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LIMIT LINEAR SERIES AND RANKS
OF MULTIPLICATION MAPS

FU LIU, BRIAN OSSERMAN, MONTSERRAT TEIXIDOR I BIGAS,
AND NAIZHEN ZHANG

ABSTRACT. We develop a new technique to study ranks of multiplication maps
for linear series via limit linear series and degenerations to chains of elliptic
curves. We prove an elementary criterion and apply it to proving cases of the
Maximal Rank Conjecture. We give a new proof of the case of quadrics, and
also treat several families in the case of cubics. Our proofs do not require
restrictions on direction of approach, so we recover new information on the
locus in the moduli space of curves on which the maximal rank condition fails.

1. INTRODUCTION

The classical Brill-Noether theorem states that if we are given g,r,d > 0, a
general curve X of genus-g carries a linear series ((£, V) of rank r and degree d if
and only if the quantity

pi=g—(r+1)(g—d+r)

is nonnegative [GH80]. Eisenbud and Harris proved that (at least in characteristic
0) when r > 3, a general such linear series on X will define an imbedding of X as
a nondegenerate curve of degree d in P” [EH83al. One of the most basic questions
one might then ask is: what are the degrees of the equations defining X7 More
precisely, for each m > 2, what is the dimension of the space of homogeneous
polynomials of degree m vanishing on the image of X? The question is about the
dimension of the kernel of the natural restriction map

(1.1) T(P", 6(m)) — D(X,.2°™).

The dimension of the source space is (r':nm) while the dimension of the target space
is md + 1 — g. The Maximal Rank Conjecture states that the rank of this map is
as large as possible, or equivalently, the kernel of this map is as small as possible.

Conjecture 1.1. If X is a generic curve with a generic immersion in P" for any
m > 2, the rank of the restriction map (1)) is

min{<r+m),md+1—g}.
m

At least in part, this conjecture goes back to work of Noether in the late 1800s,
and of Severi in the early 1900s, but it was stated explicitly by Harris in 1982,
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and has received considerable attention since then. Partial results are due to Bal-
lico and Ellia [Ball2b], [Ball2a], [Bal09], [BESTh], [BESTa], Voisin [Voi92], Farkas
[Far09], Teixidor [Tei03], Larson [Lar12], and most recently, Jensen and Payne
[JP16]. These results were in some cases motivated directly by the conjecture, but
in other cases by a variety of applications, including to surjectivity of the Wahl
map, to higher-rank Brill-Noether theory, and to the birational geometry of moduli
spaces of curves. Subsequently, Aprodu and Farkas [AF11] introduced a Strong
Mazximal Rank Conjecture motivated by applications to moduli spaces of curves
(see 5.4 in [AFT11]). Farkas and Ortega then developed the relationship to higher-
rank Brill-Noether theory [FOLI]. Taken together, the above-mentioned papers
have treated Conjecture [T in the following cases: when d > r + g; when r = 3 or
r = 4; when m = 2; when d is sufficiently large relative to » and m; and in several
additional ranges of cases for m = 3, including many cases with » = 5. It is also
important to note that if (II]) is known to be surjective for a given m and a given
linear series on a given curve, then surjectivity also follows for all larger m (and
the same linear series); see the proof of Theorem 1.2 of [JP16]. Thus, knowing for
instance the m = 2 case mentioned above, we conclude that for any case (g,r,d)
with (T;Q) > 2d + 1 — g, the Maximal Rank Conjecture holds for all m. After
this paper was submitted, Larson proved the full (weak) Maximal Rank Conjecture
[Larl?], [Larl§]. Our main results are as follows.

Theorem 1.2. Given g,r,d with r > 3, r+ g > d, and p > 0, the Maximal Rank
Congecture [L1] holds under the following conditions:
(i) when m = 2;
(ii) when m = 3, and either r = 3 with g > 7, r = 4 with g > 16, or r = 5 with
g > 206;
(iii) when g > (r+1) ((m+1)""* —r);
(iv) when m >3, and either g—d+r =1 with2r—3>p+1, orr+g—d=2
with r >4, and 2r —3 > p + 2.

Most results about the (weak) Maximal Rank Conjecture have been obtained
by deforming a special curve inside a projective space. We instead translate the
problem into a question depending on the curve alone (rather than any immersion).
Using the identification I'(P", &(m)) = Sym™ V, the map (L)) can be interpreted
in terms of the linear series as:

(1.2) Sym™V — T'(X,.Z%™).

In order to prove any given case of the Maximal Rank Conjecture, it is enough to
produce a single smooth curve X for which the space of linear series of given rank
and degree has the expected dimension p, and a single linear series on X such that
(TI) has the predicted rank (see Proposition for details). We use the theory
of limit linear series studying ranks of multiplication maps by degenerating to a
chain of elliptic curves applying the fundamental smoothing theorem of Eisenbud
and Harris [EH86] together with substantial input from the alternative approach to
limit linear series developed in [Oss06] and [Oss14]. Previous approaches using limit
linear series to study multiplication maps had focused on injectivity, considering a
hypothetical nonzero element of the kernel, and deriving a contradiction (see for
instance [EH83b] and [Tei03]). Here, instead of showing that the kernel of the
map is small, we prove that the image is large, a strategy also used in the tropical
context [JP14], [JP16].
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Our approach is relatively self-contained. In section [2] we prove some auxiliary
results related to elliptic curves with two marked points. In section [B] we reduce
the result to the singular curve. In section [ we use limit linear series to prove
some criteria for independence of sections. In the remaining sections, we apply
these results to prove the various cases of Theorem in section Bl we make some
observations on injectivity including a proof of case (iii); in section [l we prove the
case m = 2; in section [f] we make some observations on surjectivity and prove
case (iv); and finally, in section Bl we prove the m = 3 cases of Theorem
Our arguments apply over a base field of any characteristic, although to simplify
the exposition and to make use of other results in our applications, we assume
characteristic 0. We do not need our base field to be algebraically closed either,
but it will simplify the arguments to assume it is.

Our methods are quite flexible. They can be used for studying the Strong Max-
imal Rank Conjecture (see [LOTZ1§]) and even multiplication maps for arbitrary
linear series. While we will not need it in this paper, it potentially allows us to take
into account the direction of approach to the special curve Xy (see Remark [B.4]).
In particular, it could be used to prove maximal rank near a curve that itself does
not satisfy the maximal rank condition.

2. NONDEGENERACY ON TWICE-MARKED ELLIPTIC CURVES

In this section, we study maps from elliptic curves to projective space determined
by comparing values of certain tuples of sections of a line bundle at points @ and
P, as we let the point @ vary. We describe these maps explicitly, showing in the
process that they are morphisms, and proving that they are nondegenerate in a
family of cases of interest for the Maximal Rank Conjecture.

Given a nonsingular genus-1 curve C and distinct P, @ on C, and integers ¢, d >
0, let £ = Oc(cP + (d — ¢)Q). Then for any a,b > 0 with a + b = d — 1, there is
a section of .Z unique up to scaling vanishing to order at least a at P and at least
b at Q. Thus, we have a uniquely determined point R such that the divisor of the
aforementioned section is aP + b@Q + R. In particular, R = P if and only if Q — P
is |a + 1 — ¢|-torsion, and R = @ if and only if @ — P is |a — ¢|-torsion. Note that
this makes sense even when ) = P (in which case R = Q = P). To avoid trivial
cases, we will assume that a #c— 1, and b#d —c— 1.

Notation 2.1. Fix m > 2, and set positive integers

/ / / /
¢ d, a1, .., Qm, b1, ., bm, al, ... ,a 1s---,b

' m m

st.a;+bj=d—1,a;,—c#0,—1,a,+b;, =d—1,a, —c#0,—1Vi, Zaizz:ag.
i i

Let P,Q € C satisfying Q — P not be |a; — ¢|-, |a; +1—¢|-, |a} — ¢|-, or |a; + 1 —¢|-
torsion for any i. Let s; be sections with divisors a;P + b;Q + R;, and s; with
divisors a}P + b,Q + R;. Then, s =s1 Q@+ ® Sy, 8 =8y ®@---@ s, € ['(C, L®™)
have divisors

O a)P+ O b)Q+Ri+-++ By, O_d)P+ (Y b)Q+ R+ + R,

3

As > ,a;,=>,a;, Ri+---+ Ry, ~ R +---+ R],. Let g be the rational function
unique up to scaling, such that

divg=Ri+--+R,—R,—---—R)
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Then g(P) and ¢g(Q) are both in k*. The ratio g(Q)/g(P) € k™ is independent
of scaling g, so is canonically determined by the choice of P, and the discrete
data. Fix P, for a given @ € C, denote by R?, R;Q, and g@ the points and rational
function determined as above by P and Q. Let U be the open subset of C' consisting
of all @ such that Q — P is not |a; — |-, |a; + 1 —¢|-, |a} — ¢|-, or |al + 1 — ¢|-torsion
foranyi=1,...,m.

Let k be an integer. Denote by Ly, ..., Ly the line bundles in Pic’(C) of order
a divisor of |k|. Then, for X a point in C, O¢(X) ® L; is a line bundle of degree 1
and therefore can be written as O¢/(Y;) for a unique Y; € C. We will denote ), Y;
by X + T'[k].

With the notation above, for all Q € U, we get a ¢?(Q)/g?(P) € k*. The main
technical result of this section is then the following characterization of the resulting
function.

Lemma 2.2. With notation as in Notation 2.1, the function f: U — k* given by
Q — g%(Q)/g%(P) determines a rational function on C. We then have

div f =Y (P+Ta;—cl)) = (P+T(|a;—c[)) = (P+T[Ja;+1—c|)) +(P+T|lai+1c[])).

=1

Proof. Consider the divisor R; (respectively, R;) on C x C consisting of points
(Q, RlQ) (respectively, (Q, R/iQ)). We can regard R; as the graph of the morphism
C — C sending Q to P+ (a+ 1 — ¢)(Q — P) with a = a; (respectively, a = a for
Rl). Now, set Z=Y,(P+T[la; +1—c[]) and Z' = >, (P + T[|a; + 1 — ¢|]).

Our first claim is that Ry + -+ Ry + 2’ x C ~ R{ + -+ R,, + Z x C. The
restriction of Ry +- - -+ Ry, to any fiber {Q} x C'is R? +-- -+ RY ~ R;Q—I—- --4+RQ
which in turn is the restriction of R} + --- + R/, to the fiber {Q} x C. Hence,

Ri+-+Ry,—R,—---—R/ ~ D xC for some divisor D on C. But we now
consider the restriction to C' x {P}, observing that, by construction,
(2.1) (Ri+-++ Ry =Ry — = R )|exipy = (2~ Z') x {P}.

We conclude that D ~ Z — Z’, proving our claim.

Now, let ¢, #' be the sections (unique up to scaling) of Ocyc(Ri+- -+ Rpy+Cx Z')
with divisors Ry + -+ R, + C x Z' and R} +---+ R., +C x Z, respectively. Our
second claim is that there exist choices of ¢,t' such that the function f is obtained
by composing the diagonal map U — C' x C with the rational map C' x C --» P}
induced by (¢,t'). For Q € U, if we restrict (¢,t') to {Q} x C, we obtain a rational
function with the same zeros and poles as g9, and which is hence a valid choice
for g¥. We next observe that if we restrict (¢,¢') to C x {P}, then by (1) after
removing base points we have a rational function with no zeros or poles, which is
thus necessarily constant, equal to some z € k*. Rescaling ' by z, we may assume
z = 1, which means that on each {Q} x C for Q € U, the pair (¢,t") induces a
choice of g@ with g@(P) = 1. Thus for the given (¢,t'), ¢g2(Q)/g?(P) is obtained
simply by evaluation at (@, @), which is the same as saying that f is induced as
claimed.

It then follows that f is a rational function on C', and the desired description of its
divisor likewise follows: indeed, the diagonal meets any fiber {Q} x C transversely,
so the last two terms in the formula come directly from the restrictions of Z x C
and Z’ x C, respectively. In general the diagonal may not meet the graph of the

Licensed to Tsinghua Sanya Forum. Prepared on Thu Mar 17 05:00:00 EDT 2022 for download from IP 183.173.175.130.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



LIMIT LINEAR SERIES AND RANKS OF MULTIPLICATION MAPS 371

morphism @ — P+ (a+1—¢)(Q — P) transversely, but in any case the intersection
is always identified with P + Pic’(C)[a — ¢], which thus yields the first two terms
of the asserted formula for div f, as desired. ]

As a sample application of Lemma 2] we consider when the function f is
nonconstant in the case m = 2.

Corollary 2.3. In the situation of Lemma 2.2, assume further that m = 2. Then
the function f is nonconstant if and only if {a1,as} # {a}, ab} and a1 +aq # 2¢—1.

Proof. By Lemma [Z2] we have that f is constant if and only if

0= D= (P+T(las —el))) ~ (P+Tllay —cl}) — (P+ Tllas +1—c[)) + Tlla; + 1]
+ (P+T(jaz — f}) = (P+Tllas — el — (P +Tllaz + 1 — c[}) + T(la} + 1 — c]])).

Without loss of generality, assume that a; < as and af < af. Because we have
assumed a; + ag = a} + ah, we have {a1,a2} = {a},ab} if and only if a; = aj.
Obviously, in this case, we have D = 0. Similarly, if a1 + as = 2¢ — 1 = a} + a},
then a3 —c¢c = —(ag+1—¢), aa —c = —(a1 + 1 — ¢), and similarly for the a},
giving D = 0 again. On the other hand, if a; # a}, we may assume without loss of
generality that a; < af, so that as > a}. In particular, we have a; < as.

Ifag +as >2c—1,thenas+1—¢c>c—ay, but alsoas+1—c¢c > a; — ¢,
soaz+1—c> |ag —c > 0. We likewise have a, +1 — ¢ > |a] — ¢| > 0, but
az+1—c¢>ahb+1—c. We conclude that |az + 1 — ¢| is the (unique) maximal term
appearing in the expression for D. This implies that f has poles at those points,
and hence is nonconstant.

Similarly, if a; + ag < 2¢ — 1, we see that |a; — ¢| = ¢ — a1 is the maximal term
appearing in the expression for D, implying that f has zeros and is nonconstant. [

We now consider morphisms to higher-dimensional projective spaces.

Notation 2.4. Fix m > 2, and £>1, and for j =0,...,¢, set numbers a{, coal
b, ..., b, satisfying:

al +b =d—1,a] —c#0,-1vi,j, Zag is independent of j.

There are sections s{ with divisors a{ P+ bg Q+ R{ , and forming tensor products
yield sections 87 = 8] @ --- @ sJ, € I'(C, £®™), with divisors

(Za{>P+ <Zb{>Q+R{+-~-+RJn.

Any two R} +--- 4 RJ, are linearly equivalent. If Q — P is not |ag + 1 — ¢|-torsion
for any 7,j, we can normalize the s/, uniquely up to simultaneous scalar, so that
their values at P are all the same. Then provided that there is some j such that
Q — P is not |a} — ¢|-torsion for any 4, considering (s°(Q), ..., s(Q)) gives a well-
defined point of P¢. Suppose P is fixed. For a given Q € C, denote by Rf’Q the
point determined as above by P and @, and by fg the point of P¢ determined by
(s°(Q),...,s(Q)). Let U be the open subset of C' consisting of all @ such that
Q — P is not |al — ¢|- or |a! + 1 — ¢|-torsion for any i, ;.

