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Abstract Loewner’s equation provides a way to encode a simply connected
domain or equivalently its uniformizing conformal map via a real-valued driv-
ing function of its boundary. The first main result of the present paper is that the
Dirichlet energy of this driving function (also known as the Loewner energy)
is equal to the Dirichlet energy of the log-derivative of the (appropriately
defined) uniformizing conformal map. This description of the Loewner energy
then enables to tie direct links with regularized determinants and Teichmiiller
theory: We show that for smooth simple loops, the Loewner energy can be
expressed in terms of the zeta-regularized determinants of a certain Neumann
jump operator. We also show that the family of finite Loewner energy loops
coincides with the Weil-Petersson class of quasicircles, and that the Loewner
energy equals to a multiple of the universal Liouville action introduced by
Takhtajan and Teo, which is a Kéhler potential for the Weil-Petersson metric
on the Weil-Petersson Teichmiiller space.
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1 Introduction
Background on Loewner energy

Loewner introduced in 1923 [22] a way to encode/construct uniformizing
conformal maps, via continuous iterations (now known as Loewner chains) of
simple infinitesimal conformal distortions. It allows to describe the uniformiz-
ing maps via a real-valued function that is usually referred to as the driving
function of the Loewner chain. Loewner’s motivation came from the Bieber-
bach conjecture and Loewner chains have in fact been an important tool in the
proof of this conjecture by De Branges [9] in 1985. They are also a funda-
mental building block in the definition of Schramm-Loewner Evolutions by
Schramm [32].

Let us very briefly recall aspects of the Loewner chain formalism in the
chordal setting, which is the first one that we will focus on here: When y
is a simple curve from O to oo in the upper half-plane H, one can choose
to parametrize y in a way such that the half-plane capacity of y[0, ¢] seen
from infinity grows linearly. More precisely, this means that the mapping-out
function g; from H\y [0, ¢] to H, that is normalized near infinity by g,(z) =
z 4+ o(l) as z — oo does in fact satisfy g;(z) = z + 2¢t/z + o(1/z). By
Carathéodory’s theorem, the function g, can be extended continuously to the
tip y; of the slit ¢ [0, ¢] which enables to define W () := g;(y;). The real-valued
function W turns out to be continuous, and it is called the driving function of the
chord y (or of the Loewner flow (g;);>0) in (H, 0, co). Loewner [22] showed
(in the slightly different radial setting, but the story is essentially the same
as in this chordal setting, see [28]) that the functions ¢ — g;(z) do satisfy a
very simple differential equation, which in turn shows that the driving function
uniquely determines the curve y. Note that when W is only continuous, it may
not arise from a curve y, however, the Loewner flow g; is always well defined
on a subset of H.

The random curves driven by W (¢) := \/k B;, where k > 0 and B is one-
dimensional Brownian motion are Schramm’s chordal SLE, [32] (it can be
shown that these random curves are almost surely simple curves when k¥ < 4
[30] and in that case, we are in the framework described above), which is
conjectured (and for some special values of «, this is proven—see [18,33,39])
to be the scaling limit of interfaces in some statistical physics models. Given
that the action functional that is naturally related to Brownian motion is the
Dirichlet energy fooo W'(t)%/2 dt, this energy looks like a natural quantity to
investigate in the Loewner/SLE context. It has in fact been introduced and
studied recently by Friz and Shekhar [12] and the author [42] independently.
It should be emphasized that this Loewner energy is finite only when the simple
chord y is quite regular, and that we will therefore be dealing only with fairly
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regular chords as opposed to SLEs in the present paper. Since a simple chord
determines its driving function, one can view this Loewner energy as a function
of the chord and denote it by I 0,00(¥)-

Elementary scaling considerations show that for any given positive A,

I1,0,00(AY) = TH,0,00 (V).

This enables to define the Loewner energy Ip 4 5 of a simple chord in a simply
connected domain D from a to b (where a and b are distinct prime ends of D),
to be the Loewner energy of the image of this chord in H from O to co under
any uniformizing map from D to H which maps a and b to 0 and oco.

In our paper [42], we have shown that this Loewner energy was reversible,
namely that Ip 4 5(¥) = Ipp.a(y). Even though this is a result about deter-
ministic Loewner chains, our proof was based on the reversibility of SLE,
and on an interpretation of the Loewner energy as a large deviation functional
for SLE, as k — 0+4. This result raised the question whether there are direct
descriptions of the Loewner energy that do not involve the underlying Loewner
chains. The goal of the present paper is to provide such descriptions. In fact,
we will provide three such expressions of the Loewner energy, which we now
briefly describe in the next three paragraphs.

Relation to the Dirichlet energy of the log-derivative of a uniformizing
map

Let us introduce some notation: It turns out to be more convenient to work
in a slit plane rather than in the upper half-plane (this just corresponds to
conjugation of g; by the square map) when studying the Loewner energy of
chords. In other words, one looks at a chord from 0 to oo in the slit plane ¥ :=
C\R.. Such a chord divides the slit plane into two connected components
Hi and H», and one can then define 4; to be a conformal map from H; onto
a half-plane fixing oco. See Fig.1 for a picturesque description of these two
maps. Let i be the map defined on X'\ y, which coincides with /; on H;. Here
and in the sequel dz? denotes the Euclidean (area) measure on C.

Theorem 1.1 When y is a chord from O to infinity in X with finite Loewner
energy, then

! / 2 2 1
I5,0,00(y) = ;/2\ |Viog |W(2)||” dz* = — .
4 v

2
h//(Z) )

h'(2)

The Loewner energy also has a natural generalization to oriented simple
loops (Jordan curves) with a marked point (root) embedded in the Riemann
sphere, such that if we identify the simple chord y in X' connecting O to co with
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hy
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Fig.1 We often choose the half-planes to be H and the lower half-plane H* as the image of /1
and hy to fit into the Loewner chain setting. However, it is clear that the last two expressions
of the equality in Theorem 1.1 is invariant under transformations z > az + b, for a € C* and
beC

the loop y UR_, then the loop energy of y UR rooted at oo and oriented as y
is equal to the chordal Loewner energy of y in (X, 0, 00). In a joint work with
Steffen Rohde [31], we have shown that this Loewner loop energy, denoted by
I, depends only on the image (i.e. of the trace) of the loop. In particular, it
does not depend on the root of the loop. The Loewner loop energy is therefore
a non-negative and Mobius invariant quantity on the set of free loops, which
vanishes only on circles. The proof in [31] relies on the reversibility of chordal
Loewner energy and a certain type of surgeries on the loop to displace the root.
This root-invariance suggests that the framework of loops provides even more
symmetries and invariance properties than the chordal case when one studies
Loewner energy.

In the present paper, we will derive the counterpart of Theorem 1.1 for loops:

Theorem 1.2 (see Theorem 6.1) If y is a loop passing through oo with finite
Loewner energy, then

1
It (y) = —/ ‘Vlog !h’(z)H2 dz?,
T Jevy

where h maps C\y conformally onto two half-planes and fixes co.

Actually, one can view Theorem 1.1 as a consequence of Theorem 6.1 (and
this is the order in which we will derive things). Note that the identity also
holds when 7 L(y) = o0, which follows in fact from the characterization of
Weil-Petersson quasicircles (see below) by its welding homeomorphism [37]
that we will not enter into detail here.

Let us say a few words about the strategy of our proof of these two results,
which will be the main purpose of the first part of the present paper (Sects. 3
to 6). We will first derive the additivity (called J-additivity) of the integral
on log-derivative of the uniformizing map when the curve is C!%-regular
(Sect. 3). Curves with piecewise linear driving function fall into this class of
curves. Weak J-additivity suffices to obtain a version of Theorem 1.1 for
finite capacity chords driven by a piecewise linear function using explicit
infinitesimal computation in Sect.4. It then provides the bound to deduce the
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general J-additivity for all finite energy curves (Corollary 5.4) and the proof
of the identity (Proposition 2.1) for finite capacity and finite energy chords is
completed in Sect. 5. We prove Theorem 6.1 in Sect. 6 by passing the capacity
to oo and generalize the identity to loops. It is worth emphasizing that already
in the case of a linear driving function where the map / is almost explicit, the
proof is not immediate.

As briefly argued in the concluding section (Sect. 9) of the present paper, it
is possible to heuristically interpret Theorem 6.1 as a k — 0+ limit of some
relations between SLE, curves and Liouville Quantum gravity, as pioneered
by Sheffield in [34]. This is actually the line of thought that led us to guessing
the Theorem 6.1.

Theorem 6.1 then opens the door to a number of connections with other
ideas, which we then investigate in Sects.7 and 8 and that we now describe.

Relation to zeta-regularized determinants

The first approach involves zeta-regularized determinants of Laplacians for
smooth loops. Our main result in this direction is Theorem 7.3, which can be
summarized by:

Theorem 1.3 For C*™ loops, one has the identity

IL()/) = 1210gdet2N(y, g) — 12logl,(y)
—(121ogdet; N(S', g) — 121logl,(5")),

where g is any metric on the Riemann sphere conformally equivalent to
the spherical metric, l4(y) the arclength of y, and detéN (v, g) the zeta-
regularized determinant of the Neumann jump operator across y .

Let us already note that the root-invariance (and also the reversibility) of
the loop energy for smooth loops follows directly from this result, because
there is no more parametrization involved in the right-hand side. This identity
is also reminiscent of the partition function formulation of the SLE/Gaussian
free field coupling by Dubédat [10].

The zeta-regularization of operators was introduced by Ray and Singer [29]
and are then used by physicists (e.g. Hawking [15]) to make sense of quadratic
path integrals. The determinants of Laplacians on Riemann surfaces also play
a crucial role in Polyakov’s quantum theory of bosonic strings [27]. Polyakov
and Alvarez studied the variation of the functional integral under conformal
changes of metric, for surfaces with or without boundary [1], resp. [27] which
is known as the Polyakov-Alvarez conformal anomaly formula (Theorem D).
Osgood, Phillips and Sarnak [26] showed that such variation is realized by the
zeta-regularized determinants of Laplacians. The Polyakov-Alvarez conformal
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anomaly formula is the main tool in our proof of Theorem 7.3. Notice that
the regularization is well defined when the boundary of the bounded domain
is regular enough (e.g. C?), and that the variation formula was also derived
under boundary regularity conditions. This is why to stay on the safe side in
the present paper, we restrict ourselves to C*° loops whenever we consider
these regularized determinants to conform with the setup of [6,7,26].

The zeta-regularized determinant of the Neumann jump operator N(y, g)
that is referred to in Theorem 1.3 is closely related to such determinants of
Laplacians via a Mayer—Vietoris type surgery formula [6] that we will recall
in Sect.7.

