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Abstract We study the random field Ising model on Z
2 where the external

field is given by i.i.d. Gaussian variables with mean zero and positive variance.
We show that the effect of boundary conditions on the magnetization in a finite
box decays exponentially in the distance to the boundary.

1 Introduction

Forv ∈ Z
2, let hv be i.i.d.Gaussian variableswithmean zero andvariance ε2 >

0. We consider the random field Ising model (RFIM) with external field {hv :
v ∈ Z

2} at temperature T = 1/β ∈ [0,∞). For N � 1, let �N = {v ∈ Z
2 :

|v|∞ � N } be a box in Z2 centered at the origin o and of side length 2N . For
any set A ⊂ Z

2, define ∂A={v ∈ Z
2\A:u ∼ v for some u ∈ A} (where u ∼ v

if |u − v|1 = 1). The RFIM Hamiltonian H�N ,± on the configuration space
{−1, 1}�N with plus (respectively, minus) boundary condition and external
field {hv : v ∈ �N } is defined to be
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H�N ,±(σ ) = −( ∑

u∼v,u,v∈�N

σuσv ±
∑

u∼v,u∈�N ,v∈∂�N

σu +
∑

u∈�N

σuhu
)

(1)

for σ ∈ {−1, 1}�N . (In the preceding summation, each unordered pair u ∼ v

only appears once.)Quenched on the external field {hv}, the Isingmeasurewith
plus boundary condition (respectively minus boundary condition) is defined
such that for all σ ∈ {−1, 1}�N (throughout the paper the temperature is fixed,
and thus we suppress the dependence on β in all notations)

μ�N ,±(σ ) = e−βH�N ,±(σ )

Z�N ,± , where Z�N ,± =
∑

σ ′∈{−1,1}�N

e−βH�N ,±(σ ′).

(2)

Note that μ�N ,± is a random measure which itself depends on {hv}. To be
clear of the two different sources of randomness, we use P andE to refer to the
probability measure with respect to the external field {hv}; and we use μ�N ,±
for the Ising measures and use 〈·〉μ�N ,± to denote the expectations with respect
to the Ising measures.

Theorem 1.1 For any ε > 0, T ∈ [0,∞), there exists c = c(ε, T ) > 0 such
that

E(〈σo〉μ�N ,+ − 〈σo〉μ�N ,−) � c−1e−cN for all N � 1.

This result lies under the umbrella of the general Imry–Ma [17] phe-
nomenon, which states that in two-dimensional systems any first order
transition is rounded off upon the introduction of arbitrarily weak static, or
quenched, disorder in the parameter conjugate to the corresponding extensive
quantity. In the particular case of the RFIM, it was shown in [4,5] that the
effect of the boundary conditions on magnetization at distance N decays to 0
as N → ∞ for all non-negative temperatures and arbitrarily weak quenched
disorder (this also implies the uniqueness of the Gibbs state). The decay rate
was then improved to 1/

√
log log N in [10] and to 1/N γ (for some γ > 0)

in [3]. In the presence of strong disorder it has been shown that there is an
exponential decay [6,9,14] (see also [3, Appendix A]). The main remaining
challenge is to decide whether the decay rate is exponential when the disorder
is weak. In fact, there have been debates even among physicists as to whether
there exists a regime where the decay rate is polynomial, and weak supporting
arguments have been made in both directions [7,12,15]—in particular in [12]
an argument was made for polynomial decay at zero temperature for a certain
choice of disorder. Theorem 1.1 provides a complete answer to this question
when the random field consists of i.i.d. Gaussian variables.
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Exponential decay of correlations in the two-dimensional... 1001

The two-dimensional behavior of the RFIM is drastically different from that
for dimensions three and higher: it was shown in [16] that at zero temperature
the effect on the local quenched magnetization of the boundary conditions at
distance N does not vanish in N in the presence of weak disorder, and later an
analogous result was proved in [8] at low temperatures. A heuristic explanation
behind the different behaviors is as follows: in d dimensions the fluctuation of
the random field in a box of side length N is of order Nd/2, whereas boundary
condition effect is of order Nd−1 (thus, in two dimensions the fluctuation of the
random field in a box is of the same order as the size of the boundary, while in
three dimensions and above the fluctuation of the random field is substantially
smaller than the size of the boundary).

Our proof method is different from all of [3,5,10] (and different from [6,
9,14]), except that in the heuristic level our proof seems to be related to the
Mandelbrot percolation analogy presented in [3,AppendixB]. Theworks [4,5]
treated a wide class of distributions for disorder, while [3,10] and this paper
work with Gaussian disorder. Themain features of Gaussian distributions used
in this paper are the simple formula for the change of measure [see (14)] and
linear decompositions for Gaussian process [see (23)]. In addition, we remark
that the analysis in [3,5] extends to the case with finite-range interactions.
While we expect our framework to be useful in analyzing the finite-range
case, the lack of planar duality seems to present some non-trivial obstacle (see
Remark 2.3).

The rest of the paper consists of two sections. In Sect. 2, we prove The-
orem 1.1 in the special case of T = 0. In our opinion, this is a significant
simplification of the general case but still captures the core challenge of the
problem. We hope that some of the key ideas (e.g., the crucial application of
[1]) can be more transparent by first presenting the proof in this simplified
case. In Sect. 3, we then present the proof for the case of T > 0. While the
proof naturally shares the key insights with the case for T = 0, it seems to
us that there are significant additional obstacles. As a result, the proof is not
presented as an extension of the zero-temperature case. Instead, we present an
almost self-contained proof, but omit details at times when they are merely
adaption of arguments in Sect. 2.

Our (shared) notations in Sects. 2 and 3 are consistent with each other, and
a few notations in Sect. 3 are natural extensions of those in Sect. 2. However,
for clarity of exposition, we will recall or re-explain all notations in Sect. 3.
Concurrent workDuring the submission of this paper, a paper [2]which proved
the same result was completed. The proof of [2] was inspired by the proof at
zero temperature in this paper (for the crucial application of [1]). Both proofs
share the basic intuition of “using the fluctuation of the sum of the random
field in a box to fight the influence of the boundary condition” (which went
back to [4,5]) and both apply [1] to disagreement percolation in a crucial
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manner. However, the two approaches seem to be rather different in at least the
following two important aspects: (1) This paper employs first moment analysis
via various perturbations of the random field, and the paper [2] (similar to [3])
relies on concentration/anti-concentration type of analysis (which in particular
uses second-moment computations); (2) At positive temperatures, this paper
employs a certain monotone coupling (adaptive admissible coupling as in
Definition 3.9) between Ising measures with different boundary conditions,
and the paper [2] considers a continuous extension of the Ising model into
the metric graph which allows to study spin correlations via disagreement
percolation for two independent samples (inspired by [18,19]).

2 Exponential decay at zero temperature

At zero temperature, μ�N ,+ (and respectively μ�N ,−) is supported on the
minimizer of (1), which is known as the ground state and is unique with
probability 1. We denote by σ�N ,+ the ground state with respect to the plus-
boundary condition and by σ�N ,− the ground state with respect to the minus-
boundary condition. Therefore, for T = 0 we have the simplification that the
only randomness is from the P-measure. Thus, Theorem 1.1 for T = 0 can
then be simplified as follows.

Theorem 2.1 For any ε > 0, there exists c = c(ε) > 0 such that
P(σ

�N ,+
o �= σ

�N ,−
o ) � c−1e−cN for all N � 1.

2.1 Outline of the proof

We first reformulate Theorem 2.1. For v ∈ �N , we define

ξ�N
v =

⎧
⎪⎨

⎪⎩

+ if σ
�N ,+
v = σ

�N ,−
v = 1,

− if σ
�N ,+
v = σ

�N ,−
v = −1,

0 if σ
�N ,+
v = 1 and σ

�N ,−
v = −1.

(3)

Bymonotonicity (c.f. [3, Section 2.2]), the case of σ�N ,+
v =−1 and σ

�N ,−
v =1

cannot occur, so ξ
�N
v is well-defined for all v ∈ �N . Theorem 2.1 can be

restated as

mN � c−1e−cN for c = c(ε) > 0, where mN
�= P(ξ�N

o = 0). (4)

For any A ⊂ Z
2, we can analogously define ξ A by replacing �N with A in

(1) and (3). Let CA = {v ∈ A : ξ A
v = 0} (that is, CA is the collection of
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Exponential decay of correlations in the two-dimensional... 1003

disagreements). Monotonicity (see [3, (2.7)]) implies that

CB ∩ B ′ ⊂ CB′ provided that B ′ ⊂ B. (5)

In particular, this implies thatmN is decreasing in N , so we need only consider
N = 2n for n � 1. Clearly, for any v ∈ CA, there exists a path in CA joining v

and ∂A. This suggests consideration of percolation properties of CA. Indeed, a
key step in our proof for (4) is the following proposition on the lower bound on
the length exponent for geodesics (i.e., shortest paths) in C�N . For any A ⊂ Z

2,
we denote by dA(·, ·) the intrinsic distance on A, i.e., the graph distance on the
induced subgraph on A. Let dA(A1, A2) = minx∈A1∩A,y∈A2∩A dA(x, y) (with
the convention that min ∅ = ∞).

Proposition 2.2 There exist α = α(ε) > 1, κ = κ(ε) > 0 such that for all
N � 1

P(dC�N (∂�N/4, ∂�N/2) � Nα) � κ−1e−Nκ

. (6)

Remark 2.3 The “only” place where our proof breaks in extending to the finite
range case is to verify Proposition 2.2 (and its analogue at positive temper-
atures, Proposition 3.1). The exact points where the extension of the proof
encounters issues depend somewhat on exact formulations for sub-lemmas.
For instance, at zero temperature one can try to prove a version of Lemma 2.8
sticking to nearest neighbor crossings, then for lack of planar duality there are
issues both in the Proof of Lemma 2.8 (more specifically in Case 1) and in the
Proof of (8) which applies Lemma 2.8. Of course one can also try to prove a
stronger version of Lemma 2.8 (which suffices to prove (8)), but this may be
hard.

The Proof of Proposition 2.2 will rely on [1], which takes the next lemma
as input. For any rectangle A ⊂ R

2 (whose sides are not necessarily parallel
to the axes), let �A be the length of the longer side and let ALarge be (the lattice
points of) the square box concentric with A, of side length 32�A and with sides
parallel to axes. In addition, define the aspect ratio of A to be the ratio between
the lengths of the longer and shorter sides. For a (random) set C ⊂ Z

2, we use
Cross(A, C) to denote the event that there exists a path v0, . . . , vk ∈ A ∩ C
connecting the two shorter sides of A (that is, v0, vk are of �∞-distances less
than 1 respectively from the two shorter sides of A).

Lemma 2.4 Write a = 100. There exists �0 = �0(ε) and δ = δ(ε) > 0 such
that the following holds for any N � 1. For any k � 1 and any rectangles
A1, . . . , Ak ⊆ {v ∈ R

2 : |v|∞ � N/2} with aspect ratios at least a such
that (a) �0 � �Ai � N/32 for all 1 � i � k and (b) ALarge

1 , . . . , ALarge
k are
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disjoint, we have

P(∩ki=1Cross(Ai , C�N )) � (1− δ)k .

(Actually, the authors of [1] treated random curves in R
2. However, the

main capacity analysis can be copied in the discrete case, and the connection
between the capacity and the box-counting dimension is straightforward (c.f.
[11, Lemma 2.3]).) Armed with Lemma 2.4, we can apply [1, Theorem 1.3]
to deduce that for some α = α(ε) > 1,

P(dC�N (∂�N/4, ∂�N/2) � Nα)→ 0 as N →∞. (7)

By a standard percolation argument (Lemma 2.10) which wewill explain later,
we can enhance the probability decay in (7) and prove (6).

By (5), the random set C�N ∩ A is stochastically dominated by CALarge ∩ A

as long as ALarge ⊂ �N . Moreover, it is obvious that CALarge
i for 1 � i �

k are mutually independent, as long as the sets ALarge
i for 1 � i � k are

disjoint. Therefore, in order to prove Lemma 2.4, it suffices to show that for
any rectangle A with aspect ratio at least a = 100 we have

P(Cross(A, CALarge
)) � 1− δ where δ = δ(ε) > 0. (8)

Both the Proof of (8) and the application of (6) rely on a perturbative
analysis, which is another key feature of our proof. Roughly speaking, the
logic is as follows:

• We first consider the perturbation by increasing the field by an amount of
order 1/N , and use this to show that the probability for a 0-valued contour
surrounding an annulus is strictly bounded away from 1.
• Based on this property, we prove (8), which then implies (6).
• Given (6), we then show that increasing the field by an amount of order
1/Nα (recall that α > 1 is from Proposition 2.2 and thus the perturbation
here is 1/Nα � 1/N ) will most likely change the 0’s to +’s. Based on
this, we prove polynomial decay for mN with large power, which can then
be enhanced to exponential decay.

For compactness of exposition, the actual implementation will differ slightly
from the above plan:

• Wefirst prove a general perturbation result (Lemma 2.5) in Sect. 2.2, where
the size of perturbation is related to the intrinsic distance on C�N .
• In Sect. 2.3, we apply Lemma 2.5 by bounding dC�N from below by the

�1-distance and correspondingly setting the perturbation amount to 1/N ,
thereby proving Lemma 2.8. As a consequence, we verify (8).
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Exponential decay of correlations in the two-dimensional... 1005

• In Sect. 2.4, we apply Lemma 2.5 again by applying a lower bound on
dC�N from Proposition 2.2. This allows us to derive Lemma 2.11. As a
consequence, we prove in Lemma 2.14 polynomial decay for mN with
large power, which is then enhanced to exponential decay by a standard
argument.

