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1 Introduction

The motion of a gas in local thermodynamic equilibrium is governed by the compressible

Euler equations. In Lagrangian coordinates, the equations for one dimensional flow read (cf.

[1]):

vy — Uy =0,
ut +pr =0, (1.1)
(e + %)t + (pu)e = 0,
where where v, u, p and e are, respectively, the specific volume, velocity, pressure and internal
energy of the gas. For an ideal gas
1
v—1

where v > 1 is the adiabatic constant. During rapid changes in the flow the internal energy

e= U, (1.2)

e may lag behind the equilibrium value corresponding to the ambient pressure and density.
The translational energy adjusts quickly, but the rotational and vibrational energy may
take an order of magnitude longer. If we suppose that a of the degrees of freedom adjust

instantaneously but a further o, degrees of freedom take longer to relax, we may take (cf.

[2]):

!
¢=5puta, (1.3)
where ¢ is the energy in the lagging degress of freedom. In equilibrium, ¢ would have the
value
a
Gequil = 7]0177] (14)

A simple overall equation to represent the relaxation is (in Lagrangian coordinates) :

1 Ckf

(¢ — =-pv), (1.5)

qr = 9
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where 7 > 0 is the relaxation time. Therefore, in thermal nonequilibrium, we have the
following system of equations to model the gas motion:

.
vy — Uy =0,

ut+px - 07
(2pv+q+ %)+ (pu), = 0,
| @ = —2(q—Fpv).

(1.6)

If the relaxation time 7 is taken to be so short that ¢ = %pv is an adequate approximation

to the last equation in (1.6), we have the following equilibrium theory:

vy — Uy = 0,
(“Hpv + L), + (pu), = 0.

The three characteristic speeds for (1.7) are:

2 2
a+ap’v o+ oy’ v

For system (1.7), ((v—,u—,p-), (v4,uy,ps),0) with two constant states (v_,u_,p_) and

(vy,uq,py) and speed o is called a shock wave (cf. [1]) if the following Rankine-Hugoniot

conditions

—o(vy —v-) = (ug —u-),
o(uy —u-) = (py —p-), (1.8)

2 2
o{(“F v+ 5) = (v + 5)} = (pyuy —pou),

hold, and some other entropy conditions hold, where v_, vy, p_,p, are positive constants,

u_ and u, are constants. A shock wave is called a 1-shock wave if

2 _ 2
—\/(1+ )p—>a>—\/(1+ )2t (1.9)
a+ayp v o+ oy vy
A shock wave is called a 3-shock wave if
2 _ 2
\/(1+ =s o> \/(1+ )2x (1.10)
a+af v a+af vy

In this paper, we consider a 3-shock wave, because a 1-shock wave can be handled by the
same method. For a 3-shock wave, it follows from (1.8) and (1.10) that,

v < Uy, U_ > Uy, Do > Do (1.11)
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A shock profile for the 3-shock wave ((v_,u_,p_),(vy,us,py),0) is a traveling wave

r—otl
T

solution for system (1.6) of the form (v, wu, p,q)( ) satisfying

o

(Ua U, P, Q)(iOO) = (/Uia U, pia%pivi)- (112)

So we have

(
—ov' —u' =0,

—ou' +p' =0,

. (1.13)
—o(Spv+q+ %) + (pu)’ =0,

| —oqd' = —(q—Fpv),

T—ot
P

where ' = d% and £ =

In this paper, we are interested in the existence and properties of the shock profile. For
general hyperbolic system with relaxation, the existence of the shock profile has been proved
in [3] by using the center manifold method with the assumption that the shock strength
is sufficiently small. In this paper, we find the sufficient and necessary condition, which is
f;—; <14 a(lf+fmf),
the shock profile solution in some explicit details. This is in sharp contrast to the abstract

to ensure the existence of the shock profile. Moreover, we can calculate

construction in [3]. Before we state our theorem, we introduce some notations. Let

(
m=0v_ +U_ = 0VU4 + Ug,

P=—ocu_+p_ = —ouy +py,

- h (1.14)
Q=—0o(—tp_v_+5)+p-u_

2
atoy u3
5 TD+V+ + 5) + Py,

\ :_0(

F0) = =0*(1+ a)v+ (14 ) (0% +p) = —o*(L+a)o+ (1+5)(0%; +py). (115)

Our theorem is the following:
Theorem 1 Suppose the two constant states (v_,u_,p_), (v_,u_,p_) and the speed o
satisfy the Rankine-Hugoniot conditions (1.8) and the Lax shock condition (1.10). Then,
1) If

_ 2
j a(l+a+ay)
then there exists a solution to the problem (1.13) and (1.12).
2) If
p— Zaf
>4 ’ (1.17)
P+ a(l+a+ay)