Relation to the Weil-Petersson Teichmiiller space

It was shown in [31] that finite energy loops are quasicircles. Since the Loewner
energy is Mobius invariant, it is very natural to consider them as points in the
universal Teichmiiller space 7' (1) which can be modeled by the homogeneous
space Mob(S l)\ QS(S!) that is the group QS(S 1y of quasisymmetric home-
omorphisms of the unit circle ' modulo Mébius transformations of S!, via
the welding function of the quasicircle (for basic material on quasiconfor-
mal maps and Teichmiiller spaces, readers may consult e.g. [19,20,24]). On
the other hand, it is easy to see that quasicircles do not always have finite
Loewner energy (for instance, quasicircles with corners have infinite energy).
This raises the natural question to identify the subspace of finite energy loops
in the Teichmiiller space. The answer to this question is the main purpose of
Sect. 8.

Recall that the equivalent classes of smooth diffeomorphisms of the circle
M'db(Sl)\Diff(S D is naturally embedded into 7 (1) since they are clearly qua-
sisymmetric. It carries a remarkable complex structure, and there is a unique
(up to constant factor) homogeneous Kahler metric on it which has also been
studied intensively by both physicists and mathematicians, see e.g. Bowick,
Rajeev, Witten [4,5,44] as it plays an important role in the string theory. Nag
and Verjovsky [24] showed that this metric coincides with the Weil-Petersson
metric on 7' (1) and Cui [8] showed that the completion 7o (1) (called the Weil—
Petersson Teichmiiller space) of Mob(S!)\Diff(S!) under the Weil—Petersson
metric is the class of quasisymmetric functions whose quasiconformal exten-
sion has L2-integrable complex dilation with respect to the hyperbolic metric.

The memoir by Takhtajan and Teo [40] studies systematically the Weil—
Petersson Teichmiiller space. They proved that Tp(1) is the connected
component of the identity in 7'(1) viewed as a complex Hilbert manifold (this
is actually where the notation of 7y (1) comes from) and established many other
equivalent characterizations of the Weil-Petersson Teichmiiller space. They
also introduced a quantity which is very relevant for the present paper: the
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universal Liouville action S1 (we will recall its definition in (17)) and showed
that it is a Ké&hler potential for the Weil-Petersson metric on 7Tp(1). Later,
Shen, et al. [36-38] did characterize Tp(1) directly in terms of the welding
homeomorphisms.

The main result of Sect. 8 of the present paper is Theorem 8.1 that loosely
speaking says that:

Theorem 1.4 A Jordan curve y has finite Loewner energy if and only if [y ] €
To(1) and

1*(y) = S1(lyD/~.

where we identify y with its welding function which lies in QS(S").

This provides therefore another characterization of 7y (1) and a new viewpoint
on its Kéhler potential (or alternatively a way to look at the Loewner energy).

Again the root-invariance (and also the reversibility) of the loop energy can
be viewed as a corollary of this result, because there is no more parametriza-
tion involved in the definition of Sy([y]). Note that we require no regularity
assumption on y in the above identity.

The paper is structured as follows: Sect.3 to Sect.6 are devoted to the
proof of Theorem 6.1 as we described above, from which we derive in Sect.7
the identity with determinants (Theorem 7.3) for smooth loops. In Sect.S8,
by choosing a particular metric in the identity of Theorem 7.3, we deduce
Theorem 8.1 which relates the Loewner energy to the the Weil-Petersson
Teichmiiller space, via approximation of finite energy curves by smooth curves.
In Sect.9 we gather informal discussions on how we are led to Theorem 6.1.

2 Preliminaries and notation

Through out the paper, a domain means a simply connected open subset of
C whose boundary can be parametrized by a non self-intersecting continuous
curve (not necessarily injective). We orient and parametrize this boundary so
that it winds anti-clockwise around the domain. When the boundary is a Jordan
curve then we say that the domain is a Jordan domain.

We first recall that a real-valued function f defined on the compact inter-
val [a, b] is absolutely continuous (AC) if there exists a Lebesgue integrable
function g on [a, b], such that

f(x) = f(a) +/x g(t)dt, forx € [a,b].

It is elementary to check that this is equivalent to any of the following two
conditions (see [2] Sec. 4.4):
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(AC1) Forevery ¢ > 0, there is § > 0 such that whenever a finite sequence of
pairwise disjoint sub-intervals (xi, yx) of [a, b]and ), (yx —xx) < 6,
then

DI — fx)l <e.
k

(AC2) f has derivative almost everywhere, the derivative is Lebesgue inte-
grable, and

fx) = f(a) +/x f(t)det, forx € la,b].

A function f defined on a non-compact interval is said to be AC if f is AC
on all the compact sub-intervals.

We now generalize the definition of the Loewner energy of a chord y in
(D, a, b) that we gave in the introduction to the case of chords that start at a
but do not make it all the way to b. The steps of the definition are exactly the
same:

— First, consider the case of the upper half-plane, and consider a finite simple
chord y := y[0, T'], parametrized by its half-plane capacity. We then let
W be the driving function of the chord, and we set

1 T
Ino.00(y[0,T]) = 5/ W/(t)2 dt when W is absolutely continuous
0

and Ig,0,00(7[0, T]) = oo if W is not AC. Sometimes with a slight abuse
of notation, we denote also the above quantity by I (W).

— We note that this definition of the energy of the chord y [0, T'] is invariant
under scaling, so that for any conformal map ¢ from H onto some simply
connected domain D, we can define

ID,a,b(¢ o V[Os T]) = IH,O,oo(V[Q T])a

where a = ¢ (0) and b = ¢ (c0).

Let us list some other properties of finite Loewner energy curves: If y has
finite energy in (D, a, b) and is parametrized by capacity (the parametrization
pulled back by the uniformizing map ¢), then

— Ip 4.p(y) = 0if and only if y is contained in the conformal geodesic in D
froma to b,ie.y = qb_l (i[O, s]) for some s € [0, o0].
— y is arectifiable simple curve, see [12, Thm. 2.iv].
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Equivalent descriptions of the loewner energy 581

— y is a quasiconformal curve, that is the image of the conformal geodesic in
D between a and b under a quasiconformal map from D onto itself fixing
a and b. In particular, b is the only boundary point hit by y; and it happens
only when t = T = oo, see [42, Prop. 2.1].

— I-Additivity: Since Vt < T,

17 1 17
—/ W (r)?dr = —/ W/(r)zdr—i——/ W' (r)* dr,
2 Jo 2 Jo 2/,

itfollows from the definition of the driving function and the Loewner energy
that

Ip,ap(Y[0, T = Ip,ap ([0, 1D + Ip\y(0,01,6 (Y[, TD. (D)

In particular, if W is constanton [z, T'], y[¢, T'] is contained in the conformal
geodesic of D\y[O0, t] from y; to b.

— y has no corners, see [31, Sect. 2.1].

— y need not to be C!, see the example of slow spirals in [31, Sect. 4.2].

From now on in this section, we restrict ourselves in the domain (D, a, b) =
(2,0, 00) where ¥ = C\R;.. We will abbreviate /(5 0.o0) as /. We choose
/-, the square root map taking values in the upper half-plane H, to be the
uniformizing conformal map of (X, 0, 00), so that the capacity of a bounded
hull in X, as well as the driving function of Loewner chains in (X, 0, 0o) are
well-defined (and not up to scaling any more).

The following result is the counterpart of Theorem 1.1 for chords that do
not make it all the way to infinity (i.e. T < 00):

Proposition 2.1 Let y be a finite energy simple curve in (X, 0, 00),

1
I(y[0,T) = —/
T JE\y[0.T]

where ht : X\y — X is the conformal mapping-out function of y[0, T],
such that ht (yr) =0and ht(z) = z+ O(1) as z — oo.

@ ’ 72 )

h'.(2)

Note that Proposition 2.1 is weaker than Theorem 1.1. Indeed, if we consider
W as in Proposition 2.1 and then defines W on all of [0, o0) by W(t) =
W (min(z, T')), then W does generate the chord  from O to infinity in X' that
coincides with y up to time 7" and then continues along the conformal geodesic
from y7 to infinity in X'\ y [0, T'] (see Fig.2).

It is easy to see that the restriction of 47 to X'\’y is an admissible choice for
the conformal map in Theorem 1.1, which maps X'\y to two half-planes, so
that Proposition 2.1 is a rephrasing of Theorem 1.1 for 7. However, we will
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Fig. 2 The infinite capacity curve y is the completion of y by adding the conformal geodesic
y\y = h;l (R_) connecting yr to co in X\ y[0, T]

explain how it is in fact possible to deduce Theorem 1.1 from Proposition 2.1
by letting T — oo in Sect. 6 while proving the more general Theorem 6.1 for
simple loops. We will therefore aim at establishing Proposition 2.1 which is
completed in Sect. 5.

In the sequel we will denote the right-hand side of Proposition 2.1 by J (k7).
Note that

1
J(M)Z;fz\
1

is the Dirichlet energy of

2
2

h//(z) 1
2 - :‘/ Vou, () d2?
T JE\y

hy(2)

ony (2) = log [h7(2)].

It is worthwhile noticing that this energy is the same for 2z = hr as for its
inverse map ¢ = h~!. More precisely, one has o}, 0 ¢ = —o, and

1 1
—/ |Vmp(z)\2 dz* = —/ |V (on 0 p(2)|* dz*
T Jy TJy

1
= —/ IVoul? (0(2) |¢' ()] d2? 3)
T /)y
1
=— [ Vol (»dy*
2\y

We will first consider regular enough curves in the proof of Proposition 2.1,
the following theorem is useful which states that the regularity of the curve
is characterized by the regularity of its driving function: recall that C¢ is
understood as the Holder class C*#, where k is the integer part of  and
B = a — k, that are C* functions with 8-Holder continuous k-th derivative.

Theorem A (see [31,45]) For 1 < o < 2, o # 3/2, A simple curve y is C*
if and only if it is driven by a C*~1/2 function.

It allows us to deduce the regularity of the completed chord y from the regu-
larity of y.

Corollary 2.2 If T < 00,0 < o < 1 and y[0,T] is C*%. Theny is C"-P,
where B = a ifa < 1/2, and B can take any value less than 1/2 if « > 1/2.
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Equivalent descriptions of the loewner energy 583

Proof From Theorem A, the driving function W of y is in C°‘+1/E if o #
1/2. The completion ¥ of y by conformal geodesic is driven by W : ¢
W (min(¢, T)) which is C™"@+1/2.D) Tt in turn implies that 7 is in C1A.

If « = 1/2, it suffices to replace o by 1/2 — ¢ for small enough &. O

3 Weak J-additivity

Recall that [ satisfies the additivity property (1). The first step in our proof of
the identity J = I in Proposition 2.1 will be to show that J satisfies the same
additivity property in the case of regular curves y (this is our Proposition 3.3
which is the purpose of this section). More precisely, in this section, we only
consider the case when y U R is C¢ for some o > 0. From Theorem A,
this is equivalent to that the extended driving function W : (—oo, T] — R of
W, such that W (¢) = 0 for t < 0 has Holder exponent strictly larger than 1/2.
In fact, W is the driving function for the embedded arc y U R rooted at oo
(see Sect. 6 for more details on the extension of driving functions).