2.2 A perturbative analysis

We first introduce some notation. For A ⊆ Z
2, we set hA = ∑

v∈A hv . For
A, B ⊂ Z

2, we denote by E(A, B) = {〈u, v〉 : u ∼ v, u ∈ A, v ∈ B}.
Note that we treat 〈u, v〉 as an ordered edge. For simplicity, we will only
consider N = 2n for n � 10. Let AN = �N \ �N/2 be an annulus. Define

{h̃(N )
v : v ∈ �N } to be a perturbation of the original field parameterized by

 > 0, as follows:

h̃(N )
v = hv + for v ∈ �N . (9)

We will use H̃�N ,±(σ ), σ̃�N ,±, ξ̃�N , C̃�N to denote the corresponding tilde
versions of H�N ,±(σ ), σ�N ,±, ξ�N , C�N respectively, i.e., defined anal-
ogously but with respect to the field {h̃(N )

v }. In addition, define C�N∗ =
C̃�N ∩ C�N (so C�N∗ is the intersection of disagreements with respect to the
original and the perturbed field; in informal discussionswewill refer to vertices
in C�N∗ as disagreements too).

Lemma 2.5 Consider K ,  > 0. Define {h̃(N )
v : v ∈ �N } as in (9). The

following two conditions cannot hold simultaneously:

(a) dC�N∗
(∂�N/4, ∂�N/2) � K;

(b) |C�N∗ ∩�N/4| · > 8
K |C�N∗ ∩AN/2|.

Proof Suppose otherwise both (a) and (b) hold. Let Bk = {v ∈ AN/2 :
dC�N∗

(∂�N/4, v) = k} for k = 1, . . . , K . Note that Bk ⊂ C�N∗ ∩AN/2 for all

1 � k � K by (a). It is obvious that the Bk’s are disjoint from each other, and
thus there exists a minimal value k∗ such that

|Bk∗ | � K−1|C�N∗ ∩AN/2|. (10)

Let

S = (C�N∗ ∩�N/4) ∪ ∪k∗−1k=1 Bk,
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and for τ ∈ {−,0,+}, define
g(S, τ ) = {〈u, v〉 ∈ E(S, Sc) : ξ�N

v = τ } and

g̃(S, τ ) = {〈u, v〉 ∈ E(S, Sc) : ξ̃�N
v = τ }. (11)

Note that for any v ∈ �N with ξ
�N
v = 0 we have σ

�N ,+
v = 1. Since ξ

�N
v = 0

for v ∈ S (which implies that σ�N ,+
v = 1 for v ∈ S),

hS + |g(S,+)| − |g(S,−)| + |g(S,0)| � 0, (12)

because if (12) does not hold, then H�N ,+(σ ′) < H�N ,+(σ�N ,+) where
σ ′ is obtained from σ�N ,+ by flipping its value on S, thus contradicting the
minimality of H�N ,+(σ�N ,+). In addition, by monotonicity (with respect to
the external field), we have g(S,0) ⊂ g̃(S,0)∪ g̃(S,+), g(S,+) ⊂ g̃(S,+),
and thus

|g̃(S,+)| − |g(S,+)| � |g(S,0) \ g̃(S,0)|.
Similarly, we have g̃(S,−) ⊂ g(S,−) and g̃(S,0) ⊂ g(S,−) ∪ g(S,0), and
thus

|g(S,−)| − |g̃(S,−)| � |g̃(S,0) \ g(S,0)|.
By our definition of Bk’s, we see that g̃(S,0) ∩ g(S,0) = E(S, Bk∗). There-
fore, (12) and the preceding two displays imply that

h̃(N )
S + |g̃(S,+)| − |g̃(S,−)| − |g̃(S,0)|
� h̃(N )

S + |g(S,+)| − |g(S,−)| + |g(S,0)| − 2|E(S, Bk∗)|
� |S|− 8|Bk∗ | > 0,

where the last inequality follows from (b) and (10). The preceding inequality
implies H̃�N ,−(σ ′) < H̃�N ,−(σ̃�N ,−) where σ ′ is obtained from σ̃�N ,− by
flipping its value on S. This contradicts the minimality of H̃�N ,−(σ̃�N ,−),
completing the proof of the lemma. ��
Lemma 2.6 For any xv � 0 for v ∈ �N , let ȟ

(N )
v = hv + xv for v ∈

�N (we will use Ȟ�N ,±(σ ), σ̌�N ,±, ξ̌�N , Č�N to denote the correspondingˇ
versions of H�N ,±(σ ), σ�N ,±, ξ�N , C�N ). Then with probability 1, for any
v ∈ C�N ∩ Č�N there is a path in C�N ∩ Č�N joining v and ∂�N .

Proof The proof is similar to that of Lemma 2.5, and in a way it is the case of
K = ∞ there.
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Suppose that the claim is not true. Then take v ∈ C�N ∩ Č�N (for which
the claim fails), and let S be the connected component in C�N ∩ Č�N that
contains v (thus S is not neighboring ∂�N ). Define g(S, τ ) as in (11) and
define ǧ(S, τ ) = {〈u, v〉 ∈ E(S, Sc) : ξ̌�N

v = τ } . Similar to (12), we have
that

hS + |g(S,+)| − |g(S,−)| + |g(S,0)| � 0.

In our case, g(S,0) ∪ g(S,+) ⊂ ǧ(S,+) and ǧ(S,0) ∪ ǧ(S,−) ⊂ g(S,−).
Therefore,

ȟ(N )
S + |ǧ(S,+)| − |ǧ(S,−)| − |ǧ(S,0)|
� hS + |g(S,+)| − |g(S,−)| + |g(S,0)| � 0.

The preceding inequality implies that Ȟ�N ,−(σ ′) � Ȟ�N ,−(σ̌�N ,−) where
σ ′ is obtained from σ̌�N ,− by flipping its value on S. This happens with
probability 0 since the ground state is unique with probability 1. ��

2.3 Proof of Proposition 2.2

In this section, we will set K = K (N ) = N/4, and  = (N ) = γ /N for an
absolute constant γ > 0 to be selected, and we consider h̃(N ) as in (9). In this
case Condition (a) in Lemma 2.5 holds trivially. For convenience, we use PN
to denote the probability measure with respect to the field {hv : v ∈ �N } and
use P̃N to denote the probability measure with respect to {h̃(N )

v : v ∈ �N }.
Lemma 2.7 Recall that ε is the variance parameter for the field {hv}. For
any p > 0, there exists c = c(ε, p, γ ) > 0 such that for any event EN with
P̃N (EN ) � p, we have that

PN (EN ) � c.

Proof There exists a constant C > 0 such that P̃N (|h̃(N )
�N
−|�N || � CεN )

� p/2. Thus we have

P̃N (EN ; |h̃(N )
�N
−|�N || � CεN ) � p/2. (13)

Also, by a straightforward Gaussian computation, we see that

dPN

dP̃N
= exp

{− (h̃(N )
�N
−|�N |)
ε2

}
exp

{−2|�N |
2ε2

}
(14)
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and thus there exists ι = ι(ε) > 0 such that

dPN

dP̃N
� ι provided that |h̃(N )

�N
−|�N || � CεN .

Combined with (13), this completes the proof of the lemma. ��
For any annulus A, we denote by Crosshard(A, C) the event that there is

a contour in C which separates the inner and outer boundaries of A, and by
Crosseasy(A, C) the event that there is a path in C which connects the inner and
outer boundaries of A.

Lemma 2.8 There exists δ = δ(ε) > 0 such that

min{P(Crosshard(�N/8 \�N/32, C�N )),P(Crosseasy(�N/8 \�N/32, C�N ))}
� 1− δ for all N � 32.

Proof We first provide a brief discussion on the outline of the proof. We refer
to the disagreements on�N/32 with plus/minus boundary conditions posed on
∂�N/8 as the “enhanced” disagreements (the word enhanced is chosen since
the enhanced disagreements stochastically dominate the disagreements with
boundary conditions on ∂�N by monotonicity of the Ising model). Note that
the set of disagreements inAN/2 is stochastically dominated by the union of a
constant number of copies of enhanced disagreements, which are independent
of the enhanced disagreements in �N/32. Therefore, with positive probability
the number of enhanced disagreements in�N/32 is larger than (up to a constant
factor) the number of disagreements inAN/2 (see (16)). On this event, (modulo
a caveat) by Lemma 2.5 at least one of the enhanced disagreements is not a
disagreement when considering boundary conditions on ∂�N — this yields
the desired statement as incorporated in Case 1 below. In Case 2, we tighten
the argument by addressing the caveat which is the scenario that the enhanced
disagreement is empty (this is relatively simple).

We are now ready to carry out the formal proof. We can write AN/2 =
∪ri=1Ai where each Ai is a box of side length N/16 (so a copy of �N/32) and
r � 16 is a fixed integer (while it is conventional to choose Ai ’s as disjoint
boxes, the disjointness is not used in the proof). For a box A, denoting by ABig

as the concentric box of A whose side length is 4�A. We have that (see Fig. 1)

ABig
i ∩�N/8 = ∅ and ABig

i ⊂ �N for all 1 � i � r. (15)

For any A ⊂ �N , let C̄A be defined as CA but replacing {hv : v ∈ A} by
{h̃(N )

v : v ∈ A} (note that C̄�N/2 is different from C̃�N/2 , which is defined

with respect to h̃(N/2)). Write CA� = CA ∩ C̄A. Write Xi = |CABig
i� ∩ Ai | and
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Λ /2

Λ /4

Λ /8

Λ /32

Fig. 1 Illustration for the geometric setup of the proof for Lemma 2.7. In the picture on the
left we cover AN/2 by a collection of translated copies of �N/32 (the grey boxes) — we only
draw out a few copies for an illustration. Note that the (4-times) enlargements of translated
copies (while overlapping among themselves) are all disjoint with �N/8. The picture on the

right illustrates the scenario in Case 1: for some v ∈ C�N/8� \C�N , we draw its component with
the same ξ�N -value and this component necessarily goes out of �N/8

X = |C�N/8� ∩�N/32|. Clearly, Xi ’s and X are identically distributed and by
(15) Xi ’s are independent of X (but Xi ’s are not mutually independent). Let
θ = inf{x : P(X � x) � 1− 1/2r}. Thus,

P(X � max
1�i�r

Xi , X � θ) � P(X � θ)P( max
1�i�r

Xi � θ) � 1/4r. (16)

The rest of the proof divides into two cases.

Case 1: θ > 0. Let E = {|C�N/8� ∩�N/32| � r−1|C�N∗ ∩AN/2|} ∩ {|C�N/8� ∩
�N/32| > 0}. By (5) and (15), we have |C�N∗ ∩AN/2| � ∑r

i=1 Xi . Combined

with (16), it gives that P(E) � 1/4r . Setting γ = 100r , we get that |C�N/8� ∩
�N/32| · > 16K−1|C�N∗ ∩AN/2| on E . By Lemma 2.5, on E there is at least

one vertex v ∈ C�N/8� ∩ �N/32 but v /∈ C�N∗ . So either v /∈ C�N or v /∈ C̃�N

on E . Assume that v /∈ C�N and the other case can be treated similarly.
We will use the following property: for any connected setA, u /∈ CA if and

only if there exists a connected set A ⊂ A with u ∈ A such that ξ A
w = + for

all w ∈ A or ξ A
w = − for all w ∈ A. The “if” direction of the property follows

from (5). For the “only if” direction, we assume without loss that ξAu = +
and let A be the connected component containing u where the ξA-value is +.
Note σA,−

w = −1 for all w ∈ ∂A and σA,−
w = 1 for all w ∈ A. This implies

that ξ A
w = + for all w ∈ A.

By the preceding property, there exists a connected set A ⊂ �N with v ∈ A
such that ξ A

w = + for all w ∈ A or ξ A
w = − for all w ∈ A (see Fig. 1 for

an illustration). In addition, A cannot be contained in �N/8 since otherwise
it contradicts v ∈ C�N/8 . By planar duality, this implies that on E , either
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Crosshard(�N/8 \ �N/32, C�N ) or Crosshard(�N/8 \ �N/32, C̃�N ) does not
occur (the second case corresponds to the case when v /∈ C̃�N ). Therefore,

P((Crosshard(�N/8 \�N/32, C�N ))c)

+P((Crosshard(�N/8 \�N/32, C̃�N ))c) � P(E) � 1/4r.

Combined with Lemma 2.7, this completes the proof of the lemma.
Case 2: θ = 0. Applying a simple union bound (by using 16 copies of�N/32 to

cover�N/8, and a derivation similar to |C�N∗ ∩AN/2| � ∑r
i=1 Xi ) we get that

P(C�N∗ ∩�N/8 = ∅) � 1/2. We assume without loss that P(Crosseasy(�N/8 \
�N/32, C�N )) � 3/4 (otherwise there is nothing further to prove), and thus

P(Crosseasy(�N/8 \�N/32, C�N ) and C�N∗ ∩�N/8 = ∅) � 1/4.

On the event Crosseasy(�N/8 \ �N/32, C�N ) and C�N∗ ∩ �N/8 = ∅, the easy
crossing (joining two boundaries of �N/8 \�N/32) in C�N becomes an easy
crossing with ξ̃�N -values +. Thus, by planar duality, it prevents existence of
a contour surrounding �N/32 in (�N/8 \�N/32) ∩ C̃�N . Therefore,

P((Crosshard(�N/8 \�N/32, C̃�N ))c) � 1/4.

Combined with Lemma 2.7, this completes the proof of the lemma. ��
Proof of (8) Let N = min{2n : 2n+2 � �A}. By our assumption on A, it is

clear that we can position four copies A1, A2, A3, A4 of A by translation or
rotation by 90 degrees so that (see the left of Fig. 2)

• A1, A2, A3, A4 ⊂ �N/8 \�N/32.
• The union of any crossings through A1, A2, A3, A4 in their longer direc-
tions surrounds �N/32.

• �N ⊂ ALarge
i for 1 � i � 4.

