
bundle THity (S) of Hity (S), and the (7, J)-parallel flows are exactly the flows
generated by the vector fields parallel to this trivialization. As a by-product of the
proof of Theorem 1.1, we can explicitly specify the projective transformations that
govern the (7, J)-parallel flows (see Section 7.4).

1.2 Coordinates on Hity (S). Each choice of an ideal triangulation 7 and
a compatible bridge system J determines a trivialization of the tangent bundle
THity (S) of Hity (S5). Via the parametrization Q7 7, any basis of the vector space
W determines a family of (7,J)-parallel flows on Hity (S), with the property
that their tangent fields {X1,..., X{(,2_1)(2g—2)} form a basis of the tangent space
to Hity (S) at every point in Hity (S). If one can show that these vector fields are
Hamiltonian vector fields and that they give a Darboux basis of the tangent space
at every point in Hity (), then the potential functions of these vector fields define a
Darboux coordinate system on Hity (S). With this in mind, we construct an explicit
global coordinate system on Hity (S) as follows.

Choose a pants decomposition on S. We then fix an appropriate ideal triangula-
tion that is subordinate to the pair of pants decomposition of S, and an appropriate
compatible bridge system 7, see Section 8.1 for more details. With these choices we
define four types of special (T, J)-parallel flows, namely the twist flows, length flows,
eruption flows, and hexagon flows. There are n — 1 twist flows and n — 1 length flows

associated to each simple closed curve in the pants decomposition, and W

eruption flows, and W

pants decomposition.

hexagon flows associated to each pair of pants in the

The twist flows associated to a simple closed curve ¢ do not change the Hitchin
representation restricted to w1 (S\ ¢) (up to conjugation). The length flows associated
to the simple closed curve ¢ change the n — 1 generalized length functions associated
to ¢, but they do not change the Hitchin representation restricted to the fundamental
groups of the connected components of S\ (P{UP,), where P; and P, are the two pairs
of pants that share ¢ as a common boundary component (it is possible that P; = P5).
When dim(V) = 2, the twist flow agrees (up to scaling) with the Fenchel-Nielsen
twist flow, and the length flow increases the length of the curve it is associated to
while keeping the lengths of all the other curves in the pants decomposition (and
the way the pairs of pants are glued together) unchanged.

The eruption and hexagon flows associated to a pair of pants P change the
Hitchin representation restricted to 71 (P), while keeping the Hitchin representation
restricted to the fundamental group of each connected component of S\ P unchanged.
When dim V' = 2, the holonomies of the boundary curves uniquely determine the
hyperbolic structure on a pair of pants, therefore the eruption and hexagon flows are
not present in Teichmiiller space. They are a new feature arising when dim V' > 2. In
the case when dim (V') = 3, the eruption, twist, and hexagon flows were previously
described in a more geometric way in [WZ17].



594 Z. SUN ET AL. GAFA

To any pair of positive integers k := (k1, k2) that sum to n and any closed curve in
the pants decomposition we can associate a twist flow and a length flow. We denote
their tangent fields by SX and VX respectively. To any triple of positive integers
i:= (i1,142,43) that sum to n and any pair of pants of the pants decomposition, we
can associate an eruption flow and a hexagon flow. We denote their tangent fields by
EL and Hi respectively. We call these tangent vector fields the special (7, J)-parallel
vector fields, and set

Sk ifx =Yk

b ) VS X =85
R if X =M,
~HLif X =L

Theorem 1.2 (Corollary 8.15, Theorems 8.18, 8.22).  For any special (T, J)-parallel
vector field X, there is a real analytic function

H(X):Hity(S) — R

whose derivative in the direction of X* is 1, and whose derivative in the direction
of any other special (T, J)-parallel vector field is 0. In particular, the collection of
functions

{H(X): X is a special (T,J)-parallel vector field}

defines a global coordinate system on Hity (S). Furthermore, H(X') can be described
explicitly in terms of the coordinate functions of ) : Hity (S) — Cr C Wr.

This coordinate system on Hity (S) generalizes the Fenchel-Nielsen coordinates.
Compared to other such coordinate systems, which have been constructed by Gold-
man [Gol90] when dim(V') = 3, and by one of the authors [Zhal5a, Zhal5b] for the
general case, this new coordinate system has the additional advantage that it is com-
patible with the symplectic structure on Hity (S). In the companion paper [SZ17],
two of the authors show that any (7,7 )-parallel flow is a Hamiltonian flow, and
the vector fields S¥ and V¥, and €L and Hi are dual to each other with respect to
the Goldman symplectic structure. This implies that the coordinate system given in
Theorem 1.2 is a global Darboux coordinate system, and H(X') is the Hamiltonian
function of the integral flow of the vector field X.

REMARK 1.3. Theorem 1.1 suggests that we use the coordinate system 2 to define
the (7, J)-parallel flows. However, we in fact define them more geometrically and
then show that they can be described very naturally in the coordinate system (2.
The geometric definition plays an important role in order to compute the symplectic
pairing between a pair of (7, J)-parallel vector fields, and to show that (7,7)-
parallel flows are Hamiltonian.
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Structure of the paper: In Section 2, we review definitions of cross ratios,
triple ratios, and Frenet curves. The elementary shearing and eruption flows for
Frenet curves are introduced in Section 3. In Section 4, we give a combinatorial
description of any pair of vertices in of 7, which is a key tool that we use repeatedly
in our proofs. In Section 5, we describe the Bonahon-Dreyer parametrization of the
Hitchin component as well as the (re)parametrization 2. In Section 6, we define the
(7T, J)-parallel flows and state our main results that imply Theorem 1.1, before we
prove the technical convergence results in Section 7. Finally, the twist flows, length
flows, eruption flows, hexagon flows are defined in Section 8, where we also prove
Theorem 1.2. The appendix contains proofs of a few technical statements.

2 The Hitchin Component and Frenet Curves

In this section we recall the definition of the PGL(V)-Hitchin component and of
Frenet curves, review some of their properties, and state an important theorem due
to Labourie and Guichard relating these two objects. We introduce two important
projective invariants, the cross ratio and triple ratio, and recall the definition of a

positive curve, which was used by Fock and Goncharov to give a characterization of
the PGL(V')-Hitchin component.

2.1 The PGL(V)-Hitchin component. Let V be an n-dimensional real vec-
tor space, n > 2. Let I' := m1(S) be the fundamental group of a closed, connected, ori-
ented surface S of genus at least 2. We consider the space Hom(I', PGL(V")) of homo-
morphisms of ' to PGL(V'). Since PGL(V) is a real algebraic group, Hom (I, PGL(V))
is naturally a real algebraic variety. Thus, it has a natural real analytic structure
away from its singular points, which is compatible with the compact-open topology

on Hom(I', PGL(V)).

DEFINITION 2.1. A representation p : I' — PGL(V') is a PGL(V)-Hitchin represen-
tation if it is a continuous deformation in Hom(I', PGL(V')) (with respect to the
compact-open topology) of a faithful representation whose image is discrete and lies
in the image of an irreducible representation from PSL(2,R) to PGL(V).

REMARK 2.2. Since PSL(2,R) is connected, the image of any PGL(V')-Hitchin rep-
resentation must in fact lie in the identity component of PGL(V'), which is PSL(V).

The set ﬁi/tv(S ) of Hitchin representations forms two connected components in
Hom(T', PGL(V)). Under the quotient map

Hom(T, PGL(V)) — Hom(T', PGL(V))/PGL(V),

Hity (S) is mapped to a single connected component of Hom(I', PGL(V))/PGL(V),
called the PGL(V')-Hitchin component. We denote the PGL(V')-Hitchin component
by Hity (.9).
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The Hitchin component was introduced by Hitchin [Hit92], who, using tech-
niques from the theory of Higgs bundle, proved that Hity (S) is homeomorphic to
R(29-2)("*~1) Tp the case when dim(V) = 2, Hity (S) is exactly the space of conju-
gacy classes of faithful representations from I' to PGL(V') with discrete image. These
representations are precisely holonomy representations of hyperbolic structures on
S. Thus, in this case, Hity (S) can be identified with the space H(S) of marked
hyperbolic structures on S.

REMARK 2.3. We work with PGL(V) instead of PGL(n,R) in order to avoid fixing
a basis of V. We consider the Hitchin component as a connected component of
the representation variety Hom(I', PGL(V))/PGL(V). If prefered, the reader can
also consider the representation variety Hom(I', PSL(V'))/PSL(V). Then, when n
is even, there are two connected components homeomorphic to Hity (S), and our
results apply to each component separately.

2.2 Frenet curves. A (complete) flag F in V is a sequence of properly nested
subspaces F() ¢ ... ¢ F(= 1 where dim F" = i. We denote the set of (complete)
flags in V' by F (V). The space F(V) can be equipped with a real-analytic structure
such that the inclusion F(V) — [[/ Gr;(V) given by F s (F(1 ... F(=1D) is a
real-analytic embedding.

DEFINITION 2.4. A k-tuple of flags (F1, ..., Fy) is said to be generic if for all positive
integers i1, ..., i, that sum to n, one has F(“) 4+ F(Z’“) V. The set of generic

k-tuples of ﬂags is denoted by .7-“(V)[ |, When k = 2, a pair of generic flags is also
called a transverse pair of flags.

REMARK 2.5. Note that requiring a triple of flags to be generic is strictly stronger
than requiring the triple to be pairwise transverse. Most of our later constructions
involving triples of flags do not work for a pairwise transverse triple of flags; we do
indeed need that the triple of flags is generic.

DEFINITION 2.6. A continuous curve ¢ : S' — F(V) is said to be Frenet if the

following conditions hold for all positive integers ni, ..., ng that sum to d < n.
(1) For all pairwise distinct points x1, ..., rj in S' , the subspace
k
> gmid(z) c v
j=1
is of dimension d.
(2) Let z be a point in S*. For all sequences {(z;1, ..., x) 32, of pairwise distinct
k-tuples in S such that lim; oo x;; = x for all j =1, ..., k, we have

lim Z§ (i) =¢& @) ().

1—00
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The space of Frenet curves from S* to F(V) is denoted by 15;6(‘/).

Note that every Frenet curve is injective, and moreover sends every k-tuple of
pairwise distinct points in S 1 to a generic k-tuple of flags.

The space Fre(V) can be equipped with the topology of uniform convergence.
With this topology, the continuous action of PGL(V') on F (V') induces a continuous
action of PGL(V) on ﬁa(V). We denote the quotient space F/‘;e(V)/PGL(V) by
Fre(V'), and equip Fre(V') with the quotient topology.

REMARK 2.7. We denote the projective classes of non-zero vectors in V' by P(V),
and identify this with the space of lines through the origin in V. Similarly, we identify
the space of hyperplanes through the origin in V' with P(V*), the space of projective
classes of non-zero covectors in V*.

It follows from an elementary linear algebra argument that PGL(V') acts transi-
tively and freely on the set

{(F,.a,P)e FV)RL xP(V): FO + == 4 PV foralli =0, ..., n—1}.

In particular, if we choose a generic triple of flags F, G, H in F(V) and a triple of
distinct points x,%, z in S', then any projective class of Frenet curves [¢] in Fre(V)
has a unique representative ¢ such that &(z) = F, £(y) = G and £V (2) = HD . We
make use of this normalization throughout the paper.

Labourie [Lab06] proved that for every PGL(V)-Hitchin representation p, there
exists a unique p-equivariant Frenet curve £ : 9I' — F (V). (Here OI" is the Gromov
boundary of I". Tt is topologically a circle.) Guichard [Gui08] later proved the converse
to this statement. Their combined work gives the following result that is crucial for
this paper.

Theorem 2.8 [Lab06, Theorem 1.4], [Gui08, Theorem 1]. Let p: I' — PGL(V) be
a representation. Then the conjugacy class [p] lies in Hity (S) if and only if there is a
p-equivariant Frenet curve §, : O' — F(V'). Moreover, if such a Frenet curve exists,
then it is necessarily unique. Furthermore, if {, = &/, then p = p'. In particular,
the Hitchin component Hity (S) is naturally emdedded into Fre(V') as the locus of
Frenet curves that are p-equivariant for some representation p : I' — PGL(V).

2.3 Projective invariants. = We recall the definition of the cross ratio and triple
ratio, as well as some of their basic properties.

2.3.1 Cross ratio.  We begin with the definition of the cross ratio.

DEFINITION 2.9. Let Py, P, € P(V) be two lines in V and let K, Ko € P(V*) be
two hyperplanes in V' such that P; is not contained in K for all i, j. For j =1, 2
choose a non-zero vector v; in P; and a non-zero covector a; such that ker(a;) = Kj.
Then the cross ratio of (K1, P, Py, K2) is

(65} (UQ)QQ(Ul)

Ky, Py, Py, K») == '
C(K1, Pr, Py, K») a1 (v1)ag(ve)
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Note that C (K1, P1, P2, K2) does not depend on the choices of v; and «; for i, j =1,
2.

The cross ratio is a projective invariant. For this recall that a projective transfor-
mation g in PGL(V) acts on P(V) by g-[v] = [g-v], and on P(V*) by g-[a] = [aog™!].
Thus the definition implies immediately that

C(KlaPLPQ)KQ) :C(g'Klug'Pl)g'P27g'K2)'

The following symmetries of the cross ratio are also direct consequences of the defi-
nition:

C(K1, Pr, Py, Ka) = C(K2, P, P1, K1),
C(K17P17P27K2) : C(K17P27P37K2) - C(K17P17P37K2)7

and
C(Ki1, P, Py, Ky) - C(Ky, Py, P, Ko) =1,

whenever the expressions are defined.

We apply the cross ratio most commonly in the following setting. Let H :=
(F1,G1, Fy, G2) be a quadruple of flags in F (V') such that (Fy, Gy, F») and (F1, Fa, G2)
are both generic triples of flags, and let k := (k1, k2) be a pair of positive integers
that sum to n. Then define

OHED) o= ORI+ F§, 680, 60, F{E Y 4 B8

Observe that if ky, := (km, km+1) and Hy, := (Fi, G,y Fing1, Grg1) for m =1,
2, where the arithmetic in the subscripts are done modulo 2, then

Ck(H)) = C%(H,).

2.8.2  Triple ratio. ~ We now introduce the triple ratio. Suppose first that dim(V') =
3. Let (Fy, Fy, F3) be a generic triple of flags in F(V)B. Write F; = (P, K;), where
P, € P(V) is a line in V and K; € P(V*) a hyperplane in V' containing P;. For
1 = 1, 2, 3, choose non-zero vectors v; in P; and non-zero covectors a; such that
ker(a;) = K;. Then a;(v;) = 0, but by genericity o;(v;) # 0 if i # j. The triple ratio
of (F, Fy, F3) is then defined by

aq(v2) e (vg)as(vr)

T(F, By, F3) = a1(vs)as(v2)az(vr)’

which is independent of the choices of vectors and covectors. In this case, the triple
ratio determines generic triples of flags up to projective equivalence.

The definition of the triple ratio generalizes to the case when dim(V') > 3 in the
following way.
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DEFINITION 2.10. Let Ky, Ko, K3 € P(V*) be hyperplanes in V and let Py, P,
P; € P(V) be lines such that for all i = 1, 2, 3, P; is contained in K;, but not in
K;_1UK; 1 (here, arithmetic in the subscripts are done modulo 3). Choose non-zero

vectors v; in P; and non-zero covectors «; such that ker(a;) = K;. Then the triple
ratio of (K1, Py, Ko, P, K3, P3) is

a1 (ve)an(vs)asz(vr)
a1 (vs)as(ve)aa(vr) .

T(Ky, P, Ko, P2, K3, P3) =

The triple ratio is a projective invariant:
T(g-Ki,9 - P1,9- Ko, g- P, g Ks,g9-P3) =T(Ky, P, Ky, P2, K3, Ps3)

for all projective transformations g in PGL(V). It also satisfies the symmetry

1
T(K3,P3, Ko, Py, K1, P1)

T(Ky, P, Ks, Py, K3, P3) =T (K>, P>, K3, P3, K1, P) =

We apply the triple ratio to give projective invariants of generic triples of flags
as follows. Let F := (F|, Fy, F3) be a generic triple of flags in F(V)Pl, and let
i:= (i1,12,13) be a triple of positive integers that sum to n. For all m =1, 2, 3, let

Km = Fr(r;;m'i‘l) _i_Fr(;i:Jld—l) +F7(T;L‘Til_1)’

and let P, be a line such that P, —I—FT(,f’“_l) = Fg’”). Clearly, P, lies in K,,, and the
genericity of F also implies that P,, does not lie in K,,_1 and K,,;+1. Then define

TY(F) := T(K1, Py, Ko, P2, K3, P3).

Observe that T'(F) does not depend on the choice of P,,. Also, if we set i, :=
(tms i1, im—1) and o, := (EFyy, Fipy1, Fip—1) for m =1, 2, 3, then

TH(F)) = T (Fy) = T (F3).

Using ideas from Fock-Goncharov [FGO06], one can prove that the triple ratios in
fact give a parametrization of the space F(V)Bl/PGL(V) of generic triples of flags
in V' considered up to projective transformations (see [Zhal5b, Lemma 2.3.7]).

ProproSITION 2.11. Let B be the set of triples of positive integers that sum to n.
The map

(n—1)(n—2)
2

FV)F/PGL(V) — (R\ {0})

given by [F] — (Ti(F))i cp Is a real-analytic diffeomorphism.
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2.4 Positive maps. In this section we briefly discuss the notion of positive
maps, introduced by Fock and Goncharov [FGO06] and discuss its relation to Frenet
curves. The notion of positive maps relies on the notion of totally positive unipotent
matrices.

DEFINITION 2.12. Let B := {f1,..., fn} be a basis of V. A unipotent projective
transformation u in PGL(V') is totally positive with respect to B if in the basis
B, it is represented by an upper-triangular matrix with ones on the diagonal, such
that all the minors are positive except those that are forced to be zero by u being
upper-triangular.

REMARK 2.13. Unipotent here means that u,, has a representative that is conjugate
to an upper triangular matrix with only 1’s along the diagonal.

DEFINITION 2.14. A k-tuple of flags (Fi,...Fy) in F(V) (k > 3) is said to be

positive if F} and F, are transverse, and for some fixed basis B = {f1,..., fo} of V
such that f; lies in Fl(z) N FQ(n_ZH) foralli=1,...,n,
e there are projective transformations uy, ..., up_o in PGL(V) that are totally

positive with respect to B, and
e there is some projective transformation g in PGL(V') that fixes both F} and

F27
such that
g'(Fl)F27F37"‘7F/€) — (F15F27F§)"'7FI:;)7
where F := (ujug ... u;—2) - Iy for alli = 3, ..., k. We denote the space of positive

k-tuples of flags in (V) by F(V)k.

The notion of a positive k-tuple of flags does not depend on the choice of ba-
sis B. Fock and Goncharov [FG06, Theorem 1.2, Section 5.5-5.11] proved that if
(F1,..., Fy) is a positive k-tuple of flags, then so is (Fb,..., Fy, F1).

REMARK 2.15. If (F}, Fy, ..., F}) is a positive k-tuple of flags, then for any 1 < i; <
Qg < --- < iy < kwith >3, (F,,..., ;) is also a positive [-tuple of flags.

19

To define the notion of positive maps, we endow S with a clockwise orientation.

DEFINITION 2.16. A k-tuple of pairwise distinct points (x1,...,x;) in S* is cycli-
cally ordered if x; < --- < x < x1, where < denotes the cyclic ordering on S'.

DEFINITION 2.17. [FG06] A map ¢ : S' — F(V) is positive if for any k > 3
and any cyclically ordered k-tuple of points (x1,...,x;) in S*, the k-tuple of flags

(¢(x1),...,0(xk)) is positive.

Fock and Goncharov proved the following characterization of a positive triple of
flags (this is a consequence of [FG06, Theorem 9.1(a)]).
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Te,1 Se,1 = IT,3

Tr,1

TT,2

Figure 1: The oriented planar polygon M, where the orientation induces a clockwise orien-
tation on OM.

Theorem 2.18 [FG06]. Let F := (F1, F», F3) be a triple of flags in F(V'). This
triple is positive if and only if for any triple of positive integers i := (i1,1i2,13) that
sum to n, we have TH(F) > 0.

More generally, Fock and Goncharov [FGO06, Section 9] showed that the space of
projective classes of positive k-tuples of flags can be explicitly parametrized using
cross ratios and triple ratios. To describe the parametrization of F (V)% /PGL(V)
consider an oriented planar polygon M with k vertices, and choose a triangulation
T of M such that the vertices of the triangles in the triangulation are exactly the
vertices of M (see Figure 1). We associate to a vertex v of M the flag F'(v).

We fix the following notation to simplify the statements. Choose an orientation
on all the interior edges of 7. For each interior edge e of 7, let 7.1 and 7.2 be the
forward and backward endpoints of e respectively. Then let s. 1 and s.2 be the two
vertices of M such that the triangles with vertices re 1, 7¢ 2, Se.1 and 7¢ 1, 7e 2, S¢,2 are
both triangles of 7, and 11 < Se;1 < Te2 < Se2 < Te,1 according to the clockwise
orientation on OM (induced by the orientation on M, see Figure 1). Then denote
the quadruple of flags (F(re,1), F(se,1), F(re2), F(se2)) by F(e).

For each triangle T" of 7, let x11, 72 and 73 be the three vertices of T' such
that z71 < 272 < 273 < 27,1 according to the clockwise orientation on OM (see
Figure 1). Then denote the triple of flags (F(x7,1), F(z72), F(zr3)) by F(T).

PROPOSITION 2.19. [FG06, Theorem 9.1(a)] Let M be an oriented planar k-gon
(k > 3) and T a triangulation of M as described above. Let Ty, ..., Ty_o be the
triangles given by T and ey,...,e;_3 be the interior edges of 7. Also, let B denote
the set of triples of positive integers that sum to n, and let A denote the set of pairs
of positive integers that sum to n. The map

(n=1)(n—2)(k—2)
2

F(V)E/PGL(V) — (RT) x (R+)(n—D(k=3)
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given by

Flo)..... o] ((TUR(T) (~C*Fe)

je[l,k—2)ieB’ je[Lk—s];keA)

is a real analytic diffeomorphism.
From Proposition 2.19, one can deduce the following consequences.

COROLLARY 2.20. Let (F1, Fy, F3, Fy) be a positive quadruple of flags in F(V'). Let
g be a projective transformation in PGL(V') that fixes Fy and F3, and whose eigen-
values (of some (equiv. all) linear representatives of g) have the same sign. Then
(Fy, Fy, F3,9 - Fy) is a positive quadruple of flags.

Proof. Since (Fy, Fy, F3, F}) is positive, T1(Fy, Fy, F3) > 0 and TY(F3, Fy, Fy) > 0 for
all triples of positive integers i := (i1, 4o, 43) that sum to n. Thus, T} (F3, g-Fy, F1) > 0
because g fixes both F} and F3. Also, the positivity of (F, Fy, F3, Fy) implies that
CX(Fy, Fy, F3, Fy) < 0 for all pairs of positive integers k := (ki, k2) that sum to n.
By a straightforward computation,

A
Ck(FlaF27F3ag'F4) = Mck(FlaFQaFSth)-

Aki+1(9)
Since the eigenvalues of g have the same sign, CX(Fy, Fy, F3, g - Fy) < 0 as well. By
Proposition 2.19, (F1, Fy, F3, Fy) is a positive quadruple of flags. O

COROLLARY 2.21. Let (Fy, Fy, F3) be a positive triple of flags in F(V'), and sup-
pose that F : [0,1] — F(V) be a continuous path of flags in F(V') such that
(Fh, Fy, Fs, F(t)) is generic for all t € [0,1]. If (Fy, Fa, F3, F(0)) is a positive quadru-
ple of flags, then so is (Fi, Fy, F3, F(t)) for all t € [0, 1].

Proof. Since (F, Iy, F3, F(t)) is generic, the cross ratio C¥(Fy, Fy, F3, F(t)) and the
triple ratios T'(F, Fy, F3) and TU(F3, F(t), F1) are well-defined and non-zero for all
pairs of positive integers k := (k1, k2) that sum to n, and for all triples of positive in-
tegers i := (i1, 2, 93) that sum to n. Also, the positivity of (F7, Fa, F3, F'(0)) allows us
to apply Theorem 2.22 to deduce that CX(Fy, Fy, F3, F(0)) < 0, T1(Fy, F, F3) > 0,
and T(F3, F(0), F1) > 0. Thus, C¥(Fy, Fy, F3, F(t)) < 0, TY(Fy, Fp, F3) > 0, and
TH(F3, F(t), Fy) > 0forallt € [0, 1]. Theorem 2.22 then implies that (Fy, Fy, F3, F(t))
is positive. O

The next theorem relates Frenet curves to positive maps. Namely, the cross ratios
and triple ratios of points along a Frenet curve are well-behaved.

Theorem 2.22. Let ¢ : S' — F(V) be a Frenet curve.

(1) For all pairwise distinct triples of points x := (x1,22,23) in S and for all
triples of positive integers i := (i1, i2,13) that sum to n, we have

T'(¢(x)) > 0.
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(2) For all cyclically ordered quadruples a := (r1, 81,79, 52) of points in S, and for
all pairs of positive integers k := (k1, ko) that sum to n, we have

C*(¢(a)) < 0.
In particular every Frenet curve is a positive map.

This theorem can be proved using similar arguments to the ones Fock and Gon-
charov use in [FG06, Theorem 9.1], see for example [Zhal5b, Proposition 2.4.7]
or [LM09, Appendix B].

Conversely, the positivity of a k-tuple ensures a strong transversality condition,
which we prove in Appendix A. A slightly weaker statement was proven in [FG06,
Proposition 9.4.].

PROPOSITION 2.23. [FG06] Let (F1,.. ., F},) be a positive k-tuple of flags in F (V)% .
Then for any positive integers ni, ..., ni that sum to d < n, we have that

k
dim ZF].("j) — d.
j=1

This proposition might make the the reader think that there is no difference
between Frenet curves and positive maps. But positive maps ¢ : S' — F(V) do not
even have to be continuous in general, and thus are in general not Frenet. However, if
we take a representation p : I' — PGL(V') into play, then the two notions agree: any
p-equivariant positive map ¢ : OI' — F(V) is Frenet [FG06, Theorem 1.15, Section
7.6-7.9].

3 Elementary Flows on Frenet Curves

In this section we define two types of flows, the elementary eruption flows and
elementary shearing flows on the space of Frenet curves Fre(V'). Later, we use infinite
combinations of these elementary flows to define flows on the Hitchin component
Hity (S). We equip S! with a clockwise orientation.

3.1 The elementary eruption flow. Let F := (F}, F», F3) be a generic triple
of flags in F(V)B, and let i := (i1,i2,43) be a triple of positive integers that sum
to n. For any real number ¢ we define biﬂ (t) to be the projective transformation in
PGL(V) that is the projectivization of the linear automorphism of V' that acts as

e the identity on Fl(il),
e scaling by es on FQ(”), and

e scaling by e~ on F:,Eig).
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With respect to the decomposition V = Fl(il) + F2(i2) + Fg(ia), the transformation
bii(t) is represented by the matrix

Id;, 0 0

0 esld;,
0 0 e sld,

LEMMA 3.1. Let i := (i1,1i2,13) be a triple of positive integers that sum to n, and
let ¥ := (F, Fy, F3) be a generic triple of flags. For m = 1, 2, 3, set iy, := (im, tm+1,
im—1) and Fp, := (Fy,, Fju+1, Fin—1), where the arithmetic in the subscripts is done
modulo 3. Then for all t € R,

b (0) - Fn = b7 (0) - Fon.

Fot1
Notation 3.2. Let F be a generic triple. For k =1,2,3and j =1, ..., n—1,let f;;
be a vector in F,E]) \F,EJ_D (we use the convention that F,go) = {0}). Then

Bp = {fit s frivs fotse oo foins fa1s oo fais}
is a basis for R". We call BL an (i, F)-adapted basis.

Proof. Observe first that by the definition of bi;(¢), we have that for [ < i,

by (1) D = b (1) FL.

