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Abstract

In this paper, we prove some results on bi-Holder extensions not only for biholo-
morphisms but also for more general Kobayashi metric quasi-isometries between the
domains. Furthermore, we establish the Gehring—Hayman type theorems on certain
complex domains which play an important role through the paper. Then by applying
the above results, we show the bi-Holder equivalence between the Euclidean boundary
and the Gromov boundary of bounded convex domains which are Gromov hyperbolic
with respect to their Kobayashi metrics.
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1 Introduction

In this paper, we characterize the Kobayashi geodesic by generalizing the classi-
cal Gehring—Hayman Theorem. Then we apply these results to study the boundary
extension problems for biholomorphisms isometries and for more generally rough
quasi-isometries between domains in C"(n > 2), under some (geo)metric assump-
tions. Moreover, we also investigate the boundary correspondence between the
Gromov boundary and the Euclidean boundary of certain complex domains.

In the complex plane C, suppose domains €21 and €2, are bounded by closed Jordan
curves, then every biholomorphic map f : Q1 — 2 extends to a homeomorphism
of Dy onto D>. In C*, n > 1, the boundary extension problem is more interesting.
Suppose 21, 2 are C2-smooth bounded pseudoconvex domains with

1

1
—5” (2) <80, (f(2)) < C8) (@), VzeQ,

and the Kobayashi metric

Clv
kQ((,()U)_S(|—|)U, VC()EQ,,UG(Cn

for some vy, va, C > 0, where 8g,(z) = inf{|lw — z|, w € 92;}, i = 1,2, then
the biholomorphic map f : Q2; — € extends to a bi-Holder continuous map of
Q. This kind of result holds in particular if €; are strictly pseudoconvex domains
and more generally pseudoconvex domains with finite type. Moreover, Mercer in
[20] introduced the class of m-convex domains which characterize the convex domain
without extra regularities. He also proves boundary extensions of biholomorphisms
between m-convex domains.

Theorem 1.1 (Propositions 2.6, [21]) Let 21, Q25 be bounded m-convex domains, and
let f: Q1 — 2 be a biholomorphic map. Then f extends to a bi-Hélder continuous
map on 21.

Usually, the Hopf Lemma and the estimates of |V f| play an important role in the proof
of relevant results (see [17], for example). There are many other generalizations, and
we refer the interested reader to the survey [11] by F. Forstneri€. In this paper, we
prove a similar boundary extension result for isometries between m-convex domains
instead of biholomorphisms, with some extra boundary regularities.

Theorem 1.2 Let2;,i = 1, 2, be bounded m-convex domains in C" (n > 2) with Dini-
smooth boundary, and let Q; be their Euclidean compactifications. Let f : Q1 —
be anisometry with respect to the Kobayashi metrics Kq;.Then f has a homeomorphic
extension f : Q| — 2 such that the induced boundary map f‘asz 02 — 02
is bi-Holder continuous with respect to the Euclidean metric.

Remark 1.3 On strongly pseudoconvex domains with C? smooth boundary, the result
was proved for more general rough quasi-isometries by Balogh and Bonk [1].
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Note that every biholomorphic map is an isometry with respect to the Kobayashi
metric. Thus, Theorem 1.2 clearly holds for biholomorphisms between the complex
domains. However, we do not add any regularities on the isometries; thus, we cannot
estimate |V f| here. The approach to Theorem 1.2 is also different from the discussions
in [1,4,7,21,28]. We could not only show the continuous extension of the biholomor-
phisms and (quasi-)isometries in general but also enable one to determine the regularity
of boundary extension map. Our strategy to prove Theorem 1.2 is to establish the
Gehring—Hayman Theorem and the Seperation property on complex domains.
Recall the following classical Gehring—Hayman Theorem on planar domains.

Theorem 1.4 [13] If 2 is a simply connected planar domain (2 # C), then there
exists C > 0 such that, for any x,y € ,

La([x, y]) < Cla(y),

where [x, y] is the hyperbolic geodesic joining x and y, and y C 2 is any curve with
end points x and y, and l; denotes the Euclidean length.

In this paper, we prove some results similar to Theorem 1.4 for m-convex domains
(resp. strongly pseudoconvex domains) with respect to the Kobayashi geodesics. Our
result in this direction is as follows, which shows that the Kobayashi geodesics (or
quasi-geodesics) are essentially also short in the Euclidean sense.

Theorem 1.5 Let Q be a bounded m-convex domain in C" (n > 2) with Dini-smooth
boundary. Then for any 0 < ¢3 < 1/(8m?* — 4m), there exists a constant ¢; > 0 such
that, for any x, y € Q,

la([x, y]) < cilx — |2,
where [x, y] is a Kobayashi geodesic joining x and y in 2.

If in addition, (2, Kg) is Gromov hyperbolic and y is a Kobayashi \h-quasi-
geodesic connecting x and y with A > 1, then there exists a constant ¢ > 0 such that

la(y) < cjlx —y|?.

In order to prove Theorem 1.5, we need the following result.

Lemma 1.6 Let Q2 be a bounded m-convex domain in C* withn > 2, andlet [x, y] C
be a Kobayashi geodesic joining x and y. Then for any o > 2m? — m, there exists a
constant C > 0 such that, for every w € [x, y],

Sa(w) = Cmin{ly(lx, ]), Lo, yD}*, ey

where §q(w) is the Euclidean distance from w to 9S2.
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Note that we may compare Lemma 1.6 with the Separation property. It states that
whenever [x, y] is a geodesic in (2, Kgq), z € [x, y] and y is a curve in §2 connecting
the subcurves [x, z) and (z, y] of [x, y], then for some a > 0,

B(z,adq(z) Ny # 0.

In fact, Lemma 1.6 gives that

1 -
B(z,8&(2)/C) Ny # 0.

We refer the reader to [2,6,16] for more background information in this topic.

We can also apply the above results to problems relevant to Gromov hyperbolicity.
In[1], Balogh and Bonk investigated the Gromov hyperbolicity of the Kobayashi metric
for bounded strictly pseudoconvex domains in C". Recently, Zimmer [28] discussed
the Gromov hyperbolicity and the Kobayashi metric on bounded convex domains of
finite type.