Let us first recall some classical analytic tools: Let D be a Jordan domain
with boundary I" and let ¢ be a conformal mapping from D onto D. From
Carathéodory theorem (see e.g. [13] Thm. 1.3.1), ¢ can be extended to a
homeomorphism from D to D. Moreover, the regularity of ¢ is related to
the regularity of I" from Kellogg’s theorem:

Theorem B (Kellogg’s theorem, see e.g. [13] Thm. 11.4.3) Let n € N*, and
0 < o < 1. Then the following conditions are equivalent :

(a) I is of class C™“.
(b) arg(¢') isin C""1* (D).
(¢) ¢ € C"™*(D) and ¢’ # 0 on D.

If one of the above condition holds, we say that D is a C'™* domain. When
o = 0, conditions (a) and (b) are still equivalent.

An unbounded domain is said to be C™* if there exists a Mobius map
mapping it to a bounded C”* domain. Now let H be a C'"* domain with
0 <o < 1and 0,00 € dH. We parametrize its boundary I" by arclength
I' : R — d0H, such that I"(0) = 0. Let ¢ be a conformal map fixing co from
H onto H. Conjugating by a Mdbius transformation, Theorem B implies that
¢~ lis C1* inall compacts of H. Since (@Y is locally bounded away from
0, the inverse function theorem shows that ¢ is also C: in all compacts of H.
In particular, both o4 = log |¢’'| and its conjugate vy = arg(¢’) = Imlog(¢")
are C% in all compacts of H.
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584 Y. Wang

Lemma 3.1 (Extension of Stokes’ formula) For a C1* domain H as above
and all smooth and compactly supported functions g € C°(H),

/HVg(Z)'V%(Z)dZZ = —Ag(F(S))dT(S), “4)

where t(s) := arg(I"'(s)) is chosen to be continuous, and the right-hand side
is a Riemann—Stieljes integral.

The existence of the Riemann—Stieljes integral against d7(s) is due to a
classical result of Young [46]:

Theorem C (Young’sintegral) If X € C*([0,T],R)and Y € CcP(0, T], R),
o+ B >1,a, B <1, then the limit below exists and we define

T
/0 Y(u)dX(u) := III’IIEO Z Yw)(X(v) — X(u))

(u,v)eP

where P is a partition of [0, T], | P| the mesh size of P. The above limit is also
equal to

lim Y(v)(X(v) — X(u))
|P|—0
(u,v)eP

and the integration by parts holds:
T

T
f Y(u)dXw)=Y(M)X(T)—-Y0)X(0) — / Xu)dYu).
0 0

Moreover, one has the bounds: for0 <s <t < T,
@ |[;Yw) = Y(©)dXw)| SYlIplX e |t — s]*FP.
®) 1Y@ dX@lle S AY O+ 1Y 1)1 X e

where < means inequality up to a multiplicative constant depending only on
o, BandT.

Notice that when I" is smooth, the outer normal derivative 9,04 is well
defined on the boundary, the above lemma is indeed Stokes’ formula

f Vg(2) - Voy(z)dz? = — / 8(2)Acy(z) dz* + / 8(2)3,04(2) dl(2)
H H r

=/ —g(z)ko(z)dl(z)=/ —g(2)dr,
r r
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where ko(z) the geodesic curvature of dH at z and d! is integration with
respect to the arclength on the boundary. In this case, the first equality is due
to the fact that g is compactly supported. The second equality follows from
the harmonicity of 0y (z) and Lemma A.1 which gives

304(2) = k(¢ (2))e”® — ko(2),

where k(¢ (z)) is the geodesic curvature of dlH at ¢ (z) which is zero. Hence,
the lemma’s goal is to deal with the case where the boundary is less regular as
the geodesic curvature is not defined for C'** domains.

Proof (Lemma 3.1) Let H, = ¢~ '(H + ie) be the domain with boundary
I, = ¢ 'R +ie) parametrized by arclength: s — I¢(s). We choose the
parametrization such that I:(0) — I"(0) as ¢ — 0. Since I is analytic, the
remark above applies and one gets

f Vg(2) - Voy(2)d2? = fr ¢(2)hop(2) dz = /R (T (5)3y vy (T (5)) ds

H;

:/R—asg(rg(S))Uqb(Fe(S))ds

by integration by parts. Since ¢! is C1¢ in all compacts of H, the bijective
map ¢ from H to itself (x, y) — (s, y) such that Iy(s) = ¢ (x +iy)is
continuous. The inverse of i is continuous therefore uniformly continuous on
compacts. Since I,(-) = ¢~ o ¥ ~1(-, &), we have that vy (I (-)) converges
uniformly on compacts to vy (I'(-)). The above integral converges as ¢ — 0
to

/R —0,g(I"(5))vy(I'(s)) ds = fR (I'(s)) dvg(I(5)) = /R —g(I () dx(s),

since g(I"(-)) is at least C!and v (I'(+)) is C% in the support of g(I"(-)), the
integration by parts in the first equality holds. In the second equality, we use
dvg(I'(s)) = —d arg(I''(s)) = —dt(s). O

Now we would like to apply Lemma 3.1 to the special case of the slit
domain X'\y where y U R, is at least C1%, o > 0. A little bit of caution
is needed because this is not a C'** domain. However, Corollary 2.2 shows
that the completion ¥ of y by conformal geodesic connecting y (7') and oo
in X\y is C1# for some 0 < B < 1/2. The complement of ¥ U R has
two connected components H; and H», both are unbounded C 1.8 domains. In
fact, the regularity of ¥ U R at oo (after being mapped to a finite point via
Mabius transformation) can be easily computed and is at least C*1/2, see [23,
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Prop. 3.12]. And the mapping-out function 2 = A7 maps both domains to H
and the lower-half plane H* respectively.

We parametrize I” =y UR_ by arclength such that 7(0) = 0 and consider
it as the boundary of H; (so that Hj is on the left-hand side of I"), we denote
by I"(s) = I"(—s) the arclength-parametrized boundary of H, (see Fig. 1).

For a domain D C C, we introduce the space of smooth functions with
finite Dirichlet energy:

(D) = {g e C®(D), / Ve d2 < oo} .
D

Proposition 3.2 If a finite capacity curve y in (X, 0, 00) satisfies:

— y URy is C1* for some a > 0,
— opisin D (X\y).

Then forall g € P*°(X),

/ Vg(z) - Vou(z) dz* = 0.
2\y

Proof We have already seen that H; and H, are C'-# domains for some 8 > 0.

Assume first that g € 2°°(X) is compactly supported (in C) and that
both g|x, and g|H, can be extended to C (Hy) and C*®(H,) (with possibly
different values along R ), then Lemma 3.1 applies:

/ Vg(z) - Vah(z)dz2 = (/ —i—/ ) Vg(z) - Von(2) dz?
Z\y H Hy

_ / g(I'(s)) dt(s) — / g(I () di(s)
R R

where 7(s) = arg(I"'(s)), and T(s) = arg(I"'(s)) = t(—s) + 7.
Since I'(s) € X fors < 0, and dt(s) = 0 for s > 0, it follows that this
quantity is also equal to

0 +00
—f g(I'(s))dz(s) —/0 g(I'(=s))dt(—s)

0 —00
- / ¢ (I () d(s) — /0 (T (1) dr(t) = 0.

—00

The conclusion then follows from the density of compactly supported functions
in 2°°(X) and the assumption o, € °°(X \ y). O
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We are now ready to state and prove the J-additivity for sufficiently smooth
curves: Let h; be the mapping-out function of y [0, #] as in the proof of Proposi-
tion 3.2. We write h; s = h; o hs_1 for the mapping-out function of 4 (y[s, t]),
where s < ¢.

Proposition 3.3 (Weak J-Additivity) If y is a simple curve in (X, 0, 00) such
thaty UR, is Cl ForO0<s<t<T, if both J (hg) and J (h; ) are finite,
then J (hy) = J (hg) + J (hy ).

Proof Let y := y[0,1], ¥ := hs(yls. t]). We write 0,(z) = log|h/(z)| and
01,5(z) = log |} ((2)|. From

0;(z) = log |} (2)| = log |(hy.s 0 hy) (2)| = 01,5 (hs(2)) + 04(2),

we deduce

2 () =)+ [ [Vorno)| a2

2\y

+2 / Yoy (2) - Vo (hs(2)) d22.
X\y

The second term on the right-hand side equals to v J (h; ) by the conformal
invariance of the Dirichlet energy. Now we show that the third term vanishes.
We write it in a slightly different way: it is equal to

/ V01 (s (2)) - Voo hy () d2* = / Vo, () - Vo, () dy.
Z\y 2\y

The Dirichlet energy of o, -1 is equal to J (hy). Therefore from the assumption,
o

-1 € 2°(X) and oy, € Z°(X\p). Since y UR. is at least C!# with the
same B as in Corollary 2.2, the vanishing follows from Proposition 3.2. O

4 The identity for piecewise linear driving functions

Letus first prove the identity between the Loewner energy of y and the Dirichlet
energy of oy in the special case of curve driven by a linear function: Let y
be the Loewner curve in (X, 0, oo) driven by the function W : [0, T] — R,
where W (t) = At for some A € R. We denote by (f; := g — W(?)):¢[0,1] the
centered Loewner flow in H driven by W and (h;);¢[0,7] the Loewner flow in
X' They are related by

h(2) = f7(J2). zeC\Ry.
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In particular the mapping-out function # is equal to A7.

We use the notations of I" and I” as in the description prior to Proposition 3.2
to distinguish the two copies of ¥ UR as the boundary of X'\ y. We also keep
in mind that y is capacity parametrized and I is arclength-parametrized. We
define 7(I"(s)) and r(f (s)) to be a continuous branch of arg(/"(s)) and

arg(I"'(s)).
Proposition 4.1 Proposition 2.1 holds when y is driven by a linear function.

First notice that the function W(t) = Ar forr > 0 and W(¢) = O for
t < 0is C%!. Therefore, y UR, is C' for « < 1/2 by Theorem A.
Once we have shown that J(h;) < oo for some ¢ > 0, the weak J-additivity
(Proposition 3.3) applies. We can note that the J-additivity and the /-additivity
imply that J (h7) and I (v [0, T]) are both linear in T, so that it suffices to check
that I (y[0, T]) ~ J(ht)as T — 0.

Proof Notice that y is in fact a C*° curve and it is only in the neighborhood
of 0 the regularity of y U R, is C1%. Hence, oy, is C™ up to the boundary
apart from 0.

We first show that Stokes’ formula applies and J (k) equals to the boundary
integral:

1 1
J(h) = —— op(z)dt(2) == lim —— ) on(z)dt(z). (5)
T Jrur e=>0 7T Jruf\B(,e)

Since both 7 and oy, are C*° away from 0, for a fixed ¢ > 0, the integral above
is well-defined.

We need to be slightly more careful as the boundary of X'\ y is not regular
enough at yr and 0 to apply Stokes’ formula and o7, is not smooth up to the
boundary to apply directly Lemma 3.1. The singularity at yr is actually simple
to deal with: We extend y to a C* curve ¥ going to oo, since oy, is continuous
across y\y, and dt(z) has opposite sign on (the extended) I" and ", the sum
of the integrals on both copies of 3\ y cancels out. It then suffices to check
that the singularity at O does not affect the application of Stokes’ formula.