Foi1 m

Thus, we only need to show that the same is true for [ > 4,,. Let

By ={fi1,--s fris Jo, s foms [30, o5 3105}

is a basis for R™ be the (i, F)-adapted basis
Thus, for any non-zero vector f in FT(,?, we can write

F=)anihi+ Y asifo;+ Y as;fs;,
= j=1 j=1

for some real numbers oy, ;. A direct computation gives that

fm—1 Tm -

. t _1
b (O[] = | D tmorjfmo1j+ €5 Y Omjfmite s Y Omyrifmiry
j=1 j=1 j=1

im— 1 im,+1

Tm
t/3 2t
= 1D Pamrjfmoriter Y amifmi+ Y Cmitifmit]
j=1 j=1 j=1
i fm—1 T - )

i k2 _t
b () [f1= €5 Y amtifmorj+e 5 Y Omifms+ D Cmi1jfmirg
j=1 j=1 g=1
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Hence, bi;"‘jl(t) - [f] and bE" (¢) - [f] are both lines that lie in the subspace of V

m+1

spanned by the 7,, + 1 vectors

T —1 T4l
t
fmd s ooy S, €3 E am—1,jfm-1j + § Q1,5 fms1,j
Jj=1 j=1

In other words,

0 (R +101) =t - (RE + 1)

for any non-zero vector f in F#{). This concludes the proof. O
With Lemma 3.1, we can now define the elementary eruption flow.

DEFINITION 3.3. Let i := (i1,1i2,i3) be a triple of positive integers that sum to n,
and let x := (x1,2,23) be a cyclically ordered triple of points in S'. For m = 1, 2,
3, let iy := (im, tm+1,tm—1) and Xp, := (T, Timt1, Tm—1), Where arithmetic in the
subscripts are done modulo 3. The i-elementary eruption flow with respect to x is
the continuous flow

(), : Fre(V) — Fre(v),
defined by £ — & = (e;)t (&), where

bigl(xl)(t) &(p)  ifxy <p<uws;
&(p) == bi;(xZ)(t) €(p)  ifws <p <y
big‘(xs)(t) E(p)  ifxy <p <.

Here, the inequality < is with respect to the clockwise orientation on S*.

REMARK 3.4. In the case when n = 3 and i1 = i = i3 = 1, the elementary erup-
tion flow is (up to projective transformations) the eruption flow defined in [WZ17,
Section 4.2.]. In this case, the eruption flow admits a nice geometric interpreta-
tion as changing the gluing parameter of a pair of nested triangles determined by
(&(x1),&(x2),&(x3)) (see Figure 2). This geometric interpretation also suggested the
name eruption flow.

It is not obvious that the elementary eruption flows are well defined. Lemma 3.1
implies that for all triples i := (i1,142,13) of positive integers that sum to n, and all
triples x := (21, x2,3) of cyclically ordered points in S!, the curve & = (e;)t (&) :
St — F(V) is a well-defined continuous curve. But to show that () , is well-defined

as a flow on ].*:;e(V), we have show that & is in fact a Frenet curve. We prove now
that & satisfies property (1) of the definition of Frenet curves; the proof that &
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§(w2)

Figure 2: When n = 3, the dark conic is ¢ (S') ¢ RP? and the dark dotted lines are
€@ (z1), €3 (z5) and €@ (x3). After applying an elementary eruption at (z1, zo, z3), t(l) (Sh)
is the light curve and ft(2)(x1), &(2) (z2) and ft(2) (z3) are the light dotted lines.

satisfies property (2) will be delayed to Section 3.3, where we state and prove a
more general result that holds for both the elementary eruption and shearing flows.

For i =1, 2, 3, let i, := (im, tmt1, bm—1) and X, 1= (Tm, Tint1, Tm—1), Where
arithmetic in the subscripts are done modulo 3. For convenience, we consider the
curve bingm)(_t) - & which is projectively equivalent to &. Setting

ag () == by ()b (1), (3.1)
the curve bé’gxm)(—t) . &+ S — Fre(V) is given by
¢(p) if Zmy1 <p < Tyt
By (1) - &(p) = § Ofsen_ () -E(p) M Ty Sp <@ (3.2)
aé?ﬁ:nllﬂ)(t)il “&(p)  ifxm <p<Tmia

This has the advantage that for all z,,+1 < p < x,,,—1 we have big(x )(—t) ~&(p) =

&(p). Furthermore, we have the following lemma, which is useful in later computa-
tions.

LEMMA 3.5. Let F := (Fy, Fy, F3) be a generic triple of flags, and let i := (i1, 12, i3)
be a triple of positive integers that sum to n. Form =1, 2, 3, let ¥,,, := (Fy,, Fipt1,
Fon—1) and iy, 2= (im, tm+1,im—1). Choose a basis { fm.1,..., fmn} of V such that
FY = Spang{fm1,..., fmy} foralll=1, ..., n—1. Then aik:"m (t) is represented in
this basis by an upper triangular matrix where the first i,, entries down the diagonal
are es and the last n — i, entries down the diagonal are e s.
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Proof. By Lemma 3.1, ail;"m (t) fixes the flag F,,,. Therefore with respect to the basis
{fmis s fmnts ai:’:n (t) is represented by an upper triangular matrix. Furthermore,

ail‘:’:n (t) is the projectivization of the linear map which acts as

e scaling by e~ on Fgff) + Ff;rf) and

e scaling by es on F,E;m').
The lemma now follows. O

As a consequence of Lemma 3.5, we have the following observation.
COROLLARY 3.6. Let F := (Fy, Fy, F3) be a generic triple of flags, and let i :=
(1,12,13) and j := (j1, jo2, j3) be triples of positive integers that sum to n. If is = jo
or ig = jg, then

ap (t)ap(t) = ap(t)ap(t).

Proof. We will prove this in the case when is = jo; the proof when i3 = j3 is
similar. For m = 1, 2, 3, let {fm1,..., fmn} be a basis of V such that Fﬁ) =
Spang (fm,1,-- -, fmy) forall l =1, ..., n— 1. Since ig = jo, if i1 = ji, then iz = js,
and the corollary holds trivially. Thus, we may assume without loss of generality
that k := j1 — i1 =13 — j3 > 0.

Let Bi;\ = {le, ceny fl,ila f2’1, ey f27i2, f3’1, . 7f3,i3} be an (1, F)—adapted basis
of V. For each | = 1,...,k, we may write fi;,4; as

Frivii=Y_ajfi;+Y bifaj+ > cifs;
j=1 =1 =1

for some constants a;, b; and ¢;. Let A denote the linear map that acts as scaling by

e5 on Fz(iz) + F3(i3) and scaling by es on Fl(il). Also, let B denote the linear map

that acts as scaling by e”s on F2(j2) + F§j3) and scaling by es on Fl(jl). Then for all
l=1,...,k,

i
2t _t —t
BA- fiiqi=B-|(es —e S)E ajfij+e = frii
j=1

il 7;2 iS
at t
=es E ajfi;+es E:bjf2,j+§ ¢jf3,
j=1 j=1 j=1

=4 <€%f1,¢1+z) = AB - f1,i,+1-
On the other hand, AB - f = BA - f for all f in the (j, F)-adapted basis

By ={ i1 figis forse oo fogos f30, oo 3.5 )

Since {fi1,---, fiji> fa1s---s f20s f30,-- -, f34,} is a basis of V, this implies that
AB = BA. Lemma 3.5 then implies the corollary. O
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As a preliminary step to prove that & := (e;{) . (&) is a Frenet curve, we prove
the following proposition, which describes how certain projective invariants along
the image of & change with ¢.

PROPOSITION 3.7. Let i:= (i1,12,i3) be a triple of positive integers that sum to n,
and let x := (x1,22,73) be a cyclically ordered triple of points in S*. Let (e;)t be
the i-elementary eruption flow with respect to x, and let & := (e;)t (&). Then we
have the following:

(1) For any triple j := (j1, j2,j3) of positive integers that sum to n, we have

P&00) = {Z;J-(;“)j(x) iij ’ i

(2) For any triple y := (y1,y2,y3) of pairwise distinct points in S such that y,
Y2, y3 lie in the closure of a connected component of S* \ {x1,x2, 23}, we have
Ti(&(y)) = TH(E(y)) for any triple j == (j1, jo, j3) of positive integers that sum
to n.

(3) For any cyclically ordered quadruple a := (71, 51,72, 52) of points in S such
that 71, s1, ro lie in the closure of a connected component of S\ {z1, v, 73},
and so either lies in that same closure or is equal to the x; that is not a boundary
point of that closure, we have C¥(&(a)) = C¥(&(a)) for any pair k := (ki1, k)
of positive integers that sum to n.

For the proof of this proposition we express the triple ratios using determi-
nants. To describe this, let F := (Fy, Fy, F3) be generic triple of flags in F(V)F
and let i := (i1,12,43) be a triple of positive integers that sum to n. Let B]i_; =
{fit,- oo frins fars o oo f2,., f31,- .-, f3,, } be an (i, F)-adapted basis. Then

Fl(h) A F2(12) A FS(lS) = det(le? .. ‘7f1,i17f2,1)' . '7f2,i27f3,17 o 7f3,i3)

is non-zero. Of course, Fl(il) /\F2(i2) /\F§i3) depends on the choice of the (i, F)-adapted
basis, but one can verify that the ratio

P A Bl A plemD L pmh A pletl) \ plis)  pl) g plie=h) - plis )
FAD A gD A ) gl A gl o plis=h)  plml) \ plia) - plistl)

does not, and in fact evaluates to the triple ratio 7%(F).

Proof of Proposition 3.7. Proof of (1). For m = 1, 2, 3, let i, := (im, imt1sim—1),
Jm = UmsJm+1s Jm—1), and X, := (T, Tint1, Tm—1), where the arithmetic in the
subscripts are done modulo 3. From the definition of aig?xm)(t) and that of &, it is
clear that

bt (1) - &) = (E(@m), al (1) - E(@mi1), E(@m-1)).
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Suppose first that j # i. Then iy41 > jmy1 + 1 for some m = 1, 2, 3. By
Lemma 3.5, ag’i‘ )(t) acts on EUmt1 ) (g, 1) € €0m1)(z,,, 1) by scaling by A :=

Xm
_t . . .. . . . .
e~ 3. Since the triple ratio is a projective invariant, we have

E(Xmt1
= Tin (g(xm)a aig?xm) (t) - &(zm+1), §<$m—1>)
EUm—tD) (g 1) A EU) (@) A EUmt1 =D (1) - NImsr =1
EUm—1tD) (2, 1) A EGm=D) () A EUm+1) (2y,41) - NIm
g(jm—lfl)(xm_l) A g(j,,ﬁl)(xm) A f(j’"’+1)($m+1) c \m

€0 ) (2_1) A EGmtD () A EGmir=D) (g4 1) - At =1
EUm—1)(z_1) A EUm=D (2,) A EUmtrt D) (g, 1) - Mmrtl
f(jrvl—l—l)(q;m_l) A f(jm)(xm) A §(jm+1+1)($m+1) - \Imatl

= T (g (xm)) = TI(E ().
On the other hand, aig(x) (t) acts on

T3 (& (x)) = T (bim“ (=) ft(xm))

o £02)(25) as scaling by e7s,
o (€02 (5) + £09) (23)) N ) (21) as scaling by es,
. (ﬁ(il)(xl) + f(i2+1)(:v2)) N £62) (23) as scaling by e 5.
Thus,
TH(&(x)) = T (E(x1), ag oo (1) - E(w2), & (23))
0 (@r) AW (o) A EU D (ag) e
1) (a0) A €6 () A €6 (3) - =5
D (@) A D (9) A€ () - e
€0 (1) A 0D () A €D (g) e e
£0) (1) A gD (@y) AUt (ag) - e 5
D (ay) A€ () A £t (z5) - e B
= T(E(x)).
Proof of (2). Again, we may assume without loss of generality that the connected
component of S\ {z1, 2o, 73} whose closure contains y1, y2, y3 is

{ge St x3<qg< 2}

Then &(y) = b?(XZ) (t)-£(y)- Since the triple ratio is a projective invariant, (2) follows

immediately.
Proof of (3). We may assume without loss of generality that the connected com-

ponent of S'\ {x1, 2, 23} whose closure contains 71, s1, o is

{ge St z3<qg< a1}
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Then either 3 < sy < @1, or s5 = x3. Observe that C¥(&(p)) depends only on

5151)(52) (and not on the rest of the flag & (s2)). From the definition of bi;(xz)(t) it is

clear that &) (s2) = b7, ()60 (s2), &(r1) = bz ) (£)-€(m), &(ra) = b (£)-€(ra),
and & (s1) = big(xZ)(t)f (s1). Statement (3) then follows from the projective invariance
of the cross ratio. O

The following is a consequence of Proposition 3.7, which implies that property
(1) in the definition of Frenet curves (Definition 2.6) holds for & := (el ) . (6)-

PROPOSITION 3.8. Let i := (i1,142,i3) be a triple of positive integers that sum to n,
let x := (x1,x2,73) be a cyclically ordered triple of points in S1, let (e;)t be the
i-elementary eruption flow with respect to x, and let

&= (), ©).

For any pairwise distinct points p1, ..., pr in S*, and any positive integers nq, ...,
ny that sum to d < n, we have

k
dim | Y€ (p;) | = d.
=1

Proof. We may assume without loss of generality that (p1,...,px) is cyclically or-
dered with respect to the cyclic order on S'. By Proposition 2.23 it is sufficient to
show that the k-tuple of flags (&(p1),...,&(pk)) is positive. This is what we are
going to prove now. We extend the cyclic order on {p1,...,pr} to a cyclic order on
{p1,.. ..o} U{z1, 22,23} (it is possible that z; = p; for some 1, j). This allows us to
consider {p1,...,px} U{x1,z2, x5} as the vertices of a planar polygon M inscribed
in the circle S'. Choose a triangulation 7 of M such that the vertices of 7 are the
vertices of M, and the triangle with vertices x1, 22, x3 is a triangle in 7. Also, choose
an orientation on all the interior edges of 7.

For each interior edge e of 7, let r.,1 and r.2 be the forward and backward
endpoints of e respectively, and let s. 1 and s.2 be the two vertices of M such that
the triangles with vertices re 1, 7e2, Se;1 and re 1, Te2, Se2 are both triangles of
T, and 7¢1 < Se;1 < Tep < Se2 < Te according to the clockwise orientation on
OM (see Figure 1). We set Fy(e) := (ft(?”@l),ft(85,1)7&(%2),&(85,2))- Similarly, for
each triangle T' of 7, let o7 1, 72 and z73 be the vertices of T such that z7; <
xr2 < xr3 < x7 (see Figure 1), and set Fy(T') := (ft(:chl),5,5(95732),&(9013)).
Since &y = &, by Theorem 2.22, we have that:

e for every interior edge e of 7 and for all pairs of positive integers k that sum
to n, we have CX(Fy(e)) < 0.

e for every triangle T of the triangulation 7" and for all triples of positive integers
i that sum to n, the triple ratio satisfies TH(Fo(7T)) > 0.
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By Proposition 3.7, it follows that the above two statements about the cross ratio
and triple ratio above also hold for F¢(e) and F¢(T"). Therefore Theorem 2.22 implies
that the k-tuple (§(p1),...,&(px)) is positive. 0

3.2 The elementary shearing flow. To define the elementary shearing flow,
consider a pair E := (E, E») of transverse flags in F(V'), and a pair k := (ky, k2)
of positive integers that sum to n. For any real number ¢, we denote by dk(t)
the projective transformation in PGL(V') that is the projectivization of the linear
automorphism of V' which acts as

e the identity on Eyﬁ),

e scaling by e on EékZ).

So with respect to the decomposition V = Efkl) + Eékz), the projective transforma-

tion d(t) can be represented by the matrix

Id;,, 0
0 e :ldy, )

LEMMA 3.9. Let k := (ki, ka) be a pair of positive integers that sum to n, and let
E := (E1, E3) be a transverse pair of flags. For m =1, 2, set Ky, := (kpm,, km+1) and
E,, := (En, Em+1), where the arithmetic in the subscripts are done modulo 2. Then
for allt € R,

(1) d(t) fixes E, and
(2) dy. (t) = d (—).

Proof. Since E is a transverse pair of flags, we may choose a basis {ej,...,e,} of V
such that e; is a non-zero vector in E?) N Eénﬂ_]) forall j =1,..., n—1. Observe
from the definition that dX(¢) fixes the point [e;] in P(V) for all j, so it necessarily

fixes E. This proves (1). (2) is obvious from the definition of dk(t). O
With this, we can define the elementary shearing flow.

DEFINITION 3.10. Let r := (r1,72) be a pair of distinct points in S and let k :=
(k1,k2) be a pair of positive integers that sum to n. For m = 1, 2, set ry, :=
(Pms Tm+1) and Ky, := (kp, km41), where the subscripts are done modulo 2. The
k-elementary shearing flow with respect to r is the continuous flow

(%) : Fre(V) — Fre(V)

defined by £ — & = (¢f)t (&), where

A< (1) -&(p)  ifre <p <7
_ £(r2)
&le) = { a5 (0 -Ep) i <p<r.
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REMARK 3.11. In the case when dim(V') = 3, Goldman [Gol90, Gol13] introduced
the hyperbolic shear and the bulge deformations associated to r. The hyperbolic

shear associated to r is equal to (¢§1’2)> o (¢£2’1)> , and the bulge associated to r
t ¢

is equal to ( 51’2)) ,© <z/1£2’1)>t, see [Gol13] and [WZ17, Section 4.1].

By Lemma 3.9, for all pairs of positive integers k := (k1, k2) that sum to n and
for all pairs of distinct points r := (rq,72) in St, & = (wi‘)t (&) is a well-defined
continuous curve, obtained by deforming the two subsegments of £(S*) given by r;
and 7o using two different projective transformations. To prove that (1X); is well-
defined, we need to verify that &; is indeed a well-defined Frenet curve for any t. We
now prove that & satisfies property (1) of the definition of Frenet curves; the proof
that it satisfies property (2) will be delayed to Section 3.3.

The arguments are analogous to the arguments for the eruption flows. For m = 1,
2, let kyy, := (K, k1) and let vy, := (rum, "m+1), where arithmetic in the subscripts
are done modulo 2. For convenience, we consider the curve dsm )(—t) - &, which

E(rmi1
is projectively equivalent to &. Setting

km 1 m — m
o (1) o= dg (=) (1) = dig (2), (3.4)
the curve dlg((’;+14rl)(_t) & St — F/‘;e(V) has the following description:
Kt (4 &) if rp1 <p<rp;
elean) (1) 61(P) = {c‘g(;m)(t) E(p) i << T, (3:5)

Furthermore, the following lemma gives a useful matrix representation for the pro-
jective transformation cllf:m (t) when we choose an appropriate basis for V. It follows
immediately from Lemma 3.9.

LEMMA 3.12. Let k := (ky, k) be a pair of positive integers that sum to n, and
let E := (Fy, E) be a transverse pair of flags. For m = 1, 2, let ky, := (km, kmt1)

and E,, := (En, Enm+1), where arithmetic in the subscripts are done modulo 2.
Let {em,1,...,emn} be a basis of V such that for all | = 1, ..., n — 1, Eﬁ,? =
Spang{em1,...,€em}. Then cllf]’; (t) is represented in this basis by an upper trian-

gular matrix where the first k,, entries down the diagonal are 1 and the last kp,11

entries down the diagonal are e™".

To prove that & is a Frenet curve we first observe how the cross ratios and triple
ratios evaluated at certain flags along & change with ¢.

PROPOSITION 3.13. Let k := (ki, k2) be a pair of positive integers that sum to n,
and let v := (r1,72) be a pair of distinct points in S'. Let (@b}f)t be the k-elementary

shear flow with respect to r, and let & := (wf)t (§). Then we have the following:
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(1) Let s1, so be points in S' such that a := (11, 1,72, 82) is a quadruple of cycli-
cally ordered points in S'. Then for any pair 1 := (I1,l3) of positive integers
that sum to n, we have C'(&(a)) = e!xC¥(¢(a)), where 01y = 1 if 1 = k and
0 otherwise.

(2) For any quadruple of cyclically ordered points b := (y1, 21,92, 22) in S such
that y1, 21,2, z2 lie in the closure of a connected component of S'\ {ry,r},
we have C(&(b)) = CY(&(b)) for any pair 1 := (I1,l2) of positive integers that
sum to n.

(3) For any triple of cyclically ordered points x := (x1,z2,23) in S* such that
r1, T2, x3 lie in the closure of a connected component of S*\ {ry,r2}, we have
Ti(&(x)) = TH(E(x)) for any triple i := (i1, i9,143) of positive integers that sum
to n.

For the proof we use a description of the cross ratio using determinants. Let
K1, Ky € P(V*) be hyperplanes in V' and let P;, P, € P(V) be lines in V, such that
P; is not contained in K for all 4, j = 1, 2. For any basis {k;1,...,kin—1} for the
hyperplane K;, there is a covector «; with ker(a;) = K; such that

ai(vj) = det(kiJ, RN kz’,n—h ?}j).
for any vector v; in P;. We use this to express the cross ratio.

Proof. Proof of (1). Let {f1,..., fn} be a basis of V such that f; is a non-zero vector
in €0 (1) NP (1), For m = 1, 2, let e, be a non-zero vector in £ (s,,), and
write

€m = Zam,kfk
k=1
for some real numbers a, ;. Then we can compute that
Cl(&(a))
. det(fla cee >fll+17 S 7f7L7 dlg(r)(_t) : 62) det(fb SRR flp SRR fna dlg(r)(t) . 61)
det(fh ey fl1+17 R f’rhd?(r)(t) : 61) det(fla o 7fllv BRI 7fn7 dlg(r)(_t) : 62)
a1, +1 det(flv v 7ﬁ1+17 v 7fn7 dlg(r)(_t) : fl1+1)
g1 det( iy furns s f dy (0 - fiiin)
a1, det(fl’ s flm SRR fnvdlg(r)(t) : fl1)
Q21 det(fla ce 7fllv oo dlg(r)(_t) : fh) .
If I; # kq, then d?(r) (t) scales f;, and f;, 11 by the same amount, so
Cea)

_ @041 det(f1,-- s fusis -5 foy Sur1) ongdet(fr,- o fuus - fo i)
ayrrdet(fi, .o futt, o fas fur) oo det(fiy oo, fs ooy fon f11)
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_ det(fl,...,fll+1,...,fn,€2) ) det(fl,...,fll,...,fn,el)
det(fl)'"7fl1+17"')fn)61) det(flv"'?flm"wfn)eZ)
= C'(¢(a)).

Otherwise,

C¥(&(a))

Q2 ky+1 det(flv CER) fk‘l-‘rlv CER) fna esfkl-i-l) . a1 &y det(flv s 7fk‘17 v afna fk’l)
1k +1 det(fl? L) fk1+17 C) fna €_Efk1+1) Q9 det(flv v 7fk17 v 7fTL7 flﬁ)
Et . det(fl?' . 'afkl—i—l?' . 'afna€2) . det(fh .. 'afkm' . 'afnael)

det(fl, ey fk1+17 ey fn, 61) det(fl, ey fkl, ey fn, 62)

— et CX(&(a)).
This proves (1).

Proof of (2). We may assume without loss of generality that r1 < y1, 21,2, 22 <
ro < 11. Then & (ym) = dlg(r) (t) - &(ym) and &(zm) = dlg(r) (t)-&(zm) for allm =1, 2,
and the projective invariance of the cross ratio immediately gives (2). The proof of
(3) follows analoguously using the projective invariance of the triple ratio. O

With Propositon 3.13 we can now prove the following theorem using the same
arguments (with obvious modifications) as in the proof of Proposition 3.8. We omit
the proof to avoid repetition.

PROPOSITION 3.14. Let k := (ki, k) be a pair of positive integers that sum to n,
let v := (r1,72) be a pair of distinct points in S', let (@Z),lr‘)t be the k-elementary
shearing flow with respect to r, and let

&= (vF) (©.

For any pairwise distinct points p1, ..., pr in S', and any positive integers nq, ...,
ng that sum to d < n, we have

k
dim | Y™ (p;) | = d.
j=1

3.3 Eruption and shearing flows preserve the Frenet property. In this
section we finish the proof that the eruption and shearing flows preserve the Frenet
property:

Theorem 3.15.

(1) Let i := (i1,12,13) be a triple of positive integers that sum to n, and let x :=
(w1, 22, 23) be a cyclically ordered triple of points in S'. Then the i-elementary
X
particular, if £ is a Frenet curve, then for all t € R, the continuous curve
& = (eX)¢(§) is a Frenet curve.

eruption flow with respect to x, (ei )t, is a well defined flow on ﬁvre(V). In
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(2) Let k := (k1, k2) be a pair of positive integers that sum ton, and let r := (ry,r2)
be a pair of distinct points in S'. Then the k-elementary shearing flow with
respect to r, (wf)t, is a well defined flow on Fre(V'). In particular, if £ is a
Frenet curve, then for all t € R, the continuous curve & = (¥X)(€) is a Frenet
curve.

Proof. We provide the proof for the eruption flow in detail, the proof for the shearing

flow is analogous. The key point is to show that the continuous curve & = (e;)t(é )

satisfies the Frenet property. Then for any ¢ € R, the map ( ) Fre(V) — Fre(V)

is well-defined, and the flow property ( ) o (e;() = ( ) o is immediate from the

t

definition.

We established the first property required for & to be a Frenet curve in Proposi-
tion 3.8, i.e. that for any pairwise distinct points p1, ..., pi in S!, and any positive
integers ni, ..., ng that sum to d < n, we have

dim Z () | = d.

We now establish the second property required for & to be a Frenet curve. Namely
we show that for any point p in St and all sequences {(p; 1,...,pik)}32; of pairwise
distinet k-tuples in ST such that lim; oo p;; = p for all j =1, ..., k, we have

}52025 €0,

We first prove this when p lies in S'\{x1, 22, 23}. We may assume without loss
of generality that x3 < p < x1. Then x3 < p; ; < 21 for sufficiently large 7 and for
all j =1, ..., k. By definition of the eruption flow, & (p) = b?(x2)(t) -&(p) for all

r3 < p < x1, where bi€2(x2) is the projective transformation defined in Section 3.1.
Thus we have

AmZ@"ﬂ Pid) = b, }E&Zf (915) = Wy () - €V (0) = 67 ).

Now suppose that p € {z1, x2, z3}. We may assume without loss of generality that
p = x2. For sufficiently large ¢ and for all j =1, ..., k, we know that x1 < p; ; < x3.
From the definition of the eruption flow, we have & (p) = b?(xS)(t) -&(p) for all 1 <

p < xg, and &(p) = bil( )(t) -&(p) for all z9 < p < x3. Also, recall from Lemma 3.1
that a?(x )( ) = bi§3(x3)( )blg(x )(t) fixes the flag {(x2). Let L := {j : 21 < p;; <
xo for sufficiently large i} and R := {j : 22 < p; ; < x3 for sufficiently large i}. By
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taking subsequences, we may assume that LU R = {1,...,k} is a disjoint union.
Then

k
Tim €™ (piy) = lm | b (0 D€ (i) + ) (0 - Y €M (i)
j=1

JjeL JjER

bés(x Zliglo Zf pu] +CL12 xz2) Zg pz,j s

JjeL JER

so it sufficient to show that

Jim | € (pig) + ag, (1) €M) = £ (x2). (36)

JjEL JER

Let ny, = Z]GL njand ng = ;e pnj. Of course we have lim; o0 3 1 €M) (p; ;)
= £(2) (1) and ag(x )( )2 jeR €M) (p; ;) = MR (29). However, to control the limit
of the sequence of d = ny, + nr dimensional subspaces

o0

Zg (pij) +a12 ) Zg (pij) (3.7)

jJjeL JER i=1

we have to work a bit harder.