Set p = P(Cross(A, CALarge
)) (note that p depends on the dimension of A

and also the orientation of A). By rotation symmetry and (5) we see that

P(Cross(Ai , C�N )) � P(Cross(Ai , CALarge
i )) = p. In what follows, we denote

A = �N/8 \ �N/32. Then, by P(Cross(Ai , C�N )) � p and a simple union
bound, we get that

P(Crosshard(A, C�N )) � P(∩4i=1Cross(Ai , C�N )) � 1− 4(1− p). (17)

Similarly, we can arrange two copies Aa, Ab of A obtained by translation and
rotation by 90 degrees such that �N ⊂ ALarge

a , ALarge
b and that the union of
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any two crossings through ALarge
a , ALarge

b in the longer direction connects the
two boundaries of A (see the right of Fig. 2). This implies that

P(Crosseasy(A, C�N ))

� P(Cross(Aa, C�N ) ∩ Cross(Ab, C�N )) � 1− 2(1− p). (18)

Combined with (17) and Lemma 2.8, it yields that p � 1 − δ for some
δ = δ(ε) > 0 as required. ��

The following standard lemma will be applied several times below. Before
presenting the lemma, we first provide a definition.

Definition 2.9 Divide �N into disjoint boxes of side lengths N ′ � N where
N ′ = 2n

′
for some n′ � 1, and denote by B(N , N ′) the collection of such

boxes. Consider a percolation process on B(N , N ′), where each box B ∈
B(N , N ′) is regarded open or closed randomly. For C, p > 0, we say that
the percolation process satisfies the (N , N ′,C, p)-condition if for each B ∈
B(N , N ′), there exists an event EB such that

• On Ec
B , B is closed.

• P(EB) � p for each B.
• If minx∈Bi ,y∈Bj |x − y|∞ � CN ′ for all 1 � i < j � k, then the events

EB1, . . . , EBk are mutually independent.

Furthermore, we say two boxes B1, B2 are adjacent if minx1∈B1,x2∈B2 |x1 −
x2|∞ � 1, and we say a collection of boxes is a lattice animal if these boxes
form a connected graph.

Lemma 2.10 For any C > 0, there exists p > 0 such that for all N
and N ′ � N and any percolation process on B(N , N ′,C, p) satisfying the
(N , N ′,C, p)-condition, we have

P(there exists a lattice animal of open boxes on B(N , N ′)
of size at least k) � ( N

N ′ )
22−k .

Proof On the one hand, the number of lattice animals of size exactly k is
bounded by ( N

N ′ )
282k (the bound comes from first choosing a starting box,

and then encoding the lattice animal by a surrounding contour on B(N , N ′)
of length 2k). On the other hand, for any k such boxes, we can extract a sub-
collection of ck boxes (here c > 0 is a constant that depends only on C)
such that the pairwise distances of boxes in this sub-collection are at least
CN ′; hence the probability that all these k boxes are open is at most pck . The
proof of the lemma is then completed by a simple union bound, employing the
(N , N ′,C, p)-condition. ��
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Fig. 2 On both left and right, the three concentric square boxes are �N , �N/8 and �N/32
respectively. On the left, the four rectangles are A1, A2, A3, A4 and on the right the two rect-
angles are Aa, Ab

Proof of Proposition 2.2 Let N ′ = N 1−( α−1
10 ∧ 1

10 ), where α is as in (7). For
each B ∈ B(N , N ′), we say B is open if dCBLarge (∂B, ∂Blarge) � (N ′)α , where
Blarge is the box concentric with B of doubled side length and BLarge (as we
recall) is a concentric box of B with side length 32�B . By (7), we see that this
percolation process satisfies the (N , N ′, 64, p)-condition where p → 0 as
N →∞. Now, in order that dC�N (∂�N/4, ∂�N/2) � (N ′)α , there must exist
an open lattice animal onB(N , N ′) of size at least N

16N ′ . Applying Lemma 2.10
completes the Proof of Proposition 2.2 (since (α(1− (α−1

10 ∧ 1
10 )) > 1). ��

2.4 Proof of Theorem 2.1

In this subsection, we will show that the probability for {o ∈ C�N } has a poly-
nomial decay with large power (Lemma 2.14), which then yields Theorem 2.1
by a standard application of Lemma 2.10. In order to prove Lemma 2.14, we
first provide a bound on the probability for {o ∈ C�N∗ } (Lemma 2.11), whose
proof crucially relies on Proposition 2.2.

Let α > 1 be as in Proposition 2.2 (note that we can assume without loss
that α � 2). Let

√
1/α < α′ < 1 (and thus we have α(α′)2 > 1).

Lemma 2.11 For N� � 16, set  = (N�)−α(α′)2 and let h̃(N ) be defined as
in (9) for N � N�. Write m�N = m�N (N�) = P(o ∈ C�N∗ ). Then there exists
C = C(ε) > 0 such that m�N� � C(N�)−6.

Remark 2.12 (1) In this lemma, regardless of the size of the box under con-
sideration, the amount of perturbation  in our field h̃(N ) only depends on
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N�. This is crucial for (20) below. (2) Since α(α′)2 > 1, we have that
� 1/N� (this is crucial for getting a large power in the polynomial bound
as in Lemma 2.14). (3) Since our perturbation  = (N�)−α(α′)2 applies to all
N � N�, when N is very small in comparison of N� the perturbation is possi-
bly too mild and thus we may not have a good control on C�N∗ . However, this
is not a problem because in the proof belowwewill only consider N � (N�)α′

(for which the perturbation is still significant).

Proof Write K = (N�)αα′ . We claim it suffices to show that there exists
N0 = N0(ε) such that for N� � N0

m�2N � K−
1−α′
2 m�N/2 for (N�)α′ � N � N�. (19)

Indeed, since K = (N�)αα′ , we can deduce from (19) by recursion thatm�N� �
e−c(log N�)2 for some constant c > 0, which yields the claimed bound in the
lemma (with room to spare).

We now turn to the Proof of (19). Suppose that (19) fails for some (N�)α′ �
N � N�. Since �N ⊂ v+�2N for all v ∈ �N/4 and v+�N/2 ⊂ �N for all
v ∈ AN/2, by (5) we see

E|C�N∗ ∩�N/4| � N 2

32
m�2N and E|C�N∗ ∩AN/2| � N 2m�N/2. (20)

Together with the assumption that (19) fails, this yields that

E|C�N∗ ∩�N/4| > 32−1K−
1−α′
2 E|C�N∗ ∩AN/2|.

Since |C�N∗ ∩�N/4| and |C�N∗ ∩AN/2| are integer-valued and are at most N 2,
the preceding inequality implies that (recall that α′ > 1/

√
α � 1/

√
2)

P(|C�N∗ ∩�N/4| > 64−1K−
1−α′
2 |C�N∗ ∩AN/2|) � 1

32N 3 .

Now, set N0 = N0(ε) sufficiently large so that

1

106N 3 > κ−1e−Nκ

and 64−1K−
1−α′
2 >

8

K
for all N � (N0)

α′ . (21)

Therefore, by Proposition 2.2, there is a positive probability such that

|C�N∗ ∩�N/4| > 64−1K−
1−α′
2 |C�N∗ ∩AN/2| and

dC�N∗
(∂�N/4, ∂�N/2) � K .
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In particular, there exists at least one instance for the two events in the preceding
display to occur simultaneously. This contradicts Lemma 2.5, thus completing
the proof of the lemma. ��

In the Proof of Lemma 2.14 below, it is important for us to have inde-
pendence between different scales. To this end, it is useful to consider a
perturbation which only occurs in an annulus. In order to make a difference
in notation from the previous perturbation (which occurs in a whole box), for
(N ) > 0 we define (we emphasize the dependence of on N in the notation
here since later in Lemma 2.14 wewill consider perturbations for different N ’s
simultaneously)

ĥ(N )
v =

{
hv +(N ) for v ∈ �N \�N/4,

hv for v ∈ �N/4.
(22)

We then define Ĉ�N similar to C�N but with respect to the field {ĥN
v : v ∈ �N }.

Further, let C�N
� = C�N ∩ Ĉ�N (so C�N

� is a version of C�N∗ , but it replaces
C̃�N with Ĉ�N in its definition).

Lemma 2.13 Let (N ) = (N/4)−α(α′)2 and define {ĥ(N )
v : v ∈ �N } as in

(22). Then there exists C = C(ε) > 0 such that P(o ∈ C�N
� ) � CN−5.

Proof For v ∈ ∂�N/2, let Bv be a translated copy of�N/4 centered at v. Thus,

for all u ∈ Bv we have ĥ(N )
u = hu + (N/4)−α(α′)2 . Recall m�N/4(N/4) as in

Lemma 2.11. By (5) and Lemma 2.11,

P(v ∈ C�N
� ) � m�N/4(N/4) � CN−6.

Hence, P(∂�N/2 ∩ C�N
� �= ∅) � CN−5 by a simple union bound. Combined

with Lemma 2.6 (and the simple observation that o cannot be connected to
∂�N by a path in C�N

� if ∂�N/2 ∩ C�N
� = ∅), this completes the proof of the

lemma. ��
Lemma 2.14 There exists C = C(ε) > 0 such that mN � CN−3.

Proof A rough intuition behind the proof is as follows: the random field in
each dyadic annulus has probability close to 1 to stop the event {o ∈ C�N }
fromoccurring and thus altogetherwe get a polynomial upper boundwith large
power. In order to formalize the proof, we will apply Lemma 2.13 and employ
a careful analysis to justify the “independence” among different scales.

Without loss of generality, let us only consider N = 4n for some n � 1. For
each such N , define {ĥ(N )

v : v ∈ �N } as in (22) with (N ) = (N/4)−α(α′)2 .
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Let E� = {o /∈ C�4�
� } and E = ∩0.9n���nE�. (Note that there is no containment

relation among the events E�’s, since each event depends on a different pertur-
bation.) By Lemma 2.13, we see that P(Ec) � CN−3 for someC = C(ε) > 0
(whose value may be adjusted later in the proof). Write A� = �4� \ �4�−1 .
For 0.9n � � � n, let F� = σ(hv : v ∈ �4�) and write

hv = (|A�|)−1hA�
+ gv for v ∈ A�, (23)

where {gv : v ∈ A�} is a mean-zero Gaussian process independent of hA�
and

{gv : v ∈ A�} for 0.9n � � � n are mutually independent (note that gv’s are
linear combinations of a Gaussian process and their means and covariances
can be easily computed). Let F ′� be the σ -field which contains every event
in F� that is independent of hA�

(so in particular F� ⊂ F ′�+1 ⊂ F�+1). By
monotonicity, there exists an interval I� measurable with respect to F ′� such
that conditioned on F ′� we have o ∈ C�4� if and only if hA�

∈ I�. Let I ′� be the
maximal sub-interval of I� which shares the upper endpoint and with length

|I ′�| � |A�|·4α(α′)2

4α(α′)2�
. By our definition of E�, we see from (23) that conditioned

on F ′� we have {o ∈ C�4� } ∩ E� only if hA�
∈ I ′�. Thus, for 0.9n � � � n,

P({o ∈ C�4� } ∩ E� | F ′�) � P(hA�
∈ I ′�).

Combined with the fact that Var(hA�
) = ε2|A�|, this gives that

P({o ∈ C�4� } ∩ E� | F ′�) � C

4�(α(α′)2−1) .

Since {o ∈ C�4n }∩E = ∩n�=0.9n({o ∈ C�4� }∩E�) and since {o ∈ C�4� }∩E� is
F�-measurable (and thus isF ′�+1-measurable), we deduce that P({o ∈ C�N }∩
E) � CN−3. Combined with the fact that P(Ec) � CN−3, it completes the
proof of the lemma. ��
Proof of Theorem 2.1 Let N0 = N0(ε) be chosen later. For B ∈ B(N , N0),
we say B is open if CBlarge ∩ B �= ∅. Clearly, this percolation process satisfies
the (N , N0, 4, p)-condition where

p = P(CBlarge ∩ B �= ∅) � N 2
0mN0/2 � CN−10 for C = C(ε) > 0. (24)

(The last transition above follows from Lemma 2.14.) In addition, we note that
in order for o ∈ C�N , it is necessary that there exists an open lattice animal
on B ∈ B(N , N0) with size at least N

10N0
. Now, choosing N0 sufficiently large

(so that p is sufficiently small, by (24)) and applying Lemma 2.10 completes
the proof. ��
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3 Exponential decay at positive temperatures

In this section, we prove Theorem 1.1 for the case of T > 0. Our proof method
follows the basic framework presented in Sect. 2 for the case of T = 0,
which applies the result in [1] in a crucial way. However, there seem to be
significant additional obstacles due to the randomness of Ising measures at
positive temperatures. For T = 0, it suffices to consider the ground state which
is unique with probability 1, and thus ground states with different boundary
conditions and external fields are naturally coupled together. In the case of
T > 0, on the one hand we try to carry out our analysis with validity for
all reasonable (e.g., for all monotone couplings) couplings of Ising measures
whenever possible (see Sect. 3.1); on the other hand it seems necessary to
construct a coupling with some desirable properties in order to apply [1] (see
Sect. 3.2). Both of these require some new ideas as well as some delicate
treatment.

Organization for the rest of this section is as follows. In Sect. 3.1, we verify
the hypothesis in [1] via a perturbation argument and thereby prove that under
any monotone coupling for Ising spins with plus/minus boundary conditions,
the intrinsic distance for the induced graph on vertices with disagreements
has dimension strictly larger than 1. The proof method is inspired by that
of Proposition 2.2, but the implementation is largely different with new tricks
involved. In Sect. 3.2, we introduce the notion of adaptive admissible coupling
and amulti-scale construction of an adaptive admissible coupling is then given
in Sect. 3.3.1. In Sect. 3.3.2, we then introduce another perturbation argument,
using which we analyze our adaptive admissible coupling in Sect. 3.3.3 and
prove a crucial estimate in Lemma 3.17. In Sect. 3.4, we provide the Proof
of Theorem 1.1 for T > 0, which requires to employ an admissible coupling
such that the disagreement percolates to the boundary.