For this, we use the Loewner flow to control the asymptotic behavior of Voy,
at 0. The centered forward Loewner flow f;(-) := g:(-) — W (¢) of the simple
curve ,/y in H driven by W () = At satisfies for all z € X,

I fi(2) =2/fi(2) = W'(t) =2/fi(2) — X

The mapping-out function h; = fzz(ﬁ) for y [0, t] satisfies
dhi(z) =2f/i(V2)2/fi(2) = 1) = 4 = 21fi (V).
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Taking the derivative in z,

h(2) = fi(V2) £/ (V2)/v/z and & h}(z) = —Af/ (V2)/V/z.

We use the short-hand notation o; for o, and o7 for o,. We have
9,01(z) = Re (8:h;(2)/ h;(2)) = —ARe(1/f;(/2)).

Therefore for z € H,

! 1
0/(z) = —ARe </0 fr(ﬁ)) dr
_ t
=_)\Re </ 8rfr(\/z)+8rwrdr)
0

2
A
= =3 (3 +Re(fi(v2) — Re(v2)).

In particular as z — 0,

A
Vor ()] = ‘5(
2 (355 =)
2\2fr(Vo) 2z

AR NG

fe)

since /' is bounded on the closure of the C!*% domain and fr(4/z) is bounded
away from 0 as z — 0. It shows that [[Vor | 12(p(,¢)) — 0 and the integral of
ordyor along a smooth arc of length ¢ inside B(0, €) goto 0 as e — 0. Hence
for every § > 0, there exists ¢ > 0 and a sub-domain X; of X'\ y with smooth
boundary which coincides with X'\ y outside of B, (0), such that ¢ — 0 when
s — 0,

frV2) 1 >

_l 2 5.2
J(]’lT) - |VO’T| dZ 557
and
1
—/ GT(Z)anaT(z)dl(z)—/ ) or(2)d,07(2)dl(z)| < 4.
T |Jaxz, ulr\B(0,¢)

It then suffices to apply Stokes’ formula on 2. For this, we need to control
the decay of Vor as z — oo: Taking the gradient of the expression of 9,07,
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one gets:
M (J2) _32
0;V =|———| =0
19, Vo ()] 'Zf?(ﬁ)ﬁ (1z173/%)
which implies
|Vor(2)| = 0(z]/3). (6)

Itallows us to apply Stokes’ formula (one can look at the integral on the domain
XN B(0, R) and see that the contribution of the contour integral on d B(0, R)
vanishes as R — 00), together with the harmonicity of o7, we have:

/ \Vor|? dz? = / o7 (2)dh07(2) dl(2),
P 0%,

which yields
‘J(hr) —/ i or(2)onor(2)dl(z)| < 26.
ruf\B(0,e)

Using 0,07 (z) = —0;7(z) on the smooth boundary of X, then let e — 0 and
8 — 0, we obtain the identity (5).
Now we prove the identity

1
I(y) = - ] fUh(Z)dT(Z)-

Similar to the computation of o7 (z), v;(z) := Imlog(h}(z)) satisfies

A t A
w(@) = —51m / o f+(7) dr = —E(Im(ft(«/E)) ~Im(V2)).
0

Let S be the total length of [0, T']. A point y; on y can be considered as a
point in both I" and I", and there is s > 0, such that y; = I'(—s) = I'(s). We
deduce from the expression of vy, that for 0 < s < §,

A
T(I'(—s)) = —vr(y) = —Elm(«/m,
A
dt(I(—s)) = 3 Im(9,/y;) dt.

Similarly,

- A
T(I'(s)) = —vr(yy) + 7w = —Elm(ﬂ) + 7,
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8 A
dr(I(s)) = =2 Im(@/77) d.

Hence the integral in (5) equals to

1 A A
J(h) =~ —f (—— Re(fT(\/Vt))) = Im(3; /1) dt
T Jyer \ 2 2
1 A A
- —f i (—— Re(fT(ﬁ;”) —Im(—0,/y;) dt
T Jyer \ 2 2

)\‘2 T
=5 | (@0 = 1) Im (ary)

The second equality holds because of the linearity of the driving function, and
s — f;(07) > 0and s — f;(07) < O are respectively the two Loewner
flows starting from 0. We also know that ,/y; satisfies the backward Loewner
equation, that is for ¢t € (0, T'],

IV = =2//v + A (7)

In fact, for a fixed ¢ € [0, T'], ,/yr can be computed as follows. Consider
the reversed driving function B’ : [0, ] — R defined as

Bi(s) == W) — W(t —s).

The reversed Loewner flow starting from z € H is the solution [0, 1] — H to
the differential equation:

32 (z) = —2/Z8(2) + B'(s) fors € [0,1], (8)

with the initial condition Zé(z) = z and we have lim, o Z](iy) = /¥, see
[30]. Since B! (s) = A, we have Zl(iy) = ZI'(iy) forall 0 < s <t < T and
y > 0. In particular,

V= lim Zi(iy) = lim Z/ ().

For t € (0, T], the limit commutes with the differentiation in (8) which then
gives (7). (See also [35] for the approach considering the singular differential
equation (8) starting directly from 0 when W is sufficiently regular.)

From the explicit computation of the Loewner flow driven by a linear func-
tion in [16], we have the asymptotic expansions as t — 0:

HOT) =21+ 0(), v =2iVi+ 0@).
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Henceas T — O,

(Fr©@) = fr-07) 1m (3, y7)
= (fr=0") = fr-4(07)) Im (~2//7)

_ AT -t

1+ 0WT
7 —( V1)),

which yields

2 T
Jhr) =1+ O(ﬁ))%/ VT —t/J/tdt
0
AT !
=(1+0(ﬁ))7/ VT —1//tdt
0

A2 3/2
= ?(T 4+ O(T"79)).

By the weak J-additivity one gets J (hr) = AZT/Z = 1(y[0, T]). |

The weak J-additivity, the /-additivity and Proposition 4.1 do immediately
imply the following fact:

Corollary 4.2 Proposition 2.1 holds when y is driven by a piecewise linear
function.
5 Conclusion of the proof of Proposition 2.1 by approximation

We now want to deduce Proposition 2.1, the result for general finite energy
chords, from Corollary 4.2 by approximation. We give first the following
lemma on the lower semi-continuity of J(#) which is the key tool here:

Lemma 5.1 If T < oo, (W™),~ is a sequence of driving functions defined
on [0, T, that converges uniformly to W. Then

J(h) < liminf J(h™),
n— oo

where h := h(T”) is the Loewner flow generated by W™ at time T, and h is
generated by W.
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Proof Let ¢ = h™' and 9™ = (h™)~1. Since W converges uniformly to
W, ™ converges uniformly on compacts to ¢. We have also that

2
(,0(") (Z)//

2
|V0’(p(n) (2) | = W

. 2
converges uniformly on compacts to ‘Vor(p (z)! . Hence

hmmf J (™) = hmloréf sup —/ !Va(p(n)(zﬂ dz*
Kcx T

> sup 11m1nf—/ |Vo (n>(z)| dz*
KCE n—-oo Jr

= sup —f Vo, (2)| d2* = J(p),
Kcx 7T

where the supremum is taken over all compacts in X'. Then we conclude with
(3). O

We have the following corollary which gives the finiteness of J-energy
when the Loewner energy is finite.

Corollary 5.2 If y driven by W : [0, T] — R has finite Loewner energy in
(2,0, 00), then J(h) < I(y). In particular, o, € D°°(X\y).

Proof Take a sequence of piecewise linear functions W™ such that W
converges to W uniformly and

1 T 2 n—
0

This is possible since the family of step functions is dense in L>([0, 7']). Thus
we can find a sequence of step functions Y, which converges to W’ in L2, and
define W™ (1) = fot Y, (¢) dt. The convergence is also uniform since

t
WO () = W(s)| ds = VTV2A WD = W)

W () — W(t)\ <

by Cauchy—Schwarz inequality. Lemma 5.1 and Corollary 4.2 imply that
I(y)=1(W)= lim I(W™) = lim J(h") > J(h)
n— oo n—oo
as desired. O
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Given the finiteness of the J-energy, one can improve the J-additivity by
dropping the regularity condition on y. The following lemma is a stronger
version of Proposition 3.2 by assuming only that y has finite Loewner energy.

Lemma 5.3 Ify is a Loewner chain in (X, 0, c0) with finite Loewner energy
and finite total capacity. Then for all g € 2*°(X),

/ Vg(z) - Vou(z)dz> = 0. ©))
Z\y

Proof Take the same approximation of the driving function W of y by a family
of piecewise linear driving functions W as in the proof of Corollary 5.2. Let
¥ be the curve driven by W™, Let A = Sup,~| I(y™) > I(y). We
may assume that A < oo. Corollary 5.2 implies that J(h) < A. Moreover,
from Corollary 2.2 in [42], every subsequence of y ") has a subsequence that
converges uniformly to y as capacity-parametrized curves, thanks to the fact
that they are k-quasiconformal curves with k depending only on A. Hence,
y ™ converges uniformly to y.

Since y ™ are all C* for o < 1/2, let 1™ be the mapping-out function of
y ™, one has

/ Vg(z) - Voym(z) dz* =0,
Z\y®

by Proposition 3.2. Since g and oy, are in Z°°(X'\y), for every ¢ > 0, there
exists a compact set K C X'\y, such that

/ Ve@P d2 <,
(Z\YI\K

which implies
/ Vg(2) - Vou(z)dz* < VmAe
(Z\y\K

by Cauchy—Schwarz inequality. It also holds for o;,m). As ¥ ™ converges uni-
formly to y, ¥ N K = ¢ for n large enough, and 4™ converges uniformly
to h on K (Carathéodory convergence [11] Thm. 3.1), we have

n (h(n))//
W(Z) - (h("))’

unif. on K

|Vou(z) — Vo,m (2)| = 0.

(2)

n—oo
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Hence,

/ Vg(z) - Von(z) dz?
S\y

/ Vg(z) - Vou(z) dz* — / Vg(2) - Vom (z) dz?
Z\y Z\y

=< / Vg(2) - Vou(z)dz* — / Vg(z) - Voym(2) dz?| + 24/ Ae
K K
—— 2V mAs.
n— oo
Letting ¢ — 0, we get (9). O

We use the same notation as in Proposition 3.3 and deduce the following
strong J-additivity:

Corollary 5.4 (Strong J-additivity) If y has finite Loewner energy, then
J(hy) = J(hg) + J(hys) forO <s <t <T.

Proof Since J(hy) < [4 W'(r)?/2dr and J(h,y) < [ W'(r)?/2dr from
Corollary 5.2, they are automatically finite when 7 (y) is finite. The proof then
follows exactly the same line of thought as the weak J-additivity by applying
Lemma 5.3 with g = Ot O

Now we have all the ingredients for proving Proposition 2.1.