In order to allow ourselves access to some continuity arguments later, we view the
sequence of subspaces (3.7) as part of a continuous family of subspaces parameterized
by tuples of points in S*. For that purpose, we use the following notation. Let (21, x3)
denote the subinterval of S! that contains x9, and whose endpoints are z; and x3.
Then for any [ = 1,...,n — 1, define the map o : (z1,23)" — Gry(V) by

O (qr, .. q) — €W (ty) + 4+ €@ (1y),

where {t1,...,t} is the set {qi,..., ¢} (I’ might not be equal to [ if the g;’s are not
pairwise distinct), and w, := [{j : ¢; = t,}| for all » = 1,...,1". Since ¢ is Frenet,
cp(l) is well-defined and continuous. In this notation, to prove that (3.6) holds, it is
sufficient to show that

lim o) (p) + aig(x (1) 0 (q) = oD (za, ..., 22), (3.8)
(P:CI)H(J:z,...,a:Q) 2

¥

where the limit is taken over all p € (z1,z2]™* and q € (x2,x3)"". Here (z1,z2] is
the half-open subinterval of (x1,x3) with endpoints x; and x2, and (x2,x3) is the
open subinterval of (z1,x3) with endpoints z2 and x3.

Consider the flag G € F(V) given by

¢ [ <
TLE@ (@) + €U () i 5 > .
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By the Frenet property of £, {(z2) and G are transverse. Let (e1,--- ,e,) be a basis
of V such that e; € £U)(xg) N G, Then &(x2)) = Spang{es,...e;} and
GU) = Spang{en,...,en_ji1}. The projective transformation ai;(xz)(t) is then the
projectivization of the linear map ¢(¢), which written with respect to this basis is
given by the matrix

For all p € (z1,22]™ and q € (x2, x3)"", set
Foalt) = ™) + al2._ (1) - ¢ ().

The d-dimensional subspace F}, () is naturally endowed with a filtration Fr(,%(t),
defined by

FO (1) = eO(p1,....p) , Wl=1,... . 0
PAT A @ (pry Py ) a0 T s qieny,) i l=np 1 d

By Proposition 3.8, ng}(t) NG = {0} for all I = 1,...,d. As such, there is a
unique vector k; = ki(p, q,t) € F;()l,)c;(t) N G=H1D) that can be written as

n
ki=e+ > kie
r=Il+1

for some real numbers k] = k] (p, q,t). Furthermore, since Proposition 3.8 implies

that Fé’,;l)(t) NG+ = [0} when | = 2,...,d, we see that k; does not lie in
Fg;l) (t). Thus, (k1,...,kq) is a basis for Fp q(%).

To prove that (3.8) holds, it is now sufficient to show that for all l =1,...,d,

lim ki(p.q,t) = ey,
(P,a)—(z2,.,T2

which is in turn equivalent to showing that foralll=1,...,dand r=101+1,...,n,

lim ki (p,q,t) = 0. (3.9)
(P, @)= (@2,...,%2

By the Frenet property of &, we know that (3.9) holds when ¢ = 0. This implies
that (3.9) holds for general ¢t when [ < np, because kj(p,q,t) = k/(p,q,0) for all
l=1,....,npand r =1+ 1,...,n. To prove the case when [ > njy, we calculate
an expression for & (p, q,t) that will allow us to use the fact that (3.9) holds when

t =0 to deduce that (3.9) holds for general ¢.
To do so, first observe that M) (q) € --- C ¢™®)(q) is a filtration of the np-
dimensional subspace w(”R)(q). The Frenet property of £ implies that go(i)(q) N
Gn—1) = {0} for all i = 1,...,ngk. Thus, the same construction as above gives a
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basis (fi,..., fn,) of ©"®)(q) with the property that for all i = 1, ..., ng, fi =
fi(q) € ¢ (q) NG+ £ does not lie in (1) (q), and f; can be written as

n
fi=ei+ Z fier

r=i+1

for some real numbers fI = f/(q).

We denote by U the n x ny matrix whose columns are (k1,...,k,,) from left to
right, written in the basis (e, -+, ey), and by V; the n x ¢ matrix whose columns are
(f1,--., fi) from left to right, written in the basis (e1,--- ,e,). Foralll = np+1,...,d
and r =[+1,...,n, we can then give an expression for k] (p, q,t) in terms of minors
of U and V;_,,, and the eigenvalues of linear map ¢(t). For this we denote by Z; , the
collection of subsets of {1,...,l —1,r} with cardinality | — ny. For any I € Z;, we
set I:={1,...,1—1,r}\I. Denote by m;(q) the (I —nz) x (I —ng) minor of V;_,,
associated to the rows numbered by the integers in I, and by m;(p) the ny x nr
minor of U associated to the rows numbered by the integers in I. We then have the
following statements which we prove below.

(I) For all j = 1,...,n, let A\j(g(t)) be the eigenvalue of g(t) that corresponds to
ej. Then

> o1Bi(g(t))m;(p)my(q) #0,

1€y,

where o7 = (=1)Zi= "X and Br(g(t)) = [Tjes Ai(9(8)).
(IT) For any l =np+1,...,dand any r =1+ 1, ..., n,

_ Yrer, o1Bi(g(t))mz(p)m;(q)
- ZIEIU U[ﬂ[(g(t))mf(p)m[(Q) .

k[ (p,q,t)

(ITI) For any l =np + 1, ..., d and any » = [, ..., n, all the non-zero terms in the
sum

have the same sign.

Of these three statements, (I) is needed here only to ensure that the expression for
kj(p,q,t) in (II) is well-defined. Now assuming (II) and (III) hold, we finish the
proof of the theorem.

Let c(t) := max{e%m, e 1. From the definition of g(t), observe that ﬁ <
Br(g(t)) < c(t). Thus, it follows from (III) that
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(1) > omyp)mi(@)| < | D7 or8i(g(t)m;(p)mi(a)

1€7; 1€,

> oym;(p)my(q)

1€,
for all r =1, ..., n. Then (II) implies that |k (p,q,t)| < c(t)?|k! (p,q,0)| for any
l=np+1,...,d,and any r =, ..., n. Since (3.9) holds when ¢ = 0, this implies
that it also holds for general t. O

It remains to prove (I), (II) and (III) in the proof of Theorem 3.15. First, we
prove (I) and (II).

LEMMA 3.16.

(1) For any l =np+1, ..., d, there is a unique vector o; = «y(p, q,t) in Ff,%(t) N
G=41) such that

ap=g(t) - fie nL+Za]k+ z bja

Jj=nr+1

for some constants a; and b;.
(2) If o] = o] (P, q,t) is the real number defined by

n
r
= E Qg €y,
r=l

then

-1

[1 @)ai=3 o1Bigt)m;(p)mi(a). (3.10)

j=nr+1 I1€Z; ,
In particular, (I) and (II) holds.

Proof. Proof of (1). We prove this by induction on | — ny,. First, we prove the base
case, when | = ny, + 1. Since ky,, 41 lies in Fr(,ﬁfﬂ)(t) N G="e) it can be written

as a linear combination of ki,...,k,,,g(t) - fi. On the other hand, k,,, +1 cannot
be written as a linear combination of k1,...,ky,. Thus, when k,, 11 is written as
a linear combination of ki,...,ky,,g(t) - f1, the coefficient for g(¢) - f1 is non-zero.

Rescaling k,,, +1 by this coefficient gives the required vector o, 41.

Next, we prove the inductive step. Suppose that Il > nr, + 2. Then the vector k;
can be written as a linear combination of ky, ..., k., , g(t)- f1, ..., g(t)- fi—n,, where
the coefficient of g(t) - fi—,, is non-zero. Let oy be k; rescaled by this coefficient.
By the inductive hypothesis, each of the vectors g(t) - fi, ..., g(t) - fi—n,—1 can be
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written as a linear combination of k1, ..., kn,, an,+1, - ., a;—1. It follows that o
has the required properties.
Proof of (2). We make the following preliminary observation. Let V; and V; be the
n X i matrices whose columns are respectively (f1,..., fi;) and (g(t)- f1,...,9(t) - fi)
from left to right, written in the basis (ey, ..., e, ). Let I C {1,...,n} be any subset of
cardinality i, and let m(f1,..., fi) and mz(g(t)- f1,...,g(t)- f;) respectively denote
the ¢ x ¢ minor of V; and V; corresponding to the rows in I. In the basis (e, ..., €n),
g(t) is represented by a diagonal matrix, so with 81(g(t)) = [[;c; Aj(9(?)), we have
my(g(t) - f1,...,9@) - fi) = Br(g®)my(f1, ..., fi) = Br(g(t))my(a). (3.11)
Now, let N and N’ be the n x [ matrices whose columns are respectively (kq, ...,
kn,,om,+1,...,0q0) and (k1,..., kn,,g(t)- f1,...,9(t)- fi_pn,) from left to right, writ-

ten in the basis (e1,...,e,). From the properties of o, 41, ..., a; given by (1),
the [ x [ minor of both N and N’ corresponding to the rows {1,...,1 — 1,7} agree
for any r = [, ..., n. It is easy to see that this minor of N gives the left hand

side of (3.10). On the other hand, by using the observation (3.11) and the cofactor
expansion involving the last [ — ny, columns, we can compute this minor of N’ as

S omy(p)mi(g(t) - fie 9(t)- i) = 3 o1Bilg(t))m;(p)my(q).

1€, 1€,
This is the right hand side of (3.10). ‘
Finally, we prove (I) and (II). First, observe that for all j = np + 1, ..., d, 04?-

is exactly the coefficient that we scale k; by to get «;. In particular, a; is non-zero,

so (3.10) specialized to the the case when r = [ implies (I). This observation also

implies that for all il =ny +1,...,dand allr=1+1, ..., n, we have
o (p,q,t)
ki (p,q,t) = —-———.
’ aj(p,a.1)
Applying (3.10) then finishes the proof of (II). O

It turns out that to prove (III), we need a more general version of (I)
(") Let g be any linear map whose projectivization fixes both £(z2) and G, and
whose eigenvalues all have the same sign. For all j = 1,...,n, let \j(g) be
the eigenvalue of g that corresponds to e;. We set o7 = (—1)25:1i+2i61i and

Br(g) == de Aj(g), then
Z o1B1(g)m;(p)my(q) # 0,
IeT;,

The proof of (I’) is verbatim the same as for (I), when FI(,%(t) is replaced by

FO (g) = eD(py,....,p) ifl=1,...,n5;
p,a . go(m)(ph--.,pm)+g‘30(l_"L)(Q17-~,QI7nL) ifl=np+1,...,d,
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once we establish that Fé{zl(g) NG"=H = {0} for all I =1, ..., d. This is a conse-
quence of Lemma 3.17.

For the next two lemmas we appeal to the positivity of certain tuples of flags. For
this we extend () (p) and ¢("#)(q) to full flags. Observe that for any (n — 1)-tuple
F=(r,...,mn1) € (x3,21)"" !, we have that pU=D(ry, ... 1 1) C oW (ry,... 7))
for all 2 < j7 <n — 1. Thus, we may define a continuous map

@ (z1,33)" " — F(V)

by oD (r, ... r1) = O (ry,...,r). Thus, extending the nz-tuple p = (p1,...,
Pn,) € (1, 22)"" and the np-tuple q = (q1,...,qn,) € (z2,23)"" to (n — 1)-tuples
P =1, Pn1) € (x1,22)" P and @ = (q1,..-,qn_1) € (22,23)" ", we have
e (p) = pt")(), and (") (q) = ") (q).

LEMMA 3.17. Let q € (w2, 23)" !, and let g € GL(V) be a linear map whose pro-
jectivization fixes £(he) and G, and whose eigenvalues all have the same sign.

(1) If p € (z1,22)" L, then (G, ¢(P), &(x2), g-©(q)) is a positive quadruple of flags.
(2) If p € (w1, 22)" !, then (G, (D), g - ¢(q)) is a positive triple of flags. In par-
ticular, FI(,I,)q(g) NG"=Y = {0} foralll=1, ..., d, and (I’) holds.

Proof. Proof of (1). Let [x3,21] denote the closed subinterval {p € S : x3 < p <
r1} = S\ (w1,23) of St Let p : [0,1] — [x3,21] be a parameterization of J such
that p(0) = 21 and p(1) = x3. Let Gy := (1), and for all s € (0, 1], let G5 be the
flag in F (V') given by

) _ 5(7)(951) N if j <iy;
T T @) + () iG> i,

Observe that G; = G, and the Frenet property of ¢ implies that the path [0, 1] —
F(V) given by s — G is continuous.

Let s — P, be a continuous path [0,1] — (x1,22)" ! such that p, = (p,...,D)
for some p € (z3,22), and p; = p. Similarly, let s — g, be a continuous path in
[0,1] — (w9, 23)" ! such that q, = (q,...,q) for some q € (z2,73), and q; = q.
Since £ is Frenet, (Gs, o(Py ), &(22), p(qy-)) is a generic quadruple of flags for all
s,8',s" € [0,1]. Theorem 2.22 implies that (Go, p(Py),&(22), ¢(dy)) is a positive
quadruple of ﬂags, S0 (G7 @(ﬁ);f(lé), @(a)) = <G17 @(ﬁl),f(afg), 30((11)> is also pOSi_
tive by Corollary 2.21. Then apply Corollary 2.20 to see that (G, o(P),&(x2), 9-©(Q))
is positive.

Proof of (2). By (1), (G, ¢(P),&(x2),9 - ©(q)) is generic for all p’ € (x1,22)
This implies that (G, ¢(P), g-(q)) is also generic for all p € (z1, 22]" . Let s — P,
be a continuous path [0,1] — (21, 22])" ! such that p, € (z1,22)" !, and P, = Pp.
Since (1) implies that (G, ¢(Py), g - ¥(q)) is positive, by Corollary 2.21, the same is
true for (G, 9(B), g #(a)) = (G, 9(B1),g - #(@). 0

n—1
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Aside from (I’), another key ingredient needed for the proof of (III) is the fol-
lowing inequality involving the minors of the matrices V; and U.

LEMMA 3.18. Let p € (x1,22)"™ and let q € (x2,23)"". Fixl =np +1,...,d, and
let I :={s1,...,8_n,} be asubset of {1,...,1} such that 1 < s < -+ < s, <.
For anyr=1,...,n, let

j I if 81—, <I;
sty sim1, ) i s, =1
and let I, :== {1,. — 1,7} \ I,. Then

(O’Irmfr(p)mlr(q)) (Ulzmjl (p)mlz(Q)> > 0.

Proof. As before, extend p € (z1,72)™ to p € (v1,72)" ! and q € (w2, 23)"" to
qc (x27a:3)" 1. By the Frenet property of £, o (p) N G = {0} for all [ = 1,

— 1. As such, there is a unique vector u; = 1;(p) € oV (p )OG(" +1) that can
be Written as

n
u = e + E uj ey

r=Il+1
for some real numbers u] = u](p), and (uy,...,w;) is a basis for p)(p) for all
[l =1, ..., n—1. Similarly, for all [ = 1, ..., n — 1, there is a unique vector

v = (@) € oV () NG that can be ertten as

n
v = e+ Z v ep

r=Il+1
for some real numbers v = v/ (), and (v1,...,v;) is a basis for V) (q) for all I = 1,
, n— 1. By definition, u; = k; for alll =1, ..., np and v; = fy foralll =1, ...,
ng. Let W7 and W5 be the matrices whose columns are respectively (uy, ..., u,) and

(v1,...,vy,) from left to right, written in the basis (ey,...,e,). Note that both W,
and Ws are lower triangular unipotent matrices.

By Lemma 3.17, (£(x2), »(P),G) is a positive triple of flags. Thus, up to con-
jugating Wi by a diagonal matrix whose diagonal entries are 4+1, W7 is a totally
positive, unipotent, lower triangular matrix. In other words, by replacing some of
the e; with —e; if necessary, we may assume that W is totally positive. Hence, the
minors m; (p) are positive for all » =1, ..., n, and in particular,

m; (p)m; (p (3.12)

) >
Also, by Lemma 3.17, (£(x2), ¢(P), G, ¢(q)) is a positive quadruple. Thus, Propo-
sition 2.19 implies that C*(&(x2), go(ﬁ), ,©(q)) < 0 for all pairs of positive integers
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k := (k1, k2) that sum to n. A straightforward computation similar to the one we
did in the proof of Proposition 3.13(1) proves that if

n
§ : T

v = Uy €r,
r=1

then v] #0 forall» =1,...,n, and % <Oforallr=1,...,n—1.

At the same time, (£(x2),»(q),G) is a positive triple of flags. Hence, Wy is
conjugate, via a diagonal matrix D whose diagonal entries are +1, to a totally
positive, unipotent, lower triangular matrix. Since v{ = 1, the fact that % < 0 for
all 7 =1,...,n—1 implies that the diagonal entries dy,...,d, down the éliagonal of
D are of the form d; = (—1)"~!. Thus, for all I =1,...,n — 1, if

n
v = g vy er,
r=I

”
U

then v # 0 for all r = [,...,n, and —r <0 for all » = [,...,n — 1. This implies

1
that the signs of the minors m; (q) and my,(q) are opposite if » — [ is odd, and are
the same if r — [ is even. In other words,

my, (q)my,(q)(-1)""" > 0. (3.13)
Observe that 07,07, = (—1)"7!, so (3.12) and (3.13) together proves the lemma. O

With Lemma 3.18 and (I’), we can finally prove (III).

LEMMA 3.19. Ifp € (z1,22)" and q € (2, x3)"%, then for any l € {np +1, ..., d}
and any r € {l, ..., n}, all the terms in the sum

> oim;(p)my(q)

1€Z;

are non-zero and have the same sign. In particular, (III) holds.

Proof. Consider the case when [ = r. Suppose for contradiction that there are I,
Iy € Iy such that om; (p)my,(q) > 0 and o, m; (p)my,(q) < 0. Then the
subsets

b ={I €Ty : ormp(p)m;(q) > 0} and Z;; := {I € Zj; : oym(p)my(q) < 0}

of Z;; are both non-empty, so both sums

> omj(p)m(q) and Y oym;(p)my(q)

IeT, Ie1;,



624 Z. SUN ET AL. GAFA

are non-zero. By (I), these two sums cannot have the same absolute value, so we
may assume without loss of generality that

> ommj(p)m(q)| > | Y oym;(p)my(q)|. (3.14)

Iez, Ie1;,

For all t € R, let h(t) be the projective transformation that is represented in
the basis (eq,...,e,) by the diagonal matrix whose j-th entry down the diagonal,
denoted A;(h(t)), is given by

_[e ifjel;
Aj(h(t) = { 1 otherwise.

Observe that for any I € Z;;, B7(h(t)) = il Thus

> orBi(h(t)m;(p)mi(a)| < | Y orfr(h(t))m;(p)m;(q)

I€T], Iel;,

for sufficiently large t. At the same time (3.14) implies that

> orBr(h(0)m;(p)mr(a)| > | Y orfr(h(0))m;(p)my(q)|.

IeT, Iez;,

Thus, there is some tg > 0 such that

Y aiBr(hlto))m;(p)my(a)| = | Y orbr(h(to))m;(p)my(q)|,

IeT}, Iel;,

or equivalently,

3" 0161 (h(to))m;(p)my(q) = 0.

1€,

However, this contradicts (I'). Thus, all the non-zero terms in the sum

> ormj(p)m;(q)

1€y,

have the same sign. The fact that all the terms are non-zero follows from the positiv-
ity of the quadruple (G, ¢(p),&(h2), ¢(q)), since we can realize m;(p) and mz(q) as
minors in a lower triangular, unipotent matrix that is conjugate to a totally positive,
lower triangular, unipotent matrix (see proof of Lemma 3.18). This implies that the
first statement of the lemma holds when r» = [. To prove that it holds for all r > [,
simply apply Lemma 3.18.
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Finally, we prove (III). Observe that when p € (z3,22]™" and q € (z2,21)"",
oym;(p)my(q) is well-defined for all I € Z;,., and

orm;(p)my(q) = Jim orm;(pr)mz(q)

for some sequence of tuples (pg)pe; in (22, 22)"". Thus, it is possible that some of
terms of the sum

> o/m;(p)my(q)

Ie€1;

are zero, but the first statement of the lemma implies that the non-zero terms have
the same sign. O

3.4 The elementary flows descend. The elementary flows on the space of
Frenet curves Fre(V) in fact descend to well-defined flows on the space of equivalence
classes of Frenet curves Fre(V).

PROPOSITION 3.20. Let i := (i1,492,13) be a triple of positive integers that sum to
n and let x := (21,72, 23) be a cyclically ordered triple of points in S'. Then the
i-elementary eruption flow with respect to x, (e;) ,» descends from 15vre(V) to a flow
on Fre(V).

Let k := (k1,k2) be a pair of positive integers that sum ton and r := (r1,72) a
pair of distinct points in S L. Then the k-elementary shearing flow with respect to r,
(¢Ilf)t, descends from Fre(V') to a flow on Fre(V).

Proof. We only prove the statement for the elementary eruption flows; the proof for
the elementary shearing flows is the same, with the obvious modifications.

Let ¢ : S' — F(V) be any Frenet curve, and for m = 1, 2, 3, let i, =
(tms imt1s im—1) and X, := (T, Tmt1, Tm—1), Where the arithmetic in the sub-
scripts are done modulo 3. Let big?xm) be the projective transformations defined
in Section 3.1, when we introduced the eruption flows. For any projective transfor-
mation g in PGL(V'), observe that gbig’?xm)g_1 = b;’f‘g(xm). Hence, for any p in S* and
any ¢ in PGL(V),

)-&(p)  ifwe <p < as;
9+ (&), @) = b)) €) s <p<a

)-&(p) ifar <p<a
)g-&(p)  if 2o < p <
)g-&(p)  if wz <p <
)g-&(p) ifxr <p <o
)

= (6§<>t(g'€ (p)- O

We use the same notation and terminology for the flows on 15;3(1/) and Fre(V).
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3.5 Properties of the elementary flows. In this subsection, we establish
some basic properties of elementary eruption and shearing flows.

PROPOSITION 3.21. The elementary shearing and eruption flows on Fre(V') satisfy
the following properties.

(1) Let i := (i1,12,13) and j := (j1,j2,73) be two triples of positive integers that
sum to n, and let x := (x1,x9,x3) be any cyclically ordered triple of points in
SY. Then the flows (€l )t and <€’x> on Fre(V) commute:

t/

(), (4), = (4),+(4),

for all real numbers t,t'.

(2) Let i := (i1,i2,13) and j := (ji1,j2,j3) be two triples of positive integers that
sum to n, and let x := (x1,x2,x3) be any cyclically ordered triple of points in
St Ify := (y1,y2,y3) is a cyclically ordered triple of points in S' such that
Y1,Y2,y3 lie in the closure of a connected component of S\ {1, 22,23}, then

the flows (el ), and (e'y> on Fre(V) commute:
t/

(%),2 (%), = (), (%),

for all real numbers t,t'.

(3) For any pairs k := (ki, k2) and 1 := (l1,l2) of positive integers that sum to n,
and pairs v := (r1,72) and s := (s1, s2) of distinct points in S, such that s, 5o
lie in the closure of a connected component of S\ {r1,ro}, the flows (zﬂ}f)t and

(wé) , commute:
(), (1), = (#4), = (%),

for all real numbers t,t'.

(4) For any pair r := (r1,72) of distinct points in S and cyclically ordered triple
x := (x1,x9,x3), such that x1,x9,x3 lie in the closure of a connected compo-
nent of S1\ {ry,re}, the eruption flows associated to x and the shearing flows
associated to r commute. i.e.

(), 2 (%), = (), (),

for all pairs k := (k1, k) of positive integers that sum to n, all triples i :=
(i1,19,13) of positive integers that sum to n, and all real numbers t,t'.

Proof. For m =1, 2, 3, set

Xm = (xmaxm—l—laxm—l)? Ym = (ym’ym"’l’ym_l)’
iy, = (im,im+1,im_1), jm = (jmajm+17jm—1)7



GAFA FLOWS ON THE PGL(V)-HITCHIN COMPONENT 627

where arithmetic in the subscripts are done modulo 3. Also, for m =1, 2, set

T = (T, Pmt1)s Smoi= (SmsSm+1)s Km = (Bms Emg1), L = (b, 1)

for m = 1, 2, where arithmetic in the subscripts are done modulo 2.

Proof of (1). Set & := (e;)t o (ejx)t, (&), & = (e‘x)t/ o (Eic)t &), m = (6Jx>t/ (6),
and ng 1= (e;() . (€). By Propositions 3.7 and 2.11, there is a projective transformation
g in PGL(V') such that g - & (x) = &2(x). We now show that g - & = &a.

Observe that for fixed m =1, 2, 3 and for all 2,11 < p < zpp—1,

&i(p) = bi’”(xm)(t)bé’(';m)(t/) &(p) and &(p) = b:;:(xm)( )bl?xm)(t) -€(p),

m

where blg( ) are the projective transformations used to define the eruption flow (see

Section 3.1).

It follows from the definitions that b, (£), b%r("x ) (@), b77 (o

fix §(1)(xm). In particular, §(1)(xm) = f%l)( m) = él)( m)-
Moreover, the product

J(t) and B (1)

m i jm N—17im -1
Oy ey (U0 (DB ()70 (1)

maps &1 (zm—1) to &a(m—1) and & (Tmy1) to &2(m41). By Remark 2.7 this com-
pletely determines the projective transformation g, which is

~ 1im im jom N—17im —1
9= by W OB )0 ()7

Thus, g - &1(p) = &(p) for all 2,11 < p < 1. Since this is true for all m = 1, 2,
3, we see that g - §1 (p) = &(p) for all p in St. This proves (1).

The proofs of (2), (3 ) and (4) are similar, so we only give the proof of (2) to
avoid repetition.

Proof of (2). We can assume without loss of generality that z3 < y; < ya <

ys < x1. Set & = (e;)t o (e‘]y)t, &), & = (eJy)t/ o (ei)t &), m = (6‘]y>t/ &),
and 7 == () . (§). Applying Proposition 3.7 and Proposition 2.19, we deduce that
there is some projective transformation g in PGL(V') such that ¢-&;(x) = &2(x) and
g-&1(y) = &(y). We now show that g - & = &.

For all z1 < p < a9, observe that

&i(p) = b;i(x3)(t)b?(y2)(t/) €(p) and &(p) = b‘j;(yz)(t')big(XS)(t) €(p).

Similarly,

e (wg) = 08 002 () €W (ws) and €Y (ws) =02 (@0, (1) €D ().
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Remark 2.7 mplies g = b2 (1)p | (¢) (V2 (D0 (8) 50 9-&1(p) = &2(p)
for all x1 < p < z9. Repeating a similar argument for each of the intervals

(peStim<p<ua}, {peSt:y1<p<ul}, {PeSt:y<p<uysl,
and {pe St:ys<p<a}, {peSizs<p<uyi}

shows that g - &1(p) = &(p) for all p € St O

4 Ideal Triangulations and Bridge Systems

In this section we recall the definition of an ideal triangulation on S, and define the
notion of a compatible bridge system. We explain how to combinatorially describe
pairs of vertices in an ideal triangulation. This description is an important tool in
Sections 5, 6, and 7.

4.1 Ideal triangulations of S.  We recall some facts about ideal triangulations
on S. For more details, see [Thu79, CB88, PH92, Bon01].

To describe ideal triangulations it is useful to endow S with an auxiliary hy-
perbolic metric, such that we have a hyperbolic surface, which we denote by X.
An ideal triangulation on X is a family 7 of finitely many disjoint, simple, unori-
ented geodesics on X, whose union is a closed set in X that cuts X into finitely
many open sets, each of which is isometric to an ideal triangle in H?. We call the
connected components of X \ | J . ¢ the ideal triangles of the ideal triangulation 7.

The geodesics in 7 might be closed or not. Every non-closed geodesic e in 7 is
isolated, i.e. there is an open set in X containing e that does not intersect any other
geodesic in 7. Every closed geodesic ¢ in 7 is closed as a subset of X, and is not
isolated; in fact for every collar neighborhood of ¢, both of the connected components
of the complement of ¢ in this neighborhood intersect a non-closed geodesic in 7.
Therefore instead of closed geodesics in 7 we talk about non-isolated edges of T,
and instead of non-closed geodesics we talk about isolated edges of 7. The advantage
of this terminology is that this also makes sense when we lift the ideal triangulation
of X to an ideal triangulation T of X = H2. The ideal triangulation T is an infinite
family of geodesics, whose complement is an infinite collection of ideal triangles,
each of which is bijectively mapped to an ideal triangle of 7 by the covering map.