3.1 Intrinsic distance on disagreements via a perturbation argument

For any A ⊂ Z
2, we continue to denote by dA(·, ·) the intrinsic distance on

A, i.e., the graph distance on the induced subgraph on A. Let σ�N ,± be spins
sampled according to μ�N ,±. We will continue to use repeatedly the standard
monotonicity properties of the Ising model with respect to external fields and
boundary conditions (c.f. [3, Section 2.2] for detailed discussions). Let π be
a monotone coupling of μ�N ,± (that is, under π we have σ�N ,+ � σ�N ,−)
and let

C�N = C�N ,π = {v ∈ �N : σ�N ,+
v > σ�N ,−

v }. (25)
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(Note that π depends on the random field h.) In addition, denote by P ⊗ π

the joint measure of the external fields and the spin configurations (similar
notations also apply below). The following proposition is the major goal of
this section.

Proposition 3.1 There exist α = α(ε, β) > 1, κ = κ(ε, β) > 0 such that the
following holds. For all 0 < c � 1, there exists N0 = N0(ε, β, c) such that
for all N � N0 and 1 � N1 � N2 � N/2 with N2 − N1 � Nc the following
holds for all monotone coupling π of μ�N ,±:

P⊗ π(dC�N (∂�N1, ∂�N2) � (N2 − N1)
α) � κ−1e−Nκc

. (26)

Remark 3.2 (1) The preceding proposition is analogous to Proposition 2.2. In
the present case, it is crucial that the result holds for allmonotone couplings
(note that the intrinsic distance may depend on the coupling), so that we
can apply it to couplings which we construct later.

(2) In Proposition 3.1, we introduce parameters N1, N2 (as opposed to N1 =
N/4 and N2 = N/2 in Proposition 2.2) for convenience of later applica-
tions. The condition that N2− N1 � Nc is just to ensure that the decay in
probability absorbs the number of choices for starting and ending points
of the shortest path. This slight extension does not introduce complication
to the proof.

The Proof of Proposition 3.1 again crucially relies on the result of [1].
In order to apply [1], the following lemma (analogous to Lemma 2.8) is a
key ingredient. For any annulus A and C ⊂ Z

2, we continue to denote by
Crosshard(A, C) the event that there is a contour in C which separates the inner
and outer boundaries of A. Let

E± = E±N = Crosshard(�N/8 \�N/32, {v ∈ �N : σ�N ,±
v = ±1}). (27)

Lemma 3.3 There exists δ = δ(ε, β) > 0 such that for all N � 32

min{P⊗ μ�N ,+(E+),

P(
∑

v∈�N/8

(〈σ�N ,+
v 〉μ�N ,+ − 〈σ�N ,−

v 〉μ�N ,−) > 10−3N )} � 1− δ.

In particular, P⊗π(Crosshard(�N/8 \�N/32, C�N )) � 1−δ for all monotone
coupling π of μ�N ,±.

Remark 3.4 By Lemma 3.3, either of the following holds: (1) with positive
probability the plus-spins with respect to the plus boundary condition does
not separate the boundaries of an annulus (this is a stronger than what was
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proved in Case 1 in the Proof of Lemma 2.8); (2) with positive probability
the expected number of disagreements (averaged over the Ising measures) is
small (this corresponds to Case 2 in the Proof of Lemma 2.8). Assuming either
property, we are able to derive a uniform bound on crossing probabilities for
disagreements under any monotone coupling.

After establishing exponential decay, then it is clear that Property (2) holds.
In addition,weknow thatwith overwhelmingprobability away from thebound-
ary the spin configurationswith plus andminus boundary conditions agreewith
each other. Therefore, by symmetry and planar duality we see that Property
(1) also holds.

3.1.1 A perturbative analysis

Before proving Lemma 3.3, we need some preparational work on a certain
perturbative analysis. This is analogous to Lemma 2.5, which has been applied
twice in the case of T = 0: in the Proof of Lemma 2.8 and the Proof of
Lemma 2.11. For T > 0, it is more complicated and thus we provide two
separate versions of perturbative analysis, both ofwhich are proved via keeping
track of the free energy. The first version is presented in Lemma 3.5 in the
present section (for the application in Lemma 3.3), and the second version is
presented in Sect. 3.3.2 (for the application in Lemma 3.17).

For any set � ⊂ Z
2 and a configuration τ ∈ {−1, 1}∂�, analogous to (1)

we can define the Hamiltonian on � with boundary condition τ and external
field {hv} by:

H�,τ (σ ) = −( ∑

u∼v,u,v∈�
σuσv +

∑

u∼v,u∈�,v∈∂�

σuτv +
∑

u∈�
σuhu

)
(28)

for σ ∈ {−1, 1}�. We can then analogously define the Ising measure μ�,τ by
assigning probability to σ ∈ {−1, 1}� proportional to e−βH�,τ (σ ). In addition,
we define the corresponding log-partition-function (it is the negative of the free
energy; in our analysis, it seems cleaner toworkwith the log-partition-function
so not to be confused by the negative sign)

F�,τ = 1

β
log

( ∑

σ∈{−1,1}�
e−βH�,τ (σ )

)
. (29)

For simplicity, we will only consider N = 2n for n � 10. For  > 0,
′ � 0 and 0 � t � 1, we will consider the following perturbed field in this
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section (which is increasing in t):

h(t)
v = h(t,N )

v =
{
hv +′ for v ∈ �N \�N/8,

hv + t for v ∈ �N/8.
(30)

(We draw the reader’s attention to that t appeared in the definition of h(t)
v only

for v ∈ �N/8, and that h(0) �= h if ′ > 0. The perturbation in (30) is more
subtle than that in (9), for the reason that we wish to take advantage of (41)
below later with a judicious choice of ′.) Let μ�N ,±,t be Ising measures
with plus/minus boundary conditions and external field {h(t)

v : v ∈ �N }. In
addition, let H�N ,±,t be the corresponding Hamiltonians, let F�N ,±,t be the
corresponding log-partition-functions, and let σ�N ,±,t be spin configurations
sampled according to μ�N ,±,t .

For notation convenience, for any set � ⊂ Z
2, let S� be the collection of

vertices which are not in � and are separated by � from ∞ on Z
2 (i.e., the

collection of vertices that are enclosed by �).
Let S ⊂ �N be a subset which contains �N/8 and let � = ∂S (thus we

have S ⊂ S�).
For any τ ∈ {−1, 1}�, we denote by μS,τ,t the Ising measure on S with

boundary condition τ and external field {h(t)
v : v ∈ S}. In addition, let HS,τ,t

be the Hamiltonian for the corresponding Ising spin, and let FS,τ,t be the cor-
responding log-partition-function. Also, we let σ S,τ,t be the spin configuration
sampled according to μS,τ,t . For later applications, it would be useful to con-
sider the log-partition-function restricted to a subset of configurations. To this
end, we define

FS,τ,t
� = 1

β
log

( ∑

σ∈�
e−βHS,τ,t (σ )

)
for � ⊂ {−1, 1}S. (31)

In addition, for any measure μS,τ,t , we define μ
S,τ,t
� to be a measure such that

μ
S,τ,t
� (σ) = (μS,τ,t (�))−1μS,τ,t (σ ) for σ ∈ �.

(We draw readers’ attention to that μS,τ,t (�) is the total measure of � under
μS,τ,t and thus is a number, and thatμS,τ,t

� is themeasureμS,τ,t conditioned on
the occurrence of �.) For convenience, we let σ S,τ,t

� be the spin configuration
sampled according to μ

S,τ,t
� . Further, define (note that below we sum over

v ∈ �N/32 as opposed to v ∈ S)

mS,τ,t
� =

∑

v∈�N/32

〈σ S,τ,t
�,v 〉μS,τ,t

�
. (32)
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For notation convenience, we write mS,τ,t = mS,τ,t
� if � = {−1, 1}S . We say

� ⊂ {−1, 1}S is an increasing set if σ ∈ � implies that σ ′ ∈ � provided
σ ′ � σ , and we say � is a decreasing set if �c is an increasing set. In what
follows, we consider τ+, τ− ∈ {−1, 1}� such that τ+ � τ−.
Lemma 3.5 Quench on the external field {hv}. We have that for any increasing
set �+ ⊂ {−1, 1}S and any decreasing set �− ⊂ {−1, 1}S



∫ 1

0
(mS,τ+,t

�+ − mS,τ−,t
�− )dt

� 8
∑

v∈�
(τ+v − τ−v )− 1

β

(
logμS,τ+,0(�+)+ logμS,τ−,1(�−)

)
.

Proof The proof is done via keeping track of the change on the difference of
log-partition-functions with respect to different boundary conditions when we
perturb the external field. In Step 1, we bound such difference from above by
the number of disagreements on boundary conditions; in Step 2we bound such
difference from below by the expected number of disagreements, with a caveat
that we use the notion of “restricted” log-partition-functions as in (31); in Step
3, we address the caveat by linking the two notions of log-partition-functions.
Step 1.We will prove (below the equality is obvious since τ+ � τ−)

(FS,τ+,1 − FS,τ−,1)− (FS,τ+,0 − FS,τ−,0)

� 16 · #{v ∈ � : τ+v �= τ−v } = 8
∑

v∈�
(τ+v − τ−v ). (33)

(Here we use #A to denote the cardinality of A for a finite set A. We switch
from the more compact notation |A| to #A in this section, as we wish to avoid
somewhat awkward notation when | is followed by another | which means
“conditioned on”.) Since each vertex has 4 neighbors in Z2, a straightforward
computation gives that

FS,τ+,1 − FS,τ−,1 = 1

β
log

∑
σ e−βHS,τ+,1(σ )

∑
σ e−βHS,τ−,1(σ )

� 1

β
log e8β·#{v∈�:τ+v �=τ−v } � 8 · #{v ∈ � : τ+v �= τ−v }.

Similarly, we have that FS,τ+,0 − FS,τ−,0 � −8 · #{v ∈ � : τ+v �= τ−v }. This
proves (33).
Step 2.We will prove

(FS,τ+,1
�+ − FS,τ−,1

�− )− (FS,τ+,0
�+ − FS,τ−,0

�− )
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� 

∫ 1

0
(mS,τ+,t

�+ − mS,τ−,t
�− )dt. (34)

We write

(FS,τ+,1
�+ − FS,τ−,1

�− )− (FS,τ+,0
�+ − FS,τ−,0

�− )

= (FS,τ+,1
�+ − FS,τ+,0

�+ )− (FS,τ−,1
�− − FS,τ−,0

�− ). (35)

Thus, we get that

FS,τ±,1
�± − FS,τ±,0

�± =
∫ 1

0

dFS,τ±,t
�±
dt

dt. (36)

Since
dFS,τ±,t

�±
dt =∑

v∈�N/8
〈σ S,τ±,t

�±,v
〉
μ
S,τ±,t
�±

, we see

dFS,τ+,t
�+
dt

− dFS,τ−,t
�−
dt

�
∑

v∈�N/32

(〈σ S,τ+,t
�+,v

〉
μ
S,τ+,t
�+

− 〈σ S,τ−,t
�−,v

〉
μ
S,τ−,t
�−

)

= mS,τ+,t
�+ −mS,τ−,t

�− ,

where the inequality follows from the fact that

〈σ S,τ+,t
�+,v

〉
μ
S,τ+,t
�+

� 〈σ S,τ+,t
v 〉

μS,τ+,t � 〈σ S,τ−,t
v 〉

μS,τ−,t � 〈σ S,τ−,t
�−,v

〉
μ
S,τ−,t
�−

for all v ∈ S,

In the preceding display, the first and the third inequalities follow from FKG
inequality [13] and the second inequality follows from monotonicity. Com-
bined with (36) and (35), it yields (34).
Step 3. From definitions as in (29) and (31), we see that

FS,τ+,1 − FS,τ+,1
�+ = − 1

β
logμS,τ+,1(�+), (37)

and similar equalities hold for other combinations of boundary conditions,
external fields and �±.

Combining (33), (34) and (37), we complete the proof of the lemma. ��
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3.1.2 A lower bound on the intrinsic distance

Denote by Vσ,± = {v ∈ S : σv = ±1} for S ⊂ �N and σ ∈ {−1, 1}S . For
any S ⊃ �N/8, define

�± = �±(S) = {σ ∈ {−1, 1}S : Crosshard(�N/8 \�N/32,Vσ,±) occurs }.
(38)

We see that�+ is an increasing set and�− is a decreasing set. For A ⊂ � ⊂ Z
2

and σ ∈ {−1, 1}�, we denote by σA the restriction of σ on A. Let r > 0 be
a constant chosen later. Recall (30). Let  = 1010r8

N (β∧1) and ′ = t∗ for
0 � t∗ � 1 to be chosen.

Lemma 3.6 For any p, r > 0, there exists c = c(ε, p, r, β) > 0 such that for
any event EN with P({h(t)

v : v ∈ �N } ∈ EN ) � p for some 0 � t, t∗ � 1, we
have that P({hv : v ∈ �N } ∈ EN ) � c.

Proof The proof is an adaption of Lemma 2.7 except for minimal notation
change, and thus we omit further details. ��
Proof of Lemma 3.3 The proof shares similarity with that of Lemma 2.8, but
the present proof is substantially more involved. We first provide a heuristic
outline of the proof, and we will not be precise on notations or unimportant
constants in this informal description. The statement will follow immediately
if the probability for existence of a plus contour with respect to plus boundary
condition is strictly less than 1, and thus we suppose otherwise (formally,
we suppose (39) below). We wish to compare the number of disagreements
in �N/32 with that in AN/2. To this end, it will be useful to consider the
“enhanced” disagreements in �N/32 (that is, when we pose plus and minus
boundary conditions on ∂�N/8 instead of ∂�N ; theword “enhanced” is chosen
because by monotonicity the enhanced disagreements stochastically dominate
the original disagreements). We now compare the enhanced disagreements in
�N/32 and disagreements in AN/2 in both directions.