Proof Given Corollary 5.2, we only need to prove J (h) > I(y).
Consider the following two functions

t
a(t) := J(hy) and b(t) := %/ W/(s)zds = 1(yl0, t]).
0

Both of them satisfy the respective additivity. From the definition of absolute
continuity, b(-) is AC on [0, T']. By the additivity, Corollary 5.2 and (AC1), a(-)
is also an AC function. Thus (AC2) implies that on a full Lebesgue measure set
S, the functions a(-), b(-) and W (-) are differentiable and b'(r) = W’'(r)? /2.
Corollary 5.2 shows in particular a’(t) < b'(t). Now it suffices to show that
b'(t) <d(t)fort € S.

By additivity, without loss of generality, we assume thatt = 0and 7" = 1.
Consider W obtained by concatenating n copies of W[0, 1/x], that is

WD) = [tn|W(1/n) + W — |tn]/n), Vi e[0,1].
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It is easy to see that 7 (W) converges to I (W), where W is the linear
function ¢ — tW’(0), since

TW®) = nb(1/n) —— b'(0) = W'(0)*/2 = 1 (W™).

We have also that W converges uniformly to W, In fact, since W is dif-
ferentiable at O, for every ¢ > 0, there exists ng, such that for all n > ng, for
allt < 1/n,
|W () — W (0)| < e/n.
Hence for ¢ € [0, 1],
W (1) — tW/(O)‘ < ‘W(")(Ltnj/n) — W' (0) Ltnj/n‘ +|W(8) — W' (0)]

= |tn] (w<"><1/n> - <1/n>W/<0)) + W) — sW' ()
<e(n+1)/n < 2e,

where 6 =t — |tn]/n.
The uniform convergence of driving function and Lemma 5.1 imply that

J(h*®) < liminf J(h"™) = liminf na(1/n) = a'(0),
n—oo n— o0

where 4 is the mapping-out function generated by W, 1" is generated by
W The first equality follows from the J-additivity. From Proposition 4.1,

J(h®) = I(W™®) = [W'©0)|* /2 = b'(0)

which yields 4’(0) < a’(0) and concludes the proof. O

6 The loop Loewner energy

The generalization of the chordal Loewner energy to loops is first studied in
[31] and the goal in this section is to derive the loop energy identity Theo-
rem 6.1. Let y be a Jordan curve on the Riemann sphere C=cCu {oo0}, that
is parametrized by a continuous 1-periodic function that is injective on [0, 1).
The Loewner loop energy of y rooted at y (0) is given by

L [ .
I=(y,y(0)) = Elgl}) Ie\ 1061y (). 0 (Y 1€ 1D
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We will use the abbreviation /1, [¢ ¢] in the sequel for / . From
» yis . T C\y[0.e],y(e),y(0)
the definition, the loop energy is conformally invariant (i.e. invariant under

Mobius transformations): if 4 : C — C is a Mdbius function, then

Iy, y(0)) = I*(u(y), u(y)(0)).

Moreover, the loop energy vanishes only on circles ( [31, Sect.2.2]).

The loop energy can be expressed in terms of the driving function as well:
we first define the driving function of an embedded arc in C rooted at one tip
of the arc. An embedded arc is the image of an injective continuous function
y : [0, 1] — C. We parametrize the arc by the capacity seen from y (0) as
follows (and the capacity reparametrized arc is denoted as ¢ +— I"(¢)):

— Choose first a point y (sg) on y, for some sg € (0, 1]. Define I"(0) to be
y (50)-

— Choose a uniformizing conformal mapping /y, from the complement of
v 10, so] onto HI, such that v, (y (s0)) = 0 and v, (y (0)) = oo.

— For s € (0, 1], define the conformal mapping s from the complement of
y[0, 5] onto H to be the unique mapping such that the tip y (s) is sent to 0,
¥ (0) to 0o, and Y o wsgl(z) =z4 O(1) as z — oo.

— Set y(s) = I'(¢) if the expansion of 5 o 1//51 at oo is actually

Ys oy (@) =2 — W(t) +2t/z+ 0(1/2),

for some W(¢) € R and 2t is called the capacity of y[0, s] seen from
v (0), relatively to y (so) and v,. The capacity parametrization s +— ¢ is
increasing and has image (—oo, T'] for some T € R;. We set I (—00) =
y(0) (see Fig.3).

— We define i, := %2 to be the mapping-out function of y [0, s, which maps
the complement of ¥ [0, s] to the complement of R such that i, (y (0)) =
oo and A4 (y (s)) = 0.

— The continuous function W defined on (—oo, T'] is called the driving func-
tion of the arc y .

— The Loewner arc energy of y is the Dirichlet energy of W which is

T
Moy O) = [ W0 2di = fim L. le. 1.

Note that the capacity ¢, h; and W(¢) depend on the choice of so and v, .
A different choice of so and 5, changes the driving function to

W(t) = WO 4 a)) /A — WOEa) /A, (10)
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1/)5”51 > S v

.7 0 1/}31 O’IZJQOI(Z)
Y(s1) =L(t) ~ \ =z =W(t)+20/z+0(1/z)

N 0
- /ww o U;l

- (2)
sy 0 < 55 < 30 — 2~ W(ty) + 2t2/2 + 0(1/2)

0

Fig. 3 Illustration of the definition of loop driving function W : R — R and the capacity
reparameterization ¢ — I'(t) of y, where 0 < sp < s9 < s1 correspond to the capacities
—o0o<th <0<t

for some A > 0 and a € R. However, the Dirichlet energy of W is invariant
under such transformations.

From the definition, as 7 — o0, the arc targets at its root to form a loop.
This allows us to define the driving function of a simple loop y embedded
in C: We parametrize and define the arc driving function of y[0, 1 — €] seen
from y (0) for every 0 < ¢ < 1/2. With the same choice of 5o and Vg, the
capacity parametrization and the driving function of y [0, 1 — ¢] are consistent
with respect to restrictions for all ¢ > 0. Hence as ¢ — 0, T — oo and we
obtain the driving function W : R — R of the loop rooted at y (0). Given
the root ¥ (0) and the orientation of the parametrization, the driving function
is defined modulo transformations in (10). The loop energy is therefore the
Dirichlet energy of the driving function W which is invariant under those
transformations.

It is clear that the loop energy depends a priori on the root y (0) and the
orientation of the parametrization, since the change of root/orientation induces
non-trivial changes on the driving function that is in general hard to track.
However, the main result of [31] shows that the Loewner loop energy of y only
depends on the image of y . In this section we prove the identity (Theorem 6.1)
that will give other approaches to the parametrization independence of the
loop energy in Sects. 7 and 8. Although we do not presume the root-invariance
of the loop energy, we sometimes omit the root in the expression of Loewner
loop energy. In this case, the root is taken to be y (0).
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Equivalent descriptions of the loewner energy 599

From the conformal invariance of the Loewner energy, we may assume that
y is a simple loop on C such that y (0) = co and passes through 0 and 1. The
complement of y has two unbounded connected components H; and H.

Theorem 6.1 Ify has finite Loewner energy, then

1
I*(y, 00) = — (/ |Von ()| dz2> :
T \JC\y

where h|y, (resp. h|p,) maps Hy (resp. Hy) conformally onto a half-plane and
fixes oo.

Notice that the expression J (k) on the right-hand side does not depend on the
orientation of the loop, but does a priori depend on the special point co which
is the root of y.

We have mentioned in the introduction that the loop energy is a general-
ization of the chordal energy. In fact, consider the loop y = R4 U n, where
n is a simple chord in (X, 0, oo) from 0 to oo, and we choose y (0) = oo,
Y (s0) = 0, ¥y, (-) tobe /-, the orientation such that y [0, s9] = R. Then from
the definition, the driving function of y coincides with the driving function of
nin Ry andis O in R_. Hence

I1(n) =I*(n UR,, 00).

Theorem 1.1 follows immediately from Theorem 6.1.

As we described above, loops can be understood as embedded arcs with
T = +-o00. For arcs which do not make it all the way back to its root (7" < 00),
the mapping-out function A7 is a natural choice for the uniformizing function
h. Let us first prove the analogous identity for an embedded arc.

Lemma 6.2 If y is a simple arc in C such that y(0) = oo with finite arc
energy. Then

J(h) = 1"(y, 00),
where h = ht is a mapping-out function of y.

Proof We will use the “blowing-up at the root” procedure to bring it back to
the case of a finite capacity chord attached to R;. Let I'[—oc0, T] — C be
the capacity reparametrization of y and I'(—o00) = oo as described in the
beginning of the section, and we choose a point on y different from the tip
y (1) to be y(sg) sothat T > O.

For every t € (—o0, 0], there exists a conformal mapping ¢, fixing oo,
the tip 1'(7") and I"(0) that maps the complement of I'[—o0, f] to a simply
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I(T) I(—o0) 0 o0
Ly
-
An=hop!
AP () 7,

Fig. 4 Conformal mappings in the proof of Lemma 6.2 where ¢; is defined in the complement
of I'[—00, t] and & in the complement of I"[—oo, T']. Both of them map the tips to tips

connected domain which is the complement of a half-line L; (Fig. 4). In fact,
the mapping-out function of I'[—o0, t] maps the complement of I'[—oc0, ¢] to
the complement of R..
Then we use a Mabius transformation of C which sends the image of 1" (0)
and I'(T) back to 1" (0) and I"(T') while fixing oo.
We prove first
J(h) < I*(I'[—00, T], 00). (11)

Forn € N, the family (¢; |@\ F[—oo,—n]) t<—n 1s anormal family, and by diagonal
extraction, there exists a subsequence that converges uniformly on compacts
in C to a conformal map ¢ that can be continuously extended to C. Since ©
fixes three points on C, it is the identity map.

Let I'" be the curve which consists of the image of I"[z, T'] under ¢, attached
to the half-line L,. The map ¥, ;= ho ¢, : maps the complement of I"? to the
complement of R, that fixes co. From Proposition 2.1 and the invariance of
J under affine transformations,

J(hoo V) =1, (0 (I'[t, TD) = Ir[—oo.n(I[t, T]).

Hence, it follows from the lower-semicontinuity of J and the definition of arc
Loewner energy that

J(h) < liminf J (h o o) = 1A (I'[—00, T, I'(—00)).

For the other inequality, it suffices to show that

J(h) = J(p) +J (Y1) (12)
as it implies that

J() = J (W) = Ir—son(Tlt, T —— 1M (I'[=00, T1, I'(=00)).
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i, Cz + hy(07)
N hy(0F) Ry, (17) ¢ —00 00
I—.FQ-\? |l - . - —————
0 hna(07) -— 0 1
C'z+ h,(07)
¢7L

l 0 1

Fig. 5 Conformal mappings in the proof of Theorem 6.1. We define ¢, (z) = (hn)_1 (Cz+
1y, (01)) on H and ¢, (z) = (hn)_l(C/z + h;,(07)), where C and C’ are chosen such that ¢,
fixes 0, 1 and oo

In fact, (12) is equivalent to
[ Voutw@n Vo, @dz = [ Vo) Vo, 10)d? =0,
C\r C\I'! !