Even though we used a hyperbolic metric on S to define it, an ideal triangulation
is of combinatorial nature and can be described completely independent of a metric
in terms of the Gromov boundary OI' of the fundamental group I'. The hyperbolic
metric induces a I'-equivariant homeomorphism between JI" and the visual boundary
OH? of the hyperbolic plane. An unoriented geodesic on X = H? is determined by
its two endpoints in OI'. Choosing an ordering of this pair of points amounts to
choosing an orientation on the corresponding geodesic. Thus we can identify the set
of (unoriented) geodesics on the universal cover S with the set of unordered pairs of
distinct points in OT'. This allows to identify the ideal triangulation 7" with a subset
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of the space of unordered pairs of distinct points OI', and the set of ideal triangles
in 7 with a subset of the spaces of pairwise distinct triples in OI'. Since 7 is the lift
of an ideal triangulation 7" on S, these subsets are I'-invariant.

‘We denote by Q the set of isolated edges in ’T by P the set of non-isolated edges
in ’T and by O the set of ideal triangles of 7. We denote by V the set of vertices
of ’T i.e. the set of all points in JI' which arise as an endpoint of an edge of 7. All
these sets are I-invariant, and there are natural identifications of their orbit spaces,
namely of Q := Q/I" with the set of i§olated edges in 7, of P := P/I'" with the set
of non-isolated edges in 7, and © := ©/T" with the set of ideal triangles of 7. Note
that, by the Gauss-Bonnet theorem we have

where g is the genus of S. When |P| = 3g — 3, P is a pants decomposition of S.
We collect the following useful observations:

(1) Any ideal triangle oﬁ’ZN' is bound by three isolated edges, i.e. if {x1, 22, z3} is
an ideal triangle in ©, then {z;,x;;1} is an isolated edge in 7 for i =1, 2, 3.

(2) Any isolated edge bounds two triangles, i.e. if {r1, 72} is an isolated edge in 7,
then there are points z1 and 2o in 0T such that {r1,72, 21} and {r1,7o, 22} are
ideal triangles in ©.

(3) Isolated edges in 7 accumulate onto non-isolated edges, i.e. if {ri,ro} is an
isolated edge in 7', then there exist non-isolated edges {s1,s2} and {y1,%2} in
T with ry = s1 and ro = gs.

(4) Every non-isolated edge in 7 is a closed geodesic, i.e. if {ry,m2} is a non-
isolated edge in 7, then there exists a group element ~ in I', whose attracting
and repelling fixed point is r; and ro respectively.

(5) For every collar neighborhood U of a non-isolated edge in ¢ in 7', both con-
nected components of the complement U \ ¢ intersect isolated edges of 7. This
means that if {r,r2} is a non-isolated edge in 7, then there are sequences
{yi}21,{#i}2, C V such that

e (r1,¥i,72,2) is cyclically ordered for all 4,
e {r1,y;} is an isolated edge in 7 for all 4 and lim; . y; = 72, or {72, ¥y;} is
an isolated edge in 7 for all ¢ and lim; . y; = 71, and
e {r1,z} is an isolated edge in 7 for all i and lim; .. 2z; = 72, or {r2, 2} is
an isolated edge in 7 for all ¢ and lim;_, z; = 71.
We close this subsection with the statement that any Frenet curve is determined

by its behaviour at the vertices of an ideal triangulation. The proof of this lemma
is given in Appendix B.

LEMMA 4.1. Let T be an ideal triangulation of S and let T be the lift to the universal
covering. Let V C S' = OI' denote the set of vertices of T, and let (€)521 be a

family of Frenet curves in ﬁ%(V). If limj .o &(p) = &o(p) for all vertices p in V,
then lim; .o &;(p) = &o(p) for all points p in OT'.
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Figure 3: The thin (blue) lines are isolated edges of 7, the thick (red) lines are non-isolated
edges of 7, and the (green) dotted lines are bridges in J (Color figure online).

4.2 Bridge system. Let 7 be an ideal triangulation on S. Using 7, we now
introduce the notion of a bridge system on S compatible with 7. This is the choice
of further topological data on S that is needed to completely determine a mark-
ing on S. More precisely, if a homeomorphism from S to itself preserves an ideal
triangulation 7 (viewed as a collection of T'-orbits of pairs of points in JT'), it is
not necessarily isotopic to the identity; for example, one can perform a Dehn twist
around a non-isolated edge in 7. However, if the homeomorphism preserves both
the ideal triangulation and a compatible bridge system, then it is isotopic to the
identity. There are of course many ways to fix topological data on S to remove the
ambiguity of Dehn twists around the non-isolated edges in 7; the way we choose is
specifically suited for constructing flows on the Hitchin component.

DEFINITION 4.2. Let T be an ideal triangulation of S and let {r1,r5} be a non-
isolated edge in T .

e A bridge across {r1,rs} is an (unordered) pair {T1,Ty} of ideal triangles in ©
such that for all m = 1, 2, one of the vertices of T, is r1 or r9, and the other
two vertices of Ty lie in a different connected component of OI' \ {ry,r2} from
the other two vertices of Ty (see Figure 3).

e A bridge system compatible with T, denoted J = Jz, is a minimal I'-invariant

collection of bridges such that for every non-isolated edge {r1,r2} in T , there
is a bridge {T1,T2} across {r1,m2} that lies in J. We also say that J = Jr :=
J /T is a bridge system compatible with 7.

When we choose a hyperbolic metric on S and work on the hyperbolic surface
X, the bridge system J can be realized as a collection of “short” transverse geodesic
segments, one for each closed geodesic in P. Each geodesic segment in J intersects
a unique closed geodesic in P transversely, and each closed geodesic in P intersects
a unique geodesic segment in J transversely. In our figures we therefore represent
bridges by lines that are transverse to the non-isolated edges of the triangulation.
The endpoints of the lines lie in the two ideal triangles forming the bridge.
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4.3 Combinatorial description of a pair of distinct vertices of T. Let
T be an ideal triangulation on S. Next, we give a combinatorial description of an
arbitrary pair (x,y), not necessarily an edge, of distinct vertices of 7. This is useful
later (see Sections 5.1, 7.1, and 7.3) to keep track of how the flags assigned to z and
y by a Frenet curve change relative to each other when we deform the Frenet curve.

We may choose a hyperbolic metric on S to have at our disposal a hyperbolic
surface X. As described in the previous subsections, all the constructions we make
are of combinatorial nature and do not depend on this metric, but the choice of
metric allows us to talk about geodesics as well as their intersection.

For any pair (z,y) of distinct vertices of 7, first consider the set

5(/$y {{7’1,7‘2}67 r1<a:<r2<y<r1}

The set 52 ) is the (possibly infinite) collection of edges in 7 that transversely
intersect the geodesic in the universal cover of S whose endpoints are x and y. If
{z,y} is an edge of the ideal triangulation ’T then 5( ) is empty. In general, 5( Y)
admits a natural ordering < that can be described as follows orient both components
of OI'\ {z,y} from x to y, and define {ry,r2} < {r},r,} if r1 and 7} (hence o and
r5) lie in the same connected component of OI'\ {z, y}, 71 weakly precedes r}, and ry

weakly precedes 7. With respect to this ordering, Sémvy) does not necessarily have a
minimal (resp. maximal) element. Thus, we enlarge Eém,y) to a set £, that has an
ordering which restricts to the natural ordering on 5€x7y), and always has a maximum
and a minimum.

Note that 5(’95 ,) does not have a minimum (resp. maximum) if and only if there

is a vertex p (resp. q) of T such that

e the edge {z,p} (resp. {y,q}) is a non-isolated edge of 7,
e there is a sequence {z;}7°, of vertices of 7 that converges to z (resp. y), and
o the edge {z;,p} (resp. {zi,p}) is contained in 5(’$ ) for all i.

We therefore set

5( W) if E(w Y) has a max and a min,
e _ 5('m7y) U {{z,p}} if 5& ,) has a max but no min,
(zy) * ey Y {H{y,a}} if Séw ,) has a min but no max,
/:C’y) U{{z,p}, {y.q}} if Sém’y) has neither a max nor a min.

There are only finitely many non-isolated edges (possibly none) in T that lie in
E(z,y)- We now decompose the set &, ,) with respect to these non-isolated edges.
Suppose first that &£ ,) contains a non-isolated edge. Let e, ..., e be the non-
isolated edges in £, ), enumerated according to the ordering on &, ). For any
s=1,..., k we set

Elzy),s = Es = {€ € E(yy) : € shares a vertex with e}.
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Figure 4: The geodesics drawn above that intersect {x,y} transversely represent the edges
in &(,,). The thick (red) lines are non-isolated edges of 7, the thin (blue) lines geodesics
are edges in & for some s, and the black lines are edges in & 541 for some s (Color figure
online).

The set & is infinite, but has a well-defined minimum and maximum (see Figure 5).
If e is an edge in &, ) that shares a common vertex w with some e, then every
that lies between e and ez also has w as a vertex. Therefore if we set

edge in &, )

Foi={ee&yy e<e forale el
Fii={e€&yy e>¢€ forale €&},

then &, ,) = Fy U& UFS is a disjoint union. The set F might be empty.

S
We now set

Fr if s =0;
g(w,y),s,s—i—l = gs,erl = F;_ N f;+1 if0<s< k,
F if s =k
(see Figure 6). The set & ¢y1 is finite (possibly empty) for all s = 0, ..., k, and

in particular has a minimum and maximum if it is non-empty. This gives us a
decomposition of £, into the disjoint union

k k
E(x’y) = U EsU U 55,5_;_1
s=1 s=0

(see Figure 4).

In the case when &, ) does not contain a non-isolated edge, we adopt the con-
vention that k£ =0, i.e. £, = Eo,1)-

One can think of the data & as encoding the combinatorics of the geodesic with
endpoints  and y in a “neighborhood” of the non-isolated edge e, while & 41
encodes the combinatorics as it “moves between” eg and egy .
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4.4 The ends of £ and &, 1. Recall that (z,y) is a pair of distinct vertices
of 7. In this section we introduce the backward and the forward end of the sets
Es = Euy)s and Es 511 = E(z) 5,641 defined in Section 4.3. These ends are usually

ideal triangles in ©, but might collapse to non-isolated edges in 7 in the cases when
the end is the backward end (resp. forward end) of & (resp. &) when the minimum
(resp. maximum) of &£ ,) is a non-isolated edge. The ends are defined in such a
way that, provided & 41 is non-empty, the forward end of & 11 agrees with the
backward end of €1, and the backward end of & ;41 agrees with the forward end
of &. If & s4+1 is empty, then the forward end of £ agrees with the backward end
of gs—i—l .

We use the set & ,, the decomposition &, ) = U§:1 Es U U];:o Es s+1 defined
in Section 4.3, and the forward and backward ends of £ and & sy1to control the
behaviour of a Frenet curve at y when we are given its behaviour at x.

Recall that V denotes the set of vertices of 7. For any s =1, ..., k, consider &
as defined in Section 4.3. Let the edges {as,bs} and {cs,ds} be the minimum and
maximum of & respectively, such that bs and ds are vertices of es. If s =1, ...,
k—1,or s =k and & j11 is non-empty, let d, be the vertex of 7 such that {cs, d,} is
the successor of {c, ds} with respect to the natural ordering. Similarly, if s = 2, ...,
k, or s =1 and &, is non-empty, let b} be the vertex of 7 in 0T such that {as, b}
is the predecessor of {as,bs}. On the other hand, if s = k and & 41 is empty, let

=y and if s =1 and & is empty, let by := z (see Figure 5).

DEFINITION 4.3. The triple {as, bs, b.,} is the backward end of &, the triple {cs, ds, d.}
is the forward end of &;.

REMARK 4.4. If the minimum of &, ,) is a non-isolated edge of 7, then &y is
empty and the two vertices by and b} of the backward end of & agree. Similarly, if
the maximum &, . is a non-isolated edge of 7, then & g1 is empty and the two

as d/s
ds

Figure 5: The lines in & U {{as,b,}} U {{cs,d,}}, where the thick (red) line is the non-
isolated edge e; (Color figure online).
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ds,s41

Figure 6: The thick (red) lines are es and ez 1, the thin (blue) lines lie in £ and Es11, and
the black lines lie in & s+1 (Color figure online).

vertices dj, and dj, of the forward end of & agree. In these two cases, the ends collapse
to non-isolated edges in 7. In all other cases, the ends of & are ideal triangles in ©.

Next, suppose that s = 0, ..., k and that & ;1 is non-empty. To define the
backward end of & ¢4 for s > 0, we consider the minimum {as s41,bss+1} of Es 511,
where as 541 is the common vertex of {ass11,bss4+1} and its predecessor. Then let
b s+1 denote the vertex of its predecessor that is not as s11. Similarly, for the forward
end of & 441 for s < k, we consider the maximum {cs s41,dss+1} of E 41, where
Cs,s+1 1s the common vertex of {c¢sy1,ds 41} and its successor. Then let d;,s-i-l
denote the vertex of its successor that is not ¢ 511 (see Figure 6). For s = 0 we set
by, = and for s =k, we set dj ;.| == y.

DEFINITION 4.5. The triple {asst1,bss11,0; 4.1} is called the backward end of
Es.s+1, and the triple {cg s41,ds 541, d’wH} is called the forward end of E 41 1.

Observe that for s =1, ..., k=1, if & 41 is non-empty, then the forward end of
Es s+1 agrees with the backward end of &1, and the backward end of & 41 agrees
with the forward end of £. On the other hand, if & ¢41 is empty, then the forward
end of & agrees with the backward end of 1. All of these ends are ideal triangles
in ©.

5 Parametrizing Frenet Curves

The goal of this section is to describe a new parametrization of Hity (S). This
parametrization is a slight, but non-trivial modification of the Bonahon-Dreyer
parametrization [BD14], which we also describe. The parametrization is with re-
spect to a fixed ideal triangulation and a fixed compatible bridge system, and is
given by invariants associated to the edges and triangles of the triangulation using
cross ratios and triple ratios. Along the way we show, that these edge and triangle in-
variants completely determine the projective class a Frenet curve [¢] in Fre(V'), even
if the curve it is not equivariant with respect to a representation p : I' — PGL(V).
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dm Pm Pm gm

Wm

Zm
Wy

Zm
Figure 7: The thick (red) line is the non-isolated edge {r1,72}, and the (blue) triangle is
T, (Color figure online).

5.1 Edge and triangle invariants. We fix an ideal triangulation 7 and a
compatible bridge system J. Given a Frenet curve ¢ : 0I' — F(V'), we associate in-
variants to the edges and ideal triangles of the ideal triangulation 7. These invariants
were introduced by Fock and Goncharov [FG06], and are based on the cross ratios
and triple ratios described in Section 2.3. They are also used in the Bonahon-Dreyer
parametrization [BD14] of the Hitchin component.

5.1.1 The edge invariants.  Let {r1,r2} be an edge of the ideal triangulation T.
If {r1, s} is a non-isolated edge, let J := {T1,T>} be a bridge in J across {ri,r2}.
For m =1, 2, we set py,, (resp. ¢m) to be the vertex of the edge {ry,r2} that is (resp.
is not) a vertex of T),,, and let z,,,w,, be the other two vertices of T, such that
either (P, Zms Wi, @m) OF (¢, Wi, Zm, Pm) is cyclically ordered (see Figure 7). By
switching the roles of T} and Ty if necessary, we may assume that T} (resp. T3) lies
to the left (resp. right) of r := (r1,72), which we view as an oriented geodesic from
r1 to ro. This means that (rq, 21,72, 22) is a cyclically ordered quadruple of points
in OI'.

If {ri,m2} is an isolated edge, let z1 and zo be the vertices of 7 such that
{ri1,72, zm} is an ideal triangle of 7 for m = 1, 2, and (71, 21,72, 22) is a cyclically
ordered quadruple of points in 9T" (see Figure 3).

DEFINITION 5.1. Let k := (k1,k2) be a pair of positive integers that sum to n,
let v := (r1,72) be an edge in T, let z := (z1,22) be as defined above, and set
a:= (ry, 21,72, 22). The k-edge invariant along r is the function

oK Fre(V) - R
defined by o¥[¢] := log (—C¥(¢(a))).

By Theorem 2.22 and the projective invariance of the cross ratio, the k-edge
invariant oX is well-defined for all pairs of integers k := (ki, k) that sum to n and
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all pairs r := (rq,72) of points in S such that {ry,7} is an edge in 7. From the
symmetries of the cross ratio,

ki _

ko
Oy, Op. s

if Ky, := (km, kmt1), and vy, := (1, rimg1) for m =1, 2.

REMARK 5.2. For a non-isolated edge {r1, 72}, the edge invariants along r := (r1,72)
depend on the bridge J in J across {r1,r2}. We write a}fy s1€] when we want to
emphasize this dependence. When ¢ is p-equivariant for some representation p :
I' = PGL(V), then the edge invariants along r do not depend on J in J.

5.1.2  The triangle invariants.  Recall that O is the set of ideal triangles of T.

DEFINITION 5.3. Let i := (i1,12,i3) be a triple of positive integers that sum to n,
and let x := (v1,22,73) be a cyclically ordered triple of points in OI' such that
{x1, 9,3} is an ideal triangle in ©. The i-triangle invariant of x is the function

7l Fre(V) — R,

where 71[¢] :=log (T*(£(x))).

By Theorem 2.22 and the projective invariance of the triple ratio, the triangle
invariant 7y is well-defined for all triples i := (i1, i2, i3) of positive integers that sum
to n and for all cyclically ordered triples x := (1, 22, r3) in O such that {x1, 29,23}
is an ideal triangle in 7. From the symmetries of the triple ratio, we see that

T =T = T
where i, := (im, imt1,im—1), and X, := (T, Timg1, Tm—1) for m =1, 2, 3.
The edge and triangle invariants determine the PGL(V')-orbit of a Frenet curve.

PROPOSITION 5.4. Let [£1],[€2] be projective classes of Frenet curves in Fre(V).
Then [£1] = [£2] if and only if all of the following hold:

e For all edges {r1,rs} of T and all pairs of positive integers k := (k1, ko) that
sum to n, the k-edge invariants of [¢1] and [€] along T := (r1,79) agree: c¥[¢] =

k
Oy [52] -
e For all ideal triangles {x1,z2,z3} in © such that x := (z1,z2,x3) is cyclically
ordered, and for all triples of positive integers i := (i1,142,13) that sum to n,

the i-triangle invariants of x at [¢€1] and [&3] agree: T1[¢1] = T1[&].
In other words, the map
® : Fre(V) — RIPHIIM(n=1)  RIQMn-1) » RIOI-=52=2
(€] = (31, X9, X3)
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is injective, where

= (ak ) S
! r’J[é] keA; {ri,r2}€P; JET across {ri,r2} ’
22 = (O‘k > -
rl¢] keA; {ri,r2}€Q’
S = (T;[ ) ~ .
1€B; {x1,22,23}€O, 21 <m2<T3<T1

Here, recall that P and Q are respectively the set of non-isolated and isolated edges
in T. Furthermore, A denotes the set of pairs of positive integers that sum to n, and
B denotes the set of triples of positive integers that sum to n.

REMARK 5.5. Let us stress that in Proposition 5.4 we do not assume any equivari-
ance properties for the Frenet curves. In fact, the ideal triangulation 7" does not even
need to be the lift of an ideal triangulation of S. We will later apply Proposition 5.4
to non-equivariant Frenet curves in our construction of flows on Hity (5).

In the case of equivariant Frenet curves, Proposition 5.4 has been proved by
Bonahon and Dreyer [BD14, Theorem 2]. In this case they also determine the image,
see Section 5.3. The analogue of Proposition 5.4 holds for equivariant positive maps,
but it does not hold for general non-equivariant positive maps.

Proof of Proposition 5.4. Let {x1,z2,z3} be an ideal triangle of 7', such that x :
(x1,x9,x3) is cyclically ordered. Let & and &, be the representatives of [51] and (&2

respectively, normalized such that & (x1) = &(21), &1(22) = &2(x2) and 51 ( 3)
él)(.%g). Since

T'(&1(x)) = T'(&2(x))
for all positive triples of integers i := (i1,42,43) that sum to n, Proposition 2.19
implies that 61 (.7}3) = fg(l‘g). _
By Lemma 4.1, it is sufficient to prove that & (y) = &2(y) for any vertex y of 7
that is not 1, ra or xs. For this we use the set £, ), which gives a combinatorial
description of the pair (z1,y) as described in Section 4.3, and its decomposition as

k

Iuy U g(xl,y U (z1,Y),8,s+1 — U g U U 6‘s s+1-

=0

By relabelling z1, xo and x3 if necessary, we may assume that {9, 3} is the
minimum of £, ,). Then the ideal triangle {z1, 22,23} is the backward end of &y
(see Definitions 4.3 and 4.5 for the definition of ends.) Furthermore, recall that all the
other ends of & s4+1 and & are also ideal triangles, except for possibly the forward
end of & (in which case & 11 is empty, see Remark 4.4). Since we have already
established that £ and & agree on this backward end of &1, and y is a vertex of
the forward end of & 41 (or of & if & k41 is empty), it is sufficient to show that
the following hold for all £ where £ = &; 541 or £ = &,
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(1) If & and & agree on the backward end of £, then they must agree on its forward
end as well.

Since & 441 is finite, Proposition 2.19 immediately implies (1) when & = & 541.

To prove (1) when & = &, let {bs,ds} = es be the unique non-isolated edge in &;,
let {as, bs, b} the backward end, and let {cs, ds, d.} the forward end (see Figure 5).
Observe that

Es U {{as,b's}} U {{cs,d;}} =& _U&,

where & :={e € & e < e }U{{as, b} } and & 4 = {e € & 1 e > e }U{{cs, d,} .
(Observe that in the case when the maximum of & is a non-isolated edge, then
Es,+ = {es}. This can only happen when s = k and & 411 is empty, see Remark
4.4.) We denote by Vs + the vertices of & +. Proposition 2.19 and the continuity of
&1 and & imply that there is a projective transformation g+ in PGL(V') such that
g+ - &1(q) = &(q) for any vertex ¢ in Vs 4.

Since ¢ and & agree on the backward end of &, which is contained in & _,
Remark 2.7 implies that g = id. Thus, &1 (bs) = &2(bs) and &;(ds) = &a(ds). This
finishes the proof when the maximum of & is a non-isolated edge. In the case when
the maximum of & is an isolated edge, this allows us to deduce that g, fixes both
&1(bs) and &;(ds). Let e := (bs, ds) and let J be any bridge across e;. By assumption,
for all pairs of positive integers k := (k1, k2) that sum to n, UL‘J[&] = J};J[&]. Thus,

there is some vertex p of & 4 that is not bg or dg, such that §§1)(p) = él) (p). This

implies that g fixes &1 (bs), &1(ds) and fgl)(p), so Remark 2.7 implies that g, = id.
Therefore £ and & agree on the forward end of £. This finishes the proof. O

5.2 The symplectic closed edge invariants. In this section we replace the
edge invariants associated to the non-isolated edges in 7 by new invariants, which
we call the symplectic closed edge invariants. The symplectic closed edge invariants
behave more naturally under the shearing flows along these non-isolated edges (see
Lemma 5.11). In the companion paper [SZ17], it is shown that the symplectic closed
edge invariant can be used to give an easy description of the Goldman symplectic
structure on the Hitchin component Hity (S). Note that the symplectic closed edge
invariants resemble, but are not the same as the edge invariants in the Bonahon-
Dreyer parametrization in [BD17].

Recall that to define the edge invariants, we used that the cross ratios of a con-
figuration of four cyclically oriented points along a Frenet curve is always negative.
The first step to define the symplectic closed edge invariant is to control the sign
of the cross ratio of particular configurations of points, that do not necessarily lie
along a Frenet curve. B

For this, let {r1,72} be a non-isolated edge of 7 and let J = {T3,T>} be the
bridge across {ri,rs}, such that 77 (resp. T3) lies to the left (resp. right) of the
oriented edge r := (r1,72). As before, for m = 1, 2, let p,,, (resp. ¢,,) be the vertex
of the edge {ri,r2} that is (resp. is not) a vertex of T, and let z,,, w,, be the other
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two vertices of T, such that either (pm, zm, W, Gm) O (Gm, Wi, Zm, Pm) is cyclically
ordered (see Figure 7).

PROPOSITION 5.6. Let & : OT' — F(V) be any Frenet curve (without any equivari-
ance assumptions), and let u,, be the unique unipotent projective transformation in

PGL(V) that fixes the flag £(py,) and sends the flag £(zy,) to &(qm). Then, for all
pairs k := (ki, ka) of positive integers that sum to n, the cross ratio satisfies

CE(E(r1), w2 - §(w2), &(ra), ur - E(wr)) < 0.

Proof. By Theorem 2.22, the Frenet curve £ is a positive map. For m = 1, 2, choose
a basis By, = {fm1,.-., fmn} such that f,, ; lies in €® (Pm) ﬂﬁ(”_”l)(zm) fori=1,

.., n — 1. By Definition 2.17 we have unipotent projective transformations v1,
and vy, in PGL(V) that are totally positive with respect to B,,, such that up to
transforming everything by a projective transformation, &(wy,) = v1,m - {(2m) and
E(gm) = vimva,m - (2m). In particular, vy pva, fixes {(pp) and sends &(zp,) to
&(gm), so this implies that w,, = v1 mv2m. Hence, ty, - (W) = 01,m02,mV1,m - £(2m),
which means that any cyclic permutation of

(E(pm)7 g(Zm), g(qm)¢ Um - f(wm)) or (€(Qm)7 E(Zm), g(pm)7 Um - §(wm))

is a positive quadruple of flags. Hence, by Proposition 2.19, we see that

C¥(&(r1),u2 - E(wa), £(r2),&(22)),
CR(&(r1),u - E(wr),€(r2), £(21)), and
CH(&(r1),&(22),£(r2),€(21))

are negative. This implies that

CR(&(r1), us - E(wa), £(r2), u - E(w1))
_ OX(E(r1), &(22),€(r2), &(21)) - CX(E(r1), up - E(w2), €(r2), E(22))
Ck(&(r1),ur - E(wr),€(r2),£(21))

REMARK 5.7. If we defined u,,, with w,, in place of z,,, then uy 1u1 is the Bonahon-
Dreyer slithering map [BD17, Section 5] associated to the pair (17, 7%).

< 0. O

With this, we make the following definition.

DEFINITION 5.8. For any non-isolated edge {ri,r2} in T, any bridge J in J across
{r1,r2}, and any pair of positive integers k := (ki,ks) that sum to n, the k-
symplectic closed edge invariant along r := (r1,72) is the function oX ; : Fre(V) — R
defined by 7

o 116 = log (—C*(&(r1), us - €(w2), £(r2), ur - E(wn))

where u,, is the unique unipotent projective transformation in PGL(V') that fixes
&(pm) and sends &(2zp,) to &(qm)-
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The projective invariance of the cross ratio implies that 0411,‘7 s1€] does not depend
on the choice of representative & in [£], so Proposition 5.6 implies that oz}f’ s1€] is
indeed well-defined. Note that while the edge invariant U}: ; depends only on &(r1),
(1), €M (21), and €M (zy), the symplectic closed edge invariant ai‘, ; depends on
&(r), €(r2), &(21), €(22), €W (wn), and €D (wy).

Setting ky := (ki1,k2), ko := (ko, k1), r1 := (r1,72) and ry := (rg,71), we have
oy 6] = a3 [8)-

We now establish the key property of the symplectic closed edge invariant, which
the usual edge invariant does not satisfy.

LEMMA 5.9. Let § and & are two Frenet curves normalized such that (1) = &' (1),
E(re) = € (ra), and €W (wo) = €M (wy). Suppose further that &(z2) = £'(22). Then
the symplectic closed edge invariants X s1€] and ok ;1&'] agree for all pairs of positive
integers k := (ky, ko) that sum ton, if and only if there exists a unipotent projective
transformation v in PGL(V') such that v - &(p1) = &(p1), v - &(z1) = &(z1) and
v-ED(wy) = €W (wy).