Our main result is then the following.
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Corollary 2.5. The map U — P’ given by Q — fQ extends to a morphism f :
C — P, If, further, all the a are distinct, a] + a} # 2c — 1, and for each j, we
have exactly one ag less than c, then f is nondegenerate.

Proof. Indeed, we can view our map as being given by (fo, ..., fe—1,1), where f; is
the rational function constructed in Lemma from the sections s7, s*. We thus
conclude immediately that our map extends to a morphism. Moreover, nondegen-
eracy is equivalent to linear independence of the rational functions fo,..., fr—1,1,
whose zeros and poles we have completely described.

Now, suppose we have the hypotheses for the nondegeneracy statement. We may
also without loss of generality reorder our data so that

-1

ad<al<---<al<c<ab<alt <o <ad.

Then we claim that for each j < ¢, if we set N; = max(|a] + 1 — ¢|,|a, + 1 — ¢|),
then f; has poles at the strict N;-torsion points of C, while none of fj 1,..., fo—1
do. The desired linear independence follows.

For the first assertion, we have to see that the zeros at the |a' — ¢|-torsion
and |af + 1 — c|-torsion cannot cancel the poles at the N;-torsion. Note that IV; >
al+1—c> 3. Certainly, we have |a},—c¢| = a},—c < Nj, |[a+1—c| = a§+1—c < Nj,
and |af +1—¢c|=c—1—af <c—1- al < Nj, so there is no problem with these.
Finally, as |a1 — ¢| is relatively prime to |a1 +1—¢,if N;= |a{ + 1 — ¢|, the poles
at the Nj-torsion cannot be cancelled by the zeros at the |aJ — ¢|-torsion. But if
N; > |a} +1 — ¢|, we must have |a] —c| — 1 =|a] +1 - ¢| < N, and we cannot
have |a] — ¢| = N; because a] + a} # 2¢ — 1, so we must have laj —¢| < Nj, and
again the poles cannot be cancelled.

For the second assertion, choose j° > j; then f;; has potential poles at the
\afl+1—c|—torsion and the |af—c|-torsion. But as above, we see that \afl+1—c| < N;
and |af — ¢| < Nj for i = 1,2, so f;j cannot have poles at the strict N;-torsion, as
desired. ]

3. REDUCTION TO THE NODAL CURVE

We begin by discussing generalities on the behavior of multiplication maps under
degenerations, and the relationship to limit linear series. We remark that in order
to prove any given case of the Maximal Rank Conjecture, it is enough to produce
a single smooth curve X for which the space of linear series of given rank and
degree has the expected dimension p, and a single linear series on X such that
(P, 0(m)) — T(X,.£®™) has the predicted rank. Indeed, while for small m
and d the dimension of T'(X,.£®™) may vary as X and . vary, if we use the
usual trick of twisting up by a sufficiently ample divisor on X, we can re-express
the maximal rank condition in arbitrary families as a determinantal condition.
We conclude that over any family of smooth curves, satisfying the maximal rank
condition is an open condition in the relative moduli space of linear series. Standard
dimension arguments imply that this moduli space is open over the base at any point
which has fiber dimension p, proving that under the stated hypotheses, all nearby
curves contain a nonempty open subset of linear series satisfying the maximal rank
condition. For p > 1, it follows that we have an open family of curves for which a
dense open subset of linear series satisfies the maximal rank condition (note that
the initial curve did not need to be Petri general). For p = 0, we instead apply
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LIMIT LINEAR SERIES AND RANKS OF MULTIPLICATION MAPS 373

the monodromy theorem of Eisenbud and Harris [EH87] to conclude that we have
an open family of curves for which every linear series satisfies the maximal rank
condition.

The next step will be to reduce the problem to the case of a singular curve.
Specifically, we will degenerate to a chain of elliptic curves as defined below.

Notation 3.1. In this section X, will be a curve of compact-type obtained as follows:
Xo=27,U---UZ, is a chain of curves, g of which are of genus 1 and the rest are
rational where @; on Z; is glued to P;1q on Z;41 fori=1,...,n — 1. In addition,
we will assume that P; — @; is not ¢-torsion for any ¢ < d.

We recall the definition of limit linear series in this context.

Definition 3.2. With the above notation, a limit linear series of rank r and
degree d on X, is an n-uple (.£*, Vi)(i:l,.“,n) of linear series of rank r and degree
d on the components Z; of X, satisfying the following condition: let ay < --- < al
and by > --- > bl be the vanishing sequences of (£*, V") at P;, Q;, respectively.
Then we require that

a?“—i—bj—Zd for j =0,...,r

We say that a limit linear series is refined if the above inequality is an equality for
all ¢ and j.

We make choices of line bundles and sections with support on certain compo-
nents.

Definition 3.3. With the notation above, for i = 1,...,n let Z! be the closure of
Xo \ Z;. Define a line bundle on X, by

i — Oz,(—(Z!NZ;)) on Z;,
a Oz(Z;NZ]) on Z!.

Choose sections o; € I'(Xg, 0*) which vanish precisely on Z; and choose an isomor-
phism 0: @,_; ., 0" 5 Ox,.

Remark 3.4. As X, is of compact-type, each & is unique up to isomorphism but
in general o; is not unique up to scaling: indeed, for ¢+ = 2,...,n — 1, Xg \ Z;
is disconnected, then o; may be scaled independently on each connected compo-
nent. On the other hand, a family induces a choice of o; (see Proposition B.12).
This is potentially useful as it is one way in which direction of approach could be
incorporated into our analysis.

As in [Ossld], we consider line bundles of all possible multidegrees (and total
degree d') on the reducible curve and construct maps between them. Starting with
a limit linear series (fi, V")izlw,m choose a ‘base component’ Z;, of Xy. Let wq
be the multidegree assigning degree d to Z;, and degree 0 to every other component
of Xo, Define %, as the line bundle obtained by gluing the line bundles Z% on
Z,L'O and ZZ(—sz), 1< io,gi(—dpi), 1> 19 on Z;.

Given an arbitrary multidegree w, there is a unique collection of nonnegative
integers a;,i = 1,...,n such that at least one a; is equal to 0, and such that
&, (0")®* has multidegree w — wp. Then set

Ly =Ly @ (@(ﬁi)@)ai) :

%

Licensed to Tsinghua Sanya Forum. Prepared on Thu Mar 17 05:00:00 EDT 2022 for download from IP 183.173.175.130.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



374 F. LIU, B. OSSERMAN, M. TEIXIDOR I BIGAS, AND N. ZHANG

Given another multidegree «’, if ®i(ﬁi)®“; has multidegree w’ — wy, we get a
morphism %, — %, as follows: let b = max,(a, — a;), and for each Z;, set
¢; = a; — a; + b. Then all ¢; are nonnegative with at least one equal to 0, and

L2 Ly ® <®(ﬁi)®0i> .

K2

More precisely, note that since the total degree of both w, w’, wy is the same, ). a; =
0 =3, a; therefore b > 0. Then,

2.6 (@) - 20 (@),
K3 K3

so we obtain an induced morphism .%,,, — .%,, from the appropriate tensor product

of the o, together with #®°. This morphism vanishes precisely on the components

Z; of Xq for which ¢; > 0.

Finally, we note that we have restriction maps as follows: given a component Z;,
let w; be the multidegree having degree d on Z; and degree 0 on all other compo-
nents. Then for any multidegree w, we obtain a morphism .%, — .#*, unique up
to scalar, by composing our constructed morphism %, — %, with the restriction
map %, |z, = Z*. Depending on the choice of w, this restriction map may vanish
uniformly, but this will not happen in most cases of interest (see Proposition [B3.6]).

It is often useful to consider an alternative encoding of multidegrees as follows.

Notation 3.5. Given a tuple ¢ = (cq, ..., c,) of integers and a total degree d’ (which
will be equal to d or md in our situation), we obtain a unique multidegree wgs (c)
by setting the degree to ¢ on Z1, to ¢;41 —¢; on Z; for 1 < i < n, and to d’ — ¢,
on Z,. We write w(c) for wy (c) where the total degree is fixed within the context.

Given a linear series with line bundles . on Z; of degree d’, we obtain the line
bundle .Z,, ) by gluing together the following:
o L1(—(d —c2)Q1) on Zy;
[ éf’(—cle — (d/ — Ci—i—l)Qi) on Z; for 1 <i< n,
e and £"(—¢,P,) on Z,.

We describe the maps between different multidegrees as follows.

Proposition 3.6. Given ¢ = (ca,...,c,) and ¢ = (c,...,c\) in Z"~ Y, for any

ren

choice of line bundle £, the natural map £y — L) vanishes on a given Z;
if and only if 620,7“) = 0 where efﬂ,’ is defined as

w
n . n
¢l _)0: Zj:iﬂ(C} —c¢j) >minj<i<y iji,ﬂ(c; —¢),
w/ ow T .
1: otherwise.
In particular, as long as 0 < ¢ < d' for i = 2,...,n none of the restriction maps

L(ery = L vanish uniformly.

i

Proof. Observe that for any i < n — 1, the multidegree of 617 := ®',_, 6" is zero

on all components except Z; and Z;11; it is —1 on Z; and 1 on Z; ;. In the notation

introduced above with d’ = 0, it is w(c¢”) where ¢/ = (¢4, ..., c,) with all ¢}, equal

to 0 except that ¢, ; = —1. We can go from £, to £, (), by first tensoring
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(ﬁl’"_l)(gc"_c" to get the desired degree on Z,, then by (6’1’”_2)(80"’1_6”71 to
get the desired degree on Z,,_1, and so forth. Thus, we conclude that

n—1 n—1
Loy = Loy R (61775 = 20 Q) (07) T T
i=1 =1

. n 1 . . .
If we set M = min;<;<p, Zj:iﬂ ¢ = Cjs then we have M < 0 by considering ¢ = n,
and we can write

n ’
L) = Ly @ (6)*Fimen m )
i=1
with every tensor exponent nonnegative. Then the morphism £,y — L)
vanishes precisely where the tensor exponents are strictly positive, which is the
definition of having efmw =0.

For the second assertion, the w yielding multidegree concentrated on Z; is given
by (c2,...,¢n) with ¢y =0 for ¢/ < ¢ and ¢y = d’ for ¢/ > 4. Thus, f 0 < ¢, < d
for all ¢/, we have that ¢}, — ¢ < 0 for ¢/ > i and ¢}, — ¢y > 0 for i’ < i, so
> 9—iri1(¢f — ¢;) achieves its minimum at i’ = i, and hence €y = 1 in this
case. |

Definition 3.7. We say that (w(c'), w(c)) is steady if there exists ¢ such that
for j <i,c; < ¢ for j >1i,¢; <¢j.

Remark 3.8. For a steady pair, the definition of the € and the above proposition are
much easier to interpret. We observe that if for some ¢ we have ¢, < ¢;, then the
map from the multidegree determined by w’ = w(c’) to the multidegree determined
by w = w(c) should vanish identically on Z;, since we are twisting down more at
P; in the latter. Indeed, in this case we have

g g g
Z (c; —cj) > Z(c; —cj) > 1I§nz‘i£g 2 (c; —¢;) =M,
j=i+1 j=i J=i+1

s0 €., = 0, as we knew from Proposition Similarly, if d — ¢, < d — ¢,
considering twists by @;_1 we should have vanishing on Z;_;, and we see that since
¢ < ¢, we have

g g g
Y- > ez min Y (¢ -e)=M,
i=i - <i<g =

J=1 j:erl j=i+1

SO eij,}w = 0, again as expected. We conclude that If ¢ < ¢; or d —cj; < d—ciy1,
then necessarily €, ,, = 0.

The converse doesn’t hold in general, but it does hold when the signs of ¢, — ¢;
are weakly decreasing, so that there is never a 0 before a positive number or a
negative number before a nonnegative number. In this situation, if ¢, — ¢; is never
0, the minimum M occurs at the unique ¢ such that ¢j > ¢; and ¢}, ; < ¢;41 (or at
i=11if ¢, <ciyq forall i, and at i = g if ¢j > ¢; for all i). If ¢; — ¢; = 0 for some
i, the minimum M occurs for the ¢ such that that ¢, —¢; = 0 or C;'+1 —ciy1 = 0.
In both cases, these are precisely the ¢ such that ¢, > ¢; and d — c;_H >d—ciq1.
Moreover, in this situation, the ¢ for which €,, , =1 are contiguous.
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When we defined linear series, we looked at the orders of vanishing at the nodes
ab < ---<aland by > --- > b of the sections in (£%, V?) at P;, Q;, respectively. In
general, a set of sections will give the orders of vanishing at P; and a different set will
give the vanishing at @;. It will be useful when on each component Zs, ..., Z,_1,
there is a set of sections that can be used at both points.

Definition 3.9. A limit linear series (.£%, V%) on X, is chain-adaptable if, for
i=2,...,n— 1, there exist sections s}, ..., s’ in V* such that

ordp, sy < ordp, si < --- < ordp, s, ordg, sy > ordg, s§ > --- > ordg, s-
recovers the vanishing sequence of V? at P;, Q;, respectively.

From Propositions 5.2.3 and 5.2.6 of [Ossl4] (see also [LT17, sec 3]), we see
that for chain-adaptable limit linear series there exist global sections s, ..., s, (in
different multidegrees) on X, restricting to s; on Z; for all ¢, .

Proposition 3.10. Let (£, V%) be a chain-adaptable limit linear series with sé as
in the definition. Choose also
Sgy--essh €V suo st e V"
satisfying
ordg, sy < ordg, st_; < - < ordg, 53, ordp, s§ <ordp, s <---<ordp, s

Forj=0,...,r, set c; = (ordp, s?, ...yordp, %), w; = w(c;).

Then for j = 0,...,r, there exists s; € ['(Xo,Zy;) such that for each i, we
have that s;|z, agrees with s% up to scalar. Moreover, for each wj, the subspace of
['(Xo, Zw,) consisting of sections restricting to V* on Z; for all i has dimension
precisely v + 1.

We now consider families of curves degenerating to Xg.

Notation 3.11. We will denote by 7 : X — B a flat, proper morphism, with 1-
dimensional fibers, and B the spectrum of a discrete valuation ring. We assume
that X is regular, the generic fiber X, is smooth, and the special fiber Xy is as
before. Foreachi =1,...,n,let 6; € T'(X, Ox(Z;)) be a section vanishing precisely
on Z;. Choose an isomorphism

é: ® ﬁx(Zi) :) ﬁx.
1=1,...,n
Then Ox(Z;) and 6; induce systems of line bundles and sections as we had
previously constructed for o; and we have the following.

Proposition 3.12. Fori=1,...,n, Ox(Z;)|x, = 0, and 6;|x, is a valid choice
of ;. Similarly, 0|x, is a valid choice of 6.

Given a flat base change B’ — B with B’ still the spectrum of a discrete valuation
ring, it induces 7’ : X’ — B’ with special fiber X which is a base extension of
Xo, and generic fiber X{77 a base change of X,. Suppose we have a linear series
(£, Vi) of rank r and degree d on X, . By the compact-type hypothesis, we know
that for every multidegree w of total degree d, there is a unique extension .Z of Z,
over all X’ such that the restriction to X{ has multidegree w; denote this by L.
We can construct a system of choices of the .2, together with morphisms between

Licensed to Tsinghua Sanya Forum. Prepared on Thu Mar 17 05:00:00 EDT 2022 for download from IP 183.173.175.130.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



LIMIT LINEAR SERIES AND RANKS OF MULTIPLICATION MAPS 377

them, just as we did above, with (the pullbacks to X’ of) Ox(Z;) and &; in place
of 0% and o;, and 6 in place of §. Then given an extension .Z,,, we also obtain an
extension V,, simply by taking

Vo =V,NI(X', 2Z,) CT(X],2,).