Notice that ¢, ! is conformal in the complement of L;. From (11), o,-1 €
t

P (@\L,) and the curve attached to L; has finite chordal energy which is
equal to Ir[—co.r)(I'[#, T]). Hence we conclude with Lemma 5.3 by replacing

The proof of Theorem 6.1 then consists of making 7" — oo. The strategy is
the same as the proof of Lemma 6.2. As we assume (without loss of generality)
that y passes through 0, 1 and oo, we can choose the uniformizing mappings
h|m, and h| g, that fix 0, 1 and oo on the boundary.

Proof (Theorem 6.1) We prove firstthat J (h) < [ L(y,y(0)).Fixa point y (so)
on y and the conformal map ,, let (h;);cr be the mapping-out functions, W
the driving function and I" the capacity reparametrized loop with I"(—o0) =
o0. (See Fig. 5 for an illustration of the conformal mappings in the proof.)

For n > 0, we consider W (.) := W(- An), and I"™ the loop generated
by W™ which coincide with I" on [— o0, n], that is the simple arc I'[—oo0, 1]
followed by the conformal geodesic in C\I"[—o0, n]. The mapping-out func-
tion &, of I'[—00, n] maps both connected components H 1(") and Hz(") in the
complement of I"™" to half-planes. From Lemma 6.2,

15(r™y = 14(r[—oo, nl, 00) = J(hy).
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Notice that %, is not continuous on I'[—o0, ], we denote by 4,(0T) (resp.
hn,(07)) the image of O by h,|n, (resp. h,|n,). Since I" passes through 0,
1 and oo by assumption, we define ¢, such that it maps respectively H and
H* to Hl(") and Hz(”) while fixing 0, 1 and oo. Let ¢ = h~!. Since (@n)n>1
is a normal family, there exists a subsequence that converges uniformly on
compacts, by Carathéodory kernel theorem, the limit is ¢. Hence

I*(y) = lim J(h,) = lim J(g,) > J(9).
n—oo n—oo

Now we prove that J(h) > IL(y). Lety, :=ho h;l which maps each
connected component H; := h;, (H;) of X\h, (I"[n, oo]) to a half-plane, we
have then

H1UI‘~12

J(h) = J(Wn) + J(hy) + %f Vo1 - Voy,dz’. (13)

Lemma 6.2 shows that 01 has finite Dirichlet energy bounded by the arc

Loewner energy of I'[—o0, n] hence by I%(I", 00). On the other hand, the
inequality J(h) < I*(y) that we have proved above gives us the finiteness
of the Dirichlet energy of oy, : For every ¢ > 0, there exists ng large enough,
such that Vi > ny,

J(Wn) = Ir, (hn(I'[n, 00])) = /oo W2(t)/2dt < e.

By the Cauchy—Schwarz inequality, the cross term in (13) converges to 0
asn — oo, and J (h,) converges to I5(I", 00). Hence J (h) > IX(y). |

7 Zeta-regularized determinants

In this section we prove the identity of the Loewner loop energy with a func-
tional of zeta-regularized determinants of Laplacians (i.e., Theorem 7.3 which
is the complete version of Theorem 1.3). This functional has also been stud-
ied in [7] and is also reminiscent of the partition function formulation of the
SLE/GFF coupling [10].

We first review the definition of zeta-regularized determinants of Lapla-
cians [29]: Let A be the Laplace—Beltrami operator with Dirichlet boundary
condition on a compact surface (D, g) with smooth boundary. In fact, all the
statements below may hold under weaker regularity conditions. But for the
well-definition of the zeta-regularized determinant, one needs (as far as we
are aware) the boundary to be C!'! to get precise enough asymptotics of the
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trace of the heat kernel, and this condition is anyway much stronger than hav-
ing finite Loewner energy boundary. Therefore, to stay on the safe side, we
restrict ourselves in this section to smooth boundary domains to fit into the
framework of [6,7,26].

The zeta-regularized determinant is defined, as its name indicates, through
its zeta function:

> 1 o0 1 00 00
;_ (S): )\’fS:_/‘ ts—lTr(el‘A)dt:_/ ts_l e—tkj dt,
’ ; SRR, r(s) Jo ;

where 0 < A1 < Aj... is the discrete spectrum of —A. From the Weyl’s law
[43], A; grows linearly, {_ 4 is therefore analytic in {Re(s) > 1}. One extends
¢— A meromorphically to C.

The trace of the Dirichlet heat kernel has an expansion as ¢ | O (see e.g.
[41] for C!! domains):

Tr(e'?) = (4rt)~! (vol(D) — @l(aD)) +0(),

where /(0 D) is the arclength of d D and vol(D) the area of D with respect to
the metric g. The zeta function is the Mellin transform divided by I"(s) ([3]
Lemma 9.34) of the heat kernel, so that the above asymptotics imply that _ 4
has the following expansion near zero

c-a(s) = 0() + fim |:Tr(em) — (4mt)”! (Vol(D) - @uam)] ;
t

it is therefore analytic in a neighborhood of 0. The log of the zeta-regularized
determinant of — A is defined as

logdet, (—A) := —¢/ 4(0).

The terminology “determinant” comes from the fact that
o0
—¢! () =) log(hj)r;*,
j=1
so that if we take formally s = 0, we get

o0
“— ¢l (0) =log l_[ Lj | =logdet(—A4)."
=l
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When (M, g) is a compact surface without boundary, A has a one-
dimensional kernel, and its regularized determinant det’g (—A) is defined
similarly by considering only the non-zero spectrum.

The zeta-regularized determinant of the Laplacian depends on both the con-
formal structure and the metric of the surface. Within a conformal class of
metrics (two metrics g and g’ are conformally equivalent if g’ is a Weyl-scaling
of g,i.e. g = ¢*° g for some o € C>®(M)), the variation of determinants is
given by the so-called Polyakov-Alvarez conformal anomaly formula that we
now recall (a proof of the formula can be found in [26]).

Let (M, go) be a surface without boundary, and with the same notation for
the metric, (D, go) a compact surface with boundary. If g = €27 g is a metric
conformally equivalent to gg, with the obvious notation associated to either go
or g, we denote by

— Ap and A, the Laplace-Beltrami operator (with Dirichlet boundary con-
dition for D),

— volp and vol, the area measure,

— ly and [, the arclength measure on the boundary,

— Ko and K the Gauss curvature in the bulk,

— ko and k, the geodesic curvature on the boundary.

Theorem D (Polyakov—Alvarez Conformal Anomaly Formula [26]) For a
compact surface M without boundary,

1[1
logdet} (—Ag) = — o [E/ |Voo |2 dvoly +/ Koo dvolo]
T M M

+ log vol, (M) + log detg (—Ap) — log voly(M).

The analogue for a compact surface D with smooth boundary is:

1 1
logdet; (—Ag) = — p |:§ /D |Voo|2 dV010+/D Koo dvoly+ /BD koo dlo]

1
— — [ 9n0dly+ logdet; (—Ay),
4 oD

where 0,, is the outer normal derivative.

Let M = S? be the 2-sphere equipped with a Riemannian metric g, y C S2
a smooth Jordan curve dividing S? into two components D; and D-. Denote
by Ap, . the Laplacian with Dirichlet boundary condition on (D;, g). We
introduce the functional 7# (-, g) on the space of smooth Jordan curves:

A (v, g) :=logdet; (—=Ag ,) — log voly (5%)

(14)
— logdet; (—Ap,,q) — logdet; (—Ap, g).
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As a side remark, Burghelea, Friedlander and Kappeler [6] (see also Lee
[17]) proved a Mayer—Vietoris type surgery formula for determinants of elliptic
differential operators. In our case, it allows to express 7 by determinants of
Neumann jump operators as in Theorem 1.3. However, we will not use it in
our proof.

Theorem E (Mayer—Vietoris Surgery Formula [6]) We have

H (v, g) = logdet, (N(y, &) —logl(y),

where N (y, g) denotes the Neumann jump operator across the Jordan curve
y:for f € C®(y,R),

N(y,e)f = anlul + 8112”2,

where n; is the outer unit normal vector on the boundary of the domain D;,
u; is the harmonic extension of f in D;.

Choosing the outer normal derivatives makes N (y, g) a non-negative, essen-
tially self-adjoint operator. Its zeta-regularized determinant is defined similarly
as for —A: we use its positive spectrum to define the zeta function then take
—logdet; N(y, g) to be the derivative of zeta function’s analytic continuation
at 0. Notice that the harmonic extensions u; depend on the metric only by its
conformal class and the normal derivatives depend on the data of g only in a
neighborhood of y. By simply applying the Polyakov—Alvarez formula, we
obtain the following proposition.

Proposition 7.1 The functional 7€ (-, g) is invariant under Weyl-scalings.

Proof Let o € C®(S%,R) and g = €27 go,

H(y,8) — H(y, go)
= logdet} (—Ag2 ) — logvoly (%) — (log det} (—Ag2 o) — log volo(S?))

'MN

(1og det; (—Ap, o) — logdet; (—Ap,. 0))

|
'MN O\|__

Il
R

2
[ |V06| dvolg —I—/ Koo dV010:|
S

11
(— — [— / Voo |? dvolo + / Koo dvoly + / ki 00 dlo}
o [2 Jp, D; aD;

1

Oy, 0 dl()),

i

[
N
&l-
S~
)
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where k; ¢ is the geodesic curvature on the boundary of D; under the metric
go. The domain integrals cancel out. And for z € y, we have k1 (z) =
—k3,0(z), thus the terms f aD; ki oo dlp sum up to 0. We have also the relation
(Lemma A.1)

O, 0 = ki ge® — ki o,

which yields

/ ;0 dlo :/ ki ge” —kiodlp
aD; aD;

kigdly — / kio dlo
D; D

that sum up to zero as well. O

Corollary 7.2 J7(-, g) is conformally invariant: let u be a conformal map
from S2 onto S2, then

H(y,8) = (u(y), g).

Proof We have

H(n(y),8) =H(y,n'g) =Hy,8)

where * g is the pull-back of g, that is conformally equivalent to g. The second
equality follows from Proposition 7.1. O

We are now ready to state the main result of this section:

Theorem 7.3 If g = €2 g is a metric conformally equivalent to the spherical
metric go on S2, then:

(1) Circles minimize ¢ (-, g) among all smooth Jordan curves.
(ii) Let y be a smooth Jordan curve on S*. We have the identity

I5(y,y(0) = 122(y, g) — 12(S, g)
detg (—ADI,g)det; (_A]D)z,g)
detg (—ADI,g)detg (_ADz,g) ’

= 121log

where Dy and D, are the two connected components of the complement

of S1.

Let us make two remarks:
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— The right-hand side in (ii) does not depend on the root, so that the root-
invariance of the loop energy for smooth loops follows.
— We also recognize the functional introduced in [7], where they defined

hg(y) :=logdet; (—=Ap, ) +logdet;(—Ap, ),
so that our identity above can be expressed as
15 (y) = 12hy(SY) — 12k, (y).

Proof The second equality in (ii) follows directly from the definition. Since
1 L(y) is non-negative, (ii) implies that S ! minimizes 7 (-, g). Corollary 7.2
implies that 77 (C, g) = (S, g) for any circle C and we get (i).