Lemma 5.9 is an immediate consequence of the following lemma.

LEMMA 5.10. Let Hy, Hy be a transverse pair of flags in F(V'). Form =1, 2, 3,
e let F,, be a flag in F(V') such that (Hy, F,,, Hy) is a generic triple of flags in

F(V)Bl,
e let P,, € P(V) be a line in V such that P, + kal) +F¥ ™Y =V for all pairs
k := (k1, ko) of integers that sum ton with ky =0, ..., n— 1, and

e let uy,, be the unipotent projective transformation in PGL(V') that fixes H
and satisfies .y, - I, = Ho.

Then the equality Ck(Hl,ul - Py, Hoy,us - Pg) = C’k(Hl, uy - P, Ho,ug - P3) holds for
all k if and only if there exists a unipotent projective transformation u in PGL(V)
that fixes Hi and satisfies u - Fo = F3 and u - P, = Pj.

Proof. First, observe that for m = 1, 2, 3 and any k, we have
V =tV =t P+t - B pug - ERD =y Py o+ HM 4 PV,

Thus, both C¥ (Hl, uy- P, Ho, UQ'PQ) and Ck (Hl, uy- P, Ho, U3-P3) are well-defined
for all k.

Now, suppose that the unipotent projective transformation u exists. Then uo =
ugu because both uzu and us are unipotent projective transformations that fix H;
and send F5 to Hs. In particular, we have us - Po = ugu - Po» = us - P3. This implies
that C’k(Hl,ul - Py, Ho,uso - Pg) =k (Hl, uy- P, Ho,ug - P3) for all pairs of positive
integers k that sum to n.

Conversely, suppose that Cck (Hl,ul - Py, HQ,’LLQ'PQ) = C’k(Hl,ul - Py, Hz,ng'Pg)
for all pairs of positive integers k that sum to n. A straightforward computation
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verifies that us - P = wug - P3. Setting u := ugluQ, it is clear that w - Hy = H;,
u-Fy = F3 and v - P, = P3. Since us and ug are both unipotent and fix Hy, this
implies that u is also unipotent. O

Next, we determine how the k-symplectic closed edge invariant along r changes
under the k-elementary shearing flow along r.

LEMMA 5.11. Let £ : OT' — F (V) be a Frenet curve, let k := (kyi, ko) be a pair of
positive integers that sum to n, and let (wi‘) , be the k-elementary shearing flow
with respect to r. We set & := (@Z)}f)t (§). Then

Oélr{,J[ft] = a}:,J[f] +t.

Proof. For m =1, 2, let u,, be the unipotent projective transformation in PGL(V)
that fixes &(pn,) and sends &(zm) to &(gm). Similarly, let w,,(¢) be the unipotent
projective transformation that fixes & (p,,) and sends & (z,) to & (qm). Let d(t) :=
dlg(r) (t), where dlg(r) (t) is the projective transformation used to define the k-elementary
shearing flow along r (see Section 3.2). By definition,

d(t) - &(z1) = &(z1), d(t) - &(wr) = &(wr),
and d(t) fixes both £(r1) = &(r1) and £(r2) = & (r2). Therefore the product uy(t)d(t)
uy?! fixes £(p1) and
ur()d(tyuyt - E(qr) = w (t)d(t) - €(z1)
= u(t) - &(z1)
= &i(q)
=&(q).

This implies that in the basis {fi,..., fn} of V such that, for all : = 1, ...,
n — 1, the vector f; lies in €@ (py) N €M (qy), both uy(t)d(t)u; ' and d(t) are
represented by diagonal matrices and both u;(¢) and wu; are represented by upper-
triangular unipotent matrices. Hence, u1 (t)d(t)u;* = d(t), so we can conclude that

u(t) - &e(wr) = ur (t)d(t) - E(wr)
= ur (£)d(t)uy "+ (ug - E(wn))
= d(t) . (u1 . wl))

(
Similarly, we also have that ua(t) - &(w2) = d(t)~1 - (ug - £(wz)). This allows us to
conclude that

ay j[&] = log ( — C*(& (1), ua(t) - &(w), & (r2), ua (t) '§t(w1))>
= log (= C¥(6(r1) d(t) ™ - (uz - €(w2)), E(r2), d(8) - (us - E(wn)) )
(= C*(e(m), uz - €(wa). &(ra). - §(wn))



642 Z. SUN ET AL. GAFA

where the second last equality follows from the same computation as the one per-
formed in the proof of Proposition 3.13 (1). 0

5.3 Parametrizing the Hitchin component. In this section we review the
Bonahon-Dreyer parametrization of the Hitchin component Hity (S) C Fre(V),
viewed as the locus of PGL(V)-orbits of Frenet curves that are p-equivariant for
some representation p : I' — PGL(V'). We then give a slight reparametrization using
the symplectic closed edge invariants.

We first observe, that for a Frenet curve £ : OI' — F (V') that is p-equivariant,
the edge invariants along non-isolated edges do not depend on the chosen bridge.
More precisely, let {r1,72} be a non-isolated edge of %, and let Jp, Jo be two bridges
in J across {r1,rs}. (Recall that 7 is the chosen bridge system that is compatible
to the ideal triagulation 7.) Then for any pair k := (k1, k2) of positive integers that
sum to n the k-edge invariants along r := (r1,72) agree: UEJI = aﬁJz. So, we can
safely drop the dependence on the bridge from the notation.

Note that the edge invariants and triangle invariants are I'-invariant: for any

v €T, we have ok = 0¥ and 71 = T;,x. Thus, the map given in Proposition 5.4,

yr

B (n—1)(n—2)
2

® : Fre(V) — RIPIHT-(n=1) o plQln-1) , RIO

where O and P are respectively the set of isolated and non-isolated edges in ’j',
restricts to an injective map

Bygie, (5) : Hity () — RITH=1) o RIOHE=522 (5.1)

Bonahon and Dreyer [BD14, Section 4] explicitly characterize the image of the
map, by a family of equalities, called the closed leaf equalities, and a family of in-
equalities, called closed leaf inequalities, which hold on the image. Each such equality
and inequality is associated to a non-isolated edge in 7.

To specify the closed leaf equalities and inequalities, recall that Labourie [Lab06,
Theorem 1.5] showed that for any Hitchin representation p : I' — PGL(V) the
following holds: for any v € I' \ {id}, p(7y) has a (necessarily unique) lift to SL(V)
that is diagonalizable over R with positive, pairwise distinct eigenvalues, which we
denote by

A(p(7)) > -+ > Aul(p(v))-

To obtain the closed leaf equalities, Bonahon and Dreyer observed that the eigen-
value data of p(7,,) can be expressed in terms of the triangle and edge invariants.
In order to write this down, we introduce a notation to label the triangles to the left
and the right of the (oriented) geodesic r := (r1,72), see Figure 8. (We will use this
notation also in Section 7, where we recall it, and advise the reader to then have a
look back at Figure 8.)
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Z1 = 21,0 w1 = 21,1
o T

Figure 8: The thick (red) line is {r1, 7o} and the thin (blue) lines are isolated edges in Q,
and the (green) dotted lines are bridges in J, and the second bridge from the left is {7, T5}
(Color figure online).

Notation 5.12. Let J = {T1,T»} be a bridge across the non-isolated edge {r1,r2},
and let T and T lie to the left and right of (r1,r2) respectively. For m = 1, 2, let
Pm (resp. gm) be the vertex of the edge {ri,r2} that is (resp. is not) a vertex of T,,.
Then let ~v,, be the primitive group element in I" with p,,, ¢, as its repelling and
attracting fixed points respectively. Also, for all integers h, let T}, ;, denote the ideal
triangle in O defined by the following properties (see Figure 8 when p; = ¢2):

L4 Tm,l = Tma

o 1), 1, has py, as a vertex for all integers h,

o T, and T}, 11 share a common edge, denoted e,, , for all integers h,

e there is a positive integer H,, such that T,, yy, +n = 77]% - T, 1, for all integers

h, k.

Let 2, denote the vertex of e, j, that is not py,, set ppmp = (Pm, 2Zm,1), and set
t L { (pm7 Zm,h—1, Zm,h) it pr = Tm;
m,h 1= if o
(pm) Zm,hs Zm,h—l) I Pm = T3—m-
REMARK 5.13. The triple t,, ;, is cyclically ordered.
DEFINITION 5.14. Let J = {T1,T>} be a bridge in J.Form=1,2 and any integer

h, let T}, 1, be the ideal triangle and let H,, be the integer as defined in Notation 5.12.
The subset O(J, Ty,) == {Tm.1,Tm2,-- - Tm,H, } of © is a closed edge subset.

Foranyi=1,...,n—1and m =1, 2, set

Ai(p(Ym))

0,(Ym) = log Nt (p(7m))
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Bonahon and Dreyer computed a formula for £,(v,,) in terms of the triangle invari-

ants of the ideal triangles in the closed edge subset C:)(J, T.), and the edge invariants
along the edges of the ideal triangles in ©(J, T),). Explicitly,

Hm . . . .
S{odr g+ Y w3 if i = Tom;
n—i _ ) k=1 j+k=n—i
G m) =9 4 . (5.3)
S {ebm g+ YD AP i pn =T
h=1 jH+k=n—i

\

As an immediate consequence, the edge invariants and triangle invariants have
to satisfy the following inequalities, called the closed leaf inequalities associated to
the non-isolated edge {ri,r2} in 7:

o Ifp,, =7y, thenforalli=1,...,n—1,
H,,
(ol Y M) >o.
h=1 jHk=n—i

o Ifp,,=r3_m, thenforalli=1,...,n—1,
H,,
(ol Yo WM <o
h=1 jHk=n—i

There are n — 1 such inequalities for each non-isolated edge in 7.

Also, since y1 = 2 if p1 = p2 and 71 = 75 L if p1 # po, the edges invariants
and triangle invariants have to satisfy the following equalities, called the closed leaf
equalities associated to the non-isolated edge {ri,r2} in P:

(1) If p1 # po, then for alli =1, ..., n—1,
PO K YD DR G D DI F SR Dl
h=1 jtk=n—i h=1 J+k=i

(2) If py =po, then foralli =1, ..., n—1,

H, H,
Slonn e+ S 2P ==Y lonn g+ S 28N
h=1 jt+k=n—i h=1 j+k=n—i

There are n — 1 such identities for each non-isolated edge in 7. These are sums
of invariants associated to the closed edge subset ©(J,T1) versus those associated
to the closed edge subset O(J,T%). Observe also that the closed leaf equalities and
inequalities are associated to the non-isolated edge {r1,r2}. They do not depend on
the choice of bridge across {r1,r2} because of the p-equivariance of .
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REMARK 5.15. In Bonahon and Dreyer’s [BD14] description of the closed leaf equal-
ities and inequalities, they chose orientations on the edges of 7. However, that choice
is only for notational convenience, and is not necessary to specify the closed leaf
equalities and inequalities.

Notation 5.16. Let W1 be the vector subspace of RI7I(=1) x RIOH=52 b out
by the closed leaf equalities, and let C'r be the convex polytope in W7 cut out by
the closed leaf inequalities.

The following theorem of Bonahon and Dreyer states that the closed leaf equali-
ties and inequalities are the only relations between the edge and triangle invariants.

Theorem 5.17 [BD14, Theorem 17|. The edge and triangle invariants give a real
analytic diffeomorphism from Hity (S) to Cr.

In particular, this classifies the image of the map ®|y;;,, () defined by (5.1), and
thus gives a real analytic parametrization of Hity (S) by Cr.

REMARK 5.18. Note that C'7 only depends on the ideal triangulation 7', and not on

a choice of associated bridge system J. However the explicit identification ®|g;,, (g)
of Hity (S) with C7 depends on the choice of 7.

The goal of the rest of this section is to prove that an analogous theorem holds
when we replace the edge invariants along non-isolated edges by the symplectic
closed edge invariants described in Section 5.2.

Notation 5.19. For each edge in 7', we choose one representative {r1,r2} in 7 and an
orientation (r1,r2) on {ri,re}. Then let T denote the collection of all such choices,
one for each edge in 7. Similarly, define P and Q using only the non-isolated edges
and isolated edges respectively. Also, for each ideal triangle in ©, we choose one
representative {x1,x2, z3} in O, and an order x := (x1, 2, x3) on {z1, z2, x3} that is
cyclically ordered. Then let O denote the collection of all such choices, one for each
ideal triangle in ©.

Theorem 5.20. The map

Q = Q7.7 : Hity(S) — R » RIPI(2=1) » RI®
(€] — (X1, %2, X3),

|- (=1 (n=2)
2

with

Y= <U}:[§])keA;r€Q7
2y = (aﬂﬂ)keA; rep’

Vg = (T,i([f])ie&xec:)'

is a real-analytic diffeomorphism onto the convex polytope Cr defined in Nota-
tion 5.16. Here, A is the set of pairs of positive integers that sum to n, and B is the
set of triples of positive integers that sum to n.



646 Z. SUN ET AL. GAFA

REMARK 5.21. From the symmetry properties of the triangle invariants, the edge
invariants along isolated edges, and the symplectic closed edge invariant, we see that
Q) does not depend on the choice of @, P and ©.

Using Lemma 5.11, we now prove the equivalence between the Bonahon-Dreyer
edge invariants along non-isolated edges and the symplectic closed edge invariants.

LEMMA 5.22. Given any projective class of Frenet curves [§y] in Hity (S) C Fre(V),
let Hity (S)) denote the set of points [£] in Hity (S) such that all the triangle
invariants and edge invariants along isolated edges of T agree for [£y] and [¢]. Then
the map A : Hity(S)&) — RIPH"=1) gjven by

A= [€] = (€] sepacens

where A is the set of pairs of positive integers that sum to n, is a real-analytic
diffeomorphism.

Theorem 5.20 then follows immediately from Lemma 5.22 and Theorem 5.17.

Proof of Lemma 5.22. 1t follows immediately from Theorem 5.17 that if & is a one-
parameter family of Frenet curves corresponding to a real-analytic family of Hitchin
representations p; : I' — PGL(V), then for any point p in 0T, {(p) is a real-analytic
path in F (V). This implies the real-analyticity of A.

Next, we show that A is a bijection. For any pair r := (r1,72) in P and any pair
of positive integers k := (ki, k2) that sum to n, recall that ¥ denotes the Bonahon-
Dreyer edge invariants along the non-isolated edge {r1,72}. Since all the triangle
invariants and edge invariants along isolated edges are constant on HitV(S)KU], it
follows from Lemma 5.11 and (1) of Proposition 3.13 that aX — oX is also a constant
on Hity (S)k). Since Theorem 5.17 implies that the map Hity (S)] — RIPI=1)

given by [¢] — (allf[g])reﬁ;keA is a bijection, the same is true for A. O

6 Deforming Hitchin Representations

In this section we use the elementary eruption and shearing flows defined in Section 3
to construct flows on Hity (S) C Fre(V). The idea is straight forward: we choose an
ideal triangulation 7 on S, and perform elementary eruption flows and shearing
flows on the ideal triangles and edges of 7 in a “I-invariant” way to obtain a flow
in Hity (S). However, the I'-orbits of edges in 7 and triangles in © are infinite, so
defining these flows in a [-invariant way involves taking the product of infinitely
many elementary eruption and shearing flows. In general, such products do not
converge. The main goal of this section is to describe how to resolve these convergence
issues.
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6.1 The tangent space to Hity (S). Let us fix an ideal triangulation 7 on
S and a compatible bridge system J. Recall that © denotes the set of triangles of
7. We denote by

W =Wy C RITHe—D 5 IG5
the linear subspace cut out by the closed leaf equalities (see Notation 5.16). The
image of the diffeomorphism

0 Hitv(S) _ R|T|-(n71) % R|@|-(”*1)2(n72)

given by Theorem 5.20 is an open subset of W. Thus, for every [{] in Hity (S) we
identify W with T[ﬂHitv(S).

Our goal now is to assign to every tangent vector p in W = TigHity (S) a flow
¢} on Hity (S) that is defined by performing the elementary shearing and eruption
flows on Fre(V') in a “I-invariant” way. More precisely, following Notation 5.19, we
choose an oriented representative for each edge in 7 = 7 /I', and denote the set of
such choices by T. Similarly, we choose a cyclically ordered representative for each
ideal triangle in © = ©/T", and denote the set of all such choices by ©. With this
notation, a vector p in W is a tuple of real numbers

_ k i
#= <(Hr)k€A;r€'ZA” ('ux>i€B;X€(:)> ’

where A is the set of pairs of positive integers that sum to n, B is the set of triples
of positive integers that sum to n. The map ¢} is an infinite product of the k-
elementary shearing flows along all I-translates of r in ’ZA', rescaled by pX, and the
i-elementary eruption flows with respect to all I'-translates of x in ©, rescaled by
pi. The key point is to show that this infinite product gives rise to a well-defined
flow on Hity (5). In order to do this we decompose the product and write it as limits
of special finite products of elementary flows. We call these finite products semi-
elementary flows. Their definition relies on an exhaustion of the ideal triangulation
T and the set of triangles © by finite subsets.

6.2 Semi-elementary flows.  We introduce the class of semi-elementary flows
on Fre(V), which are products of elementary flows on a larger and larger collection
of ideal triangles and edges.

We first specify this larger and larger collection. For this, recall that for any
bridge J = {Il, T5} in the bridge system J and any m = 1, 2, we defined the closed
edge subset ©(J,T,;,) C © (see Definition 5.14). Denote the collection of all closed
edge subsets of © by D. To specify our larger and larger collection, we define a graph
whose vertex set is D, and construct an exhaustion of this graph.

DEFINITION 6.1.

e A pair of distinct ideal triangles T, T' in © are adjacent if T' and T' share a
common edge in T, or if {T,T'} is a bridge in J.
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Figure 9: The two closed edge subsets given by the yellow striped region and the purple
region are adjacent (Color figure online).

Figure 10: The two closed edge subsets given by the yellow striped region and the purple
region are opposite (Color figure online).

e A pair of distinct closed edge subsets O(J1, 1), O(J2, Ty) in D are adjacent if
there exist triangles T in ©(J1,T1) and T" in ©(J2, Ts) such that T and T" are
adjacent (see Figure 9). N N

o A pair of distinct closed edge subsets ©(J1, 1) and ©(Ja,T3) in D are opposite

if Ji = Jy = {11, T} (see Figure 10).

Being opposite defines an equivalence relation on D where each equivalence class
contains exactly two points in D. Furthermore, if two points in D are opposite, then
they are adjacent. Adjacency allows us to define the closed edge graph.

DEFINITION 6.2. The closed edge graph is the graph whose vertex set is D, and two
vertices are joined by an edge if they are adjacent in the sense of Definition 6.1.

In order to define an exhaustion of the closed edge graph, we choose a closed edge
subset pg in D as a base point, and let Ky := {pp}. Then for all positive integers j,
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let
K]/. := K; U{p € D:pis adjacent to some p’ € K;},
Kjq:= KJ’ U{p € D : p is opposite to some p € K;}
This iteratively defines a nested sequence (K7, Ko, ...) of subsets of D such that

o
U K;="D.
j=1

Recall that @ denotes the set of isolatedNedggs in 7. From the exhaustion
(K1,Ko,...) of D, we get an exhaustion of Q U © as follows. For each positive
integer j, let IV; denote the set of ideal triangles that lie in some closed edge subset
in Kj, i.e.

N; ::{Teé:TepforsomepeKj}.
Using this, define M; to be the union of the ideal triangles in N; and the edges of
the ideal triangles in Vj, i.e.
M;:={oe QUB:0¢€ Nj or o is an edge of an ideal triangle in N;}.

Note that each M; is a finite set, and (M, M», . ..) is a nested sequence whose union
is QU ©. We use these sets M; to define the semi-elementary flows on Fre(V).

Given a vector 1 in W and any o in 7 U ©, we define the flow (¢5), on Fre(V)
as follows. Recall that A denotes the set of pairs of positive integers that sum to n,
and B denotes the set of triples of positive integers that sum to n.

e If o = {ry,ry} is an edge in 'f, let vy, := (Tm, 'm+1) for m = 1, 2, where the
arithmetic in the subscripts are done modulo 2. Define

k H k
((ng)t = H (1/11'1) K = (¢r2> K )
s, ot Myt
ke A B keA 2
where (1,[)}}) , 1s the k-elementary shearing flow with respect to r.
e If o = {x1, 29,23} is an ideal triangle in O and (1,22, x3) is cyclically ordered,

we set X = (T, Timt1, Tm—1) for m = 1, 2, 3, where the arithmetic in the
subscripts are done modulo 3. Define

e -T1), ~TI6), -TI(4),
B 1, B b, B Hicq
where (el ); is the i-elementary eruption flow with respect to x.

DEFINITION 6.3. Let M; be the subset of @ U © as defined above, and let u be a
vector in W (see Notation 5.16). The (u, M;)-semi elementary flow is defined by

(%j)t = [T (68 : Fre(V) — Fre(V).

OGM]‘
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Since M; is a finite set for all positive integers j, Proposition 3.21 ensures that

(¢’]f4> is a commuting product, and is well-defined for all real numbers t.
i/t

6.3 (7,J)-parallel flows. Using the semi-elementary flows just introduced,
we now define the (7, J)-parallel flow on Hity (S) in the direction of a tangent
vector p in W = TigHity (5), where we identify Hity (S) with the locus of projective
classes of Frenet curves in Fre(V) that are p-equivariant for some representation
p: I — PGL(V).

For this we first consider the flow

( 57@)1&  Hity (S) — Hity (S),

which is defined to be
(¢6), 161:= Jim (o), 1€l

where (Mi, M, ...) is the exhaustion of O U O defined in Section 6.2.

We prove in Proposition 7.11 that ((b‘é’e)t is a well-defined flow and does
not depend on the choice of the base point pg we chose to define the exhaustion
(My, M, . ..). We emphasize that, as a flow on Hity (S), ((b‘é,@)t is not necessarily
defined for all ¢; it is possible to find a vector p in W such that for some group
element « in I', the d-length £, (v) of v defined by (5.2) descreases linearly with ¢
under the flow (qS‘é’@)t. Also, note that the flow ( ’é’@)t does not yet involve the

invariants along the non-isolated edges of 7.

We now define the counterpart which involves the invariants along the non-
isolated edges of 7. Let ¢ be a non-isolated edge of 7, and let " - {r1,r2} C 7 be
the I'-orbit determined by ¢. Choose an enumeration {o01,02,...} of I'- {ry,72}. For
any vector p in W, consider the flow

((ﬁg)t : Hitv(S) — Hitv(S),
which is defined to be
(6),1€] =TT (%), (€] = tim T (e%), (€]
=1 =1

By Proposition 3.21, [];_; (¢5,), is a commuting product for all positive integers
r, and is a well-defined flow on Fre(V') for all real numbers ¢. The fact that (¢f), is
well-defined for all real numbers ¢ is a consequence of Proposition 7.1.

REMARK 6.4. The flows (¢%), are examples of generalized twist flows which have
been studied by Goldman in the context of representation varieties of surface groups
into reductive Lie groups [Gol86].
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Using (¢t ), and (qb’é @> , we can now give the proper definition of the (7, .7)-
O/

parallel flow on Hity (S) associated to any vector p in W.

DEFINITION 6.5. For any vector p in W, define the (7, J)-parallel flow associated
to u, ¢} : Hity (S) — Hity (S) to be

P = (H ((ng)t) ° ( lé@)}f- (6.1)

ceP

The next theorem relates the (7, J)-parallel flows to the parametrization Q =
Q7 g of Hity (S5) defined in Theorem 5.20.

Theorem 6.6. Let Q : Hity (S) — Cr be the real-analytic diffeomorphism defined
in Theorem 5.20. For any projective class of Frenet curves [¢] in Hity (S) and any
vector p in W, let

Iig = {t € R: Q[¢] +t - p satisty the closed leaf inequalities}.

Then for any t € Ig) ,,

oL 1E] = 7 (Qle] + 1)

Theorem 6.6 implies in particular that (6.1) is a commuting product. A corollary
of Theorem 6.6 is the following.

COROLLARY 6.7. Every pair of (T, J)-parallel flows on Hity (S) commute, and the
space of (T, J)-parallel lows on Hity (S) is naturally in bijection with TjgHity (S).
In particular, the pair (7,J) determines a trivialization of THity (S).

In the upcoming companion paper [SZ17], it is shown that this trivialization of
THity (S) is in fact symplectic with respect to the Goldman symplectic form on
Hity (5), and that every (7, J)-parallel flow is a Hamiltonian flow.

Theorem 6.6 follows from Proposition 7.1 and Proposition 7.11 below.

7 Well-Definedness of (7, J)-Parallel Flows

We show now that the (7, J)-parallel flows are well-defined. For this we treat the
flows (¢%), associated to a non-isolated edge ¢, and the flows (gb’é 9) separately. We
)t

start with the flows associated to a non-isolated edge, since here the situation is sig-
nificantly simpler. Even though (¢f), is a composition of infinitely many elementary
shearing flows, the edges along which the shearing happen are locally finite. In the

case of (d)‘é @) however, the neighborhoods of the non-isolated edges are deformed
P/t

by infinitely many elementary eruption and shearing flows.
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7.1 Well-definedness of (qb{j) .+ We consider the linear subspace

W =Wy c RITHe=D IG5
that is cut out by the closed leaf equalities (see Notation 5.16). At every point [¢] in
Hity (S), we identify the tangent space Ti¢ Hity (S) with W, using the parametriza-
tion of Hity (S5) given in Theorem 5.20. N

Recall that we chose for every edge in the ideal triangulation 7 = 7 /I" an oriented
representative, and denoted the set of these representatives by 7. Similarly, for any
ideal triangle in © = O/I" we choose a cyclically ordered representative and denoted
the set of these representatives by O (see Notation 5.19). With this a tangent vector
win W can be identified with a tuple of real numbers

_ k i
#= ((Mr)keA;re'ZA’7 (Mx)iGB;X€@> '

where A is the set of ordered pairs of positive integers that sum to n, B is the set of
ordered triples of positive integers that sum to n.

Let ¢ be a non-isolated edge in 7, and let r := (r1,72) be the corresponding
ordered pair in T. We define

W'_{MGW'uizOforallxe(:)andiEB }
o= : .

pk=0forallse7\{r}andk e A

Note that W, C W is a (n — 1)-dimensional linear subspace. Furthermore, from the
closed leaf inequalities, one verifies that Q[¢] + tu lies in the image of Q : Hity (S) —
W (see Theorem 5.20) for any real number ¢, any vector u in W,, and any [¢] in
Hity (S). In other words, i, = R for all vectors y in W..

Let II. : W — W, be the projection defined by

k .
k_ Jus ifs=r;
o I.(n)s = {O otherwise for all k € A,

o II.(u)L =0 for all x € © and for all i € B.

Choose an enumeration I'-{ry,ro} = {01, 09, ... }, and observe that (¢h, ); = <¢g°(“))

for all positive integers [. The next proposition implies a special case of Theorem 6.6
when ¢} = (¢F ), i.e. when p lies in W,.

PROPOSITION 7.1. Let & be a representative of [£] in Hity (S), let pu be a vector in
W, let t be a real number, let ¢ be a non-isolated edge in T, and let

[€0] == Q71 (QE] + tT1e()) € Hity (S).

Pick any triangle {x1,xz2, 23} Iin O, and choose representatives §; (resp. &) of
1 (85, [€] (resp. [&]) such that

gix1) = E(x1), &(az) = E(w2) and €V (x3) = €W (a3)
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for all non-negative integers j. Then
hIIl fj = go.
Jj—o0

REMARK 7.2. Proposition 7.1 implies in particular that (¢F), is well-defined, and
that it does not depend on the enumeration of I' - {ry, r2}.