In [1], Balogh and Bonk proved that a strongly pseudoconvex domain 2 endowed
with its Kobayashi metric is Gromov hyperbolic, and its Gromov boundary coincides
with its Euclidean boundary. Moreover, the Carnot-Carathéodory metric dy on 9€2 lies
in (and, thus, determines) the canonical class of snowflake equivalent metrics on 9 €2.
This actually means that the map between the Euclidean boundary and the Gromov
boundary (equipped with a visual metric) is bi-Holder.

Recently, Bracci, Gaussier, and Zimmer [7] demonstrated the following homeo-
morphic extension result on convex domains.

Theorem 1.7 (Theorem 1.4, [7]) Let 2 be a C-proper convex domain on C". If
(2, Kgq) is Gromov hyperbolic, then the identity map id: 2 — Q extends to a home-

omorphism (still use the same name) id: Q- §G where Q" denotes the Euclidean

. . =G . . . .
end compactification of Q and 2~ is the Gromov compactification of the metric space
(2, Kq).

As an application of the Theorem 1.5 and Lemma 1.6, we obtain the following result:

Proposition 1.8 Let Q2 be a bounded domain in C" (n > 2) and suppose that 2 satisfies
either

(a) R is convex with Dini-smooth boundary and (2, Kgq) is Gromov hyperbolic; or
(b) Q is strongly pseudoconvex with C*-smooth boundary.

Then the identity map id : Q — Q extends to a bi-Holder homeomorphism
id: (0%, |- ) > (6%, pc)

between the boundaries, where pg is a visual metric on the Gromov boundary of
(€2, Kq).

Remark 1.9 (1) The assertion for Case (b) in Theorem 1.8 follows from Balogh and
Bonk’s result in [1], and the assertion for Case (a) can be deduced from the recent
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result of Zimmer [29, Propsition 12.2] even without the Dini-smooth assumptions.
We still write down the proof since the approach is different.

(2) Gromov boundary equipped with any two visual metrics is power quasisymmet-
rically and so bi-Holder equivalent to each other. Thus, the boundary extension of
the identity map in Proposition 1.8 is bi-Holder with respect to any visual metric
on the Gromov boundary.

We can now apply this boundary correspondence to investigate boundary exten-
sion results for quasi-isometries with respect to the Kobayashi metrics between the
domains. In [1], Balogh and Bonk generalized this kind of results for rough quasi-
isometries in the Kobayashi metrics. Then, Baharali and Zimmer defined a class of
complex domains named ’Goldilock’ domains and they showed the following:

Theorem 1.10 (Theorem 1.7, [4]) Let Q21 be a bounded domain in C" and suppose
that (21, Kgq,) is Gromov hyperbolic. Let Qy € C" be a Goldilock domain. If f :
(1, Kq,) = (22, Kq,) is a continuous quasi-isometric embedding, then f extends

continuously to a continuous map f 5? — Q.
Moreover, recently Bracci, Gaussier, and Zimmer [7] proved the following result:
Theorem 1.11 Let 21 and 25 be domains in C"*. Assume

(1) Qi is either a bounded, C?-smooth strongly pseudoconvex domain, or a convex
C-proper domain such that (521, K Ql) is Gromov hyperbolic,
(2) Q9 is convex.

Then every roughly quasi-isometric homeomorphism f : (Ql, KQI) — (Qz, KQZ)

extends to homeomorphism f 5; — 5; where 5; is the Euclidean end compacti-
fication of Q;, i =1, 2.

As a corollary of Proposition 1.8, we prove the following bi-H6lder homeomor-
phism extension result, which gives the regularity of f | 99

Corollary 1.12 Fori = 1, 2, suppose that 2; C C" (n > 2) are bounded domains,
and ; satisfy either condition (1) or (2):

(1) ; is a convex domain with Dini-smooth boundary and (2;, Kgq,) is Gromov
hyperbolic,
(2) Qi is a strongly pseudoconvex domain with C*-smooth boundary.

Let f : Q1 — Q0o be a homeomorphism that is a rough quasi-isometry with respect
to the Kobayashi metrics Kq,. Then f has a homeomorphic extension Q-2
such that the induced boundary map f ‘ 09 021 — 02, is bi-Holder with respect
to the Euclidean metric.

The rest of this paper is organized as follows. In Sect. 2, we recall some defini-
tions and preliminary results. Section 3 focuses on the proofs of Theorem 1.5 and
Lemma 1.6. In Sect. 4, we prove similar results for strongly pseudoconvex domains.
Section 5 is devoted to the proof of Theorem 1.2 and Sect. 6 is devoted to proving
Proposition 1.8 and Corollary 1.12.
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2 Preliminaries
2.1 Notation

(1) For z € C", let | - | and d denote the standard Euclidean norm, and let |71 — 73|
and d(z1, z2) be the standard Euclidean distance of z1, zp € C".
(2) Given an open set 2 C C", x € Q and v € C"\{0}, denote

do(x) =inf{d(x,&) : & € 02}
as before, and denote
do(x,v) =inf{d(x,&) : £ € 92 N (x + Cv)}.

(3) For any curve o, we denote its Euclidean length by /;(o) and the Kobayashi
length by I (o).

(4) For any zg € C" and € > 0, we denote by B(z0) or B(zg, €) the open ball
Be(z0) = {z € C"| [z — 20| < €}.

(5) For all real numbers a, b, we denote a Vb := max{a, b} and a Ab := min{a, b}.

2.2 m-Convex Domains and Strongly Pseudoconvex Domains

In [20], Mercer introduced the class of m-convex domains. Now we give the definition
of m-convex domains as follows.

Definition 2.1 A bounded convex domain 2 C C”" with n > 2 is called m-convex for
some m > 1 if there exists C > 0 such that, for any z € © and non-zero v € C",

da(z;v) < CSj’Z’ (2)- 2)

Note that the m-convexity is related to the finite type by the following proposition.

Proposition 2.2 (Proposition 9.1, [28]) Given a bounded convex domain Q C C"(n >
2) with smooth boundary, then Q2 is m-convex for some m € N if and only if 02 has
finite line type in the sense of D’Angelo.

Definition 2.3 A domain Q = {z|p(z) < 0} in C"(n > 2) with C?-smooth boundary
is called strongly pseudoconvex if the Levi form of the boundary

n 2
Ly(p;v) = Z 92005, (p)vyvy, for v=(vi,...,v,) €C"
v, u=l1

is positive definite for every p € 9.
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2.3 The Kobayashi Metric

Given a domain Q C C"(n > 2), the (infinitesimal) Kobayashi metric is the pseudo-
Finsler metric defined by

ko(x;v) =inf {|€] : f € Hol(D, 2), with f(0) = x,d(f)o(&) = v}.