Therefore it suffices to prove the first equality in (ii) for g = gg by Propo-
sition 7.1. We also assume that S! is a geodesic circle and both y and S pass
through a point oo € S%. We use the stereographic projection $%\{co} — C
from oo and the image of Dy, D, D and D, are Hy, Hy, H and H*. With a
slight abuse we use the same notation for the induced metric in C:

4dz>

e L 2% () 4.2
REELE =: eV dz”,

go(z) =

and (-, -)o := go(:, -). Let h be a conformal map that maps respectively from
H; and H, to H and H* fixing oo as in previous sections and we put f = 7~
Let g1 be the pull-back of go by f:

21(2) = f*g0(z) = PV | (9] d2?

— VS22 4207 () 7 Dgo(2),

go(z) :=e
where 07 (z) = log| f(z)| and we set
0@ =v(f(@) - ¥
so that
0(z) =0(2) +or(2).

From the Polyakov—Alvarez conformal anomaly formula:

logdet; (—Ap, g,) — logdet; (—Ap,g,)
= logdet; (—Am,q,) — logdet; (—Am,g,)
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1 [1
- —/ Voo |? dvolo—i-/ Koo dvolo—i-/ koo dly
6 | 2 H H R

1
— — | 9,,0dl.
4 /IR{ 07 0

As in the proof of Proposition 7.1, the last term above cancels out when we
sum up both variations in H and H*. We have Ko = 1, kg = 0, but as we
will reuse the proof in Sect. 8, we keep first K¢ and kg in the expressions. The
right-hand side in (ii) is equal to

1 2
- Vo(o s +0)|” +2Koo s + 2Kof dvoly + —/ koo dlo
T JHUH* T JR

1 2
= ;/ Voo ¢ |* dvolg + ;/(Woaf, Vob)o + Koop) dvoly  (15)
1 ) 2
+ — | (IVo0” +2Ko0) dvolo + = [ koo dlo.
T T JR

Since the Dirichlet energy is invariant under Weyl-scalings of the metric, the
first term on the right-hand side of the equality is equal to J (f), which is also
1 L(y, oo) by Theorem 6.1. As kg = 0, we only need to prove that the sum of
the second and the third terms vanishes.
We denote the quantities/operators/measures with respect to the Euclidean
metric in C without subscript, then we have
AO = 6_2¢A; an() = e_l//an;
dvoly = &2V dz?; dlp = e¥ dl;
0n0f(2) = k(f(2)e” D —k(2);
Aoy = eV Ay = eV (K — e*V Ko) = —Ko;
g = e Vo =e V(eVko — k) = ko — e Vk.

For the second term in (15), from Stokes’ formula:
fH (Voo £ Vo o f)}odvolg = fR W (f)ongos dly — /H W (f)Ago £ dvolg
=/ V(oo di
R
- / k(P Y (f)dl — / Ky (f) di
R R

=/ykwdl(Z)—/RkW(f)dl,
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the contributions from the first term in the above expression cancels out when
we sum up both sides. Similarly we have

/(V()Of,Volﬂ)odVOlo=/Gf8n01ﬁdl()—/ oAy dvoly
H R H

=/Uf8nolﬂdl()—|—/ Koo ¢ dvoly.
R H

Hence the second term in (15) equals to

2
- (kY (f) +or0,y) dl.

T JRUR

For the third term in (15), notice that

/H (Vo o ), Voyr)o dvolp = /R () dly — /H W (f) Aoy dvoly

- / W)y dl + f ¥ (f)Ko dvolg.
R H

Similarly,

/HWo(lﬁOf),VoWOf))odvolo=/H(Vo¢, Vo) dvoly
=/ wanwd1+/ ¥ Ko dvolg.
R H

Hence the third term equals to

1 2
— (Vob, VoO)o + 2Ko6 dvolg = — ( Yo dl — Y (f)o dl)
T JHUE* T RUR

2
:——/ 00, dl.
T JRUR

Therefore the sum of the second and the third terms of (15) is equal to

2 —ky (f) — oo dl, (16)

T JRUR

which vanishes since k, kg = 0 on R and 9,y = eVky — k = 0 as well. O
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8 Weil-Petersson class of loops

In this section we establish the equivalence between finite energy curves and
Weil-Petersson quasicircles (we will prove Theorem 8.1, which is the precise
version of Theorem 1.4).

Let us start with some background material on the universal Teichmiiller
space T'(1) and the the Weil-Petersson Teichmiiller space Tp(1). We follow
here the notations of [40]. We define

D={zeC,|z] <1}, D*={zeC,|z| > 1},

andlet S' = 3D be the unit circle. Let QS(S') be the group of sense-preserving
quasisymmetric homeomorphisms of the unit circle (see e.g. [20]), MSb(S!) ~
PSL(2, R) the group of Mobius transformations of S! and Rot(S') the rotation
group of S'. The universal Teichmiiller space is defined as the right cosets

T(1) := Mob(S")\ QS(S!) =~ {¢ € QS(SY), ¢ fixes — 1, —i and 1}.

We write [¢] for the class of ¢. From the Beurling—Ahlfors extension theorem,
for every ¢ € QS(S) fixing —1, —i and 1, there exists a unique @ € Mob(S")
such that «(1) = 1, and conformal maps f and g on D and D* satisfying:

CWI1. f and g admit quasiconformal extensions to C.
CW2. cogp=g"! o flgr.

CW3. f(0) =0, f/(0) =1, f”(0) = 0.

CW4. g(o0) = oo.

The conformal map f admits a quasiconformal extension to C, means that the
complex dilatation p in D* of the extension, defined by

pr(z) = 0zf/0;.f(2),

is essentially uniformly bounded by some constant k < 1. Let % denote the
set of conformal maps (univalent functions) on D, we have then

T() = {f e, f(0)=0, f'(0)=1, f”(0)=0, f admits g.c. extension to C}.

We say that ( f, g) are canonical conformal mappings associatedto [¢] € T (1).

Takhtajan and Teo have proved that 7 (1) carries a natural structure of com-
plex Hilbert manifold and that the connected component of the identity 7o (1)
is characterized by:

Theorem F ([40] Theorem 2.1.12) A point [¢] is in To(1) if the associated
canonical conformal maps f and g satisfy one of the following equivalent
conditions:
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Fig.§ Welding function ¢ p=g1ofla
of a simple loop y v
f:D—D
D*
~__ D~
g:D* — D
g(o0) = 00

M Jp |f”(Z)/f/(Z)|2 dz? < oo;
(i) fp 8”@/ @ dz? < oo;
(iii) fp 1S(HI* p~1(2) d2* < oo;
(V) fpe IS(@1* 071 (2) dZ? < 0,

where p(z)dz*> = 1/(1 — |z|2)2 dz? is the hyperbolic metric on D or D* and

f/// (f//)
S L _Z
(f) = 7 7

is the Schwarzian derivative of f.

Theorem G ([40] Theorem 2.4.1) The universal Liouville action Si
To(1) — R defined by
4
dz* + / g/
D* | &

where g'(00) = lim; o0 g'(z) = §'(0) " and g(z) = 1/g(1/2), is a Kihler
potential for the Weil-Petersson metric on To(1).

2
dz* — 4w log|g'(00)|, (17)

$1(le) —/ ‘—(z)

Notice that from Theorem F, the right-hand side in (17) is finite if and only
if [p] € To(1).

We define similarly the universal Liouville action for quasicircles. If y is
a bounded quasicircle, we denote (and in the sequel) the bounded connected
component of C\y by D, and the unbounded connected component by D*.
Let f be any conformal map from D onto D, and g from D* onto D* fixing
00. Conformal maps from D onto a quasidisk always admit a quasiconformal
extension to C. We denote again by f and g their quasiconformal extension.
We say that ¢ := g~ ' o flg1 is awelding function of y (see Fig. 6), which lies
in QS(S') as it is the boundary value of the quasiconformal map g~! o f on
DD and does not depend on the extensions.
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Wesay ¢ € QS(Sh) is in the Weil—Petersson class if [¢] € To(1),and y is a
Weil—Petersson quasicircle if its welding function ¢ is in the Weil-Petersson

class. We define S(y) to be
1
f—(z) dz* + / g/
]D)*

2
S(f.8) = f 7 7@
+4m log | f'(0)| — 47 log |g(c0)| .

" 2

dz*

which is finite if and only if y is a Weil-Petersson quasicircle and the value
does not depend on the choice of f and g. In fact, for any other choice of
conformal _maps f and g for y, there exists u € Mo6b(S!) and v € Rot(Sh)
such that f = fopand § = gov. It follows from explicit computations ([40,
Lem. 2.3.4]) that

S(f, &) =S(f. &

which is also equal to Sy ([¢]), see [40, Lem. 2.3.4, Thm. 2.3.8].
Now we can state the main theorem of this section:

Theorem 8.1 Let y be a (bounded) Jordan curve, then y has finite Loewner

energy if and only if vy is a Weil-Petersson quasicircle. Moreover,

I*(y) = S1(y)/m. (18)

It is worth mentioning other characterizations of Ty(1) due to Cui, Shen,
Takhtajan and Teo, from which one obtains immediately other analytic char-
acterizations of finite energy loops given Theorem 8.1:

Theorem H ([8,36,40]) With the same notation as in Theorem F, ¢ is in the

Weil—Petersson class if and only if one of the following equivalent condition
holds:

(1) ¢ has quasiconformal extension to I, whose complex dilation | =
oz /0@ satisfies

/ 11L(2) 1% p(z) dz* < o0;
D

(ii) ¢ is absolutely continuous with respect to arclength measure, such that
log ¢’ belongs to the Sobolev space H'/*(S");
(iii) the Grunsky operator associated to f or g is Hilbert—Schmidt.

Now we proceed to the proof of Theorem 8.1. We first prove it for smooth
loops using results from Sect. 7.
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Proof (for smooth loops) Let y be a smooth (bounded) Jordan curve. It is clear
from the definition that Sy(y) is invariant under affine transformation of C.
By Mobius invariance of the Loewner loop energy, we may also assume that
y is inside the Euclidean ball of radius 2 and of center 0.

Let gg = ¢?¥ dz? be a metric conformally equivalent to the Euclidean metric
(or the spherical metric), such that v = Oon B(0, 2) and V@ = 4/(1+ |z|2)2
in a neighborhood of co which makes gg coincide with the spherical metric
near oo. We compute the quotient on the right hand side of the expression in
Theorem 7.3 (ii) by taking g = go.