• The “�” direction (Step 1 below): This is where plus (minus) contours
come into play. Conditioned on existence of plus and minus contours, the
disagreements in �N/32 stochastically dominate the enhanced disagree-
ments. In addition, by Lemma 3.5, the number of disagreements in �N/32
is upper bounded by that in AN/2 (up to an additive term that is related to
the probability of existence of plus/minus contours, which we will address
later). Altogether, we get that the number of enhanced disagreements in
�N/32 is upper bounded by the number of disagreements in AN/2 (see
(49)).
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• The “�” direction (Step 2 below): The set of disagreements in AN/2 is
dominated by a union of constant copies of enhanced disagreements in
�N/32, where the number of disagreements in all these copies are inde-
pendent of the enhanced disagreements in �N/32 (but not of each other).
This implies that with positive probability, the number of enhanced dis-
agreements in �N/32 is larger (up to a constant factor) than the number of
disagreements in AN/2 (see (53)).

Now, if we choose the constants appropriately, we will see that the preceding
two scenarios will occur simultaneously with positive probability, which yield
bounds in two directions that “almost” contradict each other. These events can
only happen concurrently if the logarithmic term we ignored earlier (which
becomes N

2β in (49)) plays a significant role. But this can happen only when
the typical number of enhanced disagreements is at most of order N , in which
case an application ofMarkov’s inequality (see (45)) yields the desired lemma.

We next carry out the proof formally, where we slightly shuffle the order of
arguments: we first show that if the typical number of enhanced disagreements
is at most of order N (see (42)), then the lemma holds. Next, we prove (42)
(which is the main challenge) by contradiction, via the aforementioned two
directional comparisons.

For convenience of notation, write

E±,t = Crosshard(�N/8 \�N/32,Vσ�N ,±,t ,±).

We suppose that

min
0�t�1

{P⊗ μ�N ,+,t (E+,t ),P⊗ μ�N ,−,t (E−,t )} � 1− r−410−10. (39)

Otherwise Lemma 3.3 follows from Lemma 3.6 (since under any monotone
coupling we have Crosshard(�N/8 \ �N/32, C�N ) ⊂ E+N ∩ E−N , where E±N is
defined in (27)). We remark that by monotonicity the preceding inequality is
equivalent to min{P⊗μ�N ,+,0(E+,0),P⊗μ�N ,−,1(E−,1)} � 1− r−410−10.

Let E� = {μ�N ,+,0(E+,0) � 99/100} ∩ {μ�N ,−,1(E−,1) � 99/100} be an
event measurable with respect to the Gaussian field. By (39), we see that

P(E�) � 1− 10−2r−4. (40)

Let t∗ ∈ [0, 1] be such that

inf{θ : P(m�N/8,+,t∗ − m�N/8,−,t∗ � θ) � 1/2r} = θ∗, (41)
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where θ∗ = min0�t�1 inf{θ : P(m�N/8,+,t − m�N/8,−,t � θ) � 1/2r}. We
claim that

θ∗ � 10−3r−1N . (42)

We first show that (42) implies the lemma. For any box A, let ABig be the
concentric box of A with side length 4 times that of A. Let r be a large enough
constant so that we can write �N/8 = ∪ri=1Ai , where Ai is a copy of �N/32

and Ai ’s are disjoint such that ABig
i ⊂ �N for 1 � i � r . By monotonicity,

we see that for each 1 � i � r

P(
∑

v∈Ai

(〈σ�N ,+,t∗
v 〉

μ�N ,+,t∗ − 〈σ�N ,−,t∗
v 〉

μ�N ,−,t∗ ) > θ∗)

� P(
∑

v∈Ai

(〈σ ABig
i ,+,t∗

v 〉
μ
A
Big
i ,+,t∗ − 〈σ

ABig
i ,−,t∗

v 〉
μ
A
Big
i ,−,t∗ ) > θ∗) � (2r)−1,

where the last inequality holds due to our choice of t∗ as in (41) and′ = t∗
(thus h(t∗)

v = hv +′ for v ∈ �N ). Hence, a simple union bound gives that

P(
∑

v∈�N/8

(〈σ�N ,+,t∗
v 〉

μ�N ,+,t∗ − 〈σ�N ,−,t∗
v 〉

μ�N ,−,t∗ ) � rθ∗) � 1

2
. (43)

By Lemma 3.6, we get that

P(
∑

v∈�N/8

(〈σ�N ,+
v 〉μ�N ,+ − 〈σ�N ,−

v 〉μ�N ,−) > rθ∗)

� 1− δ for δ = δ(ε, β, r) > 0. (44)

Note that 2〈#(C�N ∩�N/8)〉π =∑
v∈�N/8

(〈σ�N ,+
v 〉μ�N ,+ − 〈σ�N ,−

v 〉μ�N ,−)

on each instance of the Gaussian field for any monotone coupling π ofμ�N ,±.
Therefore, on each instance of Gaussian field (which occurs with probability at
least δ) such that

∑
v∈�N/8

(〈σ�N ,+
v 〉μ�N ,+ − 〈σ�N ,−

v 〉μ�N ,−) � rθ∗, we apply
Markov’s inequality and get that

π(Crosshard(�N/8 \�N/32, C�N ))

� π(#(C�N ∩�N/8) � N
32 ) � θ∗r

N/32
� 1

2
, (45)

where the last inequality follows from (42). This implies that P⊗π(Crosshard
(�N/8 \�N/32, C�N )) � 1− δ/2, completing the Proof of Lemma 3.3 (com-
bined with (44)).
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Λ /2

Λ /4

Λ /8

Λ /32

Λ

Λ /4

Λ /8

Fig. 3 Illustrations for geometric setup in Step 1 of Lemma 3.3. The picture on the left illus-
trates the setup for derivation of (47), where we bound disagreements in the grey square by
disagreements on ∂�k (the larger dot-line boundary). The picture on the right illustrates the
setup for derivation of (48): by FKG conditioned on plus (respectively minus) contour (drawn
in dots in the picture) the magnetization on the grey box is pushed up (respectively down); this
allows us to compare the disagreements and enhanced disagreements

It remains to prove (42). Suppose that (42) does not hold. We will derive a
contradiction, using the following two steps.
Step 1. We refer to Fig. 3 for an illustration of geometric setup in this step.
Fix N/4 � k � N/2. Write S = �k and � = ∂S. We first quench on the
Gaussian field and also condition on

(σ�N ,+,1)�=τ+ and (σ�N ,−,0)�=τ− where τ± ∈ {−1, 1}� and τ+ � τ−.

(46)

Applying Lemma 3.5, we get that (recall �± = �±(S) as in (38))



∫ 1

0
(mS,τ+,t

�+ − mS,τ−,t
�− )dt

� 8
∑

v∈�
(τ+v − τ−v )− 1

β

(
logμS,τ+,0(�+)+ logμS,τ−,1(�−)

)
. (47)

Conditioned on σ S,τ+,t ∈ �+, let C ⊂ Vσ S,τ+,t ,+ ∩ (�N/8 \ �N/32) be the
outmost contour which surrounds �N/32. Note that C = �′ is measurable
with respect to {σ S,τ+,t

v : v ∈ Sc
�′ }. Thus, by monotonicity of Ising model

we see that (σ S,τ+,t )�N/32 conditioned on C = �′ stochastically dominates

(σ�N/8,+,t )�N/32 . A similar analysis applies to (σ S,τ−,t )�N/32 . Combined with
(47), it yields that
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∫ 1

0
(m�N/8,+,t − m�N/8,−,t )dt

� 8
∑

v∈�
(τ+v − τ−v )− 1

β

(
logμS,τ+,0(�+)+ logμS,τ−,1(�−)

)
.

(48)

Define E�,+ = {τ+ : μS,τ+,0(�+) � 3/4} and E�,− = {τ− : μS,τ−,1(�−) �
3/4}. Thus,

μ�N ,+,0(E+,0)

= μ�N ,+,0(E+,0 | (σ�N ,+,0)� ∈ E�,+)μ�N ,+,0((σ�N ,+,0)� ∈ E�,+)

+ μ�N ,+,0(E+,0 | (σ�N ,+,0)� /∈ E�,+)μ�N ,+,0((σ�N ,+,0)� /∈ E�,+)

� μ�N ,+,0((σ�N ,+,0)� ∈ E�,+)+ 3
4μ

�N ,+,0((σ�N ,+,0)� /∈ E�,+).

Since μ�N ,+,0(E+,0) � 99/100 on E�, it gives that μ�N ,+,0((σ�N ,+,0)� ∈
E�,+) � 3/4 and thus by monotonicity μ�N ,+,1((σ�N ,+,1)� ∈ E�,+) � 3/4
(note E�,+ is an increasing set). Similarly, we get μ�N ,−,0((σ�N ,−,0)� ∈
E�,−) � 3/4 on E�. Consider an arbitrary monotone coupling π� of μ�N ,+,1

and μ�N ,−,0 restricted to �. Then we see that on E�

π�(E�,+,−) � 3
4+ 3

4−1 = 1
2 where E�,+,−={(σ�N ,+,1)�∈E�,+, (σ�N ,−,0)�∈E�,−}.

Averaging (48) over the conditioning of (46) but restricted to the event E�,+,−,
we get that on E�



2

∫ 1

0
(m�N/8,+,t − m�N/8,−,t )dt � 8

∑

v∈�
〈(σ�N ,+,1

v − σ�N ,−,0
v )1E�,+,−〉π� + 2/β.

Since π� is a monotone coupling, we thus obtain that on E�



2

∫ 1

0
(m�N/8,+,t − m�N/8,−,t )dt

� 8
∑

v∈�
〈σ�N ,+,1

v − σ�N ,−,0
v 〉π� + 2/β

= 8
∑

v∈�
(〈σ�N ,+,1

v 〉μ�N ,+,1 − 〈σ�N ,−,0
v 〉μ�N ,−,0)+ 2/β.
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Summing over N/4 � k � N/2, we deduce that on E�

8
∑

v∈AN/2

(〈σ�N ,+,1
v 〉μ�N ,+,1 − 〈σ�N ,−,0

v 〉μ�N ,−,0)+ N

2β

� N

8

∫ 1

0
(m�N/8,+,t − m�N/8,−,t )dt. (49)

Step 2. For N � 2, recall that AN = �N \ �N/2 is an annulus. Adjust the
value of r if necessary so that we can write AN/2 = ∪ri=1Ai , where Ai is a
copy of �N/32 and Ai ’s are disjoint such that

ABig
i ⊂ �N \�N/8 for all 1 � i � r. (50)

(The geometric setup here is similar to that in the Proof of Lemma 2.8; see the
left picture of Fig. 1 for an illustration.) By monotonicity, we see that for each
1 � i � r

P(
∑

v∈Ai

(〈σ�N ,+,1
v 〉μ�N ,+,1 − 〈σ�N ,−,0

v 〉μ�N ,−,0) > θ∗)

� P(
∑

v∈Ai

(〈σ ABig
i ,+,1

v 〉
μ
A
Big
i ,+,1

− 〈σ ABig
i ,−,0

v 〉
μ
A
Big
i ,−,0

) > θ∗)

= P(m�N/8,+,t∗ − m�N/8,−,t∗ > θ∗) � 1/2r,

where the equality holds due to (50) and ′ = t∗ (note that h(t)
v = hv +

′ for v ∈ �N \ �N/8 and for all 0 � t � 1), and in addition the last
inequality holds due to (41). Thus, a simple union bound gives that the event
{∑v∈AN/2

(〈σ�N ,+,1
v 〉μ�N ,+,1 − 〈σ�N ,−,0

v 〉μ�N ,−,0) � rθ∗} contains an event
EAN/2 which is measurable with respect to {hv : v /∈ �N/8} such that

P(EAN/2) � 1/2. (51)

Furthermore, let T = {1 � t � 1 : m�N/8,+,t − m�N/8,−,t � θ∗}. By
(41) we have E|T | � 1/2r where |T | is the Lebesgue measure of T . Since
|T | � 1, we have P(|T | � 1/4r) � 1/4r . Therefore,

P(

∫ 1

0
(m�N/8,+,t − m�N/8,−,t )dt � θ∗/4r) � 1/4r. (52)

Combined with (51), this yields that

P(E�) � 1/8r (53)
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where E� is the event such that
∫ 1

0
(m�N/8,+,t − m�N/8,−,t )dt

� θ∗

4r
� (4r2)−1

∑

v∈AN/2

(〈σ�N ,+,1
v 〉μ�N ,+,1 − 〈σ�N ,−,0

v 〉μ�N ,−,0).

Suppose (42) does not hold. Then by (49) and the preceding display, the
events E� and E� aremutually exclusive. But by (40) and (53), we haveP(E�)+
P(E�) > 1, arriving at a contradiction. ��
Proof of Proposition 3.1 The Proof of Proposition 3.1 at this point is highly
similar to that of Proposition 2.2. As a result, we only provide a sketch empha-
sizing the additional subtleties.