Define the Kobayashi length of any curve o : [a, b] — 2 to be

b
Ik (o) =/ ko (o(1); 0’ (1)) dt.

It is a consequence of a result due to Venturini [26], which is based on an observation
by Royden [23] that the Kobayashi pseudo-distance can be given by
Kqo(x,y) =inf {lk (0)| o : [a, b] — 2 is any absolutely continuous curve
o

with 0 (a) = x and o (b) = y}.

There are some estimates concerning the Kobayashi metric on convex domains.

Lemma 2.4 [15]. If 2 C C" is a bounded convex domain, then for all x € Q and for
every v € C",

o] o]
— <ko(x;V) < ———.
DaGrv) — Y =5l

3)

Lemma 2.5 (Proposition 2.4, [20]) Suppose that 2 C C" is a bounded convex domain,
forany x, y € Q, we have

S (x)
Sa |

“)

1
KQ (-x’ y) 2 5 ‘IOg

Recall that a C'-smooth boundary point p of a domain € in C" is said to be Dini-
smooth (or Lyapunov-Dini-smooth), if the inner unit normal vector n to 92 near p is
a Dini-continuous function. This means that there exists a neighborhood U of p such
that

1
t
/ wdl < 400,
0 t

where
o) =om dQNU, 1) :=sup{n, —ny|:[x —y| <, x,y €dQNU}
is the respective modulus of continuity. Note that Dini-smooth is a weaker condition

than C'€-smooth. Here a Dini-smooth domain means that each boundary point of
is a Dini-smooth point. Then we have
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Lemma 2.6 (Corollary 8, [22]) Let Q2 be a Dini-smooth bounded domain in C" and
X, y € Q. Then there exists a constant A > 1 4+ ~/2/2 such that

Alx — v )
K , <1 14+ — ). 5
26 y) = °g< 550 ©)

Proposition 2.7 [3] If Q is a C-proper convex domain in C" (n > 2), then the
Kobayashi metric Kq is complete.

Here C-proper means that €2 does not contain any entire complex affine lines. Since all
bounded domains are C-proper; thus, for a bounded convex domain €2, the Kobayashi
metric Kq of €2 is a complete length metric. Therefore, (2, Kg) is a geodesic space.

2.4 Quasi-geodesic

Definition 2.8 Suppose that (X, p) is a metric space and / C R is an interval. A map
o : I — X iscalled a geodesic if for all s, t € I,

p(o(s), o(t)) =t —s|.

For A > landk > 0,acurve o : [ — Qis called a (A, k)-quasi-geodesic, if for all
s, tel,

1
X't — 5| —k < p(a(s), o)) <Alt —s|+«.
In particular if k = 0, it is called a (%, 0)-quasi-geodesic or A-quasi-geodesic.

2.5 Uniformly Squeezing Property

Following Liu et al. [18,19], a domain  C C" with n > 2 is said to be holomorphic
homogeneous regular (HHR) or uniformly squeezing (USq), if there exists s > 0
with the following property: for every z € 2, there exists a holomorphic embedding
¢ : Q — C" with ¢(z) = 0 and

B,(0) C ¢(€2) C B1(0),

where B1(0) C C" is the unit ball.
Examples of USq domains include

(1) T, ,, the Teichmiiller space of hyperbolic surfaces with genus g > 1 and n punc-
tures;

(2) bounded convex domains [12];

(3) strongly pseudoconvex domains [9,10].

It was shown in [18,19,27] that in a HHR/USq domain €2, the Carathéodory metric,
Kobayashi metric, Bergman metric and Kéhler-Einstein metric of €2 are bilipschitzly
equivalent to each other.
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2.6 Gromov Product and Gromov Hyperbolicity

Definition 2.9 Let (X, p) be a metric space. Given three points x, y, o € X, the
Gromov product of x, y with respect to o is given by

(w130 = 5 (0. 0+ 90, )~ p(x. 1))
o 2 ’ ’ ’ .

A proper geodesic metric space (X, p) is called Gromov hyperbolic (or §-hyperbolic),
if there exists § > 0 such that, for all o, x, y, z € X,

(x]y)o = min {(x]2),, (z|y)o} — 8.

By the triangle inequality, we know that

x|y)o < plo, [x,¥]),

where [x, y]is a geodesic connecting x and y in (X, p). Moreover, if X is Gromov
hyperbolic, then

|(x1y)o = p(o, [x, YD = & (6)

for some 8’ > 0.
Note that the large-scale behavior of quasi-geodesics in Gromov hyperbolic spaces
mimics that of geodesics rather closely.

Theorem 2.10 (Stability of quasi-geodesics, p. 401, [8]). Forall § > 0, A > 1 and
€ > 0, there exists a constant R = R(§, A, €) with the following property:

If X is a §-hyperbolic geodesic space, y is a (7, €)-quasi-geodesic in X and [x, y]
is a geodesic segment joining the endpoints of y, then the Hausdorff distance between
[x, y] and the image of y is no more than R.

Now we introduce the definition of rough quasi-isometric maps as follows.

Definition 2.11 Let f : X — Y be a map between metric spaces X and Y, and let
L > 1and M > 0 be constants.

(1) Ifforallx, y € X,

L7 dx(x,y) = M < dy(f(x), f() < Ldx(x,y) + M,

then f is called an (L, M)-roughly quasi-isometric map (cf. [5]). If L = 1, then
f is called an M-roughly isometric.

(2) Moreover, if f is a homeomorphism and M = 0, then it is called an L-bilipschitz
or L-quasi-isometry.

The following result states that Gromov hyperbolicity is preserved under rough
quasi-isometries.
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Theorem 2.12 [8, p. 402] Let X and X' be geodesic metric spacesand [ : X — X' be
a rough quasi-isometry. If X is Gromov hyperbolic, then X' is also Gromov hyperbolic.

Remark 2.13 In [1], Balogh and Bonk proved that every bounded strongly pseudocon-
vex domain in C"(n > 2) equipped with the Kobayashi metric is Gromov hyperbolic.
Recently, Zimmer [28] demonstrated that smooth bounded convex domains in C" (n >
2) equipped with the Kobayashi metrics are Gromov hyperbolic if and only if they are
of finite type.