In order to prove Proposition 7.1 we use the following lemma that gives a conve-
nient expression for how the Frenet curve & = []/_, (¢5,), [{] changes with ¢. Recall
that if E := (FE, F») is a pair of transverse flags and k := (k1, k2) is a pair of positive
integers that sum to n, then cllf:(t) is the projectivization of the linear map that acts

as the identity on Eyﬁ) and as scaling by e~ on E§k2) (see (3.4) in Section 3.2).

LEMMA 7.3. Let & : O — F(V)) be Frenet, let o = {r1,rs} be an edge in T, and let
{fi,..., fn} be a basis of V such that €V (r) = Spang(f1,..., f;) foralll =1, ...,
n —1. For m =1, 2, let vy, := (rpm,rm+1). There is a representative & of (¢f), [€]
such that

§t($)={£(x) ifro <z <ry

c£(rl)(t) L(x) ifrp <z <r
where cg(y,)(t) is the commuting product given by
Ce(ry) (1) := H clg(rl) (,uifl -t) € PGL(V). (7.1)
ke A

In particular, c¢(,,)(t) is represented by an upper triangular matrix

0 0 ... -1 %
(00... 0 A
in the basis {f1,..., fn}, where 3= = exp <u§lf’”_k) -t) forallk=1,...,n—1.
Furthermore, if Spang{fn, ..., fu_it1} = @ (ry) for alli =1, ..., n — 1, then the
matrix representing ce(y,)(t) in the basis {f1,..., fu} is diagonal.

Proof. The first claim follows from (3.5) and the observation that for any pair k :=
(k1, ko) of positive integers that sum to n, if

E(x) ifro <o <rp;
CIg(rl) (lurl‘(l ' t) : E(Z’) lf 71 S x S r9,

then £(r1) = £(ry). This implies that Clg(rl) (ph, - t) = cé—(rl) (1t - t) for all pairs 1:=
(I1,12) of positive integers that sum to n. The rest is a consequence of Lemmas 3.9,
3.12, and a straight forward computation. O
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Proof of Proposition 7.1. By Lemma 4.1, it is sufficient to prove that &; converges
to & on the vertices of 7. We may assume without loss of generality that x :=
(1,2, 23) is a cyclically ordered triple. Proposition 3.13(3), implies that for any
triple of positive integers i := (i1, 1i2,43) that sum to n, we have

TH(&(x) = T' (o (x))-

Proposition 2.19 then implies that &;(x3) = &o(x3) for all j.

Now, let y be any vertex of 7 that is not xy xg or xg. We use the combinatorial
description of pairs of distinct points in 7 developed in Section 4.3 to prove that
&;(y) converges to &y(y). After possibly relabelling the vertices of {z1, z2, 23}, we may
assume without loss of generality that {z2, 73} is the minimal element of £, ,). We
decompose

z1,Y)

k k k k
g(xl,y) = U g(xl,y),s U U g(xl,y),s,erl = U EsU U gs,s—i—l
s=1 s=0

s=1 s=0

as we described in Section 4.3. We have already established that for all j, ; and &
agree on {x1, 2, x3}, which is the backward end of &y ;. Also, observe that all the
ends of & and & 41 are ideal triangles, except possibly the forward end of &, in
which case & ;41 is empty (see Remark 4.4). Thus, by Remark 2.7, to prove that
lim; . &(y) = &o(y), it is sufficient to prove that for all £ with & = & 441 or € = &;,
the following holds:

1) If lim; o & and & agree on the backward end A_ of £, then they must agree
J J
on its forward end Ay as well.

We first prove (f) in the case when & = & 441. Since all the edges in & 411 are
isolated, it is clear that for all positive integers j, the sextuples ({;(A-),&;(A4)) and
(E(AL),&(A4)) are projectively equivalent. Furthermore, Proposition 2.19 implies
that ((A-),&(A4)) and (£(A-),E(AL)) are projectively equivalent. Remark 2.7
immediately implies (T) in this case.

Next, we prove (f) when & = &;. Recall that I" - {r1,r2} is the I'-orbit in T
corresponding to the non-isolated edge ¢ in 7. We orient the unique non-isolated
edge es in & such that x1 and y lie to the left and right of eg respectively. If e; does
not lie in I"- {ry, r2}, or ey is the maximum of & (in which case s = k and & 41 is
empty), then the same argument as above implies ().

On the other hand, if e, lies in I'-{r1, r2 }, we can assume without loss of generality
that r1 and ro are respectively the backward and forward endpoints of es. Let r :=
(r1,79), and let {f1,..., f,} be a basis of V such that f; lies in £ () NEM=HD) ().
Lemma 7.3 implies that for sufficiently large j, (£;(A-),&;(A4)) and (§(A-), ce(r) (1)
§(Ay)) are projectively equivalent. Furthermore, c¢(y)(f) is represented in the basis
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{f1,..., fn} by the diagonal matrix

Ar... 0
Do (7.2)
0...\,
where Aitf-lkl = exp (px - t) for all pairs of positive integers k := (ki, k2) that sum to
n

Let J = {T1,T»} be a bridge in J across {r1,72}, such that 77 and T lie to the
left and right of (r1,r2) respectively. Let v, be the primitive element that fixes r;
and 79, where the repelling fixed point of ~,, is the point which is a vertex of the
triangle T},. Proposition 2.19 implies that for m = 1, 2, there is a unique projective
transformation g¢,, in PGL(V') such that &y(p) = gm - £(p) for every vertex p of the
ideal triangles in

D ’ng : é(Ja Tm)a

d=—o00

the union of the ~,, translates of the closed edge subset (:)(J, T,n) (see Defini-
tion 5.14).

Since r1 and ro are the accumulation points of the vertices of these ideal triangles,
the continuity of £ and &y implies that

§o(r1) = gm - &(r1) and  &o(r2) = gm - &(r2)

for both m = 1, 2. In particular, the projective transformation g, ! g9 is represented in
the basis {f1, ..., f»} by a diagonal matrix, and (£(A_), & (A4 )) and (£(A_), g7 ' go-
¢(AL)) are projectively equivalent.

Since by assumption lim; . &(A_) = &(A-), to finish the proof of (f) in
this case, it is sufficient to show that (§;(A-),&(A4)) and (&(A-),&(A4)) are
projectively equivalent for sufficiently large j, which is equivalent to showing that

gl_lgg = Ce(r) (t). Let
(z) == () if 1 <@ <y
M) Ce)(t) - &(w)  if g <o <y,
and

0= {5 ifr1 <o <y
L 9192 E(x) ifra<a <y

By Lemma 5.11
g lm] = ax s [€] + -t = o y6o] = ety [n2)]

for all pairs of positive integers k := (k1, k2) that sum to n. Denote the vertices of T
by p2, 22, w2 such that py lies in {ri,72} and either (pa, z2,w2,q2) or (g2, wa, 22, p2)
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are cyclically ordered, where ¢y is the point in {ry,r2} that is not ps. Lemma 5.9
then implies that there is some unipotent projective transformation u in PGL(V)
that fixes £(p2), sends gy 'ga - &(22) to Ce(r)(t) - §(22), and sends 97 g2 - €W (ws) to
Ce(r) (1) £ (wy). Since gl_lgg and cg(y)(t) both fix £(p2), this allows us, using Remark
2.7, to deduce that ugflgg = ce(r)(t). In the basis {f1,..., fa}, gflgg and cgpy(t)
are both diagonal, and wu is a unipotent matrix. Hence, © = id and gflgg = ceqr)(t).

O

7.2 Behavior near the non-isolated edges. = We would like to apply a similar
argument as in the proof Proposition 7.1 to prove that (qﬁée)t is well-defined.
However, the argument is more delicate now, since neighbourhoods around non-
isolated edges are deformed by infinitely many elementary eruption and shearing
flows. We thus have to be more careful in describing the limit of the semi-elementary
flows near the non-isolated edges.

7.2.1 Main technical statement. Our next goal is to state the main technical
theorem we need to prove that (qﬁ’ée) is well-defined. We first need the following
lemma, which gives an explicit descriptiton of a representative in the projective class
of Frenet curves (¢4), [€] when o is an ideal triangle in ©. This is the counterpart
of Lemma 7.3, which gives such an explicit description when o is an edge in T.
Recall that for any triple of generic flags F := (F}, Fy, F3), and any triple of positive
integers i := (i1, i2,i3) that sum to n, akL(t) is the projectivization of the linear map
that acts as scaling by es on Fl(il) and scaling by e 5 on F2(i2) + Fg(iS) (see (3.1) in
Section 3.1). Also, for all j = 1,...,n — 2, let Bjo := {(i1,42,13) € B :ip = j} and
Bj’g = {(il,ig,ig) €B: i3 = j}

LEMMA 7.4. Let & : 8T — F(V) be Frenet, and let o be an ideal triangle in © with
vertices x1, Xy, 3, enumerated such that x := (x1,x9,x3) is cyclically ordered. For
m =1, 2, 3, let Xu, := (T Tint1, Tm—1). If {f1,..., fn} is a basis of V such that
§(l)(ac1) = Spang(fi1,..., fi) foralll =1, ..., n—1, then there is a representative &
of (¢5), [€] such that

&(x) ifas <<
E(x) = { agxy(t) - E(x)  ifay <o <o
aé(x&)(t) f(.%') lfl'Q <z <as,

where ag(x,)(t) := a%(xl)(t)ag(xl)(t) . ..a?(;?) (t) and aé(xg)‘(t) = a’gl(XS)(t)a’g(m)(t) .

m—2 C J g ;
ag’zxg)(t). Here, for all j = 1,....n — 2, az, () and ag(x3)<t) are the commuting
products given by

a0 = TT b (s 1) s 0y ® i= T @hiuy (—1k, ) € PGL(YV).

icB; .0 ieB; s
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In particular, ag(xl)(t) is represented by an upper-triangular matrix

[\ * ... % o«
0 Ng... *
0 0---)\1171*

[ 00 0 A |

in the basis {fi,..., fn}, where

A iai
. —eXp< > ugi”"”)-t)

A

for all k =1, ..., n — 1. Furthermore, agx,)(t) fixes €M ().

Proof. By Corollary 3.6, both ag(xl)(t) and a/g(xS)(t) are commuting products. The
first claim is then a consequence of (3.2) and the following observation: If

£(z) if 23 < < y;
£(z) = aé(xl)(—t) () ifx <z <o
ag(XS)(—t) E(x)  ifxe <z <ws,

for some j =1, ..., n—2, then £(x3) = &(x3), (21) = £(21), and é(j)(m) = §(j)(xg).
In particular, aé(xl)(t) = aé—(xl)(t) and a’g(xg)(t) = a’g(xg)(t) for all i < j. The rest is
a consequence of Lemma 3.1, Lemma 3.5, and a straight forward computation. O

Recall that for any non-isolated edge {ri,r2} in T, any bridge J = {T1,T2}
across {r1,r2}, and any m = 1, 2, we defined the closed edge subset ©(J,T,,) C ©
(see Definition 5.14). Assume without loss of generality that 77 and T3 lie to the left
and right of the oriented edge (r1,r2) respectively, and let p,, be the vertex of T,
that is either 1 or 3. Recall that in Notation 5.12, we defined a collection of ideal
triangles {..., T —1, Dm0, Tn,1, T2, - - - } such that all these triangles share p,, as a
common vertex, Ty, 1 = Tjy,, and T}y, j, shares a common edge ey, j, with T}, j,41. Also,
we defined a positive integer H,, such that é(J, Tm) ={Tm1,Tm2,--- T n,} (see
Figure 8). Let z,, , denote the vertex of e, j, that is not py,, set Py 4 == (Pms 2Zm.h)s
and set

b = (pm) Zm,h—1; Zm,h) if Pm = Tm;
o (pm’ Zm,hs Zm,h—l) if Pm = T3—m-

Let [£] be a projective class of Frenet curves in Hity (5), let u be a vector in W,
and let ¢ be a real number. For each triple in t,, j, define

ag(e, ) () = age, Dz, () .ag(;iyh)(t), (7.3)
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where for all j =1, ..., n— 2, aé(t h)(t) is the commuting product given by

H ai&(tmr,h) (_I‘L}:m’h N t) lf pm = Tm;

L iijYQ

al, (1) =
tom, : . ]
£t H alf(tm,h,) ('U':?m,h : t) if Pm = T3—m-
i€B; o

Also, for each pair p,, j, define

H Clg(pm,,h) (_/’Llsmyh : t) if pm = Tm;

COMOERE | 7.0
H Cg(pm,h) (Mpm,h : t) lf Pm = T3—m-
icA

Here, recall that uim and ;ﬂ;m . are the entries of the vector p (see Section 6.1).

h
Using this, we set

am(t) = agm(t) = a&(tm,l)(t)cﬁ(pm,l)(t) .. 'a&(tm,Hm)(t)cé(pm,Hm)(t)' (7.5)

It follows from Lemmas 7.3 and 7.4 that each ag, ,)(t) and each cg(p, (1) fixes
&(pm), s0 am(t) also fixes £(py,). In other words, if {f1,..., fn} is a basis of V such
that f; lies in €@ (ry) N M=+ (ry), then a,,(t) is upper triangular if p, = r
and lower triangular if p,, = ro. Let up(t) = ug¢m(t) be the unipotent projective
transformation that fixes £(py,) such that

am (t) = U () (£)

for some projective transformation hp,(t) = he b (t) that fixes both £(r1) and £(r2).

We consider the exhaustion (M, Ma,...) of QU © used to define (qﬁ’é’@)t (see
Section 6.2). The following is the main technical theorem that we prove here. Infor-
mally, it tells us how (gbg@)t, evaluated at the vertices of a non-isolated edge and at

the vertices of the two ideal triangles associated to a bridge across this non-isolated
edge, changes with t.

Let gy, be the vertex of the non-isolated edge {ri,r2} that is not p,,, and let
Ym be the primitive element in I' that has p,, and ¢,, as its repellor and attractor
respectively (see Notation 5.12).

Theorem 7.5. Let {r1,72} be a non-isolated edge in P and let J = {T1, T} be a
bridge in J across {r1,r2}. Suppose that [] is a projective class of Frenet curves in

Hity (5) and let £ be a representative of [£]. Let £; be the representative of (QS’X/[) (€]
i/t
normalized such that &;(p1) = £(p1), §(21,0) = £(21,0) and 5](-1)(2171) =&MW (214).
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(1) The infinite product

d

oo (£) = 1 (g () ()p(m)) - (B ()P ()~ (7.6)

is a well-defined unipotent projective transformation in PGL(V) that fixes
&(pm). Furthermore,

Tim (1) = e (t) - §(r),

lim &(r2) = u1,00(t) - £(12),

00
i, £j(22,0) = U100 (B 2,00 (t) " - E(220),

lim 5](,1)(2271) = U oo (g0 (t) 1 €W (22,1).

J—00

(2) lim lim &(yy, - Zm0) = lim &(gm).
d—00 j—00 J—0o0

7.2.2  The proof of Theorem 7.5. Recall that @)(J, Tw) =1 . Tm—1, Timo, T 1,

Tom,2, ...} denotes a closed edge subset (see Definition 5.14). We denote by 7 (J, T},)

the set of edges of the triangles contained in the closed edge subset O(J,T),),

T(J,Tn) ={emi,--- emm, }
It is a direct consequence of the definition of the sets M; in the exhaustion of

ou C~2 that there is an integer D’ such that for sufficiently large j
o 7l . (é(J, T) UT(J, Tm)> C Mjforall 0<d<j+ D', and
o 7. (é(J, T) UT(J, Tm)> AM;=0foralld>j+D.

For any sufficiently large j, set D := j+ D', and let E := 2(D + 1)(H; + H3). We
enumerate the set

D 2
U U e <(:)(J, Tm) UT(J, Tm)> = {01,09,03,...05} C QUO,
d=0m=1

in the following order:

Ti1, e1ny -, Tim, enm,,
Ta1, €21, .., Tom,, e2m,,
Ty m,41, 1,041, --- » T12H,, €12H,,
T H,41, €2,H, 41, -+ 5 122H,, €22H,,

T pH,+1, €1.DH,+1, -+ » 11 (D41)H,> €1,(D+1)H,>
Ts DHy+1, €2DHy+15 -+ 5 12 (D41)Hy» €2,(D4+1)Hs-
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REMARK 7.6. Fix a sufficiently large positive integer j. Observe that the projective
classes of Frenet curves

(#4;,),16] and 1 (), €
h=1

contain representatives that when restricted to the vertices of the ideal triangles in

D Pan ’ é(‘]v Tm)v

d=—o00

are projectively equivalent. To prove Theorem 7.5, we work with Hle (¢5,), in

place of (gf)“Mj)t

Notation 7.7. For all positive integers h, let &,, 5, be the representative of

h
1T (82), 1€
r=1

such that &y, n(Pm) = £(Pm)s Em,n(2m0) = §(2m,0), and 52,)h(2m,1) =W (zm,1)-

The first step is to prove the following lemma, which is an analog of Theorem 7.5
for the flows Hh (I HH2) ), Le. it tells us how & := Zgl+H2)( o)y (£), evalu-
ated at r; and 79 and at the vertices of the two ideal triangles associated to a bridge

across {r1,rs}, changes with t.

LEMMA 7.8. Let J be a bridge in J across the non-isolated edge {ry,r2} of T. Let
€ :0I' = F(V) be any Frenet curve, and let {fi,..., fn} be a basis of V' such that
fi lies in €0 (ry) N €M="V (ry) for all i =1, ..., n. Then for all real numbers t, the
projective transformation an,(t) in PGL(V') defined by (7.5) satisfies the following
properties.

(1) anm(t) fixes the flag &(pm).
(2) Let Ay 1,- .., Am,n be the diagonal entries down the diagonal of the matrix

representing a,,(t) in the basis { fi1,..., fn}. Then for allk =1, ..., n —1,
Hl . .
O S D S I
)‘1,k _ h=1 ixt+iz=n—k
ALk+1 H
exp e ) Z t?hkhﬂs t if p1 = ra,
h=1 Got+iz=

(7.7)
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and
H,
kv —k k7‘27‘3 .
exp (Z (uéz,’i )+ Z Mﬁ,,,z ' )) t) if po = ry;
A2,k _ h=1 iotig=n—k
A2,k+1 <ENy . (n—k,izis) ;
exp | — Z Hp,,  + Z Py, t if pog = 1.
h:1 Zg—‘r'Lg:k

(7.8)
In particular, the closed leaf equalities imply that all the diagonal entries of

a1 (t) and ax(t) agree.
(3) Ema(H,+H,) (2) = am(t) - &(z) for all

o 2
z € U U Y A zmiy s Zmom,, YU {1, o)
d=1m=1
(4) &m2(m+H,) (23-mp0) = am (t)az—m ()" - £(23-m0)
1 _
(5) €02t 4 11y (8-m) = am(D)az—m(8) 7 - €D (23 n.1)
Proof. (1) and (2) are immediate consequences of Lemmas 7.3 and 7.4 and a straight-
forward computation. We prove (3), (4), (5) in the case when m = 1; the case when
m = 2 is identical.
By Lemma 7.4, we see that &1(p1) = &£(p1), &1,1(210) = &(210), 583(2171) =
¢ (21,1), and &1,1(2) = agge, ,)(t) - &(2), for all

[e.o]

oo
ze W {zaamtu U 28 {22 mm U {rn
d=0

d=—00
where ag, ,)(t) is the projective transformation in PGL(V) defined by (7.3).
By definition, &1 2(p1) = &11(p1) = £(p1), §1.2(21,0) = &1,1(21,0) = &(21,0), 5;12)(%1)
- ;711)(21,1) = ¢W(z11), and & 2(21.1) = &11(211). Then by Lemma 7.3, &19(2) =
€ty 1 (pra) (B) - €11 (2) for all

oo

oo
zefng.amtUlJw {aa - amtu | W {za o mm U {rL
d=1 d=—00

where c¢, | (p, ,)(t) is the projective transformation in PGL(V') defined by (7.4). The
following is a key observation for this proof:

§12(2) = e, (pr1) (D) ag(e, 1) () - §(2) = ag, ) (D) ce(p, ) (F) - §(2),

for all

0o
z € {2’172,... 7217H1} U U ’yf . {2’1,1,... 721,H1} U U 'yg . {2’271,.. . ,227[{2} U {7"1,7“2}.
d=1

d=—o00

Iterating the above procedure H; times proves that & o7, satisfies the following:
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o Eiom (1) = (1), €12m, (210) = €(210), and &y (211) = €D (211),
o {1om,(2) = ai(t) - &(z) for all

oo
ze W {zaamtu U {22 e} U {rn
=1

d=—00

° th(Z) = 6172[{1(2) for all z € {pl,zLo,ZLl, <oy R1LH, = V1 21’0} and h > 2H1,
and

° 5&1(71 c211) = §§712)H1 (71 - z11) for all h > 2H;.

From the above properties of &1 op,, we see that ai(t) sends & om, (p2) = £(p2),
§2.2m, (22,0) = &(220), and 55,12)1%(22,1) = {W(22,1) to &1om, (p2), €120, (220), and
§§12) 1, (#2,1) respectively. Since &1 o7, and &2 25, differ by a projective transformation,
Remark 2.7 implies that &op, = a1(t)™! - &12m,. We can thus repeat the above

argument for the case when m = 2 (with & op, in place of £) to prove that §2,2(H, +Hs)
satisfies the following:

® Soo(m+m)(P2) = &(02), So2(m,+m,)(220) = &(220), and 5&712)(H1+H2)(Z2,1) =

¢W(221),
® & o(H,+H,)(2) = az2(t) - §2.2m, (2) for all

(e.) [o.¢]
ze W {z2n o mtU U A (o 2z YU {rn
d=1 d=—00
e S1(2) = Soo+m,)(2) for all z € {p2,200,221,.-.,22.1, = 72+ 220} and

h > 2(H1 + Hg), and
o &0 (72 221) = g;g(mmm - 29.1) for all h > 2(Hy + Hy).
Again from the above properties of &3 577, 417,), observe that ai(t)as(t)~! sends
52,2(H1+H2)(p1)7 52,2(H1+H2)(21,0), and gé?Q)(Hl_i_Hz)(zl,l) to &(p1) = 51,2(H1+H2)(p1),

1 . .
&(z10) = 51’2(H1+H2)(21,0), and f(l)(zl’l) = §§72)(H1+H2)(21,1) respectively. Since
§o.2(,+1,) and & o, +m,) differ by a projective transformation, Remark 2.7 im-
plies that a1 (t)as(t)~! - $o0(H +Hy) = §1,2(H,+H,)- As a consequence, we see that

S0+ 11,)(2) = a1 (t)az(t) ™ - Ea o+ m,) (2) = €121, (2) = a1 (t) - £(2) for all

co 2
zelJ U {omas o zman U {1, 22},
d=1m=1
so (3) holds. Similarly,
1o+ 1) (220) = a1 (B)a2(t) ™" - Lo, 411, (220) = ar(B)az(t) ™ - E(22,0),

so (4) holds. The same computation proves (5). 0
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When the Frenet curve £ : 9I' — F(V) is p-equivariant for some representation
p:I' = PGL(V), we can prove the following lemma, which is an analog of Lemma 7.8
for the flows [r_, (¢4, ),. Here, recall that E := 2(D + 1)(H; + Ha).

LEMMA 7.9. Let J be a bridge in J across the non-isolated edge {r1,r2} of T. Let
¢ :0I' - F(V) be a p-equivariant Frenet curve for some representation p : I' —
PGL(V) and let a,,(t) be the projective transformation in PGL(V') defined by (7.5).
For all non-negative integers d, set

A g(t) = p(ym) lam(O)p(vm) ™ and - ama(t) = a0 (t)ar, 1 (1) - apy g(t).
Then the following statements hold:
(1) am,q(t) fixes the flag £(pm)-
(2) &me(Vh - Zmo) = ama-1(t) - (v - zmo) and fr(,i)E(Wiin “Zma) = amd-1(t) -
EW(yd - 2, 1) for alld = 0, ..., D, where a, _1(t) := id.
(3) &m,e(2) = am,p(t) - £(2) for all

0o 2
z € U U N A zmiy - Zmom,, YU {1, e}
d=D+1m=1
(4) &m,5(23-m,0) = am,D(t)az—m p(t) " - &(23-m,0).
(5) Er(rlL?E(Z?)—m,l) = am,p(t)az—m,p(t) 1 - €W (23-m1).
Proof. In the proof of Lemma 7.8, we stopped the iterative procedure after D(H; +

H,) iterations. To prove this lemma, apply the iterative procedure (D +1)(H; + Hz)
times, and use the observation that since £ is p-equivariant, we have

p(m) Yam () p(m)
= aE(tm,de+1)(t)CE(Pm,deJrl)(t) ce aﬁ(tm,(d+1>Hm)(t)CE(medH)Hm)(t)
foralm=1,2and d=0, ..., D. O

Observe that a, q(t) defined in Lemma 7.9 can be rewritten as

am,d(t) = (am(t)p('ym))d‘f‘lp(,ym)—d—l .

We need to understand the limit as d grows to infinity of the unipotent part of
@m,q(t). This motivates the following lemma.

LEMMA 7.10. Let X be an n xn diagonal matrix whose diagonal entries are positive
and strictly decreasing down the diagonal, and let U be an n X n unipotent upper
triangular matrix, i.e.

A O0... 0 O Tuig -+ uip-1 Uin
0X... 0 O 01 ... U2 n—1 U2n
0 0...M 210 0 0 I up-1n
0 0. 0 M 00 0 1
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where 0 < A\| < --- < \,. Then the sequence
Vo= UX) X3,
converges to a unipotent upper-triangular matrix whose (i, j)-entry for all j > i is

. A

- k—1 Ats
J—1 H Ut toin ()‘tk,> Ut by
Z Z 1 - e 1w

k=0i=to<t1<--<tp=j \s=1 Ty 1 Aty

Proof. First, by induction on d, one can prove that V; is a unipotent upper triangular
matrix whose (i, j)-entry Vj ; 4 is given by

j—i
‘/i,j,d = E : § Weg by Wy b " Wty b,

k=1i=to<--<tp=j

k<li+-+1,<d A At Aty

for all j > i. Here, the second summation is over positive integers t1,--- ,tx_1 such
that i = tg < t1 < --- < tp_1 < t = j, and the last summation is over positive
integers l1,--- ,l; such that k <y +---+ 1 <d.

Since 0 < Ay < -+ < Ay, it is easy to see that if i = tg < t; < --- <t = j, then

¥ -1 A\ lo A I k—1 X 1
]. 0 1 . k—1 — “k . .
dggo Z ()\tk> <)\tk Aty H 1-— Mg 1-— Qg

k<l +lp<d s=1 X, X,

Thus,

j—i k=1, ( ts>
. sabs+1 \ Ay Ut t
lim V; 4= g E | | S S (7.9)
d—o0 1 — &ts to

k=01i=to<t;<--<tp=j \s=1 Ary 1- Aty

for all j > i. Since Vj is upper triangular and unipotent for all d, the same is true
for limg_, o Vy. O

By making an appropriate change of basis, we see that Lemma 7.10 also holds if
U is a unipotent lower triangular matrix and X is a diagonal matrix whose entries
are decreasing down the diagonal.

Proof of Theorem 7.5. Let {f1,..., fn} be the basis of V such that f; lies in £(r1)®nN
E(ro) =D foralli =1, ..., n.

Proof of (1). For m = 1, 2, let a,,(t) be the projective transformation in PGL(V')
defined by (7.5). Then we can write

am(t) = () (1)
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where u,,(t) is a unipotent projective transformation that fixes &(py,) = &m.2m,, (Pm)
and h,,(t) is a projective transformation that fixes {(r1) and {(r2). By Lemma
7.8(2), h1(t) = ha(t) is explicitly represented in the basis { f1,..., fn} by the unique
determinant 1, diagonal matrix whose diagonal entries A1, ..., A\, down the diagonal
satisfy, and in fact are determined by, the equation (7.7) and (7.8) forallk =1, ...,
n— 1.