Let π be an arbitrary monotone coupling of μ�N ,± and let C�N = C�N ,π

be defined as in (25).
For any rectangle A ⊂ R

2 (whose sides are not necessarily parallel to the
axes), recall that �A is the length of the longer side and ALarge is the square
box concentric with A and of side length 32�A. In addition, the aspect ratio
of A is the ratio between the lengths of the longer and shorter sides. Consider
an arbitrary rectangle A with aspect ratio at least a = 100. For a (random)
set C ⊂ Z

2, we continue to use Cross(A, C) to denote the event that there
exists a path v0, . . . , vk ∈ A ∩ C connecting the two shorter sides of A. For
any monotone coupling π ALarge

of μALarge,± (below we denote CALarge = {v ∈
ALarge : σ ALarge,+ > σ ALarge,−} under π ALarge

), we can adapt the Proof of
(17) and deduce that (write N ′ = min{2n : 2n+2 � �A}, and recall E+ as in
Lemma 3.3)

P⊗ μ�N ′ ,+(E+N ′)

� 1− 4(1− P⊗ π ALarge
(Cross(A,Vσ ALarge,+,+)))

� 1− 4(1− P⊗ π ALarge
(Cross(A, CALarge

))),

where the second inequality follows from the fact that Cross(A, CALarge
) ⊂

Cross(A,Vσ ALarge,+,+). In addition, by a similar derivation of (45),

P⊗ π ALarge
(Cross(A, CALarge

))

� P⊗ π ALarge
(#(CALarge ∩ A) � �A/2)

� 1

2
(1+ P(

∑

v∈�N ′/8

(〈σ�N ′ ,+
v 〉

μ
�N ′ ,+ − 〈σ�N ′ ,−

v 〉
μ

�N ′ ,−) > 10−3N ′)).
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Therefore, by Lemma 3.3,

P⊗ π ALarge
(Cross(A, CALarge

)) � 1− δ where δ = δ(ε, β) > 0. (54)

It is crucial that (54) holds uniformly for all possible monotone couplings
π ALarge

.Note that the probability forCross(A, C�N ,π ) could potentially depend
on the location of A, either due to different influences from the boundary
at different locations or different coupling mechanisms chosen at different
location. However, thanks to (54), all these probabilities have a uniform
upper bound which is strictly less than 1. In addition, by monotonicity of
the Ising model, for a collection of rectangles that are well-separated, the cor-
responding crossing events can be dominated by independent events which
have probabilities strictly less than 1. Next, we complete the Proof of Propo-
sition 3.1 by utilizing this intuition. For any k � 1 and any rectangles
A1, . . . , Ak ⊆ {v ∈ R

2 : |v|∞ � N/2} with aspect ratios at least a such
that (a) �0 � �Ai � N/32 for all 1 � i � k and (b) ALarge

1 , . . . , ALarge
k are

disjoint, we see that under any coupling π of μ�N ,±, there exist sets CALarge
i

such that

• CALarge
i is sampled according to some monotone coupling of μALarge

i ,±.
• C�N ,π ∩ Ai ⊂ CALarge

i ∩ Ai (by monotonicity of Ising model with respect
to boundary conditions).

• μALarge
i ,±’s are mutually independent (as they only depend on {hv : v ∈

ALarge
i } respectively).

Therefore, by (54),

P⊗ π(∩ki=1Cross(Ai , CALarge
i )) � (1− δ)k .

This proves an analogue of Lemma 2.4, which verifies the hypothesis required
in order to apply [1]. The remaining proof is merely an adaption of Proposi-
tion 2.2 and thus we omit further details. ��

3.2 Admissible coupling and adaptive admissible coupling

In Sects. 3.2 and 3.3, we wish to prove an analogue of Lemma 2.11. In the
case for T > 0, it seems quite a bit more challenging as the choice of the
coupling for various Ising measures plays a role, which seems to be subtle in
light of Remark 3.8 below. To address the issue, we consider a general class
of couplings for various Ising measures (i.e., adaptive admissible couplings)
in this section. In Sect. 3.3.1, we describe a particular construction of adaptive
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admissible coupling, which is suited for the multi-scale analysis (the multi-
scale analysis is a more complicated version of the Proof for Lemma 2.11)
presented in Sect. 3.3.3.

For k � 1, we consider deterministic boundary conditions and external
fields (τ (i), {h(i)

v : v ∈ �}) where τ (i) ∈ {−1, 1}∂� for 1 � i � k (these will
be fixed throughout this section). We define the partial order ≺ by

i ≺ j if τ (i) � τ ( j) and h(i) � h( j). (55)

We say that (σ (1), . . . , σ (k)) (for σ (1), . . . , σ (k) ∈ {−1, 1}�) is an admissible
configuration if σ (i) � σ ( j) for all i ≺ j . Denote by �k the collection of
all admissible configurations. For A ⊂ �, write (σ (1), . . . , σ (k))A for the
restriction of (σ (1), . . . , σ (k)) on A.

Definition 3.7 For each 1 � i � k, let μ(i) be the Ising measure on � with
boundary condition τ (i) and external field h(i). We say that a measure π is an
admissible coupling ofμ(1), . . . , μ(k) if π is supported on�k and its marginal
distributions agree with μ(i)’s.

Remark 3.8 Ideally, it would be great if there would exist an admissible
coupling π which satisfies the Markov field property. Or, it would also be
great if there would exist an admissible coupling π which satisfies a weak
version of Markov field property, such that for any � ⊂ � the measure
π(σ

(i)
S�
∈ · | (σ (1), . . . , σ (k))�) is the Ising measure on S� with boundary

condition σ
(i)
∂S�

and external field {h(i)
v : v ∈ S�}. However, such coupling

does not exist as we can see from the following simple example. Let us con-
sider Ising measures on a line segment with no external field and plus/minus
boundary conditions on one end (denoted as u). Suppose that there exists an
admissible coupling π (in this case a monotone coupling) with weak Markov
field property. Then conditioned on the event that the two spins disagree at the
other end of the line (denoted as v), we claim that the spins from the two Ising
measures have to disagree on every vertex on the line, thereby violating the
weakMarkov property. In order to verify the claim, we suppose the claim fails
and letw be the first vertex (from u) where the two spins agree with each other.
Conditioned on spins from u to w, the two marginals at v are the same (by the
weak Markov property) and thus have to agree in a monotone coupling.

In light ofRemark 3.8,wewill seek for admissible couplingswith a desirable
property even weaker than the weak Markov field property. To this end, we
will explore the spins using certain “adaptive” algorithm and then we will
argue that the marginal measures on the unexplored region remain to be Ising
measures. This motivates us to consider the adaptive admissible coupling
(see Definition 3.9 below). Let �k = {(σ (1), . . . , σ (k)) ∈ {−1, 1}k : σ (i) �
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σ ( j) for all i ≺ j}. For θ1, . . . , θk which are measures on {−1, 1}, we say
that θ1, . . . , θk are admissible if θi (1) � θ j (1) for all i ≺ j . In this case, let
θ be the monotone coupling of θ1, . . . , θk . That is, θ is the joint measure of
(σ1, . . . , σk), which is defined in terms of a uniform variableU on [0, 1] such
that

σi = −1 if and only if U � 1− θi (1).

Clearly, θ is supported on �k and its marginals are θ1, . . . , θk . In addition, θ
is consistent, i.e.,

The projection of θ onto the first (k − 1)

spins is the monotone coupling for θ1, . . . , θk−1. (56)

In order to define adaptive admissible couplings, we make use of explo-
ration procedures. An exploration procedure can be encoded by a family
of deterministic maps { fV : V ⊂ �, V �= �} where fV is a mapping
that maps an admissible configuration on V to a vertex in � \ V . That is
to say, if we have explored a set V ⊂ � and the spin configuration on
V is given by (σ (1), . . . , σ (k))V , then the next vertex we will explore is
fV ((σ (1), . . . , σ (k))V ).

Definition 3.9 For each exploration procedure { fV }, we associate an admis-
sible coupling in the following manner. Let V0 = ∅. For t � 1, let
vt = fVt−1((σ

(1), . . . , σ (k))Vt−1). Let Vt = Vt−1 ∪ {vt }. Quenched on the

realization of {Vt−1, (σ (1), . . . , σ (k))Vt−1}, for 1 � i � k let θ
(t)
i (±1) =

μ(i)(σ
(i)
vt = ±1 | σ (i)

Vt−1). Let θ(t) be the monotone coupling of θ
(t)
1 , . . . , θ

(t)
k ,

and we sample (σ (1), . . . , σ (k))vt according to θ(t). We repeat this procedure
until t = #�. We let π be the measure on (σ (1), . . . , σ (k)) at the end of
the procedure. In addition, we say that a random set V is a stopping set if
{V = Vt = Vt } (for any deterministic Vt ⊂ �) is measurable with respect to
{(σ (1), . . . , σ (k))Vt )}.
Remark 3.10 In the study of spin models, it is common to use an exploration
procedure to discover certain observables (such as interfaces) associated with
spin configurations. Often times, an instance of spin configurations is sampled
a priori (which is usually sampled according to a Gibbs measure) and then
the exploration procedure is performed on this instance. That being said, it
is not uncommon to construct a measure as the exploration process evolves.
Definition 3.9 is one example of such constructions, where the spin configu-
ration is sampled as the exploration procedure evolves and more importantly
the measure on spin configurations depends on the exploration procedure.
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Lemma 3.11 For each exploration procedure, the measure π given in Defini-
tion 3.9 is a well-defined admissible coupling. In addition, for any stopping set
V , given the realization of V and (σ (1), . . . , σ (k))V , the conditional measure
of π restricted on Vc has marginals corresponding to Ising measures on Vc

with boundary condition σ
(i)
∂Vc and external field {h(i)

v : v ∈ Vc}.
Proof The measure π is well-defined since we can inductively verify that
for t = 0, 1, 2, . . ., the sequence θ

(t)
1 , . . . , θ

(t)
k is admissible and thus

(σ (1), . . . , σ (k))Vt+1 is admissible. To prove the second part of the statement,
it suffices to show that for each 1 � i � k and 1 � t � #�,

π(σ
(i)
�\Vt−1 ∈ · | (σ (1), . . . , σ (k))Vt−1,Vt−1 = Vt−1)

= μ(i)(σ
(i)
�\Vt−1 ∈ · | σ

(i)
Vt−1). (57)

Weprove (57) by induction for t = #�, . . . , 1. It is obvious fromDefinition 3.9
that (57) holds for t = #�. Suppose (57) holds for t , we then deduce for t − 1
that

π(σ
(i)
�\(Vt−2∪{vt−1}) ∈ ·, σ (i)

vt−1 = ±1 | (σ (1), . . . , σ (k))Vt−2,Vt−2 = Vt−2)

= μ(i)(σ (i)
vt−1 = ±1 | σ (i)

Vt−2)× μ(i)(σ
(i)
�\(Vt−2∪{vt−1}) ∈ · | σ

(i)
Vt−2, σ

(i)
vt−1 = ±1).

This implies that π(σ
(i)
�\Vt−2 ∈ · | (σ (1), . . . , σ (k))Vt−2,Vt−2 = Vt−2) =

μ(i)(σ
(i)
�\Vt−2 ∈ · | σ

(i)
Vt−2), thereby completing the proof by induction. ��

In what follows, we refer to π as in Definition 3.9 as an adaptive admissible
coupling. In addition, we will always define adaptive admissible couplings by
presenting an exploration procedure and then consider the associated admissi-
ble coupling given in Definition 3.9. For convenience of exposition, we usually
describe an exploration procedure in words rather than specifying the maps
{ fV }.

3.3 A multi-scale analysis via another perturbation argument

Let α > 1 be as in Proposition 3.1. Let
√
1/α < α′ < 1. Let N0 = N0(ε, β)

be a large number to be chosen. For each N � N0 (of the form 4n), set
 = (N ) = N−α(α′)2 . In the rest of the paper, we consider the following
perturbation:

h̃(N )
v =

{
hv + for v ∈ �N \�N/4,

hv for v ∈ �N/4.
(58)
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We denote by μ̃�N ,± the Ising measures on �N with respect to plus/minus
boundary conditions and external field {h̃(N )

v : v ∈ �N }, and denote by σ̃�N ,±
the spins sampled according to μ̃�N ,±. In this whole section except in (69)
and (70), we will quench on the realization of {hv} and thus the external field
is viewed as deterministic.

3.3.1 A construction of an adaptive admissible coupling

We will define the following adaptive admissible coupling π�N for μ�N ,±
and μ̃�N ,±. According to Definition 3.9, in order to specify π�N , we only
need to specify the exploration procedure (i.e., the order of vertices in which
we sample the spins), as described as follows. Throughout the procedure, we
let C�N∗ be the collection of vertices v which have been sampled such that
σ

�N ,+
v > σ

�N ,−
v and σ̃

�N ,+
v > σ̃

�N ,−
v . We first sample spins at vertices on

∂�k for k = N − 1, N − 2, . . . , N
2 . For vertices on ∂�k , for concreteness

we sample in clockwise order starting from the right top corner. Next, let
K = �Nα′α� and � = �14N 1−α′ �. A comment on the order of the scales
chosen: the exploration procedure below contains � phases, and in every phase
we consider an annulus where the inner and outer boundaries have Euclidean
distance Nα′ and thus by Proposition 3.1 typically have intrinsic distance
� K � N . This is why we can hope to gain a contraction when comparing
the number of disagreements on an annulus to that on its neighboring (larger)
annulus (see (71) below).

We now turn to the description of the exploration procedure. For each 1 �
j � � our construction employs the following procedure which we refer to as
Phase j (see Fig. 4 for an illustration). Let N ′ = N

2 − ( j − 1)Nα′ .

• We set A j,0 = ∂�N ′ ∩C�N∗ , Vj,0 = �N \�N ′ , and for k = 0, 1, . . . , K , we
inductively employ the following procedure (which we refer to as stage).
At the beginning of Stage k+1, we first set A j,k+1 = ∅ and Vj,k+1 = Vj,k .
– If A j,k = ∅ (whichwedenote as eventE j,k,∅),we sample the unexplored
vertices in �N in a prefixed order (which can be arbitrary) and stop our
procedure. Otherwise, we explore all the neighbors of A j,k (in a certain
prefixed order, which can be arbitrary) which are in �N ′ \ Vj,k (that is,
vertices which have not been explored) and sample the spins at these
vertices. We also put these vertices into Vj,k+1.