3
Page - 255



001

the problem (1.13) and (1.12) does not admit a smooth solution.
3) In case 1), i. e., if (1.16) holds, the solution of the problem (1.13) and (1.12) satisfying

v(0) = vy for some constant vy satisfying v_ < vy < vy is giving by

2 (0,) (Invs — v) — In(v; — v9)) — 2f(0_) (In(o — v_) — In(op —v.))
=—0f(1+a+af)(vy —vo), (1.18)
uw(é) =m — ov(€), p(é) = mo + P — o*v(€). (1.19)

for —oo < £ < 400. For this solution, we have

v'(§) > 0, w'(§) <0, p'(§) <0, (1.20)
for —oo < € < 400, and

1—|—Oé+Oéf
e (e
< Uy — U(§)7 Ul(f)

l+a+
< Crexp (‘ TiCA
+

—

o(vy — v)g) (1.21)

for £ > 0,

Csexp <%a(v+ - v_)f)
< v(§) — v, V'(§)
1 + o+ Oéf

< Cyexp (——é}T;ij——a(v+,—-v_)§> (1.22)

for £ < 0, where C; (i = 1,2,3,4) are some positive constants. For u(§) and p(§), we have

the similar estimates.

2 Proof of Theorem 1

In this section, we give a proof of the Theorem 1.
We integrate (1.13) to get

ov +u=m,
—o(2pv+ g+ L) + (pu) = Q,
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where m, P and ) are given by (1.14) By the third equation of (2.1), we have:

2 _
qz—(gpv+u—)+pua Q, (2.2)

2 2

Substituting (2.2) into the fourth equation of (1.13), using (2.1) and (2.2), we get

dv 1 (a+ay u?  pu—Q
r0% =7 (S -2, 23)
where f(v) is given by (1.15) So
a a p_
)=v_|—= 1+=)— . 2.4
fo) = (<5 0 ) (2.4)
In view of (1.10), we have
a a p_
_ =z 14 )=
o P
o 2 D o, p_
21 P= 145
~ 2( +oz+ozf)v_ ( Jr2>v_
:<1— a )79—‘>0. (2.5)
a+ay) v
Therefore
f(v_) > 0.
By (1.15), we get
_ _8,2 APt
Fo) = (<50 D). 2.6)
Let
1+ S 0%, +py
v 1+« o2 (2.7)
Then
f(w)=0. (2.8)
So, if
Vg < ’D, (29)
then
Flvy) > 0. (2.10)
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In the next lemma, we will give a neat condition to ensure (2.10).

_ 2a _
Lemma 2.1 1) If i—+ <1+ a(lemf), then vy < v and thus f(vy) > 0.

_ 2a _
2)If = =1+ a(lemf), then v, = v and f(vy) = 0.

_ 2a0 _
3) I = > 1+ a(lTiaf), then vy > v and f(vy) < 0.

Proof. First, we use (1.8) to show that

a+ oy P+ + p-

9 (P04 —p-v-) = (v- —vy) 5 (2.11)
In fact, by the third equation of (1.8), we have
o+ o
9 : (p+vs —p-v-)
1 ut —u?
= ;(P+U+ —p-u-) — 9
1 Uy +u—
= E(P+U+ —p-u-) — +T(U+ —u-). (2.12)

By the second equation of (1.8), we have (uy —u_) = £(p; —p_). This, together with (2.12),
implies that

a+
9 ! (prv+ — p-v-)
1 P+ — D-
=7 (p+u+ p-u-) 7 (ut + U)>
1 /1 1 1 1
= o\ gP+ts = 5P-U- = 5Py U~ + oD+
1
= ;(u+ —u_)(p+ +p-). (2.13)

This proves (2.11). Divided by p_v, both sides of (2.11), we get

atay (pr_ v\ _ (v _ )t
2 p_ vy vy 2

We solve for = from this to get
+

v (atap)b+Be41

— = . 2.14
vy (a+ap)+2-+1 (2.14)
It is easy to verify that v, < v is equivalent to
2.p
2 -
<14 —-)—. 2.15
7 (14 ) (215)
From the first and second equations of (1.8), we know that
g2 P= P+ (2.16)
Vg — V-
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So vy < v is equivalent to

_ - 2
D-7Pr 14 5B
Vy — V- O Uy

Now we use (2.14) to show (2.17) if (1.16) is true.
By (2.14), we have

_ b=y 1
p- p+_(p+) (&)

vy — U _1—(5—;) vy

Py _
S 2
 (ata)GE+EEH Ty

1 (atap)+(3T)+1
(f.f—l>—1 P+ P+
= a+ayp)+—+1)(—
araaoElete)+ UG

G-1 B,
1— (&) a+oap vy
p—\(P= P

(Efﬁj_1&1+(i)+1 Py

B=) — a+oap vy

— =

)L ps

D+ a+afp " vy

p- 1 P—\\ P+
= ( (1+=))(>)
Py atay P+ vy

So, if (1.16) holds, then we have
1 . 1
(1+ P-4
at+ar’'pr  atap

1 2av 1
<(1+ )1+ ! +
a+ag a(l+a+as)’  a+ay

1 ZOéf 20zf
(2+ )+
a4+ af all+a+ap)  all+a+ay)

=1+

=1+

1 2a(1+a—|—af)+2af)+ 200¢

o+ oy a(l+a+ay) a(l +a+ay)
2 (a+oap)(l+a) 2a¢

at+ar al+a+ap)  all+a+ay)
2(1+ a) 2

all+a+ay) aol+a+ay)

2
-1+ =
«

=14+

=1+
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(2.17) follows from (2.18) and (2.19). This proves 1). 2) and 3) follow from the same argu-

ments.