3 m-Convex Domains

In this section, we will investigate the geometric properties of the Kobayashi geodesics
on m-convex domains. We first prove Lemma 1.6 via the idea from [6,14], the differ-
ences between the Kobayashi metric and the quasihyperbolic metric necessitate some
changes in the proof.

In order to prove Lemma 1.6, we need to verify the following result.

Lemma 3.1 Suppose that Q2 is a bounded m-convex domain in C"(n > 2), and that
y C Q2 is a A-quasi-geodesic in the Kobayashi metric Kq connecting y| and y with
A > 1. Then for any a > 2m® — m, there exists a constant C > 0 such that, for every
w=y{) ey,

Sa(w) = C (La(y 110, t]) Ala(yIlt, 11)*.

Remark 3.2 This result tells us that for any curve y’ connecting y [0, t] and y [z, 1],
we always have

1 -
B(w, 88 (w)/C) Ny #4.
Proof Put

D = max 8q(z).
€Y

Fori =1, 2, let N; denote the unique integer such that

D D
T <da(y) < o

Fork=0,1, ..., Nl,letx,l be the first point on y with
sl = 2
Q(Xk) = Z_k

when a point travels from y; towards y;.
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Similarly, we can define x,% fork =0, 1, ..., Np with travel direction from y, to y.
By using points x,i and x,f together with the end points y; and y,, we can divide y into
N1+ N>+3 non-overlapping (modulo end points) subcurves y,,, v € [-N1—1, No+1].
Note that a curve containing one end point of y, as well as the middle subcurve between
xé and x%, may degenerate. All subcurves y,, are Kobayashi A-quasi-geodesics between
their respective end points, and

D .
da(z) < ST if z € y,
D . . .
dq(z) > IR if z is one end point of y,,. (7

It, thus, follows from (5),(7) and the definition of the quasi-geodesic that there exists
a constant A > 2 such that

2lvl
Ik(py) = Alog (1 + Afhi(%))) . ®)

And by (2) and (3), we have

Ivl=1

la(y) "
h(n) = —4 Tl
2C(2|£,1)

where C is the constant in Definition 2.1. It is easy to see that, for any N € N, there
exists C(N) > 0 such that

log(1 +x) < C(N)x'/N,

for x > 0. Then for all N > m, clearly

=1 |

m 1 2N L
() = k) = ACNIAT =1 (), ©
m N
which implies that
1_ 1
/ D T_ﬁN
latyw) =C S ) (10)
. . N
where C' = (21+MC(N)ANC) N Hence, if y (1) € .
1_ 1 1_1
D\ 1 D\ L
! i - N / _ - N
L 110, 1) ALy IlE, 1) < € ;(2].) <2c <2M> . an
Jjzlv
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Moreover, by formulas (8) and (10), we obtain

D\ AL
Ik(yy) <log| 1+2AC <W> N

Therefore, we only need to estimate §q(w) for w = y (1) € y,.
Let x be one end point of y,,. By the estimate (4), we conclude that

Sq(x)
Sa(w) |

1
Ko (x, w) > 3 ‘log

Therefore, it follows from Definition 2.1 that

Loy 22

D \i-L
og < Ko(x,0) < l(p) <log [ 1+2AC" { 5n ) "
2 " dg(w)

o]

This guarantees that

1_
m

and

2—2m
8o (x) 1 / D\'"Tw~
do(w) > i, = AT ,

U/ A—
cr (N4
2Vl

where C” = (4AC")?. Hence by (11), it follows that

Sa(w) = C (a(y 110, t]) Ala(yIlz, 11)*, (12)
where
om—1— 1 . c”
o= ml 1 N and C= Yok
m N ¢

By taking N — oo, we have
o — 2m* —m.

Therefore, for any o > 2m? — m, there exists C such that (12) holds.
This completes the proof. O
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The following result is a direct consequence of the estimate (4).

Lemma 3.3 Let Q2 be a bounded convex domain in C"* withn > 2 and wy € 2. Then
there exists K > 0 such that the Kobayashi metric

- K. (13)

1 1
Kao(z, wy) > =1lo
a(z, wo) 5 log 50(2)

By using Lemma 3.1, we are now in a position to prove Theorem 1.5.

Proof of Theorem 1.5. Without loss of generality, we may assume that diam(2) < 1
by scaling Q2. Fix @ € Q. By (5) and (13), it follows that the Gromov product (x|y)
satisfies

2(x|y)o = Ko(x, ) + Ka(y, w) — Ko(x, y)

e 1 1 (a)da(y) + Alx — y|)?
> —log + —log—— — < log - 2K
2 ") 2 Tia(y) 2 da(x)éa(y)
= llog ! - 2K
2 T sq(x)da(y) +1x — y|2QAVSa(x)da(y) + A?|x — y|)
llog ! - 2K,
2 T 8a(x)8a(y) + (A2 +2A)[x — y|

where A is the constant in Lemma 2.6 such that (5) holds.

In order to estimate the Euclidean length of the geodesic [x, y], there are two cases
to consider

Casea |x — y| > (8q(x)8a(y))2. Hence,

1
g—
(A+ 1)2x — y|2

\

(x[Y)o = 7 1o - K
0

\

— K’

log

1
1
1
=8 “lx—yl

where K/ = K — }Tlog (/H-;l)z' By the definition of the Gromov product, it follows
that

— K. (14)

1
Ko(w, [x,y]) = (x]y)e > < log
8 T lx—yl

Thus, by Lemma 2.6, for any z € [x, y], we see that there exists K” > 0 such that

11 ! + K" > Kq( )>11 !
— 108 — = Qlw, 7)) = =10
2 %52 8 Clx—y

Choosing a point z € [x, y] with

1
la([x,z]) =la([z, y]) = Eld([x» D,
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then by Lemma 3.1, we now have

2€K’+K” é .
la([x, y]) < e lx — y|3.

Therefore, Case a is proved.
Case b |x — y| < Ba(x)8a(»))>. By diam(2) < 1, it follows from Lemma 2.4
that

v v
ol _ Jol

28(z) ~ 2

ka(z:v) >
Thus,
L a@e, 3D < Iu(@x. ¥D) = Ka(x, y) < log (1 + A&)
2 = = 52(x) A 82(y)
< log(1 + Alx — y|?)
< Alx -y, (15)

which implies that

La([x, y]) < cilx — y|?,

where

1
2eK'+K"\ @ 1 1
ci=|——) VvV2A and cp=— < ——.
C 4o 8m? —4m

This completes the first part of the proof.