– If a newly sampled vertex is in ∂�N ′−Nα′ (we denote this as event
E j,k,d , where the subscript d suggests an event related to the intrinsic
distance), we sample the unexplored vertices in �N in a prefixed order
(which can be arbitrary) and stop our procedure. Otherwise, if a newly
sampled vertex ends up in C�N∗ then we add it to A j,k+1. (For k � 1, it is
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Λ ′

Λ ′ −
′

Fig. 4 Illustration for Phase j of the construction in Sect. 3.3.1. The inside square is�N ′−Nα′ ,
whose size has been reduced in the picture for better demonstration. On lattice points, empty

indicates an unexplored vertex, an open circle indicates a vertex in C�N∗ , and a solid disk

indicates a vertex not in C�N∗ . The top-left illustrates the beginning of Phase j , where vertices
on ∂�N ′ have been explored (vertices outside have been explored too but we did not draw); the
top-right illustrates the middle of Phase j (here k = 5); the bottom-left picture illustrates event
E j,k,∅ (here k = 8); the bottom right event illustrates E j,k,d (here k = 12)

clear that A j,k records all the vertices in �N ′ that are of dC�N∗
-distance

k to ∂�N ′ and Vj,k records all the explored vertices up to Stage k.)
• Sample the unexplored vertices in�N ′ \�N ′−Nα′ in a prefixed order (which
can be arbitrary).

Finally, if the procedure is not yet stopped after � phases, we sample the
unexplored vertices in �N in a prefixed order (which can be arbitrary).

Remark 3.12 (1) Later in the analysis, when we refer to sets such as A j,k , Vj,k
we mean to use their values at the end of our procedure. (2) Note that in the
preceding procedure, unless some event of the form E j,k,∅ or E j,k,d occurred,
the exploration in all the � phases is within �N \�N/4.
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3.3.2 Another perturbation argument

We use H̃�N ,±, F̃�N ,±, σ̃�N ,± to denote tilde versions of H�N ,±, F�N ,±,
σ�N ,±, i.e., defined analogously but with respect to the field {h̃(N )

v } defined
as in (58). Without further notice, we will always consider measures where
we couple all these Ising spins together. Thus, in particular, C�N and C̃�N

are defined in the same probability space and we can then define C�N∗ =
C̃�N ∩ C�N .

We need some preparation before presenting our perturbative analysis.
Suppose that V is a stopping set (see Definition 3.9) obtained when con-
structing π�N described in Sect. 3.3.1. Let π ′Vc be the restriction of π�N

to Vc. (We use prime in the notation π ′Vc as we wish to save πVc for later
use.) By Lemma 3.11 and our definition of π�N , we see that π

′
Vc depends on

(σ�N ,±)V , (σ̃�N ,±)V only through (σ�N ,±)∂Vc , (σ̃�N ,±)∂Vc . Thus, we may
denote by (σVc,(σ�N ,±)∂Vc , σ̃Vc,(σ̃�N ,±)∂Vc ) the spin configurations sampled
according to π ′Vc with corresponding boundary conditions on ∂Vc. Thus,

((σ
�N ,±
V , σVc,(σ�N ,±)∂Vc ), (σ̃

�N ,±
V , σ̃Vc,(σ̃�N ,±)∂Vc )) has law π�N . (59)

In what follows, we will mainly consider the measure π ′Vc . For clarity of expo-
sition, we quench on the realization of V = V . Let S = V c and � = ∂S (thus
we have S ⊂ S�). Further, we quench on the values of (σ�N ,±)�, (σ̃�N ,±)�
by

(σ�N ,±)� = τ±, (σ̃�N ,±)� = τ̃±, where τ±, τ̃± ∈ {−1, 1}�. (60)

For v ∈ � (in fact, any v ∈ �N ), by admissibility there are only six possible
values for (τ+v , τ−v , τ̃+v , τ̃−v ) as shown in Table 1. For each such possible spin
value, we will define a “hat” version (τ̂+v , τ̂−v , ˆ̃τ+v , ˆ̃τ−v ), where the definition
is given in Table 2. Note that the hat version is a modification of the original
spin value, and we emphasize the change in Table 2 by circling out the modi-
fications. We will explain why we introduced the hat version of the spin on �

after a number of definitions. From Tables 1 and 2, we see that

τ̂+ � τ̂− � τ−, τ̃+ � ˆ̃τ+ � ˆ̃τ−, ˆ̃τ+ = τ̂+ � τ+, ˆ̃τ− = τ̂− = τ̃−.(61)

From a notation point of view, despite the fact that τ̂± = ˆ̃τ±, we still differ-
entiate these two notations because our mental picture is that the boundary
conditions τ̂± are matched to external field {hv} and the boundary conditionsˆ̃τ± are matched to external field {h̃(N )

v }.
Recall that π ′S is the admissible coupling for Ising measures with boundary

conditions and external fields ((τ±)�, {hv}), ((τ̃±)�, {h̃(N )
v }), where the order
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Table 1 Original spins on �

type τ+v τ−v τ̃+v τ̃−v
a. −1 −1 −1 −1
b. −1 −1 +1 −1
c. −1 −1 +1 +1

d. +1 +1 +1 +1

e. +1 −1 +1 +1

f. +1 −1 +1 −1

Table 2 The hat version of the spins on �

type τ̂+v τ̂−v ˆ̃τ+v ˆ̃τ−v
a. −1 −1 −1 −1
•b. −1 −1 -1© −1
•c. +1© +1© +1 +1

d. +1 +1 +1 +1

•e. +1 +1© +1 +1

f. +1 −1 +1 −1

of sampling vertex is given by that of π�N conditioned on spin configurations
on the stopping set V = V . In addition, we can extend π ′S to an adaptive
admissible coupling πS for Ising measures with boundary conditions and
external fields ((τ±)�, {hv}), ((τ̃±)�, {h̃(N )

v }), ((τ̂±)�, {hv}), (( ˆ̃τ±)�, {h̃(N )
v }),

where the order of sampling vertices is determined by the coupling π ′S . Let
(σ S,τ±, σ̃ S,τ̃±, σ S,τ̂±, σ̃ S, ˆ̃τ±) be the spin configuration sampled according to
πS (note that we use the tilde symbol on σ to emphasize the dependence on
the external field {h̃(N )

v }; similarly for H and F below). By (56), we see that
the projection of πS onto (σ S,τ±, σ̃ S,τ̃±) has measure π ′S . As a result, we

will simply use πS in what follows. We also let HS,τ±, H̃ S,τ̃±, HS,τ̂±, H̃ S, ˆ̃τ±

denote Hamiltonians for corresponding Ising spins. Similarly, we denote by

FS,τ± , F̃ S,τ̃± , FS,τ̂± , F̃ S, ˆ̃τ± the log-partition-functions of corresponding Ising
measures. Define

CS,τ± = {v ∈ S : σ S,τ+
v = 1, σ S,τ−

v = −1}

and similarly define C̃S,τ̃±, CS,τ̂±, C̃S, ˆ̃τ± . Define CS,τ±,τ̃±∗ = CS,τ± ∩ C̃S,τ̃±

and CS,τ̂±, ˆ̃τ±∗ = CS,τ̂± ∩ C̃S, ˆ̃τ± .

123



Exponential decay of correlations in the two-dimensional... 1037

Now we have necessary notations to explain the reason for introducing the
hat version of the spins on �. We wish to bound #(C�N∗ ∩ S∩ (�N \�N/4)) in

terms of #(C�N∗ ∩�). One way to achieve this is to track the increment for the
difference between the log-partition-functions with plus and minus boundary
conditionswhen the external field is perturbed.We see that on the one hand, the
increment for the difference between log-partition-functions can be bounded
from below in terms of #(C�N∗ ∩ S ∩ (�N \ �N/4)) (see Lemma 3.15); and
on the other hand such increment can be bounded from above by the number
of disagreements for spins on � with respect to the plus and minus boundary
conditions. However, when approaching the upper bound, the spin values of
Type b, c, e as in Table 1 will also contribute to the upper bound despite the
fact that they do not belong to C�N∗ ∩ �. To address this, we introduce the hat
version of the spins, which are in agreement except on C�N∗ ∩ �. A crucial
feature as we will show in Lemma 3.13, is that under the admissible coupling

πS we have CS,τ±,τ̃±∗ ⊂ CS,τ̂±, ˆ̃τ±∗ . Therefore, the intended lower bound on the
increment for the difference between log-partition-functions is still valid for
the hat version. Another crucial feature of the hat version of the spin is that

{v ∈ � : τ+v = τ̃+v = 1, τ−v = τ̃−v = −1}
= {v ∈ � : τ̂+v = ˆ̃τ+v = 1, τ̂−v = ˆ̃τ−v = −1}
= {v ∈ � : τ̂+v = 1, τ̂−v = −1} = {v ∈ � : ˆ̃τ+v = 1, ˆ̃τ−v = −1}.

(62)

Lemma 3.13 Under the admissible coupling πS, we have CS,τ±,τ̃±∗ ⊂
CS,τ̂±, ˆ̃τ±∗ .

Proof For u ∈ CS,τ±,τ̃±∗ , we have σ
S,τ+
u =σ̃

S,τ̃+
u = 1 and σ

S,τ−
u =σ̃

S,τ̃−
u =− 1.

By (61) and the admissible coupling,we see thatσ S,τ̂+
u � σ

S,τ+
u = 1; similarly,

σ
S,τ̂−
u � σ̃

S,τ̃−
u = −1. So u ∈ CS,τ̂± . In addition, by (61) and the admissible

coupling, we see that σ̃
S, ˆ̃τ+
u � σ

S,τ+
u = 1; similarly, σ̃ S, ˆ̃τ−

u = σ̃u
S,τ̃− = −1.

So u ∈ C̃S, ˆ̃τ± . Thus, u ∈ CS,τ̂±, ˆ̃τ±∗ as required. ��

Corollary 3.14 Under the admissible coupling πS, we have o /∈ CS,τ±,τ̃±∗
provided that C�N∗ ∩ � = ∅.

Proof If C�N∗ ∩� = ∅, we have τ̂+ = τ̂− = ˆ̃τ+ = ˆ̃τ−, in which case we have
CS,τ̂±, ˆ̃τ±∗ = ∅ and in particular o /∈ CS,τ̂±, ˆ̃τ±∗ . Combined with Lemma 3.13,
this completes the proof of the corollary. ��
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Lemma 3.15 We have that

2〈#(CS,τ̂±, ˆ̃τ±∗ ∩ (�N \�N/4))〉πS

� (F̃ S, ˆ̃τ+ − F̃ S, ˆ̃τ−)− (FS,τ̂+ − FS,τ̂−) (63)

� 16#{v ∈ � : τ̂+v = ˆ̃τ+v = 1, τ̂−v = ˆ̃τ−v = −1}. (64)

Proof The proof of the lemma shares some similarity to that of Lemma 3.5.
However, we give a self-contained proof here in order for clarity of exposition.

We first prove (64). A straightforward computation gives that

F̃ S, ˆ̃τ+ − F̃ S, ˆ̃τ− = 1

β
log

∑
σ e−β H̃ S, ˆ̃τ+ (σ )

∑
σ e−β H̃ S, ˆ̃τ− (σ )

� 1

β
log e8β·#{v∈�: ˆ̃τ+v �= ˆ̃τ−v } � 8 · #{v ∈ � : ˆ̃τ+v �= ˆ̃τ−v }.

Similarly, FS,τ̂+ − FS,τ̂− � −8 · #{v ∈ � : τ̂+v �= τ̂−v }. Combined with (62),
this proves (64).

Now we turn to prove (63). We write

(F̃ S, ˆ̃τ+ − F̃ S, ˆ̃τ−)− (FS,τ̂+ − FS,τ̂−)

= (F̃ S, ˆ̃τ+ − FS,τ̂+)− (F̃ S, ˆ̃τ− − FS,τ̂−). (65)

For 0 � t � 1, define

h̃(t)
v =

{
hv + t for v ∈ �N \�N/4,

hv for v ∈ �N/4.
(66)

Let FS,τ̂+,t be the log-partition-function on S with boundary condition τ̂+
(note that ˆ̃τ+ = τ̂+ by (61)) and external field {h̃(t)

v }. In particular, FS,τ̂+,0 =
FS,τ̂+ and FS,τ̂+,1 = F̃ S, ˆ̃τ+ . Similar notations apply for FS,τ̂−,t . Thus, we
get that

F̃ S, ˆ̃τ± − FS,τ̂± =
∫ 1

0

dFS,τ̂±,t

dt
dt. (67)

Denote by σ S,τ̂±,t spins sampled according to Ising measures with boundary
conditions τ̂± and external field {h̃(t)}. In addition, for any fixed t , we let πS,t
be the admissible coupling extended from πS by also incorporating the spins
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σ S,τ̂±,t (again, the order of sampling vertex is given by that of πS). Therefore,
we see

dFS,τ̂±,t

dt
= 

∑

v∈S∩(�N \�N/4)

〈σ S,τ̂±,t
v 〉πS,t .

Combined with (67) and (65), it yields that

(FS, ˆ̃τ+ − FS, ˆ̃τ−)− (FS,τ̂+ − FS,τ̂−)

= 2
∫ 1

0
〈#{v ∈ S ∩ (�N \�N/4) : σ S,τ̂+,t

v �= σ S,τ̂−,t
v }〉πS,t dt. (68)

For any v ∈ S and t ∈ (0, 1), by admissible coupling we have σ S,τ̂+
v �

σ S,τ̂+,t
v � σ̃ S, ˆ̃τ+

v and σ S,τ̂−
v � σ S,τ̂−,t

v � σ̃ S, ˆ̃τ−
v . Therefore,

{v ∈ S ∩ (�N \�N/4) : σ S,τ̂+,t
v �= σ S,τ̂−,t

v } ⊃ CS,τ̂±, ˆ̃τ±∗ ∩ (�N \�N/4).

Combined with (68), this completes the Proof of (63). ��
Corollary 3.16 Conditioned on the realization of the stopping set V = V , let
S = V c and � = ∂S. Then we have

〈#(C�N∗ ∩ S ∩ (�N \�N/4)) | (σ�N ,±, σ̃�N ,±)V 〉π�N
� 8#{� ∩ C�N∗ }.