Proof of Theorem 1:

Let
G(v) = (a+ ap)pv +u® — Q(ZWT_Q) (2.20)
It yields from (1.14) and (2.20) that
G(v) = (oz—i—af)(ma—l—P—chv)U—i—(m—av)2 —; ((m —ov)(mo + P — o) — Q) , (2.21)

where m, P, () are given in (1.14) So, G(v) is a quadratic function of v. Moreover, by (1.14)
and (1.15), we have

G(vy) =G(vo) =0. (2.22)
Therefore,
G(v) = =B —v)(v —vy) (2.23)

for some constant 5. By comparing (2.22) with (2.21), we get 8 = o*(1 + o + o) Hence,
G)=—-c*(1+a+as)(v—v_)(v—1oy) (2.24)
So
G(v) >0 (2.25)

as v_ < v < vg.
In case 1), we choose a constant vy satisfying v_ < vy < vy and set v(0) = vo. Then we have
from (2.3) that

°2f(v) 1
dv = —¢€. (2.26)
/; G(v) o
Also, by Lemma 2.1, and (2.24), we have, if
Pz i+ 200
D+ a(l+a+ay)
then % >0 for v < v <wvy, and
r2f(v)
dv = 2.27
W Gl 220
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T2f)
/U 00 dv = —o0. (2.28)

Therefore, the map: £ — v(§) is a one-to-one and onto map from (—oo,+00) to (v_,v,).
Moreover, it follows from (2.27) and (2.28) that

0

v(—00) = v_,v(+00) = v

This proves 1) in Theorem 1.
If

Posyy 2

) 2.29
b2 et atay (2:29)

by Lemma 2.1, we know that v_ < v < v,. In this case, we use the proof by contradiction to
prove 2) in Theorem 1 as follows. Suppose that the problem (1.12) and (1.13) has a solution
v(€). Since in this case, v < v < vy, and f'(v) < 0, we have f(v_) >0 > f(v;). We may
write (2.3) as

20f(v)2—z = G(v). (2.30)

Since v(—o0) = v_ and f(v) > 0 for v < v < v and G(v) > 0 for v_ < v < vy, we have

v > 0 when v_ < v < © < v,. For a constant v; satisfying v_ < v; < @, there exists

dg
& € (—o0, +00) such that v(&) = vy. It follows from (2.30) that
“20f(w)
Ale»dw_g €. (2.31)

By (1.15), we know that f(v) is a linear function of v in the form
F(0) = —k(v D), (2.32)

where k = 0%(1 + ). It follows from (2.23), and the fact that v_ < v < v < v, ( when
(2.29) holds) that

" 20 f(w)
G(w)

dw < +00. (2.33)

U1

We let

o)
5‘&+[1Gw>“”

Then by (2.30), we can conclude that, as & — &, v(§) — v and dZ—(é) — +00. This proves 2)
in Theorem 1.

We can prove 3) in Theorem 1 as follows. We have already proved that if 1:—; <14 a(1i+f+af)’
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the the problem (1.13) and (1.12) has a soluion. In this case, v'(£) > 0 is an easy consequence
of the above argument in 1). So v_ < v(§) < vy for —oo < £ < +00. Next, we prove (1.18).
We may write (2.26) as, in view of (2.26) and (2.24)

/m 2100 gy ol +ata)e (2.34)

(w —v)(w —wvy)

It is easy to verify that, by noting that f(w) = (14 §)m — o*(1 4+ a)w (see (1.15))

2(w)  _=2f() 1 2f() 1

(w—v)(w=vy) (w=v)(vy—v)  (w=0vy)(vy —v)

(2.35)

(1.18) then follows from (2.34) and (2.35). From (1.18), we can easily get the bounds for
vy — (&) in (1.21). Similarly, we can get the bounds for v(§) — v_ in (1.22). By (1.18), we
have

(B) 4 20D )(¢) = —o(1 4+ o+ ap)(vy —v-)

vy —v v—v_
Therefore, the bounds for v'(€) in (1.21) and (1.22) can be derived from the bounds of
vy —o(§) and v(§) — v which we have just proved. This finishes the proof of Theorem 1.
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