From the definition of this extension, we see that both it and the corresponding
quotient are torsion-free, hence free. A key observation for us (initially developed
in [Oss06]) is that for any multidegrees w,w’, we have that V,,» maps into V', under
the above-constructed morphism 2, — f

We now want to consider several linear series as well as their products. Although
we are ultimately interested in the case of powers of a single line bundle on a smooth
curve, when doing degeneration we will want to consider distinct extensions to the
reducible special fiber.

Consider a base change family 7’ : X’ — B’ and (4, V1),...,(Zmn, Vi) linear
series (possibly of different ranks and degrees) on X;. Our objective is to study the
multiplication map

p:Vi®- @V, 210X, A0 - ©%L)

by considering how it limits to X(. For each %, we fix systems of extensions
?k,wk as above for each multidegree wy, of total degree equal to deg %. If we set
L =L Q- ® %Ly, we also fix a system of extensions Z,, of £ for each w of
total degree equal to ), deg %%. As discussed above, we can extend each Vj in
multidegree wy by setting

Vk,wk =V N F(X/,yk’wk).

Similarly, if we write W,, for the image of p, then (£, W),) is itself a linear series,
so we can extend it to
Wy =W, nI(X",Z,).
If we choose any wy’s, and set w = >, wi, we can also extend our multiplication
map to obtain
g Vl,wl ® - ®Vm,wm N F(X/,gw)'

We see immediately from the construction that the image of 7z is contained in W,,.
Because reduction to the special fiber is surjective, we likewise have that the image
of the restriction of i to X}, is contained in the restriction of W,,. Finally, given
multidegrees w,w’, as we observed above we have that W, maps into W, under
our constructed maps.

To summarize, if we restrict to the special fiber, we have a system of spaces
W, x4, €ach of dimension equal to dim W, containing the images of the appropri-
ate multiplication maps i x; and linked together by natural maps. So if we have

an m-tuple of sections s1,..., 8, in Vi, Ixps Vo, x;, and set w’' = >, wy,
then $1®- -+ ® Sy, is in W,/ |X6' If we fix a multidegree w, the image of s1®- - ® s,
under the constructed map from multidegree w’ to multidegree w lies in W, | X4
Our strategy is then to construct many such sections in different multidegrees, and
consider all of their images inside a single multidegree W | xj- If we can show
that the images span a space of dimension N, then this implies that W | x; has
dimension at least IV, and hence that W, had dimension at least N as well.

From now on, we restrict to the case of interest in the Maximal Rank Conjecture,
where 4 =% =---=%,.
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From the above discussion, we will be able to conclude the following criterion.

Proposition 3.13. Given integers (g,r,d,m),m > 2,r > 3,g—(r+1)(g—d+r) > 0.
Let Xy be as before (see Notation B)). Suppose we have a chain-adaptable limit
linear series (£, V") on Xo of rank r and degree d such that, if s; € T'(Xo, Z,)
are the global sections arising from the chain-adaptability condition, there exists
c € Z" ! such that for all choices of the sections o; as above, the images of the
$j, @ ®s5,in T(Xo, (L9") () have at least N-dimensional span. Then, for
any smoothing m : X — B of Xy as in Notation B.I1l, the generic fiber of the
smoothing family is a smooth genus-g curve X which carries a linear series (£, V)
of rank r and degree d on X such that the m-multiplication map [L2)) for V has
rank at least N.

If further n = g and we have (wj, +- - -+wj, ,w) steady for all (ji,...,jm), then
Xo is not in the closure of the locus in My corresponding to curves which do not
carry an (£, V) having m-multiplication map of rank at least N.

In particular, if N = min ((”m) md+1— ), the Mazximal Rank Conjecture
holds for (g,r,d,m), and under the additional steadiness hypothesis, the locus in
M, consisting of chains of genus-1 curves is not in the closure of the locus of M,
for which the maximal rank condition fails.

Proof. First, the condition that P; — @Q; is not ¢-torsion for £ < d implies that the
space of limit linear series on X, has expected dimension p. This implies that if
m : X — B is any regular smoothing family of Xg, every limit linear series on
Xp is a limit of linear series on the smooth fibers of 7: that is, there exists a flat
base change B’ — B and an (¢, V) on the generic fiber of X' := X xp B’ such
that (.Z,V) extends as described above to the chosen limit linear series. Indeed,
since refinedness is part of the definition of chain adaptability, this follows from the
original Eisenbud-Harris smoothing theorem (Corollary 3.5 of [EHS6]).

Let W denote the image of V®™ under multiplication. We want to prove that
W has dimension at least N. We first observe that each section s; must be in the
multidegree-w; limit of (Z,V): indeed, the limit of V' has dimension r + 1 and
maps into the V¢ under each restriction map, so according to the second part of
Proposition[3.I0, the limit of V' is the entire subspace of global sections of .Z,; which
restricts into V* on Z; for all i, and in particular it contains sj. We likewise have
that each s;, ® - ®s;,, is in the multidegree- (wj, +---+wj, ) limit of (Z®™, W).
Then it follows from the above discussion that the image of 5;, ®---®s;, lies in the
multidegree w,,q(c) (Notation B5) limit of (L®™ W). If, as the (j1, ..., jm) vary,
these images span a space of dimension N, then it follows that W has dimension
at least N, as desired. This proves the first assertion of the corollary.

In order to prove the stronger statement under the additional steadiness hypoth-
esis, we carry out a similar analysis when the smoothing family 7 : X — B is not
assumed regular. Because we have also assumed n = g, such families can be used
to study arbitrary curves in ./\/l spemahzmg to Xg. In this situation we can blow
up X to obtain a regular family 7 : X = B where the special fiber XO is obtained
from Xy by inserting (possibly empty) chains of projective lines at the nodes of X.
It suffices to show that in this case the hypotheses of the corollary apply equally to
X, since we can then apply the first part of the corollary to conclude the desired
statement for the family 7, whose smooth fibers agree with those of w. It is clear
what limit linear series we should choose: if we insert a projective line with marked
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points P, @ at a node which has vanishing on one side (at @;) given by by, ..., b,
and on the other (at P;y1) by ao,...,ar, so that a;j +b; = d for all j, then we have
on the rational curve sections of &'(d), unique up to scaling, with vanishing order
aj at P and b; at Q. If we take the span of these r + 1 sections, we obtain a g
on the projective line, and if we repeat this procedure for every inserted projective
line, and keep the old linear series on the elliptic components we will obtain a new
chain-adaptable limit linear series on XO If XO has n’ components, this limit linear
series has corresponding global sections 3§y, ..., S, in multidegrees determined by
Wo, - . . , Wy, where w; is obtained from the w; by assigning multidegree 0 to every
inserted component.

By construction, the sections s; agree with s; (at least, up to scalar) after re-
striction to any given component of X, so the same applies to their tensor products
sz for any 7= (1, jm). Now, in general the insertion of the new components
can change which components are zeroed out in mapping from multidegree 15; to

multidegree w, even on the components of )A(:O coming from Xo Indeed, the sums
37 —ii1(cl — cir) appearing in the definition of 61@;,@) will have some extra rep-
etitions inserted corresponding to the new components. If one has i < i’ such
that ¢, < ¢; and ¢, > ¢y, inserting repetitions can change where the minimum
is achieved. However, this is precisely ruled out by the steadiness hypothesis, so
we see that with this hypothesis, we will have the map from multidegree ﬁ; to
multidegree w nonzero precisely on the components Z; on which the original map
was nonzero, together with any inserted components connecting two components
on which the map is nonzero. We conclude that on each component of )~(o coming
from Xy, the image of '5; in multidegree w agrees up to scalar with the image of 57
in multidegree w. Now, observe that since w induces multidegree 0 on each inserted
projective line, we have a canonical ‘contraction’ isomorphism

[(Xo, (Z%™)z) = T(Xo, (L%™)w)

and we see that under this isomorphism, the images of the gi in multidegree w agree
up to scalar with the images of the 57 in multidegree w. Indeed, this follows from
the steadiness hypothesis, which ensures that not only do the sections in question
agree up to scalar after restriction to each component of X, but their support is a
contiguous collection of components Z; U - -- U Z; for some i’ > 4, and the sections
do not vanish at any of the nodes @;,...,Qy_1. We conclude that if the images
of the Ej in multidegree w span a space of dimension at least N, the same is true
of the images of the sz in multidegree w. Thus, our hypotheses on the limit linear

series on X imply that the same hypotheses are satisfied on X’O, as desired. The
corollary follows. O

4. INDEPENDENCE OF SECTIONS AND EXAMPLES

We take X as in NotationBIl We will assume n = ¢g. One can construct a linear
series on X with optimal vanishing at the points P;, Q); by on each component Z;
picking a value of j, say jo(i) = §(¢) and defining

0 __ ;. - i i i - i+1 i
aj =7j; byuy =d—as,; by =d—1—aj,j#6(i); ai =d-0bj.
1Here, Wy = > 3L, Wy, and @ is the multidegree obtained from w in the statement of the

proposition by assigning multidegree 0 to every inserted component.
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It corresponds to taking the line bundle Og, (ag(i)Pi + bg(i)Qi) and sections with
largest possible vanishing for this line bundle. For this construction to be possible,
one needs ag(i) > afs(i)—1 + 1. This in turn requires having picked all values j < §(7)
at least as many times as 6(¢) prior to picking 6(7). One also needs the Brill-Noether
number to be positive, that is, g > (r+1)(g — d + ).

Definition 4.1. Given g,r,d > 0 with g > (r+1)(¢ —d+ ), a (g, 7, d)-sequence
01,...,04 is a sequence of g integers between 0 and r, with each integer between 0
and r occurring at least g — d + r times, and satisfying the condition that for each
i =1,...,g, no integer strictly less than ¢; occurs among 61, ...,d; strictly fewer
times than ¢§; does.

More generally, given also a > 0, an a-shifted (g,r, d)-sequence 61, ...,d, is a
(g, 7, d)-sequence in which every integer between 0 and r occurs at least a+g—d+r
times. For an a-shifted sequence, we construct the limit linear series starting with
a? =j+a.

One can keep track of the choice of the index §(i) by organizing them in a Young
Tableau with 7 + 1 columns numbered 0, ...,r and an indeterminate number of
rows. The numbers from 1 to g are placed successively on the tableau starting
on the left top corner. The element i is placed on the highest empty spot of the
column §(¢). By construction, the numbers on each column increase as you go
down. The condition for being a § sequence is that the numbers also increase as
you move right and that the filled space contains an (r + 1)(g — d + r) rectangle
(see for instance [LT17]). The condition for being an a-shifted § sequence is that
the numbers increase from left to right and from top to bottom and that the filled
space contains an (r 4+ 1)(a + g — d + r) rectangle.

We can construct linear series and their sections with this method and consider
the multisections obtained as their products. Our next goal is to show that a set
of multisections constructed in this way is linearly independent if some conditions
on their orders of vanishing at the nodes are satisfied.

Lemma 4.2. With the above notation, assume we have a linear dependence of
multisections on Xo, » 57757, = 0.

(a) If for some i there is a single section 3 among those that appear in the
linear combination and are not identically zero on Z; such that a;;_ 18 strictly
minimal among the orders of vanishing at P;, then 77 =0.

(b) If for some i there is a single section 83 among those that appear in the
linear combination and are not identically zero on Z; such that b;’ is strictly
minimal among the orders of vanishing at Q;, then ;= 0.

(¢c) If for some i there are only one or two sections that appear in the linear
combination and are not identically zero on Z;, then their coefficients are
0.

(d) If for some i there is some k > 0 such that for every section 57 that appears
in the linear combination and is not identically zero on Z;, at least k of
the jo are equal to j # 6;, and there is a unique j = (J1y -+ Jm) for which
exactly k of the jy, are equal to j, then the coefficient of that one section 7
s 0.

Proof. The proof of (a) and (b) follows by evaluating the sections at P;, Q;, re-
spectively. When there is a single section in (c), it automatically follows that the
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coefficient is 0. The case of two sections is a particular case of (d). Let us then
prove (d).

As j # 9;, div s; = a;Pi + b;QZ + R;- for a uniquely determined R; Under our
nontorsion hypothesis, all the R;Z are distinct as the j, varies. The hypothesis in

(d) imply that ordR; 57 wlz; = k, while ordR;_ 87 |z > k for all remaining J#7

W

We thus conclude 73 = 0 (as in (a), (b)). O

Lemma 4.3. With the above notation, assume we have a linear dependence of
multisections on X, Z; V757w = 0. If for some Z; we have sections corresponding

to indices j' = (31, ..., 5L), 32 = (32,...,42) satisfying the conditions below, then
'75'1 =0= 7]*2'
° az;l = a;;Q < a;;, for every section f’ #* 51,52 that appears in the linear

combination and is not identically zero on Z;.

° bj:fl = b;:{l < b;;fl for every section ;” # 51,52 that appears in the linear
combination and is not identically zero on Z;y1.

e For at least one of i’ =1 ori =i+ 1, we have all but exactly two of the
gty ..., 3L are equal to §;, all but exactly two of the j%,...,j2, are equal to
0ir, and a;;ll # aé;i/wﬁﬂ) -1

Proof. The conditions on the a’, and bi:rl imply that if a linear dependence has
nonzero coefficients Y5 and V32 for 571 and 872, then the leading terms of V7155
and V72572 must cancel at both P; and @Q;11. Note also that our hypotheses on
the j¢ imply that b;;l = b;;,Q (they must either both be equal to md — a;;e —2or to

md — az;e —m), and thus that ajﬂffl = ajgl as well. It thus makes sense to normalize

our scaling of 71 and 572 SO that their values agree at Q; (equivalently, at P;11).
First suppose that all but exactly two of the j¢ are equal to ; for both e = 1
and e = 2, and a;;l =+ aééh._?&i) — 1. In this case, with the stated normalization,
and a given choice of P;y1,Q;11, the desired cancellation at ;11 will determine a
unique ratio for Y and V2 It suffices then to show that if we vary P;, @Q;, the ratio
determined by cancellation at P; varies nontrivially. But note that the m — 2 copies
of s in s and s%, do not affect this variation, so this follows from Corollary
The other case follows similarly, except that we fix P;, Q); and consider the effects
of letting Piy1, Qi1 vary. g

Lemma 4.4. With the above notation, assume m = 2 and we have a linear depen-
dence of multisections on Xy, Z;’y;s;w = 0 such that for some v and n > 2 we
have sections corresponding to indices fe = (j%,75) for e = 1,...,n satisfying the
conditions below. Then the coefficients of j1,...,5", (8;,6;) are zero.

e 0y =0; fori =4,...,i+n—1.

e Fore=1,...,n, we have j{ < 0; < j5.

e The value of a?e is independent of e € {1,...,n}.

e fori =i,...,i+mn—1, the sections with indices fl, . ,j" are nontriv-
ial on Z;, and the only other remaining section appearing in the linear
combination which may be nontrivial in these Z; is the (8;,0;) section.
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Proof. If we let Z; = UHW1 Z;, we wish to show that with the given hypotheses,

i'=i
we cannot have a nontrivial linear relation

Virsqilzr + 0+ V5usialze + V60605606020 = 0.