Proof Quench on the realization of (σ�N ,±, σ̃�N ,±)� as in (60). By Lem-
mas 3.13 and 3.15,

〈#(CS,τ±,τ̃±∗ ∩ (�N \�N/4))〉πS

� 8#{v ∈ � : τ̂+v = ˆ̃τ+v = 1, τ̂−v = ˆ̃τ−v = −1}
= 8#{v ∈ � : τ+v = τ̃+v = 1, τ−v = τ̃−v = −1},

where the equality follows from (62). Combined with (59), this completes the
proof of the corollary. ��

3.3.3 Analysis of the adaptive admissible coupling

We now analyze the adaptive admissible coupling π�N . Recall that � =
�14N 1−α′ � and K = �Nαα′ �, and define DN to be the event (measurable with
respect to the Gaussian field) by
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DN = {π�N ( min
1� j��

dC�N (∂�N/2− j Nα′ , ∂�N/2−( j−1)Nα′ ) � K ) � N−20}.
(69)

By Proposition 3.1 and a simple Markov’s inequality, we see that for C =
C(ε, β) > 0

P(DN ) � CN−20. (70)

In what follows, we quench on the Gaussian field at whichDN does not occur.

Lemma 3.17 We have that π�N (o ∈ C�N∗ ) � CN−10 on Dc
N , for C =

C(ε, β) > 0.

Proof For 1 � j � �, 1 � k � K , let E j,k,∅, E j,k,d , Vj,k, A j,k be defined as

in Sect. 3.3.1. For each 1 � j � �, let E j,∅ = ∪ j
i=1 ∪Kk=1 Ei,k,∅ and define

m∗j = 〈#(C�N∗ ∩ (�N/2−( j−1)Nα′ \�N/2− j Nα′ ))1Ec
j−1,∅〉π�N

.

ByCorollary 3.14, it suffices to prove thatm∗� � 2N−10. To this end, it suffices
to prove that for N � N0 = N0(ε, β) (where N0 is to be selected)

m∗j+1 � 10−3m∗j + N−10 for all 1 � j � �− 1. (71)

Let E j,d = ∪ j
i=1 ∪Kk=1 Ei,k,d . Since π�N (E j,d) � CN−20 on Dc

N , it suffices to
show that

〈#(C�N∗ ∩ (�N/2− j Nα′ \�N/2−( j+1)Nα′ ))1Ec
j,∅1Ec

j,d
〉π�N

� 10−3m∗j . (72)

Fix 1 � j � �. For 1 � k � K , write E j,�k,∅ = E j−1,∅ ∪ ∪ki=1E j,i,∅ and
E j,�k,d = E j−1,d ∪ ∪ki=1E j,i,d . Thus, we can deduce that

〈#(C�N∗ ∩ (�N/2− j Nα′ \�N/2−( j+1)Nα′ ))1Ec
j,�k,∅1Ec

j,�k,d

| (σ�N ,±, σ̃�N ,±)Vj,k 〉π�N

= 1Ec
j,�k,∅1Ec

j,�k,d
〈#(C�N∗ ∩ (�N/2− j Nα′ \�N/2−( j+1)Nα′ ))

| (σ�N ,±, σ̃�N ,±)Vj,k 〉π�N

� 8#A j,k · 1Ec
j,�k,∅1Ec

j,�k,d
,

where the equality holds since E j,�k,∅ and E j,�k,d are measurable with respect
to (σ�N ,±, σ̃�N ,±)Vj,k , and the inequality is obtained by applying Corol-
lary 3.16 with V = Vj,k (note that �N/2− j Nα′ ∩ Vj,k = ∅ on the event
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Ec
j,�k,d ). Averaging over the conditioning in the preceding display and recall-

ing that E j−1,∅ ⊂ E j,�k,∅ ⊂ E j,∅ and E j,�k,d ⊂ E j,d , we deduce that

〈#(C�N∗ ∩ (�N/2− j Nα′ \�N/2−( j+1)Nα′ ))1Ec
j,∅1Ec

j,d
〉π�N

� 〈8#A j,k · 1Ec
j−1,∅1Ec

j,�k,d
〉π�N

.

Since
∑K

k=1 #A j,k · 1Ec
j,�k,d

� #(C�N∗ ∩ (�N/2−( j−1)Nα′ \ �N/2− j Nα′ )),
summing the preceding display over 1 � k � K yields (72) (recall that
K = N−α(α′)2�Nαα′ � � 105 if N � N0 for large enough N0). This com-
pletes the proof of the lemma. ��

3.4 Proof of Theorem 1.1 for T > 0

We continue to consider h̃(N ) defined as in (58), and let μ�N ,±, μ̃�N ,±, π�N

be defined as in Sect. 3.3. For δ > 0, let Qδ ⊂ [−1, 1] be the collection of
multiples of δ, and for q ∈ Qδ define E∗o,N ,q to be an event measurable with
respect to the Gaussian field by (the tilde symbol only applies on the minus
version below)

E∗o,N ,q = {〈σ�N ,+
o 〉μ�N ,+ � q + δ, 〈σ̃�N ,−

o 〉μ̃�N ,− � q − δ}. (73)

By admissibility, on the event E∗o,N ,q we have π�N (o ∈ C�N∗ ) � δ. Combined
with Lemma 3.17 and (70), it yields that

P(E∗o,N ,q) = O(N−10/δ). (74)

(Throughout, O(1) hides a constant that may depend on (ε, β).) Next, we
define

Eo,N ,q = {〈σ�N ,+
o 〉μ�N ,+ � q + δ, 〈σ�N ,−

o 〉μ�N ,− � q − δ}. (75)

By monotonicity, we thus have

Eo,N ,q ⊂ Eo,N ′,q and E∗o,N ,q ⊂ E∗o,N ′,q for all N ′ � N . (76)

Lemma 3.18 Let δ = N−3/3. There exists C = C(ε, β) > 0 such that
P(Eo,N ,q) � CN−6 for all q ∈ Qδ .

Proof While the proof of the lemma is similar to that of Lemma 2.14, we
nevertheless provide a self-contained proof for clarity of exposition.

For A ⊆ Z
2, we set hA = ∑

v∈A hv . Without loss of generality, let us
only consider N = 4n for some n � 1, and for 1 � � � n, we define
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1042 J. Ding, J. Xia

{h̃(4�)
v : v ∈ �4�} as in (58). Write A� = �4� \�4�−1 . For 0.9n � � � n, let

F� = σ(hv : v ∈ �4�) and write

hv = (#A�)
−1hA�

+ gv for v ∈ A�, (77)

where {gv : v ∈ A�} is a mean-zero Gaussian process independent of hA�
and

{gv : v ∈ A�} for 0.9n � � � n aremutually independent. LetF ′� be theσ -field
which contains every event in F� that is independent of hA�

(so in particular
F� ⊂ F ′�+1 ⊂ F�+1). Write E∗ = ∪0.9n���nE∗o,4�,q

. By monotonicity of

〈σ�N ,+
o 〉μ�N ,+ and 〈σ�N ,−

o 〉μ�N ,− with respect to the external field, there exists
an interval I� measurable with respect to F ′� such that conditioned on F ′� we
have Eo,4�,q occurs if and only if hA�

∈ I�. Let I ′� be the maximal sub-interval

of I� which shares the upper endpoint and |I ′�| � #A�

4α(α′)2�
(here |I ′�| denotes the

length of the interval I ′�). By definition in (73) and (58), we see from (77) that
conditioned on F ′� we have that Eo,4�,q ∩ (E∗

o,4�,q
)c occurs only if hA�

∈ I ′�.
Thus,

P(Eo,4�,q ∩ (E∗o,4�,q)
c | F ′�) � P(hA�

∈ I ′�), for 0.9n � � � n.

Combined with the fact that Var(hA�
) = ε2#A�, this gives that for C =

C(ε, β) > 0 (whose value may be adjusted below)

P(Eo,4�,q ∩ (E∗o,4�,q)
c | F ′�) � C

4�(α(α′)2−1) .

By (76), we have Eo,N ,q ∩ Ec∗ = ∩n�=0.9n(Eo,4�,t ∩ (E∗
o,4�,q

)c). Since (Eo,4�,t ∩
(E∗

o,4�,q
)c) is F�-measurable (and thus is F ′�+1-measurable), we deduce that

(recalling α(α′)2 > 1)

P(Eo,N ,q ∩ Ec∗) � CN−6.

By (74), we have P(E∗) � CN−6. Combined with the preceding display, this
completes the proof of the lemma. ��

Define Eo,N to be an event measurable with respect to the Gaussian field by

Eo,N = {〈σ�N ,+
o 〉μ�N ,+ − 〈σ�N ,−

o 〉μ�N ,− � N−3}. (78)

Since Eo,N ⊂ ∪q∈QδEo,N ,q with δ = N−3/3, we get from Lemma 3.18 that
P(Eo,N ) = O(N−3). Thus,
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E(〈σ�N ,+
o 〉μ�N ,+ − 〈σ�N ,−

o 〉μ�N ,−)

� 2P(Eo,N )+ E(1Ec
o,N

(〈σ�N ,+
o 〉μ�N ,+ − 〈σ�N ,−

o 〉μ�N ,−))

= O(N−3). (79)

Remark 3.19 In Lemma 3.18, we work with Eo,N ,q other than Eo,N , for the
reason that we do not have the property that Eo,N occurs if and only if hA�+1
is in a certain interval (but the property holds for Eo,N ,q ).

In order to prove Theorem 1.1, we will consider a monotone coupling of
μ�N ,± and consider C�N = {v ∈ �N : σ�N ,+

v > σ
�N ,−
v }. We wish to have

that {o ∈ C�N } occurs only if o is connected to ∂�N in C�N . However, as
we have seen in Remark 3.8, this property does not hold for all monotone
couplings of μ�N ,± (For instance if we build an adaptive admissible coupling
by first sampling the spin at o and then the rest of the spins, then it is possible
to get a configuration where the spin disagrees at o but there exists a contour
surrounding o where all spins agree on this contour). In order to address this
issue, we will construct an adaptive admissible coupling π̄�N such that this
percolation property holds. Our construction is similar to that in Sect. 3.3.1 in
a way that we explore C�N in a breadth first search order. But our construction
now is much simpler as we no longer need to consider multiple phases.

ByDefinition 3.9, in order to define π̄�N we only need to specify the order of
vertices in which we sample the spins, as described as follows. Throughout the
procedure, we let C�N be the collection of vertices v which have been sampled
and satisfy σ

�N ,+
v > σ

�N ,−
v . We set A0 = ∂�N and for k = 0, 1, 2, . . ., we

inductively employ the following procedure (which we refer to as stage).

• At stage k + 1, first set Ak+1 = ∅. If Ak = ∅, we sample the unexplored
vertices in �N in an (arbitrary) prefixed order and stop our procedure.
Otherwise, we explore all the unexplored neighbors of Ak (in a certain
arbitrary prefixed order) and sample the spins at these vertices.
• For each newly sampled vertex, if it is in C�N then we add it to Ak+1.

Lemma 3.20 Under the coupling π̄�N , o ∈ C�N only if o is connected to
∂�N in C�N .

Proof Let k∗ be the first k such that Ak = ∅. If o has been explored by the
end of Stage (k∗ − 1), we see that o is connected to ∂�N in C�N . Otherwise,
denote Vk∗ the collection of explored vertices at the end of Stage (k∗). If o was
explored in Stage k∗, then o /∈ C�N (since Ak∗ = ∅). If o was not explored by
the end of Stage k∗, we see that σ�N ,+ and σ�N ,− agree on ∂V c

k∗ , and thus
they will have to agree with each other on V c

k∗ by Lemma 3.11 (this is because

σ
�N ,+
v and σ�N ,− have the same conditional marginal for all v ∈ V c

k∗ and thus
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have to agree with each other in an admissible coupling). This in particular
implies that o /∈ C�N , completing the proof of the lemma. ��
Proof of Theorem 1.1: T > 0 Consider the adaptive admissible coupling
π̄�N . We will use the fact that P ⊗ π̄�N (v ∈ C�N ) = 1

2E(〈σ�N ,+
v 〉μ�N ,+ −

〈σ�N ,−
v 〉μ�N ,−) for all v ∈ �N . Let N0 = N0(ε, β) be chosen later. For

any box B, recall that Blarge is the box concentric with B of doubled
side length. For B ∈ B(N , N0), we say B is open if C�N ∩ B �= ∅. In
order to analyze this percolation process, we say a box B is exceptional if∑

v∈B(〈σ Blarge,+
v 〉

μBlarge,+ − 〈σ Blarge,−
v 〉

μBlarge,−) � N−1/20 (so exceptional is a

property measurable with respect to {hv : v ∈ Blarge}). By (79) and mono-
tonicity,

P(B is exceptional)

� N 1/2
0

∑

v∈B
E(〈σ Blarge,+

v 〉
μBlarge,+ − 〈σ Blarge,−

v 〉
μBlarge,−) = O(N−1/20 ).

Recall Definition 2.9. We see that the exceptional boxes on B(N , N0) form
a percolation process which satisfies the (N , N0, 4, p)-condition with p =
O(N−1/20 ). In addition, for any box B which is not exceptional, denoting by
FB the σ -field generated by spin configurations outside Blarge, we see from
monotonicity that

π̄�N (B is open | FB)

�
∑

v∈B
(〈σ Blarge,+

v 〉
μBlarge,+ − 〈σ Blarge,−

v 〉
μBlarge,−) = O(N−1/20 ).

Altogether, this implies that the collection of open boxes forms a percolation
process which also satisfies the (N , N0, 4, p)-condition with p = O(N−1/20 ).
By Lemma 3.20, in order for o ∈ C�N , it is necessary that there exists an open
lattice animal on B ∈ B(N , N0) with size at least N

10N0
. Now, choosing N0

sufficiently large (so that p is sufficiently small) and applying Lemma 2.10
yields that

P⊗ π̄�N (o ∈ C�N ) � c−1e−cN for c = c(ε, β) > 0,

completing the proof of the theorem. ��
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