For the second part, we need only a minor modification of (14) and (15).

Assume that (2, Kgq) is Gromov hyperbolic (8-hyperbolic). Then it follows from
Theorem 2.10 that the Kobayashi Hausdorff distance between [x, y] and the image
of y is no more than R = R(§, A). Thus, we take

/

1
Ka(@.y) + R 2 Ko, [x,y]) 2 (xIy)o 2 ¢ log Xy

instead of (14) and take

1 1 —
1) = ) < lllx, y) = Ka(r, y) < log (1 + AW)

instead of (15). Furthermore, noting that these changes make no difference on ¢y, we
complete the proof of the second part. O
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Remark 3.4 Suppose that 2 is a bounded m-convex complex domain. For any two
points x, y € 2, there exists a complex geodesic which contains x, y in its image.
Due to a well-known result of Hardy and Littlewood, any complex geodesic in €2
extends continuously to its boundary (see [20]).

Conversely, Mercer [20] proved that for any two points x, y € €2, there is a complex
geodesic whose continuous extension contains {x, y} in its image. Thus, the first part
of Theorem 1.5 also holds for x, y € Q.

4 Strongly Pseudoconvex Domains

In this part, we will establish a similar result for strongly pseudoconvex domains.

Theorem 4.1 Let Q is a bounded strongly pseudoconvex domain with C* smooth
boundary. Then for any ¢y < 1]_6 and ) > 1, there exists c1 > 0 such thatVx, y € €,

la(y) < cilx —y|?

where y is a A-quasi-geodesic joining x and y.
At first, we need some auxiliary results.
Lemma4.2 (Lemma 4.1, [1]) Let 2 be a bounded strongly pseudoconvex domain in

C"(n > 2) with C?-smooth boundary. There exists C > 0 such that for any x, y € <,

3 (x)
da(y)

1
Ka(x,y) > 3 ‘IOg - C. (16)

The estimate also shows that (2, Kgq) is complete and, thus, it is a geodesic space.

Lemma 4.3 (Proposition 1.2, [1]) Let Q2 is a bounded strongly pseudoconvex domain
in C*(n > 2) with C%-smooth boundary, Then, for every € > 0, there exists €9 > 0
and C > 0 such that, for all z € N¢,(02) N Q and all v € C",

1/2
RY) o ? Ly @;vm) _
(1-cag (Z)><48é(z)+(l S N ) < K(zv)

(17)

1/2

2

v L,(@(2);v

= (1+c5°@) ONVE | (14 Lo T2 )
465(2) 8q(z)

where wm : Q — 9 is a map satisfying |x — 7w (x)| = Sq(x), vy is in the complex

tangential plane Hy(;)0R, vy in the complex one-dimensional subspace orthogonal

to Hy (102 and v = zg + vy.

By using Lemma 4.3, we immediately obtain that, for some C; > 0,

ko v) = €2 (18)

82(2)

@ Springer



38 Page160f29 J.Liuetal.

If z € N¢,(0€2) N €2, then (17) obviously implies (18). For those z € 2\ N, (3£2), we

obtain
v
kQ(Z,_> >y >0
[v]

for some §p > 0 and §q(z) > €. Thus, we obtain the inequality (18) for some C; > 0.
The following result is similar to Lemma 3.1, which can be viewed as the (separation
property) geometric characteristic of the Kobayashi (quasi-) geodesic.

Lemma 4.4 Suppose that Q2 is a bounded strongly pseudoconvex domain in C" (n > 2)
with C2-smooth boundary. And suppose that y is a Kobayashi A-quasi-geodesic joining
y1 and y with A > 1. Then for any o > 4, there exists a constant C > 0 such that,
foreveryw = y(t) €y,

Sa(w) = CAa(yI[0, t]) Ala(y|lr, 11)*. (19)
Proof Put

D = max 6§q(2).
z€[y1,2]

Fori = 1, 2, let N; be the unique integer such that
D D
AT S Sa(yi) < o
Define x,&, x,f and y, as in the proof of Lemma 3.1 and
D
3a(z) < ST ifz € yy,
D . . .
Sa(z) > Ik if z is one end point of y,,. (20)

It, thus, follows from (5) and (20) and the definition of A-quasi-geodesic that there
exists a constant A > 0 such that

21vl
lk(py) = Alog (1 + AFld(Vu)) ; 2n

where A is the constant from Lemma 2.6 such that (5) holds.
By the estimate (18), we have

[v]—1
Cila(yy)  Ci1277
Li(p) = Ul = —la(y).

D \2 D2
(%)
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It is easy to see that for any N € N, there exists C(N) > 0 such that
log(1 +x) < C(N)x ¥,

for x > 0. Thus, if we take N > 2, we have

=1 ]

272 12N %
pla0w) = k) < ACNAY i ),
N

C1D2

which implies that

,( D -4
latpy) =C (ﬁ) ) (22)

where C' = (2%AC(N)A%C1)%. Therefore, if y () € y,,

D\ -1 D\ -1
L II0, () Ala(yIlr, 1D = €'Y <2—,> v ozac <—> AN

jzlvl
Moreover, by formulas (21) and (22), we get

D\
Ii(yy) <log| 1+2AC <W> N

Suppose x is one end point of y,,. Denoting w = y(¢) € y,, the estimation 5o (w)
consists of two cases. With the constant C in Lemma 4.2, we have

Case I %| log %| < NC. Hence,

D
Sa(w) > e Vg (x) = e 2NC =

21vl°
Case II %| log gg((:))) | > NC. By Lemma 4.2, we obtain
1 1) N —1 1)
Ko(x, w) = = |log 20| > og 200 ,
2 S (w) 2N S (w)

which implies that

‘N

N -1 o dq(x)
N B o)

1—

=/

D
< K(x,») < lk(p) <log| 142AC’ <W>
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Thus, it follows that

,% N—-1
8o (x) L ( D\ T
< |14+2AC" | — N
sa@ | T 20
and
2
s - 1 D 1+(N1\i|)2
@) = AT ,
where C” = (4AC’)%. Now (23) implies that
o (@) = C Uy 110, t]) Ala(y|lt, 11)*, (24)

where

Noting that lim « = 4, thus for any o > 4, there exists C > 0 such that (24)

N—o00
holds, which completes the proof. O

We remark that the proof of Theorem 4.1 follows almost the same line as the proof
of Theorem 1.5. We need only a minor modification for the estimate of the Kobayashi
metric. For the sake of completeness, we present its simple proof here.