Observe that hy,(t) commutes with p(~,,) since they have the same attracting
and repelling fixed flags. Also, since ¢ € [} ,, we see from the description of the
closed leaf inequalities in Section 5.3 that the matrix representative of p(ym )hm (%)
in the basis { f1, ..., fn} has diagonal entries that are increasing down the diagonal if
pm = 71 and decreasing down the diagonal if p,, = ry. At the same time, the matrix
representing u,,(t) in the basis {fi,..., fn} is upper triangular when p,, = r; and
lower triangular when p,, = ry. Thus, by Lemma 7.10, the limit

oo (8) 7= 1 (i ()i (D)p(3m)) (R (8) p(1))

exists, and is a unipotent projective transformation that fixes £(py,).
We previously observed that for the purposes of Theorem 7.5, we may use

Hle (¢5,), in place of <¢§\L/11>t (see Remark 7.6). Also, recall that we denote by

&m,n the representative of

h
IT (#2), 18
r=1

such that gm,h(pm) = g(pm)a gm,h(zm,o) = g(zm,())v and gﬁi?h(zm,l) = g(l)(zm,l) (See
Notation 7.7). It is thus sufficient to show that

Dlgnoo gl,E(Ch) = Ul,oo(t) : §(q1)7
Jim &, p(220) = U100 (F)t2,00(8) " - £(22,0),

Jim € (20,0) = wr oo (Buz o) - €0 (z0).

By Lemma 7.9(3),

p Sumtan) = jim anp(t) &)
= Jim_(ar()p(1)"" o) €a)

= lim_ (ur ()1 (8)p(1)) 7 (h (D)p(1)) 77 - @)
= u1,00(t) - &(q1)- (7.10)
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Since hi(t) = ho(t) commute with p(y1) and p(y2), Lemma 7.9(4) implies
DILIHOO &1,6(22,0)
= lim a1 p(t)a,p(t) " - &(220)
= lim (i (Oh(0)p(1))” o)™ p(02) ! (ua (1) ha()p(32))
= U1 o0 () 1,00 (1) 7" - €(220).-

Similarly, using Lemma 7.9(5) in place of Lemma 7.9(4),

—D-1

-&(22,0)

Jim €13 (22.1) = w00 (oo () €0 (220).

(2) Using Lemma 7.9(3), the same computation as the equation (7.10) proves
that

Jim €, (gm) = tmoe(t) - €(am).

At the same time, Lemma 7.9(2) tells us that for sufficiently large integers D and
any integer d > 1,

Em, B (Ve - Zm0)

)
) 'Ym)) p(’Ym)_d : f(%(vim : Zm,O)
= (wn (O (D) p(rm)) (hin (1)) ™ (B () p(ym)) - € (2im0)-

Since the matrix representative of p(v,,)hn(t) in the basis {f1,..., f,} has diagonal
entries that are increasing down the diagonal if p,, = x; and decreasing down the

diagonal if p,,, = x2, we see that limy_, (hm(t)p(wm))d - &(2m,0) = £(¢m ). Hence,
lim lim &5 (v, - 2m,0) = tm,oo()E(dm).

d—oo0 D—oo

This proves (2). 0

7.3 Well-definedness of (gb’é’@) Using Theorem 7.5, we are now ready to

.
prove that the flow ( ‘é@> defined in Section 6.3 is well-defined.
/4
We consider the subspace Wg g of W = T¢Hity (S) given by
Woe ={peW: : yk=0forallrc?P, ke A},
where A is the set of pairs of positive integers that sum to n. Also, let IT: W — Wg ¢
be the projection such that
o TI(p)k = ik for all r € Q and k € A,

r —

o I(p)k =0forallr e P and k € A,
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o TI(p)L = 4k for all x € © and i € B.

Since the closed leaf equalities only involve the invariants associated to QU ©, 11
is indeed well-defined. Observe that, if defined, <¢’é ) (gbn(“ > because If¢ , =
Iig i(u), and the sequence (M, Mo, . ..) defined in Sectlon 6.2 is an exhaustion of
Q U O. The next proposition is the analog of Proposition 7.1, and relates the flow
(¢é7@)t with the parametrization €2 of Hity (S) given in Theorem 5.20. In particular,

it implies that (d)’é @> is well-defined, and does not depend on the choice of base
)t

point pg in D, even though the semi-elementary flows (gbﬁ@) obviously do.
t

PROPOSITION 7.11. Let £ be a representative of [£] in Hity (S), let u be a vector in
W, let t be a real number in I, and let

[€0] := Q71 (Q[¢] + tTI()) € Hity ().
Pick any ideal triangle {x1,x9,x3} in é, and choose representatives &; (resp. &y) of

(¢”M_j>t [€] (resp. [&o]) such that
gj(xl) = 5(!131), fj(mz) = §(x2) and £§1)($3) — 5(1)(563)

for all non-negative integers j. Then

lim &; = &o.

j—o0
Proof. By Proposition 4.1, it is sufficient to prove that §; converges to § on the
vertices of 7. Since
Jim T (21), §(w2), & (w3)) = T"(So(21), 0(2), So(23))

for all ordered triples of positive integers i that sum to n, Proposition 2.19, implies
that limjﬂoo fj(.fg) = 50(.1}3) for all j

Let y be any vertex of 7 that is not x1, T2 or x3. We again use the combinatorial
description of pairs of distinct points in T developed in Section 4.3 to prove that
&(y) converges to &(y). After possibly relabelling the vertices of {1, 2,23}, we
may assume without loss of generality that {xg, z3} is the minimal element of £, ..
Recall the decomposition

301 W) U g($1 Y)s s U U 5 (z1,y),8,s+1 — U 5 U U gs ,5+1-

We just observed that, lim;_. &; and & agree on {1, 2, x3}, which is the backward
end of &y 1. Also, observe that all the ends of £ and & 541 are ideal triangles, except
possibly the forward end of &, in which case & ;41 is empty. Thus, by Remark 2.7,
to prove that limj .. &;(y) = &(y), it is sufficient to prove that for all £ with
E =& 541 or € = &, the following holds:
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(1) If limj_ & and & agree on the backward end A_ of £, then they must agree
on its forward end A, as well.

First, we prove (f) when & = & oy1. Recall that the number of vertices of the
edges in & 511 is finite. We can thus apply Propositions 3.7, 3.13 and 2.19 to these
vertices to deduce that the sequence of sextuples {(ﬁj(A_),ﬁj(AJF)};; converges
to (£0(A-),&(A™)) up to projective transformations. This immediately implies (7).

Next, we prove () when & = £. We orient the unique non-isolated edge e in
&s such that z1 and y lie to the left and right of es respectively. Let r1 and 79 be
respectively the backward and forward endpoints of e equipped with its orientation,
and let {f1,..., fa} be a basis of V such that f; lies in £®(r1) NP~ (1), Let
J :={T1,T>} be a bridge across eg, T1 and T3 lie to the left and right of r := (71, r2)
respectively. The same argument that we used above proves (f) when eg is the
maximum of &, in which case s = k and & ;41 is empty, and also that

[ hmj—»oo fj(A_) = fo(A_) if and only if limj_.oo fj (Tl) = fo(Tl),

(] limj_,oo @(A.}_) = fo(A+) if and only if limjﬁoo fj (TQ) = fo(Tg).
Thus, we may assume that es is not the maximum of &, and it is sufficient to prove
that if im0 §(T71) = &o(11), then lim;j_,o &;(12) = & (1%). To prove this, we recall
the following notation.

For m =1, 2, let p,, (resp. gn,) be the vertex of the edge es that is (resp. is not)
a vertex of T,,, and let ~y,, be the primitive group element in I' with p,, and g,
as its repelling and attracting fixed points respectively. Recall that the collection of
ideal triangles {..., Ty —1, Dm0, Tm,1, Tm,2, - - - }, specified in Notation 5.12 all share
Pm as a common vertex, T}, 1 = T),, and T, ) shares a common edge e, with
T ht1- Also, H,, is the positive integer such that the closed edge subset é(J, Tn)
(Definition 5.14) is given by O(J,T},) = {Tm1,Tm2, ..., Tmm, } (see Figure 8). Let
Zm,n, denote the vertex of ey, j, that is not pp,, set Py,.p := (Pm, 2m,n), and set

b= { (prm Zm,h—1; Zm,h) if Pm = Tm;
e (pma Zm,hs Zm,h—l) if pr = 13-m.
Let fj be the representative of (qb’]t/[) [€] such that éj(pl) = &(p1), éj(zl,g) =
i/t
£(210), and €M (z11) = €D(21,1). By Theorem 7.5(1),

Jim €5(a1) = w00 (1) - E(an).
Jim, £j(22,0) = oo (uz,oo(t) ™! - €(220),

Jim € (z2.) = w00 Dz ()7 - €0 (z20).
for some unipotent elements w1 o (t) and us o (t) in PGL(V') that fix £(p1) and £(p2)
respectively. In particular, Lemma 5.9 implies that for all pairs of positive integers
k := (k1, ko) that sum to n, lim;_ . aX[¢;] = aX[¢] = aX[&).
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By Propositions 2.19, 3.7 and 3.13, we see that for m = 1, 2, there is a projective
transformation A, in PGL(V') such that hy, - imj_o §(pm) = §o(pm) and

o+ 1 & (1 + 2m0) = €03+ 2m.0)
for all integers d. By Theorem 7.5(2), we have

B - T €5(Gm) = P - lim lim &5 (7%, - 2 0)
J—00

d—00 j—00
= lim &(vp, - 2m.0)
d—o00

= 50(‘]771)-

In particular, hy, - limj o0 £ (7m) = &o(rm) for both m =1, 2.

The assumption that lim; . &(T1) = &o(T1), together with Remark 2.7, im-
plies that hy = id, i.e. limj o0 §(1m) = &o(rm) for m = 1, 2 and lim;_ @(7{1-
z10) = & - z10) for all non-negative integers d. In particular, hy fixes both
im0 §5(p2) = €o(p2) and lim; o0 §;(g2) = o(g2)-

Now, since lim; o aX[¢;] = aX[¢] for all pairs of positive integers k := (ki, k2)
that sum to n, Lemma 5.10 implies that there is a unipotent projective transforma-
tion u that fixes &y(p2), sends lim;_. &j(22,0) to &o(22,0), and sends lim;_, fj(-l) (22,1)

to 561)(21271). It follows from Remark 2.7 that uw = ho, so hy = u = id. Thus,
lirnjﬁoo fj (Tz) = fo(TQ). O

7.4 Closed-form formulas for the (7, J)-parallel flows. Fix an ideal tri-
angulation 7 of S and a compatible bridge system J. Let © denote the set of ideal
triangles of 7. Also, fix a vector p in W (see Notation 5.16). Recall that ¢} denotes
the (7, J)-parallel flow associated to the p. Our proof of Theorem 6.6 allows us to
describe ¢} explicitly, in the sense of the following pair of propositions.

Recall that A is the set of ordered pairs of positive integers that sum to n, B is
the set of ordered triples of positive integers that sum to n, and Bj o := {(i1, 2, 3) €
B:ig=j}forall j =1,..., n—2. Also, recall that for all triples of positive integers
that sum to n and all cyclically ordered triples x := (x1, 22, x3) in JT, aé(x) is the
projective transformation defined by (3.1) in Section 3.1. Similarly, for all pairs of
positive integers that sum to n and all distinct pairs r := (r1,72) in OT, clg(r) is the
projective transformation defined by (3.4) in Section 3.2 respectively.

PROPOSITION 7.12. Let x := (x1,z2,23) and y := (y1,y2,y3) be cyclically or-
dered triples of points in OI' such that {x1,r2,23} and {y1,ye,y3} are ideal tri-
angles in ©. Let { be a Frenet curve whose projective class lies in Hity (S), let
t € Iy ., and let & be the representative of ¢} [€] such that (&(x1),&(x2), (W (z3)) =

CIERRACANGRIC)
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(1) If x1 = y2 and x9 = y1, let p := (y1,y2). Then

(St(yl),ét(yz),dl)(ys,)) = 11 % (—uiﬁ : t> : (&(yl),ﬁ(yz),é(”(w)) :

keA

(2) If 22 = y1, 3 = y2 and x1 = y3, then

(&), €0l 6 (09)) = ak) (Dadi) (1) - a2 - (), €, €D ) )

where aé(y) (t) is the commuting product

aly) &) = ] aky) <“iy't>

ieB; 2
forallj=1,...,n—2.

Furthermore, if {f1,..., fa} is a basis for V such that f; lies in €9 (1) €MD) ()
foralli=1, ..., n—1, then

11 <o) (Hlé't) and gaiax) (F‘i«'t>

keA

can be written as matrices whose entries have explicit algebraic formulas in terms
of the coordinates of the vector e'*.

Proof. This follows from a computation using Lemmas 3.5 and 3.12. O
The second proposition, Proposition 7.13, is the analogous statement for bridges.

PROPOSITION 7.13. Let {ri,r2} be an edge in T and let J = {T}, Ty} be any bridge
across {r1,ro} such that T and T lie to the left and right of r := (r1,r2) respectively.
Form =1, 2, let p,, (resp. ¢,) be the vertex of the edge {r1,r2} that is (resp. is not)
a vertex of T,,, and let z,, and w,, be the other two vertices of I, such that either
(Prms Zms Wiy Gm,) OF (Qumy Winy Zm, Pm) 1S cyclically ordered (see Figure 7). Let £ be a
Frenet curve whose projective class lies in Hity (5), let t € Ii) 0> and let & be the

representative of ¢}'[¢] such that (&(pl),ft(zl),gzgl)(wl)) = (§(p1),§(z1),§(1)(w1)).
Then

(6P, €r(z2). &6 (w2) ) = t1.00(8) - g ()" - oo (0)7" - (6(p2), €(22), €V (w))

where um oo(t) is the unipotent projective transformation in PGL(V) defined by
(7.6) in Theorem 7.5 and c¢(y(t) is the projective transformation defined by (7.1)
in Lemma 7.3. Furthermore, if {fi,..., fn} is a basis for V such that f; lies in
ED(r) MEM=HD (ry) for all i = 1, ..., n— 1, then uy o (t) - Ce(ry) (1) - U2,00(t) 71 can
be written as matrices whose entries have explicit algebraic formulas in terms of the
coordinates of the vector e'*.
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Proof of Proposition 7.15. Let ft be the representative of ( 0. @> [€] such that &,(p1)
= &(p1), Ey(z1) = €(=1) and & (w1) = €D (wy). Then observe that

&(p2) = cg () (1) - Eu(p2),
Ei(22) = cg (1) - Ey(22), and
D (ws) = cg ()71 & (wa).

By Theorem 7.5(1), £,(r1) = u1,00(t) - £(r1) and &, (r2) = u1.00(t) - £(12), sO

-1

Cg oy ()71 = o0 () ey () oo (1)

At the same time, Theorem 7.5(2) implies that

€4(p2) = w1,00(t) - €(p2) = w100 ()z,e0(£) 1 - E(p2),
Ei(w2) = Uy o0 (t)Uu,00 ()~ f( 2), and
€ (22) = w100 (uz oo ()1 - €D (20).

This proves that

(6(p2). (=), €7 (w2)) = wr0a(t) - e () et - (E(p2). E22). €V (w))

From the proof of Theorem 7.5, we see that (7.9) in the proof of Lemma 7.10
gives an explicit algebraic formula for the entries of wu, o (t), and hence of

U100 (1) * Ce(ry () ™ U200 (1) 71, (7.11)

in terms of the coordinates of Q([¢]) and e . 0

8 Pants Decompositions, Flows and Darboux Coordinates

In this section we consider a particular ideal triangulation and a particular com-
patible bridge system, that are subordinate to a pants decomposition of S. Using
this fixed data, we specify a family of special (T, J)-parallel flows on Hity (S). This
family consists of (29 — 2)(n? — 1) = dim(Hity (S)) flows (that necessarily pairwise
commute) whose tangent fields form a global frame of the tangent bundle THity ().
Using this, we construct a particular coordinate system on Hity (S) whose coordi-
nate functions are explicitly given in terms of the parametrization €2 = Q27 7 of the
Hitchin component. In the case when n = 2, this coordinate system agrees with the
Fenchel-Nielsen coordinates on Teichmiiller space (up to scaling).

In the companion paper [SZ17], it is shown that at every point in Hity (S), the
tangent fields to the special (7', J)-parallel flows give a Darboux basis of the tangent
space to Hity (S) with respect to the Goldman symplectic structure. It follows that
the coordinate system we define is a global Darboux coordinate system for Hity (.9),
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and every coordinate function is the Hamiltonian function of a special (7, J)-parallel
flow, see Section 8.3 for more details.

There are four different types of special (7, J)-parallel flows: the families of n—1
twist flows and of n—1 length flows that are associated to simple closed curves in the
pants decomposition, and the families of Wléﬁ eruption flows and of W
hexagon flows that are associated to the pairs of pants. These are explained in more

detail in Section 8.2.

8.1 Triangulation subordinate to a pants decomposition. = We specify the
ideal triangulation 7 and the compatible bridge system 7 subordinate to a pair of
pants decompositions of S. Let us fix an auxiliary hyperbolic structure on S. Let P
be a family of 3g — 3 pairwise non-intersecting simple closed geodesics on S. They
define a decomposition of S into 2¢g — 2 pairs of pants. We denote by P the set of
these 2g — 2 pairs of pants. For each pair of pants P in P, we choose peripheral
group elements ap1,apga, aps in m(P) such that apsapsap; = id, and P lies to
the right of its boundary components, oriented according to ap1, apo and apgs.

By choosing base points, the inclusion of P into S induces an inclusion of 7y (P)
into I', so we can view api, aps and apg as group elements in I'. We can then
define a I'-invariant ideal triangulation of the universal cover of S by

3
T .= U U I {{a];,m7a1+3,m}a {a];,m’alz,m-‘rl}}’

PePm=1

where v~,~4" denote the repelling and attracting fixed points of the group element
7 in I" respectively, and arithmetic in the subscripts are done modulo 3. Then 7 :=
T/I' is an ideal triangulation (Figure 11). The set of non-isolated (equivalently
closed) edges of T is exactly P. The set of ideal triangles © of the triangulation 7°
is given by

@ = U F : {{a];,lv a};’ga 05133}7 {Oé];l’ 051;’3, aP,3 : 051;72}}~ (81)
PcP

We fix a bridge system J compatible with 7, such that both endpoints of all the
bridges in J lie in the ideal triangles in © of the form = - {al_n, Upo, a;’g} for some
P in P and some vy in I'.

For the rest of this article, we assume that (7,.) is of this type. Note that the
ideal triangulation and the bridge system do not depend on the auxiliary hyperbolic
metric on S.

8.2 The special flows.  Next, we describe the special flows associated to (7, 7).
Recall that we identify the tangent space to Hity (S) with

W =Wz c ROI=9)-1) 5 Rg=2)(n-1)(n-2)
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Figure 11: This figure shows the ideal triangulation of a single pair of pants and its lift to
the universal covering (Color figure online).

the linear subspace cut out by the (3¢ — 3)(n — 1) closed leaf equalities (see Sec-
tion 6.1). We denote an arbitrary vector u in W by
— k i
H= ((“r)keA;ze?’ (/‘;c)ieB;xeé) ’
where A is the set of ordered pairs of positive integers that sum to n, B is the set of
ordered triples of positive integers that sum to n, 7 is a set of oriented representatives

for each I'-orbit in 7, and © is the set of cyclically ordered representatives for each
I-orbit in O (see Notation 5.19). Recall that

ki _ ki _ ke
/'L'y-rl - /’Lrl - Mrg 9
for any v in I', and any k,,, := (km, km+1) and vy, == (7, rmg1) for m = 1, 2.
Similarly,

Hoyox, = Py = Hity = iy
for any v in I', and i, := (4my im+1, tm—1) and Xy, = (T, Timp1, Tm—1) for allm =1,
2, 3.

In the previous sections, we split the parameters of the parametrization Q7 7
into two types, parameters associated to edges in 7, and parameters associated to
ideal triangles in ©. Here, we construct flows associated to the non-isolated edges
(simple closed curves) in P on the one hand, and to the pair of pants in P on the
other hand. Thus, it is more convenient to split the parameters in a different way.
Namely into those that are associated to non-isolated edges, and those that are
associated to ideal triangles in ©. For this note that any isolated edge of 7 is the
side of an ideal triangle in ©. Therefore a convenient way is to consider B, the set
of ordered triples j := (j1, j2,j3) of non-negative integers that sum to n, such that
0<71,52,53 <n—1

We can then denote an arbitrary vector p in W by

_ [,k =
B= <(/‘r)keA;z€P’ ('ux>je3;xe@> '
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So, for example if j = (0, jo, j3), then /ﬂ;c = ugi22’7];3) is the parameter associated to
the isolated edge represented by (x2,x3).

We first introduce the eruption and the hexagon flow associated to a pair of pants
P in P.

For every pair of pants P in PP, we need a way to label the two ideal triangles
in which it is cut. For this, set z,, := Ap for m = 1, 2, 3, and let y; := Upy;
Y2 1= Qp, Y3 i=apg - ozPQ in OI', where ap1, aps and apg are the group elements
in 7r1(P) corresponding to the peripheral curves in P as described in Section 8.1.
Observe that

® T =Y1 <T2<T3=Y2 <Yz <T1=Yi,

e [71,72,73] and [y1, Y2, y3] are the two ideal triangles that lie in P,

o if {T1,T5} is a bridge in J across a lift of a boundary curve of P, and [T}] is
the triangle in P, then [T1] = [x1, 2, x3].

Note that the conjugacy classes [ap1], [apz], [aps] are naturally in bijection
with the three boundary components ci,co, c3 of P, equipped with the orientation
so that P lies to the right of each boundary component. Therefore, specifying an
order on {ci, ¢, c3} induces an order on {x1,x9, x3}.

DEFINITION 8.1. Let c1,co,c3 be the non-isolated edges in P that are the three
boundary components of P. An order on {c1, ca, c3} is said to be cyclic if the induced
order on the vertices of the ideal triangle {x1,xo,x3} is cyclically ordered.

The only cyclic orders on {c1, ¢, c3} are (¢, ¢mt1, Cm—1) for m =1, 2, 3.

Weset P := (P, ¢y, ¢2,¢c3), where P is a pair of pants in P, and (¢1, c2, ¢3) is a cyclic
order on the boundary components of P. We then have a cyclic order x := (z1, z2, x3)
on the triangle [x1, x2, x3]. We will refer to any such choice of x as a triple associated
to P.

Notation 8.2. For any triple of positive integers i := (i1, 12,43) that sum to n, let

1= (ilv i3>i2)~

DEFINITION 8.3. Let P, x, y be as above, and let i := (iy,i2,i3) be a triple of
positive integers that sum to n. The i-eruption flow associated to P is the (7,.7)
parallel flow ¢}’ as defined in Definition 6.5, where u is the vector in W that satisfies

e for all pairs v := (r1,73) such that {ry,rs} is a non-isolated edge in T, and all
pairs of positive integers 1:= (l1,l2) that sum to n,

py =0,

e for all cyclically ordered triples t := (t1,t2,t3) such that {t1,t2,13} is an ideal
triangle in ©, and all triples of integers j := (j1,J2,J3) that sum to n and
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Figure 12: A non-isolated edge of P is drawn in red (thick), a bridge in J across the non-
isolated edge is drawn in green (dotted), and isolated edges are draw in blue (thin). Each
colored dot in an ideal triangle represents an ordered triple of positive integers that sum to
n. The picture gives a diagramatic representation for the eruption flows (turquoise squares)
and hexagon flows (yellow discs). The numbers above each of the colored dots are the
corresponding coordinates of the vector p in W. (Color figure online)

0 < j17j27j3 <n-— ]-7

1
3 ift=xandj=1i;
- 1 B
fiy = —3 ift=yandj=1i;-
0 otherwise.

(see Figure 12). Let £L denote the tangent vector field of this flow. Collectively, we
refer to the i-eruption flows associated to P as the eruption flows associated to the
pair of pants P.

It is straightforward to verify that &5 does not depend on the choices made.
More informally, the i-eruption flow associated to P is the flow with the property
that in time ¢, it increases 7. by %t, decreases T;, by %t, and keeps all other coordinate

functions of €2 constant. Observe that if we set ip, := (im_, im+1,im—1) and P, :=
(P, ems Cmt1, em—1) for m =1, 2, 3, then £ = &g, = &, . Thus, there are (n —
1)(n —2)(g — 1) eruption flows, W for each pair of pants in P.

To define the hexagon flows, we use the following notation.
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Notation 8.4. Let i := (i1,1492,13) be a triple of positive integers that sum to n. For
any triple of integers (a1, as, as) that sum to 0 such that —i,, < a,, <n—i, —1 for
m =1, 2, 3, denote i(a1, as,as) := (i1 + a1,i2 + az, i3 + as).

DEFINITION 8.5. Let P, x,y be as above, and let i := (i1, 12, 13) be a triple of positive
integers that sum to n. The i-hexagon flow associated to P is the (7T, J)-parallel
flow ¢}, where p is the vector in W that satisfies

e for all pairs v := (ry,79) such that {ry,rs} is a non-isolated edge in T, and all
pairs of positive integers 1:= (ly,l2) that sum to n,

py =0,

e for all cyclically ordered triples t := (t1,t2,t3) such that {t1,t2,t3} is an ideal
triangle in ©, and all triples of integers j := (j1,J2,j3) that sum to n and
0 < jlaj27j3 <n-— 17

1 ift =x and j=1i(0,1,-1), i(—=1,0,1) or i(1,—1,0);
1 ift =y and j =1i(0,—1,1), i(1,0, 1) or i(—1,1,0);

pt =< —1 ift=xandj=1(0,-1,1), i(1,0,-1) or i(—1,1,0);
-1 ift=y andj=1i(0,1,-1), i(-1,0,1) ori(1,—1,0);
0 otherwise.

(see Figure 12). Let H}, denote the tangent vector field of this flow. Collectively, we
refer to the i-hexagon flows associated to P as the hexagon flows associated to the
pair of pants P.

Just like the eruption flows, observe that HiP does not depend on any of the
choices made. Also, if we set i, := (im,im+1,im_1) and Py, := (P, ¢m, Cmt1, Cm—1)
for m =1, 2, 3, then Hp = Hp, = Hg, . Thus, there are (g — 1)(n — 1)(n — 2)
hexagon flows, ("_UQM for each pair of pants in PP.

The following lemma is an easy consequence of the definition of the eruption and

hexagon flows.

LEMMA 8.6. Let P be a pair of pants in P. The eruption flows and the hexagon
flows associated to P do not change the representation restricted to S\P (up to
conjugation). In particular they preserve the eigenvalues of the holonomy along all
pants curves in P.

REMARK 8.7. When n = 3, there is only one eruption flow and one hexagon flow for
each pair of pants P in IP. In this case, any representation in the Hitchin component
is the holonomy of a convex real projective structure on S. The eruption flow has
a geometric realization which can be seen as changing certain gluing parameters of
convex projective triangles. The hexagon flow can be realized as a bulging flow with
respect to an edge of the triangulation that lies inside of P. We refer the reader
to [WZ17] for a geometric description of these flows.
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Next, we define the twist flows and length flows. These are associated to the
pants curves in P.

For any curve ¢ in P, let ¢ be ¢ equipped with an orientation, and let P, and
P, be the pairs of pants that share ¢ as a common boundary component (possibly
P, = P,), such that P; and P; lie to the right and left of c respectively. Choose
an oriented, non-isolated edge d := (z1,1,212) in 7 that is a lift of c. We may
assume without loss of generality that the group element ap, in m(Py,) has z1p,
and 1,41 as its repelling and attracting fixed point respectively, and that {77, 75}
is a bridge in J, where T}, := {ap Bp ,vp, +- Then let x9,, = Bp , ¥3m = 7p
and Y1,m 1= @p , Y2m = Vp , Y3m = VP, - Op I OI'. Observe that

® T11 <22 <T32<T12<721<x31<T11,
® [Z1m,T2m, T3.m] a0d (Y1 m, Y2,m, Y3,m] are the ideal triangles in P,.

We will refer to any such choice of d as a pair associated to c.