Observe that the conditions d; = ¢; and j¢ < §; < j§ (and therefore j§ # 0; # j§)
imply that a;;,; = a;;_e +2(i' —1i) for any i’ =4,...,i+k —1. In particular a;;; is also
independent of e for i’ > i. The conditions ¢; < a;;_le,d’ —cpp1 <d — a;;_/e — 2 imply
that ¢;; = a;;/e.

The linear dependence, if nontrivial, must cancel all leading terms at all P, and
Qy; cancellation at @/ is equivalent to cancellation at Py ;. This works out to at
most k£ + 1 conditions. The rough idea of our argument is that when the chosen
marked points are general, we obtain either k£ + 1 or k conditions in this way. The
latter occurs in a situation where s, s5,) never contributes to the leading terms.
More specifically, we proceed from ¢’ = i to i/ = ¢ + k — 1, showing that if we fix
the previous choices of P;/, @Q;/, a general choice of the current );; will impose an
additional linear condition on the choice of the V3 with at most one exception.

We need some preliminary observations on when the (d;,d;) section can con-
tribute on a given component Z;. For every ¢ = i,...,7 + k — 1, the vanishings
of the (d;, ;) section on Z; add up to 2d, whereas the vanishings of the j° section
add up to 2d — 2. Let io be the smallest number between ¢ and i + k — 1 such that
az%i’éi) > ¢;, and bz%m&i) > 2d — cjy41, 80 that s(s, 5,) may give rise to a nonzero
section on Z,,. First observe that if there is any i’ with a;;,e = a’('di 5 — 1, then we
have also b;;/e = bf:si s;) — 1. Furthermore ig = i’ is the only column between i and
i+ k —1in which s(s, 5,) may occur. Similarly, if for some i’ we have b;;_/e = bz('/& 5:)
then a;;_le = aéi 5y — 2. So we must have ig = 4. In this case, if i/ <i+k—1
we can also have s(s, s,) occurring in the next column, but not in any others, since

i+l i+l
bo = boieny — 2

We now begin our analysis with the case i/ = i: let W; be the subspace of the
k-dimensional vector space of Ve such that there exists a (s, 5,) giving a valid
linear dependence on Z;. If ig > i, then cancellation of lowest-order terms at P; is
a codimension-1 subspace H of the space of Ve containing W; (specifically, given
our normalization, it is the hyperplane ), x; = 0). Moreover, when iy > i we have
observed above that a?e #* aé 5:.8:) 1. So under our normalization hypotheses, the

sections (s;;l |Zis s s?n |z,) satisfy the hypotheses of Corollary 25 and the map

Qi = (53‘1 Zi(Qi)v SRR S;;"k Z; (Ql))

is nondegenerate. In particular, it is nonconstant, so a general choice of @Q; will
not have image equal to (the projectivization of) the orthogonal complement of H.
Hence, cancellation of lowest-order terms at @; will impose a different codimension-
1 condition. In this case, we thus have that W; is at most (k — 2)-dimensional.
On the other hand, if ig = 4, we claim that W, has dimension at most k — 1.
Indeed, if az;e > a’('éi’éi), then a%5i’5i) is a unique minimum. So by Lemma [L2)(a),

we can drop the (d;,9;) row, and we are in the same situation as above, with
dim W; = n—2. On the other hand, if a%e < aééi 51) then W; is still contained in the
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hyperplane H described above. Finally, if a;;e = a% 5:.6:) then b;;e = bé 5i.60) 2, and
in this case W; is contained in the hyperplane obtained by looking at cancellation
of the leading coefficients at @Q;.

Now, for i’ > 4, let W;_1 be the subspace of choices of V3 such that there exists
a choice of 75, 5,) giving a valid linear dependence on Z;U---UZ; 1. If Wy =0,
we are done. Otherwise, our inductive hypothesis is that W;,_; has codimension at
least i’ —i+1 if 49 > ¢’, and Wy _1 has codimension at least ¢’ —1 if ig < i’. We then
want to show that imposing linear dependence also on Z;: reduces the dimension of
Wi—1 by 1 unless ¢/ = ig. First, if we have either a;;,; = a?&_’&i) —1lor b;;'e = b’é/&héi)’
then necessarily ¢/ = ig; in this case, there is nothing to show. So we can assume
that a;;_/e # a’&i’ s — 1 and b;;_le # b’(;h 5;)- The latter means that in order to have
linear dependence on Z;/, we must have cancellation among the leading coefficients
at @, of the Se- The former implies that, just as in the case i’ = i, we have that
the map , ,

Qi (8§1 Zﬂ(Qi’)? - -78;% Zy (Qi))

is nondegenerate. In particular, a general choice of @;» will have image not lying in
the orthogonal complement of W/, meaning that requiring that the v; impose a
linear dependence also on Z;; reduces the dimension of W, _1 by 1, as desired.

Because Z; has k components, we thus conclude that when we have imposed
cancellation of leading terms at all Py and Q;/, we have reduced the space of
possible linear dependences to (0), proving the result. |

In order to visualize and more easily work with the data of sections and their
orders of vanishing, we will organize them in tables.

Definition 4.5. Given a (g, 7, d)-sequence 5=061,..., dg, and m > 2, T’(g) is the
(r+1) x g table whose jth, j = 0,...,r row consists of the orders of vanishing at

the nodes of the jth section of the linear series associated to 4.
Then, T'(4) is the (H'm) X g table with rows indexed by j = (ji,...,jm) (with

m .
0<j1 <jo <+ <jm <r), and each entry being a pair of integers (a%,, b%_), by
setting the (j1,. .., jm)th row of T(8) to be the sum of the j,th rows of T7(4), for

n=1,...,m.

-

More generally, given an a-shifted (g, r, d)-sequence, define the tables 77(0) and
T(6) just as above, except that we start with a; =a+jforj=0,...,r.

Thus, in the a-shifted case, all the aj» are a larger than in the usual case, and all
the a;;_ are ma larger. This is convenient for certain reduction arguments.

=

We now construct a table T, () that keeps track of forced vanishing of sections
when we look at the multidegree associated to a choice of a (g — 1)-tuple of integers

-

¢ as in Notation The rows of T,,(d) will correspond to a collection of global
sections which all lie in the multidegree determined by w. According to Proposition
and with the Giu’,w as defined there, this amounts to the following.

Definition 4.6. In the situation of Definition 5] suppose that we are also given a
c=(ca,...,cq) € Z97', as defined in Notation Then define the table T, (9)

=, =

obtained from T'(0) by erasing certain entries as follows: for the row of T'() indexed

by j = (J1y---sJm), let ¢ = (a?,...,a?). Then for i = 1,..., g, the ith entry in the

-

jth row of T'(8) is erased in T, (0) if the €%, . is equal to 0.

w’ w
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In addition, we say that T(g) is steady with respect to w if for each 5, setting

¢ = (aj%,, ce a;i) as above, we have that (w(c'),w(c)) is steady (see Definition [B7).
We introduce another piece of notation that will make our language less cum-
bersome in the future.

Definition 4.7. We will say that a table is N-expungeable if one can choose N
rows corresponding to N sections that can be proved to be linearly independent by
repeated application of Lemmas 2] [£3] {41

We will use this notation with N = min ((Tjnm),md +1- g). Then Proposition
BI3 will imply the Maximal Rank Conjecture for the given numerical values of
g,7,d, m.

We now give several examples. The first two are very simple cases for r = 3,
m = 2, but as we will see in the proof of Theorem [6.1] below, these examples fully
handle the case r = 3 and m = 2, and also constitute the base for the general case

with m = 2.

Example 4.8. Consider the r = 3,g = 4,d = 6. This is the canonical case and the
only possible (g, , d)-sequence is 6 = 0, 1,2, 3, which gives T" () as follows:

3

W N = o
N Wk D
= w N O
— N R Ot
U DN~
O N W
DD W N

2
1
0

Take now m = 2. Choose ¢ = (2,6,8). The highlighted entries in the table below

-

are the nonerased entries in T3,(6). We have placed the ¢; and m — ¢; at the top
and bottom of the table in order to make the erasure procedure clearer.

1002 6|6 418
0,00 0 12(0 102 8|4 6
(0,1) 1 10[2 9|3 7|5 5
0,20 2 93 7|5 6|6 4
(1,1) 2 8|4 8|4 6|6 4
(0,3 3 8|4 6|6 4|8 3
(1,2) 3 7|5 6|6 5|7 3
(1,3) 4 6|6 5|7 3|9 2
(2,2) 4 6|6 48 4|8 2
(2,3) 5 5|7 3|9 210 1
3,3) 6 4|8 2|10 0[12 0

10[2 6|6 4|8

Since (7"‘2"2) =10 > 2d+1—g =9, this is a surjective case. To prove surjectivity
in this case we may drop any one section (as we had 10 to start with). If for instance
we drop the (0, 3) section, we see that there are no remaining repetitions among the
a;;, in any column, so we have that Tw(g) corresponds to 9 different sections simply

by repeated application of Lemma[£2)a), proving the desired surjectivity.
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Example 4.9. Next consider the case r = 3,9 = 5,d = 7, and choose the (g, r, d)-
sequence 5= 0,1,2,3,0, which gives T’(g) as follows.

0 7|0 61 5|2 4|3 4
1 5|2 5|2 4|3 3|4 2
2 413 3]4 3|4 2|5 1
3 314 25 1]6 1{6 0

-

Choose m = 2,¢ = (2,6,8,10). We then get T(0) as follows.

1212 8|6 6]8 4|10
0,00 0 14(0 12]2 104 8|6 8
(0,1) 1 122 11|3 9|5 7|7 6
0,2) 2 113 9|5 8|6 6|8 5
(1,1) 2 10| 4 10|4 8|6 6|8 4
0,3 3 10[4 8|6 6|8 5|9 4
(1,2) 3 9|5 8|6 7|7 5|9 3
(1,3) 4 8|6 7|7 5|9 4|10 2
(2,2) 4 8|6 6|8 6|8 4|10 2
(2,3) 5 7|7 5|9 4|10 3|11 1
3,3) 6 6[8 4|10 2|12 2|12 0

12(2 8|6 6|8 4|10

This case is both surjective and injective, so we need to use all sections (corre-
sponding to all rows on the table). We can drop the last four rows by applying
Lemma [L2(b) twice and Lemma [2d) once to the last column, and then apply
Lemma 2)¢c) to the third column to cancel the coefficients of the (0,3) and (1,2)
rows. After this, no repetitions remain among either the a’ or b% in any column, so

we can drop the rest of the rows using Lemma [4.2] either (a) or (b).

The following example is the first requiring the use of Lemmas and [£4] and
is the first of the sequence of ‘critical’ cases for m = 2, treated more generally in
Proposition below.

Example 4.10. Consider the case r = 4,9 = 10,d = 12, and take the (g, r,d)-
sequence 6 = 0,0,1,1,2,2,3,3,4,4. This gives T"(5) as follows:

0 12|0 1240 111 102 9|3 8|4 7|5 6|6 6|7 4
1 1012 913 913 9|3 8|4 7|5 6|6 5|7 4|8 3
2 913 8|4 7|5 6|6 6/6 6/{6 5|7 48 3|9 2
3 8|4 7|5 6|6 5|7 418 3|9 3|9 3|9 2|10 1
4 7|5 6|6 5|7 4|8 3|9 2|10 1|11 0|12 0|12 O

-

Take m = 2,¢=(2,4,7,9,12,15,17,20,22). We then get T'(9) as follows.
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2202 20]4 17]7 15|9 12[12 9|15 7[17 4|20 2|22
(0,00 0 24|0 24|0 22]2 204 18|6 16]8 14|10 12|12 10|14 8
(0,1) 1 22 2 2|3 2[4 19|5 177 15|9 13|11 11|13 9|15 7
(0,2) 2 213 20| 4 18(6 16|8 159 14|10 12|12 10|14 8|16 6
(1,1) 2 204 186 18[6 18|6 16[8 14|10 12|12 10|14 8|16 6
(0,3 3 204 195 17,7 15| 9 13|11 11|13 10|14 9|15 7|17 5
(1,2) 3 195 17| 7 16| 8 15| 9 14|10 13|11 11|13 9115 7|17 5
(0,4) 4 195 18|6 16|8 14|10 12 12 10|14 8|16 6|18 5|19 4
(1,3) 4 186 16|8 159 14|10 12 12 10|14 9|15 8|16 6|18 4
(2,2) 4 186 16|8 14|10 12| 12 12 12 12|12 10|14 8|16 6|18 4
(1,4) 5 17|7 15|9 14|10 13|11 11 13 915 7|17 5|19 4|20 3
(2,3) 5 17 |7 1519 13|11 1113 10 14 9| 15 8|16 717 5119 3
(2,4) 6 168 14|10 12|12 10|14 9|15 8|16 6| 18 4| 20 3|21 2
(3,3 6 168 14|10 12|12 10|14 8|16 6|18 6| 18 6|18 4[20 2
(3,4 7 15|9 13|11 11|13 9|15 7|17 5|19 4|20 3|2l 2 22 1
(44 8 1410 12|12 10|14 8|16 6|18 4[20 2|22 0|24 0 24 0

22 204 17|7 15|9 12|12 9|15 7|17 4|20 222

If we go from left to right we can use Lemma [£2[a) on Z; (first column) to

prove linear independence of the sections with indices (0,0) and (0,1) , (0,2) on Z,
(second column), (0,3) and (1,1) on Z3 (third column), and (1,2) on Z4 (fourth
column). Then, using Lemma [2b) we can drop rows (4,4) and (3,4) from the
last column, row (2,4) from the ninth column, rows (1,4) and (3, 3) from the eighth
column, and row (2, 3) from the seventh column. This leaves only rows (0,4), (1,3)
and (2, 2) in the fifth and sixth columns, which can be dropped using either Lemma
(together with Lemma F2|(c)) or Lemma 4]

5. OBSERVATIONS ON INJECTIVITY

We now consider injective cases, meaning that (T;’;Z”) <md+1—g. Our main
result will be the observation that N-expungeability for an injective case implies
that we get infinitely many additional cases by increasing g. In fact, we will give
two versions of this statement, with one adding a mild hypothesis but yielding more

cases in return. A preliminary definition is the following.

Definition 5.1. We say that a (g,, d)-sequence 6 = (d1,...,d,) is extendable if
for all ¢’ > ¢, and all d’ with ¢’ > (r +1)(¢’ — d + '), we can extend § to a valid
(¢',r,d')-sequence.

We have the following characterization.

Proposition 5.2. A (g,r,d)-sequence 5 is extendable if and only if 0 occurs at
most one time more than r does in §.

Proof. In the language of Young Tableaux introduced at the start of section [
the condition that 0 appears at most one more time than r can be written as the
column corresponding to 0 is at most one taller than the column corresponding to
r. Equivalently, the Young Tableau is as close to a rectangle as it can possibly be
for the given g. Then, for any ¢’ > ¢, one can add the additional ¢’ — g indices
while keeping the tableau again as close to a rectangle as possible for that ¢’, so
the sequence is extendable.