The proof of Theorem 4.1. Scaling domain as necessary, we assume without loss of
generality that diam(€2) < 1. Fix a point € Q. By using (16), we obtain

1
Kao(z, w) > Elog - K,

1
da(z)
for some K > 0. Then by (5), we deduce that the Gromov product (x|y),, satisfies

2(x[y)w = Ko(x, o) + Ka(y, ) — Ka(x, y)

1
> > log > 2K,
2 Sa(x)da(y) + (A% +2A)|x — y|

where A is the constant from Lemma 2.6 such that (5) holds.
Next, to estimate the Euclidean length of y, we consider two cases:
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Case A [x — y| > (8o (x)8a(y))%. By the assumption, it follows that

1 1
o = ~log ———— — K
4T A+ 1) -y
1
> —log — K/,
8 °lx—yl

where K’ = K — ;11 log m. By the definition of the Gromov product, we obtain

/

)

1
Ko(w, [x,y]) = (x|y)» > < log
8 Tlx—yl

where [x, y] denotes a Kobayashi geodesic connecting x and y in 2. Now it follows
from Theorem 2.10 and Remark 2.13 that, there exists R > 0 such that

Thus by (5) for any z € y, there exists K” > 0 such that

1

L
2 %8

/

1
+ K" > Kg(w, z) > < log -
8 (2) 8 lx — yl

Take a point z = y (¢) with

1
La(y 110, 1)) = La(y |z, 1]) = Eld()’)~

Therefore, Lemma 4.4 gives

zeK/+K// é N
la(y) = —F |x — y[3.

CaseB |x — y| < 8a(x)8a())>. By the estimate (18) and the fact that diam(£2) <
1, we obtain that, for any z € Q and 0 # v € C",

ka(z; v) = Crlvl,

which implies that

L4 < Th) < Ka(r.y) < log <1 + A&)
’ g a(x) A da(y)
< log(1+ Alx — y|?)

< Alx —y2.
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Hence,

la([x, y]) < cilx — y|?,
where

! " l

2eK KN« AN 1
co=|—— V— and ¢ =—.

C C 4o

This completes the proof. O

Recall that bounded convex domains and strongly pseudoconvex domains are both
uniformly squeezing (see Sect. 2.5 for the precise definition). Therefore, the Kobayashi
metric, Bergman metric, Carathéodory metric, and Kéhler-Einstein metric are bilips-
chitzly equivalent to each other. Thus, we have

Corollary 4.5 Suppose that 2 is a bounded domain in C"(n > 2) and that Q satisfies
either

(a) 2 is m-convex domain with Dini-smooth boundary; or
(b) Q is strongly pseudoconvex with C*-smooth boundary.

Then there exists c¢1, c» > 0 such that, Vx,y € €,

la(y) < c1lx — y|?,

where y is a A-quasi-geodesic from x to y with respect to the metric 0q, and og, is one
of the Kobayashi metric, Bergman metric, Carathéodory metric and Kdhler-Einstein
metric of Q.

Proof Let y be a A-quasi-geodesic joining x and y with respect to one of the Bergman
metric, Carathéodory metric, and Kéhler-Einstein metric of €2. Then by using the fact
recorded in Sect. 2.5, we know that y is also a (CA)-quasi-geodesic for the Kobayashi
metric for some C > 0. Thus, we can complete the proof by using Theorems 1.5 and
4.1. O

5 Proof of Theorem 1.2

By Remark 3.4, for any x, y € , there exists a geodesic joining x and y; thus, we
can write [x, y] for x, y € Q. Now we prove the Theorem by the results proved in
Sect. 3.

First, we need the following result which characterizes the distance from a fixed
point to the geodesic [x, y].

Lemma 5.1 Let Q2 be a bounded m-convex domain_in C"(n > 2) with Dini-smooth
boundary. Suppose diam(2) < 1, then for any x € Q, y € 92 and x, y close to each
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other,

Ka(w, [x, y]) < log (25)

Ix —yl’

Here, we write [ < g for two functions if there exists a constant C > 1 such that
1/0)f =g =Cf.

Proof Fix a point w € 2. On one hand, choose a point z € [x, y] such that

la([x, zD) = L[z, ¥D.

Then Lemma 2.6 implies that there exists K1 > 0 such that

Ko(w,z) < %log 5@ + K.
Lemma 3.1 implies
a @
Ko(w,z) < ElongrElogFJrK‘
=< gIOgL—i—llog£+K1.
2 "=yl 2 "cC

Since diam(£2) < 1, there exists C > 0 such that

KQ(C(), [-xv y]) = KQ((X), Z) S Clog |x _ yl *

On the other hand, choose a point z € [x, y] such that Kq(w, [x, y]) = Kq(w, 2).
By Theorem 1.5,

1 8 1 )
Kqo(w,z) = <~ log 2(@) > —log 2(@)
2 da(z) — 2 T la(x,y]) +dax) Ada(y)
> 1 ! (26)
og————.
~ R — e
Thus, we have
Kqo(w, [x, y]) < log .
lx — yl
O
Remark 5.2 By the Triangle inequality,
*xY)o < Ko(w, [x, y]) <log .
lx — ¥l
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on the other hand, the Gromov hyperbolicity implies

[(xX|¥)w — Ka(w, [x, yD| <4,

which means that: if (2, Kg) is also Gromov hyperbolic, then

(x]y)o = log .
lx — vl
Proofof Theorem 1.2 Fix w € . Since f is a isometry, and the continuity of

Kobayashi metric, we know that f is a homeomorphism. Also, for any x, y € Q, we
have

Kq,(f(w), f(lx, yD) = Ko (o, [x, y])

and f([x, y]) is a geodesic between f(x) and f(y). Take two sequences {x;};_, and
{yk}i_, in 1 such that x; — & € 9Q; and yx — n € 9. Just repeat the proof of
Lemma 5.1 for x; and yi, only note that §q, (xx) A 8q,(yk) — 0 and 8q, (f(xk)) A
8q, (f(yx)) — 01in (26), it is easy to see that if £ = n, then | f(xx) — f ()| — O
which means f extends continuously to the boundary.