The same computation (and the same notations) as in the proof of Theo-
rem 7.3 shows that

det; (—A]D),go)det; (_A]D)*,go)
det; (—AD’gO)detg (_AD*,go)

1
= — (/ |V()(I|2 + 2Kyo dvoly + f 2koo dly + 30,,0 dlo)
T DUD* Stust

l(/ |Vc7f|2 dz2+/ |Vag|2 dz2>+3f koo dly,
T D D* T Jsipst

where 0 = oy + Y (f) — Y forz € D,and o = oy +¥(g) —Yforze D",
S8t denotes the two copies of S! as the boundary of ID and of D*, the value
of o on the boundary depends on the copy accordingly. In fact, the analogous
sum (16) of the second and the third term in (15)

12 log

2 —ky (f) — oy dl

T Jsius!

also vanishes here since 1 is identically 0 in a neighborhood of S' and of y.
The only difference with the proof of Theorem 7.3 is that we have an extra
term (analogous to the last term in (15)): that is f siust koo dlp since ko is not
vanishing: ko(z) = 1 for z € 9D and ko(z) = —1 for z € dD*. Using again
the fact that ¥ (£ (z)) = ¥ (z) = 0 for z € S!, the smoothness up to boundary
and the harmonicity of oy and oy, we get:

% §ls! koo dly = 407 (0) — 4o, (00) = 4log | f'(0)| — 4log |g'(00)| .
Hence,
I*(y) = S1(y)/m,
for the smooth loop y by Theorem 7.3. 0
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In particular, for a bounded smooth loop y C C, we have the identity

1
um:-/
T JC\uly)

where 1 is a Mobius function C — C such that w(y(0)) = oo, and A is
a conformal map from the complement of p(y) onto H U H* that fixes oo,
as defined in Theorem 6.1. The identity (19) of two domain integrals has a
priori no reason to depend on the boundary regularity, which then implies
Theorem 8.1 for general loops by an approximation argument.

To make the approximation precise, we will use the following lemma which
characterizes the convergence in the universal Teichmiiller curve 7 (1) which
is a complex fibration over 7T (1), given by

1 2

1
W(Z) dz* = ;Sl()/) (19)

Rot(SH\ QS(S") ~ {p € QS(SH), p(1) = 1}
~{fe, f(0)=0, f'(0) =1, f admits g.c. extension to C}.

The second identification is obtained from solving the conformal welding
problem as for T'(1): for each ¢ € QS(S!) that fixes 1, there exist unique
conformal maps f and g on D and D* (canonically associated to ¢ € 7 (1)),
which satisfy CW1. and CW4. and

CW2. 9g=g"lo flg.

CW’3. f(0)=0, f/(0) = 1.

Let 7 : .7 (1) — T(1) be the projection and F(1) := 7~ (Ty(1)) is also a
Hilbert manifold such that 7 is fibration of Hilbert manifolds, see [40, Appx.A].
Lemma I ([40, Cor. A4, Cor. A.6]) Let {¢,},2, be a sequence of points in
To(1), let f,, and g, be the conformal maps canonically associated to ¢y, such
that ¢, = gn_1 o fy, and similarly let ¢ = g~V o f € Fo(1). Then the following
conditions are equivalent:

1. In (1) topology,

lim ¢, = ¢.
n—o0
2.
1 f// 2
Hm/-i@——ﬂ)deQ
n—oo Jp ,; f!
3. Let g(z) :=1/g(1/z) and g,(2) :=1/g,(1/2) foralln > 1,
~ ~ 2
lim éz—';‘(z) - gT/(Z) dz* = 0.
n—oo D gl’L g
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If above conditions are satisfied, then we have also

lim
n—oo D

” 1 2
-S| =0,
&n 8

and
Tim Sy(lg,D) = lim S(f,, gn) = S(f, &) =S1(l¢).

We will also use the following lemma on the lower-semicontinuity of Sy:

Lemma 8.2 If a sequence (y, : [0, 1] — @)nzo of simple loops converges
uniformly to a bounded loop y, then

liminf S1(y,) > S1(y).
n—oo

Proof There is an ng large enough, such that (y,),>,, are bounded and
Np=ny Dy # ¥ where D,, denotes the bounded connected component of C\ y,.
Let zo € Np=ny Dy, and for n > ng, f, : D — D, a conformal map such that
£2(0) = zo and £,(0) > 0.

From the Carathéodory kernel theorem, f,, converges uniformly on com-
pactsto f : D — D, where D is the bounded connected component of (@\y.
It yields that for K C D compact set,

2 2

f// // f//
lim inf —(z) dz? > liminf / )| d? = / “(2) dzz.
n— 00 n— 00 f’ f’
Since K is arbitrary,
/7 2 f 2
lim inf / )| dZ? > —(z) dz?.
n—oo Jp fr;

Similarly, let g, be the conformal map from D* onto the unbounded connected
component D of C\y, and g : D* — D* that fix co. We have also that g,
converges locally uniformly on compacts to g, and

1/
lim inf f n dz* > /
n—=>00 Jp* | 8 D*

And we have also g/, (00) = g'(00), f,(0) — f/(0).
Hence

2 2
dz>.

lim inf 81 (y,) = liminf S(f, g2) = S(f, 8) = S1(y)
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as we claimed. O

We also cite the similar lower-semicontinuity of the Loewner loop energy
from [31]: with the same condition,

lim inf I s 0 (0)) = TE(y, y(0)).
n—

We can now finally prove Theorem 8.1 in the general case using approxi-
mations by smooth loops.

Proof (for general loops) Assume that S3(y) < oco. Let f : D — D and
g : D* — D* be conformal maps associated to y, without loss of generality
we may assume that f(0) = 0, f/(0) = 1 and g(c0) = o0, so that (f, g)
is canonically associated to g~ o f € .Z(1). Consider the sequence y" :=
f(c,S") of smooth loops that converges uniformly as parametrized loop (by
S1 to y, where ¢, 1 1. Let f,(2) := cn_lf(cnz) such that f,,(0) = 0 and
fn(0) = 1. It is not hard to see that

1 7 2
lim A %(z)—%(z) dz* = 0.

In fact, f,, converges uniformly to f on (1 — ¢)ID for ¢ > 0. And the above
integral on the annulus D\ (1 — ¢)D is arbitrarily small as ¢ — 0 since S1(y)
is finite.

Hence by Lemma I, S;(y") converges to Si(y). Since y”" converges
uniformly to y, from the lower-semicontinuity of Loewner energy and Theo-
rem 8.1 for smooth loops,

Si1(y)/7 = liminf $1(y") /7 = liminf I*(y") > 1" (y). (20)
n—oo n—o0

Similarly, assume now that /- (y) < oo with driving function W : R — R.
Without loss of generality, we assume also that y is bounded and passes through
—1,—i, 1. Let W, € C§°(R) be a sequence of compactly supported smooth
function, such that

o0
/ (W (@) — Win)|* dt =25 0.
—00
Let y, be aloop in X with driving function W,,. By [21], y,, is smooth. We may
assume that sup,,-; I*(y,) < oo and y, passes through —1, —i, 1 as well. By
[31, Prop. 2.9], there exists K > 1 such that y and y, are K-quasicircles. The
compactness of K-quasiconformal maps allows us to subtract a subsequence
¥Yn, that converges uniformly to y.
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T
Y .
—— e x
\hQ_’

Fig. 7 Welding of a simple loop y passing through co

From Theorem 8.1 for smooth loops y;,, and Lemma 8.2, we have
I*(y) = liminf I* (y,,) = liminf Sy(yu)/7 > S1(y)/7.
k—o00 k— 00

We conclude that 77 (y) < ooif and only if S1(y) < coand I (y) = S1(y)/7
as claimed in Theorem 8.1. O

9 An informal discussion

Let us conclude with some very loose comments on the relation between our
Theorem 6.1 and the theory of SLE and Liouville quantum gravity (LQG).
Recall first that the Loewner energy was shown in [42] to be a large deviation
rate function of SLE, as x goes to 0. Heuristically,

I(y) = lim lim —« log P(SLE, stays e-close to y).
e—>0k—0

Given a sufficiently smooth simple curve y, the mapping-out function 4 from
the complement of y to a standard domain (H U H*), induces a metric on
the standard domain that is the push-forward of the Euclidean metric of the
initial domain. The exponential exponent of the conformal factor is given by
op-1(-) :=log |}f1 ) | It prescribes in turn the welding homeomorphism of
the curve y on R by identifying boundary points according to the boundary
length of this metric (see Fig.7).

On the other hand, the LQG approach to SLE pioneered by Sheffield in [34]
provides an interpretation of SLE curves via welding of structures defined
using the exponential of the Gaussian Free Field (GFF). More specifically,
let @ be a free boundary Gaussian free field on the standard domain. That
is the random field that can be described in loose term as having a “density”

proportional to
1
exp (——/ IV (2)|? dzz).
4
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One takes formally exp(y/k @) times the Lebesgue measure (modulo some
appropriate renormalization procedure) to define a random measure (LQG)
on the standard domain (which corresponds in fact to /k-quantum wedges
with an opening angle 6 which converges to w when ¥ — 0). It also induces
a random boundary length which can be viewed as exp((y/k /2)®) times the
Euclidean arclength (again modulo some appropriate renormalization proce-
dure). Intuitively, the quantum zipper then states that welding two independent
free boundary GFFs up according to their random boundary length gives an
SLE, curve.

We can note that the Dirichlet energy of ¢;,-1 is the action functional that is
naturally associated to the Gaussian free field, so that in a certain sense, one
has a large deviation principle of the type

lim lim —« log P((+/k /2)® stays e-close to op-1)

e—=>0k—0
. | 1 / 2Voy-1 | 2
~ lim —k logexp|{ —— [ |—=—
k—>0 BeXp 4 ﬁ ¢
1 2,
=— ‘VO’h—I(Z)‘ dz”.
b4

Hence, our identity between the Loewner energy and the Dirichlet energy of
oy (which is the same as the Dirichlet energy of o;,-1) is loosely speaking
equivalent to the fact that (in some sense) as k — 0 (and then ¢ — 0), the
decay rates of

P((v/k /2)® stays e-close to 0,-1) and P(SLE, stays e-close to y)

are comparable. However, the above argument is not even close to be rigorous
(it would be interesting to explore it though) and the proof in this paper follows
a completely different route and does not use any knowledge about SLE, LQG
or the quantum zipper.
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A Geodesic curvature formula
As many of our proofs rely on the following formula on the variation of the

geodesic curvature under a Weyl-scaling, we sketch a short proof for readers’
convenience.
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Lemma A.1 Let (D, go) be a surface with smooth boundary y = 0D. If
o € C®(D,R) and g = €27 g, the geodesic curvature of 3D under the
metric g satisfies

kg = e~ (ko + 0ny0)

where kg is the geodesic curvature under the metric go, and 0y, the outer-
normal derivative with respect to to go.

Proof We parameterize y by arclength in g and let N be the outer normal
vector field on y, namely g(y, y) = g(N, N) = 1. We have that yg := ¢°y
and Ny := ¢ N are unit vectors under gg. The geodesic curvature of 9D is
given by

ke =8 (Vi 7, _N) :
The covariant derivative V, is related to the covariant derivative Vo under go
by
VexY =VoxY +X(0)Y +Y(0)X — go(X, Y)Vpo.

Therefore,

Vey vV = Vo v +280(v, Voo)y — go(y, v)Voo
= ¢ 727V Y0 + 280(¥, Voo )y — e 2 Vyo.

Since g(y, N) = 0, we have

g (Ve 7, —N) = e* g0 (€72 (Vo570 — Vo), —e 7 Np)
=e 7 (ko + 9,,0)

as claimed. O
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