On the other hand, assume that the column corresponding to 0 has height [ that
is at least two larger than the height of the column corresponding to 7. Let us say
there are ¢ elements in the last bottom row. Define ¢/ = (I—1)(r+1)+¢t—1, d' =
g +r—141. By assumption g < (I —1)(r+ 1)+t —2 < ¢’. From the definition
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of d, g —d +r =1-1. Any Young Tableau associated to ¢’,d’,r must contain
the (r + 1)(¢’ — d’ + r) rectangle, hence it cannot contain the last element of the
bottom row of the initial tableau. Hence, the d-sequence is not extendable. (Il

The following notion will be useful for verifying the steadiness condition.

Definition 5.3. For a given m, we say ¢ = (ca,...,¢4) € Z97! is unimaginative
ifeip1 —cg>mfori=2...,9g—1
Proposition 5.4. Ifc = (ca,...,cq) is unimaginative, then for any 5 we have T(_‘)

steady with respect to w(c).

-

Proof. Recall that by definition T'(d) is steady with respect to w if for each multi-
index of a section j, setting ¢’ = (a?,, ol aji,) we have that (w(c'),w(c)) is steady,
that is, there exists i such that for [ < i,¢ < a% for [ > 1, a% < ¢;. By construction

of the table associated to a given 4, for i < g we have

ab>md—m—bh=dtt —m,
J J J
so the sequence ¢} — ¢; is nonincreasing, and (w’, w) is steady. O

We have the following basic observation on ‘change of degree’.

Proposition 5.5. Given (g,7,d, m),g a (g,r,d)-sequence, w,d > d, and a such
that 0 < a < d' —d, then § is also an a-shifted (g,r,d")-sequence. If we obtain
w' from w by adding ma to every entry, then Ty(8) is N-expungeable for 6 as
a (g,m,d)-sequence if and only if Ty (5) is N-ezpungeable for 5 as an a-shifted
(g,r,d")-sequence.

Proof. As § is a (g, r, d)-sequence, its Young Tableau contains an (r+1)(g — d +r)
rectangle. The condition a < d’ — d ensures that it also contains an (r+1)(g —d’' +
a + r) rectangle. Hence, § is also an a-shifted (g, r, d')-sequence.

- -

By definition of the a-shifted table, T, (d) is obtained from T,,(8) by adding ma
to each a;;, and adding m(d’ — d — a) to each b% One checks directly that the rules

for expungeability are invariant under this operation. O

Below is our basic result on extending injective cases to higher genus.

Proposition 5.6. Given (g,r,d, m), satisfying

r>3m>2¢9>(r+1)(g—d+r), (r—i—m) <md+1-—g
m
suppose that there exists a (g,r,d)-sequence § and a ¢ = (c2,...,¢cq) such that
Tow(e) (5) is (Tjnm) -expungeable. Then for oll (¢',r,d',m) with ¢' > g and ¢’ — d' <
g—d, there exists a (¢',r,d')-sequence &' and a w' = (c, . .. ,Cy) such that Ty (&) is
(T;m) -expungeable. In particular, the Mazimal Rank Conjecture holds in all these

cases.

If further the above holds with & extendable, then the condition ¢’ —d' < g—d
above is unnecessary. In either situation, if the chosen w was unimaginative, then
the new w may also be chosen to be unimaginative.
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Proof. Under either hypothesis, we have that J can be extended to a (¢',r,d')-
sequence ¢’: in the first case, the condition ¢’ — d’ < g — d allows us to extend
simply by adding ¢’ — g zeros, while in the second case we can extend by hypothesis.
Moreover, we have that ¢ is a valid (g,r,d')-sequence, and Proposition says
that the (T;m)-expungeability of T, (5) does not depend on whether we view § as

a (g,,d)-sequence or a (g,r,d')-sequence (the only difference is that the b? are all
translated by m(d’ — d)). Then by appending sufficiently large (e.g., larger than
md') numbers to ¢, we obtain ¢’ € 79'~1 with the property that Tw(cl)(éﬁ/) is exactly
the same as Tw(c)(g), when § is considered as a (g,7,d')-sequence: the entries of
Tw(cl)((f’ ) after the first g columns are all erased. Then the ("'")-expungeability

of Ty (67) follows.
If w was unimaginative, the above construction can clearly also make w’ unimag-
inative. ]

We conclude by proving that for any fixed m,r we have injectivity for all g
sufficiently large. Although the bound is very far from sharp (and is worse than that
obtained in Larson [Larl2]), the proof is brief and we include it as an illustration
of a different sort of approach to applying Proposition .13l from the ones which we
will make below.

Proposition 5.7. With m,r fixed, if we have g,d with p > 0 and
9= (r+ 1) ((m+1)" =),

then the Mazimal Rank Conjecture holds for (g,r,d,m). Moreover, a general chain
of genus-1 curves is not in the closure of the locus on Mg for which the mazimal
rank condition fails.

Proof. We will show that with the stated lower bound, we can always produce
a (g,7,d)-sequence ¢ so that for some column g, the entries a}“ of T'(§) are all

-

distinct. Observe that this will be the case if the igth column of T"(d) is equal to
0,1,m+1,(m+1)%...,(m+1)""1, or more generally (for some m),

a,a+la+m+la+(m+132%.. . ,a+(m+1)""L

Thus, we take § to be the sequence whose first (m+1)"~! —r entries are 0, and then
followed by (m+1)""1t—(m+1)*~!—(r—1) entries equal to i, fori = 1,...,r—1. We
then take the next (m+ 1) —2 entries equal to 2, and then followed by (m+1)*=! —i
entries equal to i for i = 3,...,r. This determines the first (r+1) ((m+1)""! —r)
entries of 4, , with each entry occurring (m+1)"~! — 7 times. Any remaining entries
of § can be chosen to cycle from 0 through r.

Then set iy to be the column immediately after the first sequence of (r — 1)s
occurring in 8, so that ig = r(m+1)""1 — (5) — E::_lz (m+1)%. By construction, the
entries aé‘) of T’(5) have the desired form, so the entries a;;_” of T(8) are all distinct,

as desired. Finally, let ¢ = (c2,...,¢y) with ¢; = 0 for i < iy and ¢; = md for i > iy.

- -

Note that this is steady with respect to T(4) (indeed, for any d), and the effect is

-

that every row occurs in the igth column of T, (). We may then apply Lemma

-

E2(b) repeatedly to T, (d) to prove the desired statement. O
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6. THE CASE OF QUADRICS

In this section, we use Proposition B.I3] to prove the Maximal Rank Conjecture
for the m = 2 case. The proof uses reduction constructions to show that we can
always reduce either to smaller 7 or to one of a sequence of ‘critical’ cases which are
in particular as close as possible to being simultaneously injective and surjective.
Empirically, these critical cases are the most difficult cases to handle.

Theorem 6.1. The Maximal Rank Conjecture holds in the m = 2 case. More
specifically, for any given (g,r,d) with p > 0 and g —d +r > 0, a general chain
of genus-1 curves is not in the closure of the locus on My where the mazimal rank
condition fails.

Explicitly, for every such (g, r,d) there is a (g, 7, d)-sequence ¢ and an unimagi-
native ¢ € Z9~! such that Tw(c)(g) is min ((T;FQ), 2d+1— g)—expungeable.

In order to keep the overall structure of the proof as clear as possible, we will
first state the necessary preliminary results, then give the proof of the theorem, and
finally prove the preliminary results. In fact, we will also prove the statement of the
theorem for many cases where g — d 4+ r < 0, but to keep the statement as simple
as possible we do not list precisely which cases are handled by our constructions.

The following lemma constitutes the basic reduction used for surjective cases.

Lemma 6.2. Given (g,r,d) with p >0, set t = min(p+ (g —d+r),r —1). Define
r=r—1,¢ =g—t, andd =d— (t+1). Suppose that there is a (¢',7',d’)-
sequence 5 having no more than v’ of any given integer, and an unimaginative
= (cy,...,cp) € 79" such that Tw(cz)(g') is N-expungeable, and cb, > 2. Then
there is a (g,r,d)-sequence 5 having no more than r of any given integer, and an
unimaginative ¢ = (ca, ..., c,) € Z97' such that Tw(c)(g) is (N 4+t + 2)-expungeable
and ¢y > 2. In particular, if Tw(c/)(g’) is (2d' + 1 — ¢')-expungeable, then Tw(c)(g)
is (2d + 1 — g)-expungeable.

Moreover, if either (T;FQ) >2d+1—g or (ng) =2d+1—g and p > 0, then
(r';r2) >2d +1—¢.

Thus, the reduction of the lemma can be applied to give lower bounds on rank
in all cases, but the resulting bound may not be sharp unless we are starting in a
surjective case which is either noninjective, or where p > 0. See Example for
further discussion.

We will also use Proposition to reduce to the following sequence of ‘critical’
injective cases, of which the first was examined in Example .10 above.

Proposition 6.3. Theorem holds when r is even and g = (r + 1)r/2, d =
(r +2)r/2, and when r is odd and g = (r +1)?/2, d =r(r + 3)/2.

Finally, the following computation is very straightforward, but is used in the
proofs of both Theorem and Lemma

Proposition 6.4. Given (g,r,d), we have

(T;2> —(2d+1—-g)= (;) —p=(g—d+r)(r—1).

We can now complete the proof of the m = 2 case of the Maximal Rank Conjec-
ture.
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Proof of Theorem [61l We work by induction on r, with the induction hypothesis
being that Theorem holds with the added stipulation that for any surjective
case, we can arrange for the (g,r,d)-sequence § to have at most r repetitions of
every integer, and for w to be unimaginative, with co > 2. We begin by proving the
desired statement in the base case r = 3. The conditions p > 0and g —d+1r > 0
imply that we must have g > r +1=4.

Start with the surjective cases, (HQ'Q) > 2d + 1 — g. By Proposition and the
assumption r = 3, this is equivalent to having 3—p—(g—d+r)-2 > 0, implying that
we must have g —d +7 =1 and p < 1. Thus, the only two cases are the canonical
case g = 4,d = 6, or the case ¢ = 5,d = 7, which are addressed (satisfying our
extra stipulations on the (g, r, d)-sequences and w) in Examples .8 and Now,
the two previous cases are the only ones with g < 5, but we observe that Example
was injective, with 5 extendable, so the r = 3 case follows by Proposition

Next, if we assume our hypothesis holds for » — 1, Lemma together with
the induction hypothesis then gives us all surjective cases except for those which
are also injective and have p = 0. Now, suppose that we are in the injective
case (HQ'Q) <2d4+1-—g,and set s = min(2d+1—g — (T‘gz),p). Then if we set
g =g—s1 =rd=d—s,weseethat ¢ —d' +1' =g—d+r,and p' = p—s5 >0,
so we have another valid case with the same r. In addition,

"4+ 2 2 2
Qd/—l—l—g’—(T ;— ):2d—|—1—g—(r—; )—s:max<0,2d+1—g— (T;— ) —p),

so (¢’,7',d") remains in the injective case, but either has p’ = 0, or is simultaneously
in the surjective case. In either case, Proposition implies that in order to treat
(g,7,d), it is enough to treat (¢’,7’,d’). Combined with our previous reductions
in the surjective case, we see that it is enough to treat injective cases with p = 0.
We claim that all such cases have g > (r 4+ 1)[5]. Indeed, p = 0 means that
g = (r+1)(g—d+r), so it then suffices to see that injectivity (together with p = 0)
implies that ¢ — d + r > r/2, which is immediate from Proposition Noting
that any (g, r, d)-sequence with p = 0 is extendable, the theorem then follows from
Propositions [6.3] and |

We now give the proofs of the two intermediate results, starting with the basic
reduction for the surjective case.

Proof of Lemma [6.2. From the definition of ¢’,d’,r’, it follows that ¢’ —d' + 1’ =
g —d+r. Then,

p=p—(t—(9g—d+r)) =max(0,p+g—d+1)>0.

We construct & by adding 1 to each entry of & , and inserting ¢ zeros at the beginning
of the sequence. In terms of Young Tableaux, it is adding a height ¢ column to the
left of the Tableau’. Since t < r —1, § will have no number appearing more than r
times. Moreover, § is a (9,7, d)-sequence: since g—d+r =g —d' 41/, it suffices to
check that the added column in the Young Tableau is at least as long as the others,
or equivalently that no number in 5 appears more than t times. If ¢t = r — 1, this is
by hypothesis. If t = p+ (9 — d + r), then p’ = 0 and the Tableau’ was a rectangle
with all columns of the same height ¢/ —d' + 7' < t.

If ¢ = (ch,..., ¢y ), we construct ¢ = (ca, ..., cq) by setting

ca=3,ci=ci1+2,i<t+1; ¢;=c_,+2t+2,i>t+2.
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Then if w’ is unimaginative with ¢, > 2, the same will be true of w. By construction
we will have that in T,,(9), only rows of the form (0, j2) can appear in the first ¢
columns: indeed, we have 2d—c; 1 = 2d—2i—1 while bl@ )= 2d—2i—2fori <t, so

the (1,1) row cannot appear, and b’ < bl@ 1) when j; > 1. Now, suppose there

(J1,42)
exists a choice of N rows of T, (5" ) which can be used to verify N-expungeability
of T, ((5 ). Our claim is that using these rows (appropriately reindexed by 1 cor-
responding to the shift in 0) together with the rows (0,0),...,(0,¢+ 1), we can
verify (N 4+ t + 2)-expungeability of Tw(g). By construction we will have precisely
the rows (0,0), (0,1), (0,2) appearing in the first column, with entries ajl, equal to
0, 1,2, respectively, so repeatedly applying Lemma [£2)a), we can drop these three
rows. Next, in the following ¢ — 1 columns, we can have at most one new row ap-
pearing in each column, so applying Lemma [2)(c) in each case, we can drop each
of these rows, which are rows (0,3),...,(0,t+1). The remaining rows are those of
the form (jl,jg) with j; > 0, Wthh appear only in the final ¢’ columns. These ¢’
columns of T, (5) agree precisely with the T, (") one obtains from considering & as
a (t+1)-shifted (¢’,r’, d)-sequence, and the latter is N-expungeable by Proposition
We thus conclude the first statement of the lemma, and the particular case of
(2d" + 1 — ¢')-expungeability follows immediately.
Finally, we verify by direct calculation that

<r’;—2> —(2d +1-g)= (rerz) —(2d+1—g)—(r—1—1).