Thus by Lemma 5.1, when &, n close enough, we have

1
Ko, (o, [§,n]) < log ,
1§ —nl

and

1
K , , < log ———7—.
22 (@), f1 D) = log s

Thus, by combining these two inequalities, we know that there exists C; > 1, 1 >
C, > 0 such that

1 1
ol - 0 < 1fE) — F)] < CilE — 0l

which means that f not only extends to a homeomorphism on € but also bi-Holder
continuous on 0£21. O

6 Boundary Correspondence and Extensions of Maps

The aim of this section is to show Proposition 1.8 and Corollary 1.12. First, we prove
the bi-Holder equivalence between the Euclidean boundary and the Gromov boundary
on certain complex domains. Second, we use this boundary correspondence to obtain
some extension results not only for biholomorphisms but also for more general rough
quasi-isometries with respect to the Kobayashi metrics between the domains.
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We begin with some necessary definitions and auxiliary results concerning Gromov
hyperbolic geometry and morphisms between their boundaries at infinity.

Let (X, p) be a §-hyperbolic space. Fix a base point o in X. Recall that the Gromov
product of x, y with respect to o is

1
x1y)o = E(p(x, 0) +p(y, 0) —p(x, ¥)).

(1) A sequence {x;}in X is called a Gromov sequence if (x;|xj), — oo asi, j — oo.

(2) Two such sequences {x;} and {y;} are said to be equivalent if (x;|y;)o — 00 as
i — o0.

(3) The Gromov boundary dg X of X is defined to be the set of all equivalence classes
of Gromov sequences, and YG = X U dg X is called the Gromov closure of X.

(4) Fora € X and b € 9 X, the Gromov product (a|b), of a and b is defined by

(a|b), = inf { liminf(alb;), : {bi} € b}.
1—> 00
(5) Fora, b € 9 X, the Gromov product (a|b), of a and b is defined by

(a|b), = inf { liminf(a;1b;), : {a;} € a and {b;} € b}.
1—> 00

We recall the following basic results about the Gromov product on the Gromov
closure YG.

Proposition 6.1 (Lemma 5.11, [25]) Let X be a §-hyperbolic space, o, z € X, and
&, &' € 3gX. Then for any sequences {y;} € &, {y/} € &', we have

(1) (zl§)o = liminf; o (z]yi)o < limsup; _, (z]yi)o = (z|€)o + 85
(2) (§16N0 < liminfi oo (yily))o < limsup;_, o (Vily)o < (616N0 +26.

The next result is known as the standard estimate on Gromov hyperbolic spaces (see
for instance (3.2) in [6]). If X is a proper geodesic §-hyperbolic space, then for all
x, y, w € X, we have

| (x[9)w — p(w, [x, y])| < 8, 27)

where [x, y]is a geodesic with end points x and y.

Note that if (X, p) is proper and geodesic, then its Gromov boundary is also
equivalent to the geodesic boundary(cf. [8]). Here, the geodesic boundary is defined
as the set of all equivalence classes of geodesic rays, where two geodesic rays are said
to be equivalent if they have finite Hausdorff distance (cf. [8]).

For a Gromov hyperbolic space X, one can define a class of visual metrics on dg X
via the extended Gromov products, see [5,8]. For any metric pg in this class, there
exist a parameter € > 0 and a base point w € X such that

pc(a, b) < exp(—e€(alb)y), fora, be igX. (28)
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Recall that f =< g for two functions if there exists a constant C > 1 such that
(1/C)f < g < Cf. Any two metrics d; and d; in the canonical class are called
snowflake equivalent,i.e., theidentity mapid: (dg X, d1) — (36X, d»)isasnowflake
map. Note that ahomeomorphism ¢ : (X1, d;) — (X3, d2) between two metric spaces
is said to be snowflake if there exist A, « > 0 such that, for any x, y € X,

(1/Mdi(x, )" < da((x), p() < Adi(x, y)~.

Now we recall the definitions of Holder and power quasisymmetric mappings as
follows. A homeomorphism ¢ : (X1, d1) — (X2, d>) between two metric spaces is
said to be Holder if there exist A, ¥ > 0 such that, for any x, y € X1,

d(@(x), ¢(¥) = Adi(x, )*.

Moreover, ¢ is called bi-Holder if there exist . > 1,0 < « < 1 such that, for any
x,y € X1,

(1/0)dy (x, YV < do(p(x), ¢(3)) < Adi(x, y)*.

For a bounded strongly pseudoconvex domain € C C”" with C2-smooth boundary,
we know that the mapping between the Carnot-Carathéodory metric and the Euclidean
metric on €2 are bi-Holder equivalent (See [1] and the references given there for more
information). That is,

Cilp —ql <du(p, q) < Calp —q|'/*,  for p, q € IQ.

Thus, the visual metric of 9 €2 and the Euclidean metric of 92 are bi-Holder equivalent
to each other.

Definition 6.2 Let ¢ : (X1, di) — (X2, dz) be a homeomorphism between metric
spaces, and A > 1, x > 0 be constants.
If for all distinct points x, y, z € X1,

bYW, ¢@) _ (dl(x,@)
d(px), () ~ M\, )’

then ¢ is called a (k, A)-power quasisymmetry. Here, we have used the notation

A€ for0 <t < 1,
atc fort > 1.

Niex (1) = {

It is easy to see that every snowflake mapping is bi-Holder. By carefully checking
the proof of Theorem 6.15 in [24], we obtain the following result:

Proposition 6.3 A power quasisymmetry between two bounded metric spaces is bi-
Holder.

Also, we need an auxiliary result for our later use.
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Proposition 6.4 (Section 6, [S]) Suppose that f : X — Y is a rough quasi-isometry
between two geodesic Gromov hyperbolic spaces X and Y. Then f sends every Gromov
sequence in X to a Gromov sequence in Y, and f induces a power quasisymmetric
boundary mapping fG 106X — 0gY, where 0g X and dgY are equipped with certain
visual metrics.

Recently Zimmer proved that

Theorem 6.5 (Corollary 7.2, [29]) If Q2 is a bounded convex domain in C"(n > 2) and
(2, Kgq) is Gromov hyperbolic, then 2 is m-convex for some m > 1.

Now we are ready to show Proposition 1.8. For the convenience of the reader, we
restate the propositions as follows:

Proposition 6.6 Suppose that Q2 is a bounded domain in C" (n > 2) and satisfies either

(a) 2 is convex with Dini-smooth boundary and (2, Kq) is Gromov hyperbolic; or
(b) Q is strongly pseudoconvex with C*-smooth boundary.