DEFINITION 8.8. Let ¢ be an oriented simple closed curve in P and d a pair associ-
ated to c. Let k := (k1, k2) be a pair of positive integers that sum to n. The k-twist
flow associated to c is the (T, J)-parallel flow ¢}', where u is the vector in W that
satisfies

e for all pairs  := (ry,79) such that {ry,rs} is a non-isolated edge in T, and all
pairs of positive integers 1:= (ly,l2) that sum to n,

1 —— l=kandr=d;
My =
0 otherwise

e for all cyclically ordered triples t := (t1,t2,t3) such that {t1,t2,t3} is an ideal
triangle in ©, and all triples of integers that sum ton and 0 < ji, jo,j3 < n—1,

g =0,
(see Figure 13).

Let S¥ denote the tangent vector field of this flow. We collectively refer to the k-
twist flows associated to ¢ as the twist flows associated to the simple closed curve ¢

in P.

Observe that SX does not depend on any of the choices made.

If we let ¢; and co be the two orientations of ¢, and set k,,, := (ky,, k1) for
m =1, 2, then SX = SX2. As such, in total, there are (3g — 3)(n — 1) twist flows,
n — 1 for each simple closed curve in P.

These twist flows are generalized twist flows in the sense of Goldman [Gol86,
Section 1]. It is straightforward to verify the following lemma.
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3,2 = Y2,2 1,2 = Y1,2

2,1

x2,2

1,1 = Y1,1

3,1 = Y2,1

Figure 13: A non-isolated edge of P is drawn in red (thick), a bridge in J across the non-
isolated edge is drawn in green (dotted), and isolated edges are draw in blue (thin). Each
colored dot in an ideal triangle represents an ordered triple of positive integers that sum to n,
and each dot along an edge represents an ordered pair of integers that sum to n. The picture
gives a diagramatic representation for the lozenge flows (purple discs) and twist flows (grey
squares). The numbers above each of the colored dots are the corresponding coordinates of
the vector p in W (Color figure online).

LEMMA 8.9. Let ¢ be a simple closed curve in the pair of pants decomposition P.
The twist flows associated to ¢ do not change (up to conjugation) the representation
restricted to S\c. They hence preserve the eigenvalues of the holonomy along all
pants curves in P.

To define the length flows, for any pair of positive integers k := (k1, k2) that sum
to n, we denote k' := (0, kq, ko), k? := (k1,0, ko), and k3 := (ky, k2, 0).

DEFINITION 8.10. Let ¢ be an oriented simple closed curve in P and d a pair as-
sociated to c. Let k := (k1, ko) be a pair of positive integers that sum to n. For
m =1, 2, set x(m) := (T1,m,T2,m,T3,m), and y(m) := (Y1,m,Y2,m,Y3.m), and let
K = (km, k).



GAFA FLOWS ON THE PGL(V)-HITCHIN COMPONENT 679

(1) The k-lozenge flow associated to c is the (T ,J)-parallel flow ¢}, where p is
the vector in W that satisfies _
e for all pairs r := (r1,r2) such that {ri,rs} is a non-isolated edge in T,

and all pairs of positive integers 1 := (l1,l3) that sum to n,

=0

e for all cyclically ordered triples t := (t1,t2,t3) such that {t1,t2,t3} is an
ideal triangle in ©, and all triples of integers j := (j1, jo, j3) that sum to
n and 0 < j17j27j3 <n-— 17

1 ift =x(1) and j = k3 or k3(0, —1,1);
1 ift =y(1) and j = k? or k3(0,1, —1);
1 ift =x(2) and j = k3 or k3(0, —1,1);
1 ift =y(2) and j = k3 or k3(0,1,—1);

=< —1 ift=x(1) and j —k3(1, —1,0) or k3(—1,0,1);
—1 ift=y(1) and j = k3(1,0,—1) or k3(—1,1,0);
—1 ift=x(2) and j = k3(1,—1,0) or k3(—1,0,1);
—1 ift=y(2) and j = k3(1,0,-1) or k3(—1,1,0);
0 otherwise;

where for any positive triple of integers i := (iy,149,13) that sum to n,

i(a1,as,a3) := (i1 + a1,is + as, i3 + a3), see Figure 13. Let Z¥ denote the
tangent vector field of this flow.
(2) The k-length flow associated to c is the flow whose tangent vector field YX is
given by

Kk 2(0,-1,1) k?(—1,0,1) k3(0,-1,1)  ok3(—1,0,1)
Ve.=zk 4 gk x(1) - Ex(l) + EX(Z) - SX(Q) .

We collectively refer to the k-length flows associated to ¢ as the length flows asso-
ciated to the simple closed curve c € P.

The lozenge flow is simply an intermediate flow used to define the length flow.
Just like the twist flows, V¥ and Z¥ do not depend on the choices made. Also, if we
let ¢; and cy be the two orientations of ¢, and set ky,, := (K, kpmt1) for m =1, 2,
then we have VX! = VX2 and Z¥' = ZX2. Hence, there are (3g — 3)(n — 1) length
flows, n — 1 for each simple closed curve in P.

The following lemma is immediate.

LEMMA 8.11. The length flows associated to ¢ do not change the representation
restricted to S\ (P1 U P).

DEFINITION 8.12. A (7, J)-parallel flow is said to be special if it is an eruption,
hexagon, twist or length flow. The tangent vector fields of these flows are respectively
called the eruption, hexagon, twist and length fields, and are collectively referred to
the special (7, J)-parallel vector fields.



680 Z. SUN ET AL. GAFA

8.3 A new coordinate system. For every special (7, J)-parallel vector field
X, let X* be the special (7, J)-parallel vector field given by

Sk if X =Yk

vl ] Ye X =8k
R S if ¥ =Hi;
—HL if X = EL.

REMARK 8.13. This notation is chosen because in the upcoming companion paper
[SZ17], it is shown that the pairing of any pair of special (7, J)-parallel vector fields
X1, Ao under the Goldman symplectic form w on Hity (.S) is given by

1 it = AT,
w(Xy, Xp) = {0 otherwise.

In order to define the coordinate system we show the following

PROPOSITION 8.14. For any special (T ,J)-parallel vector field X, there exists a
(necessarily unique) real-analytic function

H(X) : Hity(S) — R

whose derivative in the direction of X* is 1, and whose derivative in the direction
of all other special (T,J)-parallel flows is 0. Furthermore, H(X) can be written
in the coordinate functions of the parametrization 0 given in Theorem 5.20. In
particular, the (T,J)-parallel vector fields define a global frame of the tangent
bundle THity (S).

This is proven in Theorem 8.18 and Theorem 8.22 below. Since the special (7, J)-
parallel flows pairwise commute and their tangent vector fields form a basis of the
tangent space to Hity (S) at every point, we have the following corollary.

COROLLARY 8.15. The collection of functions
{H(X) : X is a special (T, J)-parallel vector field}
defines a global coordinate system on Hity (5).

REMARK 8.16. Using the results in [SZ17] discussed in Remark 8.13, the global
coordinate system in Corollary 8.15 is a Darboux coordinate system for the Goldman
symplectic form. As a consequence, we have the following corollary.

COROLLARY 8.17. The following submanifolds of Hity (S) are Lagrangian subman-
ifolds:

(1) The submanifold spanned by the n — 1 twist flows associated to the 3g — 3

(n—1)(n—2)
2

simple closed curves in P and the eruption flows associated to the

2g — 2 pairs of pants in P.
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(2) The submanifold spanned by the n — 1 twist flows associated to the 3g — 3

simple closed curves in P and the wénd)

2g — 2 pairs of pants in P.

(3) The submanifold spanned by the n — 1 length flows associated to the 3g — 3
(n—1)(n—2)
2

hexagon flows associated to the

simple closed curves in P and the
2g — 2 pairs of pants in P.
(4) The submanifold spanned by the n — 1 length flows associated to the 3g — 3
(n—1)(n—2)
2

eruption flows associated to the

simple closed curves in P and the
2g — 2 pairs of pants in P.

hexagon flows associated to the

The Lagrangian submanifolds in (1) and (2) are of particular interest since the length
functions of all simple closed curves in P are constant on them.
The functions H(X) are explicitly given in the following two theorems.

Theorem 8.18. Let ¢ be an oriented, non-isolated edge in T, let d := (dy,d2) be a
lift of ¢, and let k := (k1, ko) be a pair of positive integers that sum to n.

(1) Let Y¥ be the tangent vector field of the k-length flow with respect to c. Then
H(ytl:{) = —20(1:1,

where 0415 : Hity (S) — R is the symplectic closed edge invariant defined in
Definition 5.8.

(2) Let S¥ be the tangent vector field of the k-twist flow with respect to c. Let v be
the primitive group element in I' with d; and ds as its repelling and attracting
fixed points respectively. For any pair of positive integers j := (j1, j2) that sum
to n, let & : Hity(S) — RT be the function defined by [p] := G (v) (see

(5.2)). Then
b k21 o k172
H(S¥) = 2l ey
(SC) ],Zl 2n C + ‘]Zl 2” C

In the proof of Theorem 8.18, we need the following notation.

Notation 8.19. For any pair of positive integers k := (k1, k2) that sum to n, and for
any integer a satisfying —ki < a < kg, set k(a, —a) := (k1 + a, k2 — a).

Proof. To prove (1), we set IX := —2aX. It is sufficient to show that if X' is a special
(7, J)-parallel flow, then

1 if X =S8k

0 otherwise.

X(1¥) = {

This follows immediately from Theorem 6.6.
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To prove (2), we set

Llc( _ Z kaj1 f‘l Z k1]2 EJ

J1=1 J2=1

and show that if X is a special (7, J)-parallel flow, then

o : _ vk.
X(L};):{ 1 it X =Yk

0 otherwise.

We previously observed in Lemmas 8.6 and 8.9 that the derivative of E{, and hence
that of LX, in the direction of any eruption, hexagon or twist field is zero. Also, one
can compute using Theorem 6.6 that for any length field yﬂ),

2 ifl=j(-1,1) or j(1,—1), and ¢ = b;
VE)=2LB)={{ -4 ifl=jandc=b

0 otherwise.
It follows that

—1 ifl=k and ¢ = b;
s TR e

otherwise.

Notation 8.20. Recall that for any pair of positive integers k := (ki, k2) that sum
to n, we denoted k! := (0,kq, k2), k? := (k1,0, ko), and k? := (k1, ko,0). Similar-
ily, for any cyclically ordered triple of points x := (x1,2z2,23) in OI', we denote
x1 = (w2,23), X2 = (21,23), and x3 := (21, x2). With this notation, the edge in-
variants along isolated edges oX, that were defined in Section 5.1.1 can be written
as degenerate triangle invariants:

1
and 7'}1:3 = 50,1:3.
Notation 8.21. For any triple of positive integers i := (i1, i2, i3) that sum to n, denote

i = (il,ig + ig).

Theorem 8.22. Let P := (P, c1, co, c3) where P is a pair of pants in P, and (c1, ¢2, ¢3)
is a cyclic order on the boundary components of P. Let x := (x1,z2,x3) be a triple
of points in O associated to P, and let y := (y1,y2,y3) be the triple of points in
OT', such that y; = 1, yo = x3, and [y1, y2,ys] is the ideal triangle in © whose union
with [z1,x2,x3] is P. Let i := (i1,12,43) be a triple of positive integers that sum to
n, and form =1, 2, 3, set iy, := (im, bm+1, tm—1)-
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1

Figure 14: Hamiltonian function for the eruption flow &L

(1) For m =1, 2, 3, let ¢, be the orientation on ¢, such that P lies to the right
of ¢,,. For all positive integers k, we set

s (1 ifk=1,
=10  otherwise.

Let HiP be the tangent vector field of the i-hexagonal flow. Then
H(Hp) = 7= 7y + 03, (H(S8) — H(SE™ )
6, (H(SE) — HSED™D) + 6, (H(5E) — BESE)).
Here, recall that for any pair of positive integers k := (k1, k2) that sum to n,
k(a,—a) = (k1 +a, k1 — a).
(2) Let B denote the set of ordered triples of integers j = (j1,J2,7J3), 0 < j1,j2,7J3 <
n — 1 that sum to n and define
Bi:={j€B:ji >i and j, <is},
By :={j€B:jy>isand j3 <is},
Bs:={j€B:js>izandji <ii}

(see Figure 14). Further define for all triples j := (j1, j2,J3) in B
11J3 + 1172 + 1372

iijEl;
iV ioi o+ i _
o= 2J1 + 1273 + 1173 if5 € By:
R _
372 3J1 271 ifj e Bs.

2n

Let 5{) be the tangent vevor field to the i-eruption flow. Then
H(Ep) =) d- (d+7).

jeB
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Here, recall that if j := (j1, j2, j3) is a triple of positive integers that sum to n,
then j := (j1, 3, j2)-

Proof. For (1) we set

G = i — 7y + 0u (H(Seh) — H(SE ™))
+ 05, (H(SE) = HSE ™)) + 05, (H(SE) - H(SED™Y)).

It is sufficient to prove that for any special (7, J)-vector field X,

xX(Gh) = {1 = Ce

0 otherwise.

By Theorem 6.6, the derivative of GiP in the direction of any twist field is zero.
Also, by Theorem 6.6 and the symmetry of the hexagon fields, we see that the

derivative of 71 — 7';, in the direction of any hexagon ﬁeld is zero. Furthermore, by

Theorem 8.18(2), we know that the derivative of F, := GL, — 7l +T in the direction
of any hexagon field is also zero. Hence, the derivative of G in the direction of any
hexagon field is zero. )

For any eruption field &, let t be the triple of points in OI' associated to P.
Using Theorem 6.6, one can compute that

T 1 ifj=iandt=x;
>={ j (8.2)

0 otherwise.

Furthermore, we know by (2) of Theorem 8.18 that the derivative of FPi, in the
direction of any eruption vector field is zero. Thus,

i i 1 ifj=iand t =x;
J 1y )
p(Gp) = {O otherwise.
To finish the proof of (1), we need to show that YX(GL) = 0 for any length field
VX, Let XX := Yk — ZK and write

VE(Gh) = YE(Fb) + XX(rh — 7h) + ZX(L — 7).

Again by Theorem 6.6 and the symmetry of the lozenge fields, ZX(7i — ) 0.
Also, if x := (x1,z2,x3) is a triple of points in OI" associated to P and d := (dl, do
is a triple of points in OI' associated to ¢, then by (2) of Theorem 8.18, YX(FL)
a1 + as + az, where

~—

1 if i1 =1,k=1,,(1,-1) and dy = x,;
am =1 —1 ifipm=1k=1, and di = x;
0 otherwise,
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and ¢ =: (c1, c2). Since XX is a sum of eruption fields and

1 if i1 = 1,k3(=1,0,1) = i, and dy = 2pn;

am =14 —1 ifi, 1 =1k30,-1,1) =i, and di = z,;
0 otherwise,
we can compute using (8.2) that XX(7l — 7';,) = —ay — az — a3. Thus, YX(GL) =

VE(FD) + X&(rk —74) = 0.
For (2) we set

Kp =Y d-(d+7).
jeB
We need to show that for any special (7, J)-parallel vector field X,

-1 if ¥ =HL;

(k) - |,

By Theorem 8.18(2), the derivative of KL in the direction of any twist field is
zero. Theorem 8.18(2) and the anti-symmetry of the eruption fields, imply that the
derivative of K%, in the direction of any eruption vector field is zero.

We now prove that YX(KL) = 0 for any length vector field VX. Let x :=
(x1,x2,23) be a triple of points in JI' associated to P and let d := (dy,dz2) be a
pair of points in OI" associated to c. This is an obvious consequence of Theorem 6.6
when neither di nor ds is a I'-translate of x1,z9 or x3. Thus, we can assume that
either dy or dg is x1, €9 or x3. Further assume without loss of generality that ¢; = x1;
the other cases are similar.

otherwise.

For any i := (il,ig,ig) € E, denote i” ::Jil tig, 0, i3) and i’ := (’il -+ ig,’iQ,O).
Observe that if j := (j1, jo, j3) is a triple in By U By, then
d=d +d 3)

(see Notation 8.21). Thus,

6?3(17_170)
(see Notation 8.4). Theorem 6.6 then implies that ZX(KL) = 0. Since we already
know that the derivative of K{) is zero in the direction of any eruption field, this
proves that YX(KL) = 0.

Next, we consider H3 /(Kli;) for any hexagon field Hp,. Let y =: (y1,9y2,y3) be
the triple of points in OI' associated to P’. It follows from Theorem 6.6 that if
[y1,y2,y3] # [71, 72, 23] as ideal triangles in ©, then H3 ,(K},) = 0. Thus, we may
assume without loss of generality that y = x. If j 7 i, then one of 51 U Bz, By U B3
or B3 U By contains

K(0,-11) _ (n=1,01) _ K (=1.01) _ k°

i i i i

+c

j0,1,-1), j(-1,1,0), j(-1,0,1), j(0,—1,1), j(1,—1,0) and j(1,0,—1).
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Without loss of generality, suppose that they lie in By U Bo. Then by (8.3),

HjP(K]i?):c-i(O’l’_l) _4(—1,1,0)+cii(—1,0,1)_Cii(o,—1,1)+cg(1,—1,o) _ Ao

1 1

_ Cij”(LO’_l) + Cj///(_LLo) _ C;-// _ Cg,//(_leO) + Cij”(_l’071) + Cg///

i

_C.i//(_]-’O’l) _8’”(17_170) _i_ci// _i_cj”/(l’_LO) —C'i//(1707_1) _C?/”

i i i i

=0.
Finally, if k = i, then

Hip(K}>) —9 (ci(o,l,—l) _ c:(—l,LO) 1 ci(—l,o,l) _ ci(O,—l,l) i ci(l,—l,o) _ C3(1,0,—1))

1
_ (igil + (il + i2)(’i3 — 1) ig(il — 1) -+ (il + iz)ig

2n 2n
139 + (i2 + ig)(’il — 1) ig(ig — 1) + (i2 + ig)il
4 _
2n 2n
113 + (il + ig)(ig — 1) il(ig — 1) + (i1 + ig)iz
4 _
2n 2n
= 1. d

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional
claims in published maps and institutional affiliations.

Appendix A. Proof of Proposition 2.23

In this appendix, we give a proof of Proposition 2.23, which we restate here for the
convenience of the reader.

PROPOSITION. Let (F1y, ..., F)) be a positive k-tuple of flags in F(V'). Then for any

positive integers ny, ..., n; that sum to d < n, we have that
- (n;)
. mn.; o
dim [ Y F™ | =d.
j=1

We start with the following two notions.

DEFINITION A.1.

(1) A map ¢ : St — P(V) is convex if ((x1) + -+ + () is a direct sum for all
k < n :=dim(V) and for all pairwise distinct x1, ..., x3 in S*.
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(2) Let F be a flag in F(V) and let ¢ : S' — P(V) be a convex curve. We say (
osculates F' if there is some point z in S* such that ((x) = FU), and for all
l=1,...,d—-1,

Alim C(xl,i) + ..+ C(xl,i) = F(l)

for all pairwise distinct points [-tuples of points (21, ...,2;;) in S such that
limy oo (14, -5 25) = (2,...,2).

For the proof, we use the following facts. The first is due to Fock and Goncharov [FG06,
Theorem 1.3 and Section 9.11].

Theorem A.2. ([FGO06]). Let (F1,..., Fy) be a positive triple of flags in F (V). Then
there is a continuous convex map ¢ : S' — F(V) that osculates F} for alll =1, ...,
k.

The second is an immediate consequence of Proposition 2.11.

PROPOSITION A.3. The space F(V)3 of positive triples of flags in V is a connected
component of the space of F (V)[3] of generic triples of flags in V.

Using these, we prove the following key lemma.

LEMMA A.4. Let k > 4 be an integer, let (F1, ..., F}) be a positive k-tuple of flags
in F(V) and let m =1, ..., n—1. Let H be the flag defined by

H(i) — FQ(Z) . ifi <m;
FE™ 4 B8 if i > m.

Then (F1,H, Fy, ..., Fy) is a positive (k — 1)-tuple of flags.

Proof. Note that (Fy, Fy, Fy, ..., Fy) is a positive k-tuple of flags and H()) = F2(1).
Thus, by Proposition 2.19, it is sufficient to prove that (Fy, H, Fy) is a positive triple
of flags.

Let ¢ be a continuous convex map that osculates the flags Fy, ..., Fy. For all | =1,
..., 4, let z; be the point in S such that ((x;) = Fl(l). It is a consequence of
Proposition 2.19 that F (V)i is open in the space of pairwise transverse quadruple
of flags. Thus, there are pairwise disjoint open intervals I, ..., I; C S* such that
I; contains x;, and satisfy the following property: For all cyclically ordered (n — 1)-
tuple of points y; := (Yi1,-..,Yn-1) in I;, let Fy, be the flag in F(V) given by
F)(,f) = 23:1 C(y1,j)- Then (Fy,,..., Fy,) is a positive quadruple of flags.

Now, for each i =1, ..., n —1, let f; : [0,1] — S' be continuous paths such that

o fi(0) =y2,.

oy Y it 1 < m;
* fl(l) o {yg,i_m if i > m.
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e £;(0) < fi(t) < fi(1) < f;(0) for all ¢ in [0, 1].
e (fi(t),..., fa—1(t)) is a cyclically ordered (n — 1)-tuple of points in OI" for all
tin [0 1]

Such paths f; exist because (y2,y3) is a cyclically ordered (2n — 2)-tuple of points.

Since C is convex, we may define G(t) = G(y2,y3,t) to be the flag in F (V') given by
G(t)) == 321_ C(fi(t)). Since G(0) = Fy,, we see that (Fy,,G(0), Fy,) is a positive

triple of flags. The convexity of ¢ also implies that (Fy,,G(t), Fy,) is a generic for

all ¢. Since F(V)2 is a connected component of F(V)Bl and ¢+ G(t) is continuous,

it follows that (Fy,,G(1), Fy,) is also a positive triple of flags.

Observe that

e for [ =1, 4, the limit of Fy, as y; converges to (xy,...,x;) is F],
e the limit of G(y2,y3,1) as (y2,y3) converges to (za,...,x2,x3,...,23) is H.

Since F(V)3 7 is closed in the space of pairwise transverse triple of flags, this implies
that (Fy, H, Fy) is a positive triple of flags. O

Proof of Proposition 2.23. We prove this by induction on k. For the base case k = 3,
this is an immediate consequence of Proposition 2.11.
Next, we prove the inductive step. Suppose that k£ > 4. Let H be the flag in F(V)
defined by

F™) 4 BT s g,
By Lemma A.4, we see that (Fy, H, Fy, ..., F}) is a positive (k — 1)-tuple of flags.
We further observe that

k
(nJ) _ nl 2+ (nJ
> +H Y
j=4

J=1

The statement now follows by applying the inductive hypothesis to the right hand
side. O

Appendix B. Proof of Lemma 4.1

In this appendix, we prove Lemma 4.1, which we restate here for the reader’s con-
venience.

LEMMA. Let V denote the set of vertices of ’T and for non-negative integers j, let
&j be a Frenet curve in Fre(V) If lim;_.o & (p) = &o(p) for all vertices p in V, then
lim;_. &(p) = &o(p) for all points p in OT.
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Let x,y, z be the vertices of a triangle in (:j, let w be any point in '\ V, and assume
without loss of generality that y < z < 2 < w < y in this cyclic order in S!. By
Proposition 2.19, to conclude that lim;j .o &j(w) = &o(w), it is sufficient to show
that

(1) For any pair i of positive integers that sum to n,
CH(&o(x), €0(2), &0(y), So(w)) = Jim, CH&j(2),€5(2), (1), & (W)
(2) For any triple of positive integers i that sum to n,

T'(éo(x), éo(w), o(y)) = Him, TH(¢(),&(w), & (y)).

Since V is dense in OI', there are sequences {ax}7°, and {by}?°, in V such that
limg oap =limg_oobpy =wand y < z <z < ap < w < by <y for all k.

Proof of (1). Since & is continuous, we have

Tim (6 (2),£0(2). £(1). €o(ax)) = im CHE(@). (). E0(v). Eo(5r)
= Ci(§0(x)a§0(2)7§0(y)7§0(w))

for all pairs of positive integers i that sum to n. Furthermore, it is also well-known
(see for example Proposition 2.12 of [Zhalbal) that

CH(&5(x), &ar), &(y), &(w)), CHE& (), &(w), &(1), &(bk)) > 1

for all non-negative integers j and all positive integers k. In particular,

CH(&5(2),€i(2), &), &i(ar)) > CH(&; (@), &5(2), & (), €g( )
> CN&(), §5(2), §(y), &5 (br))-

Since lim; o &j(p) = &o(p) for any vertex p in V, we see that

CH(&0(@), £0(2), €0(y) So(w) = lim C*(&o(w), 0(2), €o(v), Solax))
= Jim_ lim CH(&(),&(2),&(y), & (ax))
> Jlim, CH&j(),£i(2), (), & (w))
> lim lim CH&j(), &5(2): &5(9): &5 (b))
= lim C'(&(x), &(2), &o(v), &o(br)
= C'(%0(2),&0(2), So(y), So(w)).

This proves (1). 0
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To prove (2), we need to use the following lemma. Let i := (i, 1i2,i3) be a triple of
positive integers that sum to n. For any generic quadruple of flags Fy, Fy, F3, Fy in
F(V), define
T(i1,i2,F4,i3) (Fb F27 F3)
IR R o s A L o Y o R o U AL o W L
AN O E N o LU o AN o SAN o RN o SR o S o SN o S

LEMMA B.1. Let ¢ : S' — F(V) be a Frenet curve and let 1 < x4 < o3 < x5 <
x3 < x1 lie in S* in this cyclic order. For eachm =1, ..., 5, let F,, := &(2,,), then

T Fis) (B By Fy) > TYF, Fy, Fy) > T fse)(py By F).
(Recall that we assume dim(V') > 3.)
Proof. Let K := Fl(il_l) + F2(i2—1) + Féig_l). For m = 1, 2, 3, let L,, C V be

a line such that F?sim_l) + L, = F,giM), and let P,, C V be a plane such that
FT(,f’”_l) + P, = F,(,fb’”—’_l). For any point z in S!, let

I ,_{5(1)(37) if x # x1, 29, T3; P ,_{6(2)(36) if © # 21, T2, T3;

L, ife=xz,;m=1,2, 3, P, ife=xz,;m=1, 2,3,
and let H := L, + Ly, + Ly,(= L1 + Ly + L3). Then define ¢ : S* — F(H) by
¢W(z):=(K+L,)nH, €@):=(K+P,)nH.

One can verify that £ does not depend on the choices of L,, and P,,, and is Frenet.
Furthermore, from the definition of the triple ratio, we see that

T (Fy, By, Fy) = TOWEID(E (1), € (22), € (23)),
TH(Fy, Fy, F3) = THUD (€ (21), € (22), € (23)),
Tt Fsis) (P By Fy) = T @D (¢ (1), € (2), € (23)).

Thus, it is sufficient to prove this lemma in the case when dim(V) = 3. That is a
straightforward computation (see Proposition 2.3.4 of [Zhal5b)). 0

Proof of (2). The Frenet property of &, implies that
Jim Tliiao(an)is) (¢)(z), & (w), &o(y)) = T (&o(), &o(w), &o(y))
= lim TO=80008) (g (2), &(w), Eo(y))

k—o0

for all ordered triples of positive integers i := (i,1i2,43) that sum to n. Also, by
Lemma B.1, we have

TG (@):9) (g (), & (w), & (1)) > T (), & (w), & (1))
> Tlinia&s (0n)ia) (¢ (), & (w), & (y))



GAFA FLOWS ON THE PGL(V)-HITCHIN COMPONENT 691

for all non-negative integers j and all positive integers k.
Since lim;_. &;(p) = &o(p) for all vertices p in V), this implies that

(o), €o(w), &o(y) = Jim T8 @15 (g (), £ (w), €o(y))
= lim Jim T80 (¢ (2), €(w), &(y))

k—o0 j—00
Jim 76 (2),&(w), (1)
> Tim lim T85O0 (&), & (w), & ()

k—o00 j—00

= lim 7028000 (g4 (2), & (w), o(y))

k—o0
=T (& (), &o(w), &o(y)).
This proves (2). i

Y
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