For the last statement in the lemma, it suffices to prove that if t < r — 1 and either
(T;FQ) >2d+1—gor (T;FQ) =2d+1—gand p > 0, then (TJQF2) —(2d+1—-g) >
r—1—t¢ Now,ift<r—1,thenr—1—t=r—-1—p—(r+g—d). Writing
{ =r+g—d, Proposition implies first that our desired inequality can be written
(g) —p—L(r—1) > r—1—p—~¢, and second, that under either of our hypotheses, we
have (3) > ¢(r —1). The desired inequality simplifies to (r—1)(r —2)/2 > £(r — 2),
or equivalently, £ < (r — 1)/2, while the given inequality yields ¢ < r/2 and hence
< (r—1)/2, as desired. O

Finally, we treat our sequence of critical cases. Recall that an example of the
r = 4 case is given in Example LT0l

Proof of Proposition 6.3l We are assuming that if r is even, g = (r + 1)r/2, d =
(r+2)r/2, and if 7 is odd, then g = (r + 1)%/2, d = r(r + 3) /2.
Write £ = g —d +r, so that £ = 5 if r is even, and £ = T;I if r is odd. Choose

5= 0,...,0,1,...,1,... 7, ...,7r, or equivalently, the Young Tableau is a rectangle
—— —— ——
¢ times ¢ times £ times
filled successively by column. Choose ¢ = (ca,...,¢q), where co = 2, and

2: i#£2 (mod ),

for 2<i<g/2+1, c=cii+
o i<g/ Gz o {3: i =2 (mod ¢);

2: 1#1 (mod ?),
3: i=1 (mod¥).
The result is that we have r + 1 blocks consisting of ¢ columns each, which can
be analyzed essentially independently of one another. In addition, the situation is

forg/2—|—1<i§g, CiZCi_l—f—{
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symmetric about the middle. Because our w is unimaginative, in order to analyze
the erasures in T,,(d), we can simply look at how a given (a;;_, b%) compares to

(¢i, 2d — ¢;41); see Remark B8 Specifically, if j= (j1,J2), the columns are erased

up until the first time that b;;, > 2d — ¢;41 (equivalently, a“™ < ¢;41), and will be

. J
erased after the last time that a% > ¢;. In particular, the (ji,j2) row appears for

the first time in the ¢th column if and only if a;;, > ¢; and 't < Cit1-
Labeling our blocks O, ...,r, we have the following formulas: if we write i =

-

¢-a+ 8 with 0 < 8 </, so that the ith column of T'() is the Sth column of the
ath block, then provided that ¢ < %, we have

t+7—1: a < j,
ci=21—2+0a—081, andaj»: i+j5—0: a =7,
i+j—4—1: a>j,

where d3,; is the Kronecker § function. We then analyze which rows appear for the
first time (reading left to right) in each column.

In the first column of the kth block, with 0 < k < ¢, we will have the first
appearances of the rows of the form (j,£+ k — j) for j =0,...,k — 1. For the i'th
column of the kth block, with 1 < ¢/ < k, the only new row is the (k, k) row, which
occurs for the first time in the [k/2]th column of the kth block (if k < 2, the (k, k)
row occurs in the first column of the kth block). For k < ¢’ < ¢, the row (k,4") will
appear for the first time in the i'th column of the kth block (note that this includes
the (0,1) row occurring in the 1st column of the Oth block; for & > 0, we will have
i’ >1).

Now, if r is even, the procedure we use to show that T, (5) is ( -expungeable
is as follows: for k < r/2, we show that if all rows appearing in previous blocks
have already been dropped, then we can work from left to right in the kth block to
drop all rows appearing in that block. For k& > r/2 we apply the same procedure
from right to left, and finally in the central r/2 block, we have dropped all rows
appearing in any other block, and we show that the rows only appearing in the r/2
can be dropped as well.

The desired dropping behavior is clear in the Oth block, since according to the
above description, we see that when we work from left to right, there are never more
than two new rows appearing in a given column, so repeated use of Lemma [.2](c)
suffices to drop all rows. The same argument works for the 1st block. In the kth
block for 1 < k < r/2, we have at most k+1 new rows appearing in the first column:
(0,k+7/2),(1,k+r/2=1),...,(k—1,7/2+1) always appear, as well as (k, k) when
k = 2. However, in the next k—1 columns we have no new rows appearing other than
(k, k) in the [k/2]th column, and in each subsequent column we have only one new
row appearing. We claim that we can use Lemma [£.4] with n = k to drop the k + 1
rows appearing in the first & columns; this will then imply that the rest of the rows in
the block can be dropped just using Lemmal[£.2)(d), as in the Oth block. Now, within
the kth block, the rows (0, k+r/2), (1, k+r/2—1),...,(k—=1,7/2+1) are all identical,
starting at (2k(r/2) + k,2d — 2i(r/2) — k — 2), with the left side increasing by 2 and
the right side decreasing by 2 in each subsequent column. Note that this precisely
matches the behavior of w, so in fact these rows all appear throughout the kth block.
In contrast, the (k, k)th row is a constant (2k(r/241), 2d—2k(r/2+1)), and appears
in the [k/2]th column only if k is odd, and in the [k/2]th and ([k/2]+1)st columns

"3
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if k is even. Because no other rows appear in these columns, we can apply Lemma
44, as claimed.

By symmetry, we can also work from right to left to drop all rows except
those which occur solely in the r/2 block. But these rows are precisely the rows
(0,7),(L,r—1),...,(r/2,r/2), and we can again apply Lemma [£4] this time with
n =r/2, to drop all the remaining rows. This handles the case that r is even.

Next, if r is odd, the situation is almost the same, except that the number of
blocks is even. Accordingly, we can drop all rows by first going from left to right
in the first (r 4+ 1)/2 blocks, and then going right to left in the remaining (r 4+ 1)/2
blocks. We again have that the Oth and first blocks each have at most two new rows
in each column, so we can eliminate all the rows simply using Lemma [L2((c). We
also still have that the kth block for k£ < (r 4+ 1)/2 will have k + 1 rows occurring
in the first ¢ columns, and then one additional row in each subsequent column, so
just as before, we can apply Lemma [£4] to treat the first k columns of the block
simultaneously, and then Lemma [LZ2(c) to deal with the remaining columns. As
before, the situation is symmetric, so applying the same procedure from right to
left on the remaining (r 4 1)/2 blocks will allow us to drop all rows, as desired. O

Example 6.5. We consider some examples of the reduction processes from the
proof of Theorem [B.11

First, if we have the canonical case, with ¢ = r + 1 and d = 2r, then applying
Lemma [6.2] we have p = 0 and g+ r—d =1,s0 ¢t = 1, and we get ' = r — 1,
g =g—1=71"4+1,d =d—2 = 2r". Thus, we reduce to the canonical case in
genus-1 less.

Next, suppose we have an injective case with r even and g strictly smaller than
the critical case w Then our reduction process will lead to an injective (and
surjective) case with 7/ = r—1, and ¢’ strictly smaller than the critical case @
However, the next step in the reduction will not necessarily stay below the critical
case. For instance, consider the case r = 6, g = 20, d = 24. This is injective, with
p=6and g+r—d=2,and 2d+1—g — (“52) = 1. In this case, the s from
the proof of Theorem is equal to 1, so we first use Proposition to reduce
to considering the case ' =r =6, =g —1=19,d =d —1 = 23. This case is
now injective and surjective, with ¢’ + ' —d’ = 2 and p’ = 5, so when we apply
Lemma [6.2] we have t = ' — 1 = 5, and reduce to the case r/ = ' — 1 = 5,
g’ =g —5=14,d" = d — 6 = 17, which is still an injective and surjective case,
and has ¢” = 14 < W = 18. The next step is another reduction via Lemma
[6.2], where now we have t = r”” — 1 = 4, so the next reduction ends up at the critical
case ' =4, ¢ =10, d"" = 12, which is addressed directly in Proposition [6.3] (and
in Example [L.10)).

Finally, consider what happens for the critical case r = 4, ¢ = 10, d = 12 if
instead of handling the case directly as in our proof of Theorem [6I] we instead
attempt to apply Lemma This case has g +r —d = 2 and p = 0, so we will
have t = 2, so we will ‘reduce’ to the case v’ = 3, d = 9, ¢’ = 8. However, this
latter case is nonsurjective: 2d’ +1— ¢’ = 11, while (Tl2+2) = 10. Thus, the best we
can do in this case is to show that we have rank 10 for (¢/,7’,d") = (8,9,3). Then
Lemma [6.2 says that we have rank at least 10+t + 2 = 14 for (g,r,d) = (10,4, 12),
but the conjecture is that this case should have rank 15. Thus, in this case Lemma
does provide partial information, but falls short of the sharp result.
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7. OBSERVATIONS ON SURJECTIVITY

We now consider the surjective range, where (T;m) > md+1—g. We prove
surjectivity in a range of cases for m = 3 in Corollary below, but while these
cases are somewhat different from those considered by Jensen and Payne in [JP],
they are fully covered by Ballico [Ball2a]. For us, the purpose of this section is to
illustrate a rather distinct type of argument from that found in other sections, and
simultaneously to explain how the number md + 1 — g, which arises naturally from
the Riemann-Roch theorem on smooth curves, can be seen also in the context of
limit linear series and our elementary criterion. We start our discussion with the
limit linear series point of view, but this will not be used elsewhere: the criteria
which we will actually apply are stated in Proposition[[.3below, and proved directly
from our elementary criterion.

Suppose we have w = (ca, . . ., ¢g) inducing multidegree (dy, . ..,dy), with >, d; =
md. Then we can study I'(Xy,.%,) via the Riemann-Roch theorem for reducible
curves, but for our purposes, it is more instructive to carry out a direct analysis.
Considering restriction to components and nodes gives us an exact sequence

g g—1
(7.1) 0 = I'(Xo,%0) = DT(Zi, Lolz,) ~ Pk
i=1 i=1
and assuming all the d; are positive, we have dimI'(Z;, Z,|z,) = d; fori=1,...,g.

We thus see that dim I'(Xy, %) > md + 1 — g with equality if and only if the last
map of () is surjective. We then have the following.

Proposition 7.1. In the above situation, suppose that md > 2g — 2, and we
have di > 1, d; > 2 for 1 < i < g, and dg > 1. Then (1) is surjective, so
dimI'(Xo, %) =md+1—g.

Proof. Since md > 2g — 2, there is some iy for which the above inequality on d;,
becomes strict. If 1 <ip < g, and d;, > 2, then the map I'(Z;,, Lz, ) — k®2 in-
duced by restriction to P;, and @, is necessarily surjective. For 1 < ¢ < iy, because
d; > 2 we have surjectivity of the map I'(Z;, Znd(w)|z,) — k induced by restriction
to P;, and similarly for i < ip < g we have surjectivity of the map I'(Z;, Zy|z,) — k
induced by restriction to Q;. Putting these together gives surjectivity of (TIl). A
similar analysis of the cases ig = 1 and iy = g yields the proposition. O

Remark 7.2. The hypothesis in Proposition [Z.I] that md > 2g — 2 is quite mild:
if m = 3, it is always satisfied, while for m = 2, we observe that if we are in
the surjective range, so that (7"‘52) > 2d + 1 — g, then we necessarily have d > g.
Indeed, Proposition may be rewritten equivalently as (“52) —(2d+1-9g) =
(d—g)(r —1) = (3) — p, from which d > g follows immediately when the lefthand
side is nonnegative.

The above point of view gives a way to choose the sections that one wants to be
linearly independent If reading from left to right, the first column (corresponding
to Z1) has full dy-dimensional span, and each subsequent column has full (d; — 1)-
dimensional span among the sections not appearing in previous columns, then we
obtain surjectivity choosing the sections that appear in each of these columns.

We now generalize the above observation and derive some consequences. In the
proposition below, the case ig = 1 corresponds to the above situation.
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Proposition 7.3. Assume that (H'm) >md+1—g, w=(di,...,dg), such that

m

d; > 0 fori > 1 and for some ig > 1, Y1 (d; —1) > 0. Assume that there is some

-

choice of md+1— g rows of T,,(0) such that Lemma can be used in component
Z;, to prove the independence of sections correspondng to 1+Zi‘):1(di—1) rows, and
then for each i > ig, to prove on Z; the independence of the sections corresponding
to d; — 1 additional rows none of which occur in previous columns. Then Tw(g) 18
(md+ 1 — g)-expungeable.

In particular, suppose that w and iy are as above, and Tw(g) has the property
that the nonerased portion of each row is contiguous. Then if every number between

0 and md other than 1,...,19 — 1 and md — 1 occurs among the a;;_ of Tw(g) for

i > g, we have that T, (6) is (md + 1 — g)-expungeable.

-

More generally, if w and ig are as above, and T,,(d) has the property that the
nonerased portion of each row is contiguous, suppose further that:

o in the igth column, either 0,ip,70+1,...,¢ci,+1 — 1 all occur among the a;;_‘),
or 0,i0,%0+1,...,Ciy+1 —2 all occur, with c;,+1 —2 occurring at least twice;
e for each i > ig, in the ith column either ¢;+1,...,¢c;+1 — 1 all occur among
the a;», orc;+1,...,¢civ1—2 all occur, with c;11—2 occurring at least twice.

-

Then T,,(9) is (md + 1 — g)-expungeable.

Note that the condition on the nonerased portion of each row being contiguous
is automatically satisfied for unimaginative w, or more generally for w which are
steady with respect to T'(9).

Proof. The hypothesis of the first statement is just a special form of (md + 1 — g)-
expungeability, since 1+ >°7_(d; — 1) =md+1—g.

For the second statement, we observe that a number a can occur as a;;_ in Tw(g)
only if we have ¢; < a < ¢;41 (here, we take ¢; = 0 and cy1 = md): certainly,
we must have a > ¢;, but we must likewise have b;;, > md — ¢;41, and because
a;;,—i— b;; < md, we also obtain a < ¢;;1. Now, we will denote by S the set of N rows
chosen to verify N-expungeability, which we will construct one column at a time.

By hypothesis, we have ¢; < ¢;41 for all ¢ > 1, so we see that if any of
0,...,¢iy+1 — 1 occur among the a;; in the ith column with ¢ > iy, we must have
i = i9. We have supposed that ¢;,41 — (io — 1) (= 1 + Zz‘;l(dz — 1)) of these
values do occur, so we can choose S to contain exactly one row with each of these
values in the igth column. Then, we can apply Lemmad.2la) to drop the remaining
1+ 220:1 (d; — 1) rows in this column. Then for ¢ > i, the values ¢; +1,...,¢;41—1
can only occur in the ¢th column. Moreover, if ¢; +1 < a%, then the fth row cannot
occur in a previous column, since a;; > ¢; implies that the row cannot appear in
the (i — 1)st column, and we have assumed that the nonerased portions of each
row are contiguous. Thus, we may again add rows to S so that the ith column
contains each value from ¢; + 1 to ¢;11 — 1 exactly once, and we can again apply
Lemma[f2(a) to drop ¢;11 —¢; —1 = d; — 1 rows from the ith column. Note that by
construction, the number of rows in S is precisely 1 + Zle(di —1)=md+1-g,
and applying the first statement of the proposition, we conclude the desired result.
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Finally, the more general case proceeds by exactly the same argument, except
that in columns where ¢; 11 — 1 is omitted, but c;11 — 2 occurs at least twice, we
use Lemma [2)(c) to drop the final two rows in the column. O

Example 7.4. Consider the canonical series, with r = g —1 and d = 2¢g — 2. In
this case, the only (g,r,d)-sequence is 6 = 0,1,...,g — 1. The ith column of 7"(¢)

is:
1—2 29 —i—1
1—1 29 —i—2
2i—4 2g —2i+1
21 — 2 29 — 2i
2 —1 29 — 20— 2
t+g—2 g—1—1

That is,

af=j+i—-2, j<i-2 aj=j+i—1 j>i—1,
Vi=29—i—j—1,j<i—1bl=29—i—j—2,j>i
For any m > 2, T(g) is obtained by adding m-tuples of rows of T/(g). Set
c=(cy...,¢cq), with ¢; = az('l.f2 im2.g-1) for all 4. Then, ¢;11 —c¢; =2(m—1)+1
for all 3.
The rows (0,...,0,7) for 0 < j < g — 1 all appear in the first column of T, (4),

and the corresponding values of ajl_ are 0,1,...,9 — 1 = co — 1. Next, in the ith

column for 1 < i < g = r+1, rows of the form j = (i—2,...,i—2,i—1,...,i—1,)
with j =g —2 or g — 1 all appear in Tw(g), except for (i —2,...,i— 2,9 —2). The
corresponding values of a? yield ¢;,¢; +1,...,¢;4+1 — 1. Finally, in the gth column,
the rows (j1,9 —2,...,9—2,9—1,...,9 — 1,jp,) with j; = ¢g—3 or ¢ — 2 and
Jjm = g — 1 all appear with the exception of (¢ — 3,9 —2,...,9 — 2,9 — 1) (which
has a;; = ¢4 — 1), and the values of a;;_ yield cover ¢g,cg +1,...,md — 2. Then the
row (9g—1...,9—1) has a;; = md, and (the 79 = 1 case of) Proposition [[.3] gives
us surjectivity.