Then the identity map id : Q — S extends to a bi-Holder homeomorphism of the
boundaries

id: (02, |-) = (362, pG)

(for simplicity of notation, here use the same notation), where pg is a certain visual
metric on the Gromov boundary of the domain (2, Kq) (see (28)).

Proof We first record some auxiliary results for later use. On the one hand, it follows
from Theorems 1.5, 6.5, and 4.1 that in both cases (a) and (b), there are constants
c1, ¢ > 0 such that, for any x, y € Q,

la([x, y]) < cilx — y|?, (29)

where [x, y] is a Kobayashi geodesic joining x and y in €.
On the other hand, by using Lemmas 1.6 and 4.4 , we see that there exist constants

C, a > 0 such that, for every u € [x, y],

So) > C (a([x, ul) Ala(lu, yD)*. (30)

Next we want to show that the identity map extends to a bijection between the
Euclidean boundary of €2 and the Gromov boundary of the space (2, Kq). That is
to say, a sequence in €2 is a Gromov sequence if and only if it converges to certain
boundary point in the Euclidean metric.

To this end, fix a point w € Q. For any Gromov sequences {xx}, {yr} C 2 with
(xk|Yk)e — 00 as n — oo. For each k, connect x; and y; by a Kobayashi geodesic
[xk, yx] in 2. Then choose a point z; € [xk, yx] such that

La([xk, zi]) = La([zk, Y& D).
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Lemma 2.6 implies that there exists K; > 0 such that

1 1
Ko(w,zp) < —log—— + Ky, 31
PRI
which implies that
< K —] .
Xklyi) o < Ka(w, z1) < 7 Og(3 ( k) K

Hence,
Sa(zxr) — 0 ask — oo.

Now, by applying (30) to [xx, yx], we obtain that

1
lxk — yel < La(lxk, yel) < =65 (zk) — 0, (32)

Qz| )

as desired.

On the other hand, for every x € 9€2, choose a sequences {x;}, {yx} C 2 with
xx — x and y — x as k — oo. For each k, again we may join x; and y; by a
Kobayashi geodesic [xx, yi]in 2. Choose a point uy € [xk, yi] such that

Ka(w, zk) = Kq(o, [xk, yi])-

Now, applying (29) to [xx, yk], we conclude that

1
da(zk) < Eld([Xk, D + 8o (xk) V 8o (k)

C
< 31|xk — 3|2 + 8o (x) V 8o (). (33)

By using the estimates (13) and (16) in both cases (a) and (b), it follows that there
exists K» > 0 such that

1 1
Ko(w, zx) = 3 gm — K>. (34)

Since |xr — yk| — 0 and dq(xx), da(yk) — 0, we have Kq(w, [xk, yx]) — 00 as
k — o00. Then we deduce from the standard estimate (27) that

(xklyk)y, — 00 as k — oo.

Therefore, we have proved that the identity map extends to a bijection between the
Euclidean boundary of €2 and the Gromov boundary of the space (2, Kg).
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Now we are ready to show this boundary mapping id : (0<2, |- |) — (062, pG)
is bi-Holder continuous, where pg is a visual metric on the Gromov boundary of
(2, Kq) with parameter ¢ > 0 and base point w (refer to (28)).

Only note that the Gromov hyperbolicity of (2, Kq) implies that

6o o p—Ka@.lxyD)

Thus, we complete the proof by repeating the arguments in the proof of Lemma 5.1.
O

Note the bilipschitz equivalence of the canonical metrics on 2. Denoting by og one
of the Kobayashi metric, Bergman metric, Carathéodory metric, and Kihler-Einstein
metric on £2, we obtain

Corollary 6.7 Suppose that Q2 is a bounded domain in C"(n > 2) and satisfies either

(a) 2 is convex with Dini-smooth boundary and (2, og) is Gromov hyperbolic; or
(b) Q is strongly pseudoconvex with C*-smooth boundary.

Then the identity map id : 2 — 2 extends to a bi-Holder homeomorphism
id: (3R, |-])) — (R, p),

where p is certain visual metric on the Gromov boundary of (2, 0q).

Proof Note that, by using the fact recorded in Sect. 2.5, the Kobayashi metric K¢, is
bilipschitzly equivalent to o under the identity map. Then by Theorem 2.12, if Q2 is
Gromov hyperbolic with respect to the metric g, then it is also Gromov hyperbolic
with respect to the Kobayashi metric K.

From Propositions 6.4 and 6.3 , it follows that the identity map

id: (2, Kq) = (2, 09)

extends to a bi-Holder homeomorphism between the Gromov boundary of (2, Kq)
and the Gromov boundary of (2, pq) with respect to the visual metrics.

Moreover, it follows from Proposition 1.8 that the identity map extends to a bi-
Holder homeomorphism between the Euclidean boundary of € and the Gromov
boundary of (2, Kq).

Therefore, the conclusion follows easily from these results and the fact that the
composition of bi-Holder mappings is bi-Holder as well. O

Finally, we conclude this section by showing Theorem 1.12.

Proof of Corollary 1.12. At first, one observes from Propositions 6.4 and 6.3 that
(. Ka,) = (2. Ka,)

extends to a homeomorphism such that every sequence {x,} in (2], Kgq,) is Gromov
if and only if the image sequence { f(x,)} in (€22, Kgq,) is Gromov. Moreover, the
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induced mapping
]7: 3gf21 — 3(;92

is bi-Holder when the Gromov boundaries 96 £2; of (2;, Kg;,) are endowed with their
visual metrics fori =1, 2.

For eachi = 1, 2, then by Proposition 1.8, the identity map id; : ; — €2; extends
as a homeomorphism such that a sequence in €2; is a Gromov sequence if and only if
it converges to a point in 9€2;. And the induced mapping

idi : (092, |-1) = (362U, pi)

is bi-Holder, where p; is a visual metric on the Gromov boundary of (£2;, Kg;).
Thus, we get a well-defined boundary mapping

F=idy'o foid :9Q — 0

such that {x,} in 1 converges to a point in €21 if and only if { f (x,,)} in 2> converges
toapointin d,. This shows that f is the corresponding continuous extension mapping
by f, which is a homeomorphism. Clearly, f is bi-Holder because the composition
of bi-Holder mappings is also bi-Holder, which completes the proof. O
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