We now apply Proposition [7.3] to prove surjectivity within certain ranges, gen-
eralizing the canonical linear series, and including many cases which do not fall in
the surjective range for m = 2. Recall from the introduction that although we only
treat directly the case m = 3, surjectivity then follows for all higher m.

Remark 7.5. Suppose that ¢ = (ca, ..., ¢g), and that the ¢; are nondecreasing. Then
in the ith column, each a%_ whose corresponding section 7 does not vanish on the

. ! . A
curve Z; is at least ¢;. If we want every number to appear as some az, in T,,(6), we
:/ . . . .
need ¢; — 1 to appear as an a%_ for some i < 7 and unless ¢;_1 = ¢;, ¢/ =7 — 1. If
¢;—1 =a"! for some j, then b“~' > md — ¢;. Since a’ ' + b1 is given by md —m
J J J J

plus the number of times §; 1 occurs in 5', we conclude that d;_; must occur at least
m — 1 times in j. Similarly, if ¢; — n appears as azfl for 1 < n < m, we conclude
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that §;_1 occurs at least m — n times in j. If w is unimaginative, we then derive a
necessary and sufficient condition for numbers of the form ¢; — n to appear as a’*
J

in Ty, (5) for some j: first, we must have ¢; — n > ¢;_1, second, ¢; — n must appear
as some a;;__l in T(9), and third, if n < m, it must do so in a row j with at least

m — n occurrences of d;_1 in j.

Corollary 7.6. Suppose that m = 3, and (g,r,d) satisfy p > 0. Then the Maximal
Rank Conjecture holds in the following cases:

(i) ifg—d4+r=1,and 2r—3> p+1;

(i) ifg—d+r=2,r>4, and 2r —3 > p+ 2.
Moreover, the locus of chains of genus-1 curves is not in the closure of the locus in
M where the mazimal rank condition fails.

Proof. In case (i), we set 5 to be the sequence whose first p entries are 0, followed
by 0,1,...,r. As by assumption, g — d +r = 1, it follows that p+ (r + 1) = g and
this choice gives a d sequence. Set n =min(r — 1, p+ 2), ¢ = (¢, ..., ¢,4), where

ci==-3p+3-n—-i)—1,2<i<p+3-mn ci:a;;.i, i1>p+4—n
with
jp+2,t=(0,n—t,n—t) for 0 <t<mn-—2, fp+t:(t—2,t—2,r) for3<t<r+1.
We first check that w is unimaginative:
¢ —ci1=3for2<i<p+3-—mn,
Cpran—Corsn =gy —(-1) =1+2(p+5-n) >4

_ pt2-t p+1—t _
Cpt2—t = Cotlat = Qo n_tnt) = A0 n—t—1n—t—1) = 4for0<t<n-—2,

Cpt3—Cppa = affir) —a(p(;fiﬁn) = (2(p+2)+r+p+2)—2(p+1+n)=p+r—2n+4,
andasn<r—1n<p+2 thenp+r—2n+42>3,

_ ptt pt+t—1 _
Cott — Cptt—1 = a(t72_’t72m) — a(t737t73)r) =b5for3 <t <r+4 1.

Also, T, (9) satisfies the condition of Proposition 73 Specifically, no rows will
appear in the first p+2—n columns. Using the inequality 2r—3 > p+1,ifr—1>n
we obtain r > p+3 —n whileifn =p+2,2r —3>1= p+ 3 —n. Then in the
(p + 3 — n)th column, rows of the form (0,0, j3) with 0 < j < p+ 3 —n will yield
a;;, equal to 0,p+3—n,p+4—n,...,2(p+3 —n) — 1. Then the rows (0,1,1),
(0,1,2), (0,2,2), (0,1,3) give 2(p+3—n), 2(p+3—n) + 1, and 2(p+ 4 — n) twice.
We thus have the numbers 0 through 2(p +4 — n) occurring with p+2 —n gaps in
this column, and with 2(p +4 — n) occurring twice. Then in the p+ 2 — tth column
for t = n—2,...,1, we will have the rows (0,n —t,n —t), (0,n —t,n+ 1 — 1),
0,n+1—t,n+1—1t), and (0,n —t,n + 2 — t) contributing 2(p + 1 + n — 2t),
2(p+1+n—2t)+1, and 2(p+2+n — 2t) twice. In each case, we will have skipped
Cpp2—t —1=2(p+1+n—2t)— 1, but we can still apply Proposition [3] because
2(p+ 14 n—2t) — 2 will have appeared twice in the previous column.

Next, in the (p 4+ 2)nd column, the rows (1,1, js) for 1 < j3 < r cover all values
from max(3(p + 2), cp+2) to cpp3 — 1. If 3(p+2) < cpy0, these rows suffice in this
column, and otherwise, we must have n = r — 1. The hypothesis 2r —3 > p+1
implies that ¢,12 > 3(p+2)—2, so adding in the rows (0,7—1,r—1) and (0,7—1,r)
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allows us to cover all values between c,12 and c,43 — 1. In the (p + t)th column
for t = 3,...,r, the rows (t — 2,t — 2,r), (¢t — 2,t — 1L,r — 1), (t — 2,t — 1,r),
(t—1,t—1,r—1), (t—1,t—1,r) give the values from ¢, to c,1+4+1 — 1. Finally, in
the (p+ r + 1)st column, the rows (r — 1,7 —1,7), (r — 2,r,7), (r = 1,7,r), (r,r,r)
give the values from c,4,11 to 3d, skipping only 3d — 1. Applying Proposition [73]
we conclude the desired statement for case (i).

For case (ii), the pattern is similar, but a bit more complicated. We set 5 to
be the sequence whose first p entries are 0, followed by 0,0,1,1,...,7,7. As by
assumption, g — d+r = 2, it follows that p+ 2(r + 1) = g and this choice gives a 5
sequence. Define

n=min(r—1,p+1)if p>0, n=21if p=0,

c=(coy...,¢cq),ci=—3(p+4—n—i)—1lfor 2 <i<p+d—n, ¢ = a? for p+4—n <i
with

fp+3,t:(0,n—t,n—t) for0<t<n-2,

jp+2t:(t_1,t—1,7“—2), 2<t<r-2 ;P+2t+1:(t_17t_1>r)7 2<t<r-—-1;

jp+2’r‘—2 = (T - 37T - 2) r)ajp+2r = (T - 27T - 17T - 1)7}p+2r+1
= (T - 37T - 15 T)?jp+27"+2 = (7‘ - 27T7 T)
We check that w is unimaginative:

¢ —ci-y=3for2<i<p+4—n,
_ ptd5—n _
Cpt+5-n = Cptd—n = Qg o9y — (-1)=1+2(p+6—n),

_ _ pF+3—t _pt2—t _ _
Cot3—t = Cpta—t = Qg n 4ty ~ Uon_t—1,n—t—1) = 4 for 0 <t <n—3.

Coppa—Cpi3 = a(p;firﬂ)—a?&s’n) = (2(p+3)+r+p+1)—2(p+2+n) = p+r—2n+3.

Ifp=0,asr >4, p+r—2n+3 =r—4+43 > 3. ThenIf p > 0, as n = min(r—1, p+1),
p+r—2n+3>p+r—r+1—p—1+32>3. Then

_ __pF2t+1 _pt2t _ _
Cotattl = Cppat = Q14 1)~ Gy 14 1,0 = 3 fOr 2< <7 =2,

_ _ptat o2l 3
Cot2t = Cpt2t—1= Q341 9) ~ Qo4 ) =0 fr3<t<r—2

Copt+2r—2 — Cp42r—3 = 57 Co4+2r—1 — Cp42r—2 = 37 Co+2r — Cpy2r—1 = 37

Co4+2r4+1 — Cp42r = 3; Co+2r+2 — Cp2r4+1 = S.

=

We again verify that T, () will satisfy the condition of Proposition Specifi-
cally, no rows will appear in the first p+3 —n columns. We claim that » > p+4—n:
ifp=0, p+4—n =2 < 4 < r, whileif p # 0, from the definition of n, p+4—n equals
either p+5 — 7 or 3 and both these quantities are at most r from the assumptions
2r—3 > p+2and r > 4. Then in the (p+4—n)th column, rows of the form (0, 0, j3)
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with 0 < 5 < p4+4—n will include a;;_ equal to 0, p+4—n, p+5—n,...,2(p+4—n)—1.
Then the rows (0,1,1), (0,1,2), (0,2,2), (0,1,3) give 2(p+4—n), 2(p+4—n)+1,
and 2(p+5—n) twice. We thus have the numbers 0 through 2(p+ 5 —n) occurring
with p+ 3 —n gaps in this column, and with 2(p + 5 — n) occurring twice. Then in
the p + 3 — ith column for ¢ =n — 2,...,1, we will have the rows (0,n —i,n — i),
0,n—i,n+1—14), (O,n+1—in+1—14), and (0,n —i,n + 2 — i) contributing
2(p+2+n—2i),2(p+2+n—2i)+1, and 2(p+3+n—2i) twice. In each case, we will
have skipped ¢p43-; —1 =2(p+2+n —2i) — 1, but we can still apply Proposition
because 2(p + 2 +n — 2¢) — 2 will have appeared twice in the previous column.

Next, in the (p + 3)rd column, the rows (1,1,53) for 1 < j3 < r — 2 cover
all values from max(3(p + 3),¢p43) to cpra — 1. If 3(p + 3) < cpq3, these rows
suffice in this column, and otherwise, the hypothesis 2r — 3 > p + 2 implies that
adding the rows (0,n,n) and (0, n,n+1) suffices to cover all values from c,;3 up to
3(p+3)—1. In the (p+2¢)nd column for i = 2,...,r—2, the rows (i—1,i—1,7—2),
(¢t—1,i—1,7—1),and (i—1,i—1,r) give the values from ¢, 2; to ¢y12i+1 — 1. In
the (p+2i+1)st column for ¢ = 2,...,r—2, therows (i—1,i—1,7), (i—1,i,r —2),
(t—1,4,r—1), (i — 1,4,7), (4,4,r — 2) give the values from c, 12,41 t0 Cpyoita — 1.
We have to change the pattern slightly in the final five columns, as follows: in the
(p+2r —2)nd column, the final row of the previous column was (r —2,r —2,r —2),
but this does not appear in the (p+ 2r — 2)nd column, because ¢,42,—2 was chosen
to be one larger than the corresponding a;;. Instead, c,42r—2 will be achieved by
the (r — 3,7 — 2,7) row, and then the (r — 2,7 — 2,7 — 1) and (r — 2,7 — 2,7) rows
cover through c¢,y2,—1 — 1. In the (p 4+ 2r — 1)st column, the rows (r — 2,7 — 2,r),
(r=3,r—1r—1), (r—2,r—1,7—1) cover from c,49,—1 t0 ¢pyo, — 1. In the
(p+2r)th column, the rows (r—2,r—1,r—1), (r—=3,r—1,r), (r—1,r—1,r—1) cover
from c,qor to cpprori1 — 1. In the (p+ 27 4 1)st column, the rows (r —3,r —1,7),
(r—2,r—1r), (r—1,r—1,7), (r —3,r,7), (r —2,7,7) cover from c,19,41 to
Cp+ar+2 — 1, and in the final column, the rows (r — 2,7,7), (r — 1,7r,7), (r,7,7)
will cover from c¢,qor42 to 3d, omitting only 3d — 1. Applying Proposition [[.3] we
conclude the desired statement for case (ii). (]

8. THE CASE OF CUBICS

We conclude with a discussion of the m = 3 case. Rather than attempting to
prove that it holds for every case of given small r, which requires extensive case-
by-case analysis, we will treat what appear to be the “hardest” cases for each of
r = 3,4,5, each of which is in the injective range, and then conclude by Proposition
that the Maximal Rank Conjecture holds for all but finitely many cases for each
r. The aforementioned “hardest case” for each r is somewhat parallel to the critical
cases for m = 2 addressed in Proposition 6.3} specifically, we take the smallest g
such that all noninjective cases occur in genera strictly smaller than g. For r = 5,
this case happens to be also in the surjective range. For r = 3 and r = 4 these cases
are not in the surjective range, although the r = 3 example will imply a case having
genus-1 greater which is simultaneously in the injective and surjective ranges.

The three examples are as follows:

Example 8.1. Consider the case r = 3, g = 7, d = 9. Then (T'g?’) = 20, and
3d + 1 — g = 21; we see that this is in the injective range. We take the extendable
(g, 7, d)-sequence 5= 0,0,1,1,2,2,3, which gives T’(g) as follows.
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0 9/0 9|0 8|1 7|2 6|3 5|4 4

1 7|2 63 6|3 6|3 5[4 4|5 3

2 6|3 5|4 45 3|6 3|6 3|6 2

3 5|4 415 3|6 2|7 1|8 09 0

We then get T'(4) as follows.
23 | 4 20| 7 17110 14|13 10 | 17 6|21
(0,0,0)0 0 270 2710 2413 216 1819 1512 12
(0,0,1) 1 252 2413 2215 20| 7 17110 14]13 11
(0,0,2) 2 24 |3 23 |4 20| 7 17 | 10 15112 13|14 10
(0,1,1) 2 23| 4 216 20| 7 19 |8 16111 13|14 10
(0,0,3) 3 23| 4 225 19 | 8 16 | 11 13114 10|17 8
(0,1,2) 3 225 20| 7 189 16 | 11 14 |13 12|15 9
(1,1,1) 3 2116 1819 18 |9 1819 1512 12|15 9
(0,1,3) 4 2116 191 8 17| 10 15|12 12 | 15 9118 7
(0,2,2) 4 21|6 19 |8 16 | 11 13 14 12|15 11|16 8
(1,1,2) 4 20| 7 17110 16| 11 15| 12 13114 1116 8
(0,2,3) 5 20|71 1819 15112 12 15 10| 17 8|19 6
(1,1,3) 5 19 |8 16|11 15| 12 14| 13 11|16 8119 6
(1,2,2) 5 19 | 8 16 |11 14| 13 12 15 11|16 10|17 7
0,3,3) 6 198 17|10 14|13 11|16 8119 5] 22 4
(1,2,3) 6 1819 15|12 13|14 11|16 9] 18 7|20 )
(2,2,2) 6 1819 15|12 12| 15 9118 9] 18 9|18 6
(1,3,3) 7 17|10 14|13 12|15 10 | 17 7120 41 23 3
(2,2,3) 7 17110 1413 11|16 8119 7120 6| 21 4
(2,3,3) 8 16 |11 13|14 10|17 7120 5122 3] 24 2
(3,3,3) 9 15|12 12|15 9|18 6|21 3124 0] 27 0
2314 20 | 7 17110 14|13 10 | 17 6|21

=

The highlighted entries show T,,(d) for ¢ = (4,7,10,13,17,21), which is unimagi-
native. As in earlier examples, we have placed the ¢; and md — ¢; at the top and
bottom of the table to make the erasure procedures clearer.

Now, by applying Lemma [£2)(a) to the first, third, fourth, and seventh columns,
we can drop rows (0,0,0), (0,0,1), (0,1,2), (0,1,3), (1,1,1), (1,1,2), (1,1,3),
(2,2,3), (0,3,3), (1,3,3), (2,3,3), and (3,3,3). Applying Lemma [L2(b) to the
sixth column, we can also drop rows (1,2, 3), (0,2, 3), and (2, 2,2). This leaves only
five rows, which can all be dropped using Lemma [.2)(c) in the second, first, and
fifth columns.

Example 8.2. Consider the case r = 4, g = 16, d = 17. Then (7"‘3"3) = 35, and
3d + 1 — g = 36, so this is in the injective range, but not the surjective range. We
take the extendable (g,r,d)-sequence § = 0,0,0,0,1,1,1,2,2,2,3,3, 3, which gives

-

T'(5) as follows:

0 170 17|0 17|10 17|0 16|1 152 14 4 125 116 107 98 8|9 7|10 6|11 5
1 15|12 143 13[4 12|5 12|5 12|5 125 6 10|7 918 819 7|10 6|11 5|12 4|13 3
2 14 (3 134 12|5 116 107 9|8 9 8 819 819 7110 6|11 5|12 4|13 3|14 2
3 13[4 125 116 10|7 9|8 8|9 710 6|11 5|12 4|13 4|13 4|13 4|13 3|14 2|15 1
4 12|5 116 107 9|8 8|9 7|10 6|11 2 4]13 3|14 2|15 1]16 0|17 0|17 0|17 O
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-

We then get T'(9) as follows.

48 ‘ 3 46 |5 44 |7 39012 35|16 32|19 29|22 27|24 23|28 20|31 16 | 35 1437 10|41 7|44 4|47

(0,0,0) 0 51[0 5110 5110 5110 4813 4516 42119 39112 36|15 33|18 30|21 27|24 24 (27 2130 18(33 15
(0,0,1) 1 492 48 |3 a7 |4 46 | 5 4|7 42|19 40 | 11 37| 14 3417 3120 28 |23 25 | 26 22029 19(32 16|35 13
(0,0,2) 2 48| 3 47 |4 46 | 5 451 6 4219 39 | 12 36 | 15 34017 3219 30|21 27| 24 24 | 27 21130 1833 15|36 12
(0,1,1) 2 47 \ 4 45| 6 43| 8 41| 10 40 | 11 39 | 12 3813 35| 16 3219 29 | 22 26 | 25 23 |28 2031 1734 14|37 11
(0,0,3) 3 47 4 46| 5 45|6 44 |7 41| 10 38|13 35| 16 32|19 29 | 22 26 | 25 24 | 27 2229 2031 1734 14|37 11
(0,1,2) 3 46 | 5 447 421 9 40| 11 38|13 36|15 34|17 32|19 30|21 28123 2526 22|29 19132 16 (35 13|38 10
(LL1) 3 45|6 429 39|12 36| 15 36|15 36|15 36|15 33|18 30|21 27|24 24|27 2130 18|33 15|36 12|39 9
(0,0,4) 4 46 | 5 45 6 44| 7 43| 8 40 | 11 37|14 3417 31|20 28(23 25|26 22|29 19 | 32 16 |35 1437 12|39 10
(0,1,3) 4 45 | 6 438 41| 10 39| 12 37|14 35|16 33|18 30|21 2724 2427 22|29 20|31 18133 15|36 1239 9
(0,2,2) 4 45| 6 43 | 8 41| 10 39| 12 36|15 33|18 30|21 29122 28|23 27|24 24|27 21|30 18133 15|36 1239 9
(1,1,2) 4 447 4110 38|13 35|16 34| 17 33|18 32|19 30|21 28123 2625 23|28 20|31 17134 14|37 11|40 8
(0,1,4) 5 44 |7 4219 40|11 38| 13 36|15 34|17 32|19 29|22 26|25 23|28 20|31 17| 34 14|37 12(39 10|41 8
(0,2,3) 5 447 429 40|11 38| 13 35| 16 32| 19 29| 22 27| 24 25|26 23|28 21|30 19 | 32 17 (34 14|37 11|40 8
(1,1,3) 5 43 |8 40 |11 37|14 3417 33| 18 32| 19 31|20 28|23 25|26 22|29 20|31 18 | 33 16 |35 13|38 10|41 7
(1,2,2) 5 43 |8 40 |11 37|14 34|17 32|19 30|21 281 23 27| 24 26|25 25(26 22|29 19 | 32 16 |35 13|38 10|41 7
(0,2,4) 6 43 |8 4110 39|12 37|14 34|17 31|20 28|23 26| 25 24|27 22|29 19 | 32 16 | 35 1338 11|40 9 |42 7
(0,3,3) 6 43 |8 4110 39|12 37|14 34|17 31[20 28|23 25|26 22|29 19| 32 18 33 17| 34 16 |35 13|38 10|41 7
(1,1,4) 6 4219 39012 36|15 33|18 32(19 31| 20 30|21 27124 24|27 21|30 18 | 33 15 | 36 12139 10|41 8|43 6
(1,2,3) 6 4219 39012 36|15 33|18 31|20 29|22 27|24 25| 26 23| 28 21|30 19 | 32 17| 34 15136 12|39 9|42 6
(2,2,2) 6 4219 39012 36|15 33|18 30|21 27|24 24|27 24| 27 24|27 24|27 21|30 18 | 33 15136 12|39 9 |42 6
(0,3,4) 7 4219 4011 38|13 36|15 33|18 30|21 27124 2427 21|30 18| 33 16 35 14 37 12 39 10|41 8|43 6
(1,2,4) 7 41110 38 (13 35|16 32|19 30|21 28|23 26|25 24|27 22|29 20| 31 17|34 14|37 11|40 9|42 7|44 5
( ) 7 41110 38|13 35|16 32|19 30|21 28(23 26|25 23|28 20|31 17| 34 16| 35 15|36 14 |37 11|40 8143 5
(2 ) 7 41110 38|13 35|16 32|19 29|22 26|25 23|28 22|29 21|30 20| 31 18|33 16 | 35 14 137 11|40 8[43 5
( ) 8 41110 39|12 37|14 35|16 32|19 29|22 26|25 23|28 20|31 17| 34 1437 11|40 8 43 T| 44 6|45 5
( ) 8 40 |11 37|14 34|17 3120 29|22 27|24 25126 22|29 19 | 32 16 | 35 14 | 37 12/ 39 10 41 8|43 6|45 4
( ) 8 40 (11 37|14 34|17 31|20 28|23 25|26 22|29 21[30 2031 19 | 32 16 | 35 131 38 10 41 8|43 6|45 4
(2,3,3) 8 40 [ 11 37|14 34|17 31|20 28|23 25(26 22|29 20|31 18 | 33 16 | 35 15 36 14 37 13|38 10|41 7|44 4
(1,4,4) 9 39012 36|15 33|18 30|21 2823 26|25 24[27 21|30 18 | 33 15 | 36 12 |39 9|42 6|45 5| 46 4| 47 3
( 4) 9 39012 36(15 33|18 30|21 27|24 24|27 21|30 19 | 32 17 | 34 15 | 36 13 | 38 11 | 40 9 42 7| 44 5|46 3
( ) 9 3912 36|15 33|18 3021 27|24 24|27 21|30 18|33 15[36 12(39 12|39 12 39 12|39 9|42 6|45 3

) 10 38|13 35|16 32|19 29[22 26|25 23|28 20|31 18|33 16|35 14|37 11|40 8|43 5046 447 3| 48 2

) 10 38|13 35|16 32|19 29|22 26(25 23[28 20|31 17| 34 14| 37 11 | 40 10 | 41 9|42 8|43 6| 45 4|47 2

) 11 37|14 34|17 31|20 28|23 25|26 22|29 19 | 32 16 | 35 13 | 38 10 | 41 8143 6|45 4|47 3148 2049 1
(4,4,4) 12 36|15 33|18 30[21 27[24 24|27 21|30 18 | 33 15 | 36 12 | 39 9|42 6|45 3148 0|51 0|51 0[5 0

4813 46 |5 4407 39012 35]16 32|19 29[22 27|24 23|28 20|31 16 | 35 14| 37 10 ‘ 41 7|44 4|47

-

The highlighted entries show T,,(d) for
c=(3,5,7,12,16,19, 22,24, 28,31, 35, 37, 41, 44, 47).

Note that the w(c) is not unimaginative, although one can check that it is still
steady with respect to T'(5).

We may use Lemma [2)(a) and (b) to drop all rows in the first, second, third,
sixth, seventh, eighth, 10th, and 16th columns. We can also drop the rows in
the fourth column with Lemma [L2(a) and (c). This leaves two rows in each of
the fifth and ninth columns, which can thus be dropped with Lemma 2)(c). The
remaining rows in the 11th column can then be dropped with Lemma [£.2)(a), and
the remaining rows in the 15th column can then be dropped with Lemma 2|b).
This leaves only one row in the 12th column and two rows in the 14th column, so
these can be dropped with Lemma [L2)(c). Finally, this leaves only one row in the
13th column, so we are done.

Example 8.3. Consider the case r = 5, g = 26, d = 27. Then ("}?) = 56, and 3d+
1—g = 56, so this is in both the injective and surjective ranges. We take the extend-
able (g, r, d)-sequence 6 = 0,0,0,0,0,1,1,1,1,1,2,2,2,2,3,3,3,3,4,4,4,4,5,5,5,5,

-

which gives T7(4) as follows:

0 27[0 27|0 27|0 261 25[2 24|3 23[4 2|5 216 20[7 19[8 18[9 17|10 16|11 15|12 14]13 13|14 12|15 11[16 10|17 9[18 8|19
3023(4 22(5 216 20(6 20[6 2|6 206 21|6 207 19|s 189 17[10 16|11 15|12 1413 13|14 12|15 1116 1017 9|18 8|19 7|20
4022(5 20|6 20[7 19|8 18[9 17[10 16|11 15|12 15|12 15|12 15|12 15|12 14|13 13|14 12|15 11|16 10|17 9|18 8|19 7[20 6|21 5 22
52006 207 198 18|90 17[10 16|11 15|12 14|13 13|14 12|15 11|16 1017 10|17 10|17 10|17 1017 9|18 7|20 6|20 5|22 4|23
6 20(7 198 18[9 17(10 16|11 15|12 14[13 13|14 12|15 11[16 10 [17 9|18 §[19 7|20 6|20 5|22 5|22 522 5|22 4(23 3|24
7 19(8 18[9 1710 16|11 15|12 14|13 13|14 12|15 11[16 10|17 9|18 8|10 7|20 6|20 5|22 4[23 3|24 225 1|26 0|27 0|27 0|27

-

We then get T'(9) as follows:
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0,0,0]

™ R

-

The highlighted entries show T, (d) for
¢=(3,6,8, 11,15, 18,21, 24, 28,31, 34, 37, 41, 44, 47, 50, 53, 56, 60, 63, 66, 70, 73, 76, 78).

As in the r = 4 case, this is not unimaginative, but it is steady with respect to
Ty (5).

Now, first observe that the first, fourth, 17th, 24th, 25th, and 26th columns can
have all their rows dropped using Lemma [L2(b), and the 18th column can have its
rows dropped with Lemma[£2(a). We can then drop the remaining row in the third
column, and then the remaining row in the second column. Likewise, we can drop
the two remaining rows in the 23rd column. Next, in the 22nd column we have
the rows (2,4,5), (3,3,5), and (4,4,4) remaining, with d22 = 4. Then by Lemma
[A2(d) with j =5 we can drop the (4,4, 4) row, and then by Lemma [Z(c) the two
remaining rows. We again use Lemma [2)(c) to drop the two remaining rows in
the 21st column, and then again in the 20th column, and then the 19th column
(recalling that we have already dropped the rows in the 18th column). Thus, it
remains to consider the rows which only appear in the fifth through 16th columns.

Next, note that in the sixth column, the rows appearing are (0,1,4), (0,1,5),
(0,2,3), and (1,1,1). Since d¢ = 1, we can apply Lemma H2(d) with j = 0 to
drop row (1,1,1). But then the remaining rows in the seventh column are (0, 1,5),
(0,2,3), and (1,1,2), and 07 = 1, so using Lemma [4.2((d) with j = 2 we can drop
the (0,1,5) row, and this allows us to drop the two remaining rows in the seventh
column, and subsequently in the sixth, fifth, and eighth columns, by using Lemma
[2(c) repeatedly. Similarly, the rows appearing in the 10th column are (0,2,4),
(0,3,3), (1,2,2), and (1,2, 3), and d19 = 1, so we can use Lemma [L2)(d) with j = 2
to drop row (0,3,3). The remaining rows in the ninth column are then (0,2,4),
(1,1,5), and (1,2,2), and dg = 1, so we can again apply LemmalL.2l(d) with j = 2 to
drop (1,1,5), and then Lemma[L2)(c) to drop the remaining rows in the ninth, and
subsequently the 10th, 11th, and 12th columns. We can apply the same procedure
a third time to the 13th and 14th columns, first using Lemma 2(d) in the 13th
column with j = 3 to drop row (2,2,4), and then again using Lemma 2(d) with
j = 3, but this time in the 14th column, to drop row (2,2,5). We can then use
Lemma [L2(c) to drop the remaining rows in the 13th and 14th columns.
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We are left with the rows supported only in the 15th and 16th columns, which
are (0,3,5), (1,3,4), and (2, 3,3). We can finally drop these using Lemmas 3] and
A 2(c).

Combining Examples Rl B2l and B3] with Proposition (.6 we conclude the
following.

Corollary 8.4. The Mazximal Rank Conjecture holds for m = 3, and
(i) r=3 with g > 7;
(ii) r =4 with g > 16;
(iii) r =5 with g > 26.
Moreover, in these cases the locus ofﬂg consisting of chains of genus-1 curves is

not in the closure of the locus in M, where the appropriate mazimal rank condition
fails.

Note that (subject to the hypothesis r+g—d > 0) Corollary [0l covers all m = 3
cases with r =3 and g < 6, with r =4 and ¢ <9, and with » =5 and g < 12 (as
well a number of additional cases). Thus, there are no missing cases for r = 3, and
a relatively small number for » = 4, but a rather significant number for r = 5. We
expect that any given one of these cases can be handled as above, but do not see
any simple way of handling them all simultaneously.

Remark 8.5. Comparing to previously known injectivity results for m = 3, Larson
[Lar12] obtains injectivity for r = 3 when g > 9, for » = 4 when g > 19, and for
r =5 when g > 35. Jensen and Payne [JP] obtain all cases for r = 3 and r = 4,
but in 7 = 5 only treat the case p = 0, which translates to g > 30.

Remark 8.6. It is interesting to note that for r = 4 and g = 14, all cases are
injective; in fact, the smallest allowable d, which is d = 16, gives a case which is
both injective and surjective. However, the case g = 15, d = 16 is not injective,
which is why we are forced to start with g = 16 above. Indeed, the noninjective
genus-15 case, together with Proposition[5.0] imply that we cannot treat the g = 14,
d = 16 case with any extendable (g,r,d)-sequence (however, it is not difficult to
treat with a nonextendable sequence).
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