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Speed of random walks, isoperimetry and
compression of finitely generated groups

By JEREMIE BRIEUSSEL and TTIANYI ZHENG

Abstract

We give a solution to the inverse problem (given a prescribed function,
find a corresponding group) for large classes of speed, entropy, isoperimetric
profile, return probability and L,-compression functions of finitely gener-
ated groups. For smaller classes, we give solutions among solvable groups
of exponential volume growth. As corollaries, we prove a recent conjec-
ture of Amir on joint evaluation of speed and entropy exponents and we
obtain a new proof of the existence of uncountably many pairwise non-
quasi-isometric solvable groups, originally due to Cornulier and Tessera.
We also obtain a formula relating the L,-compression exponent of a group
and its wreath product with the cyclic group for p in [1, 2].

1. Introduction

An important topic in group theory is the description of asymptotic behav-
iors of geometric and probabilistic quantities, such as volume growth, isoperi-
metric profile, Hilbert and Banach space compression on the geometric side, and
speed, entropy and return probability of random walks on the probabilistic side.
The study of these quantities falls into three types of questions. First given a
group, compute the associated functions. Secondly the inverse problem: given
a function, find a group with this asymptotic behavior. Thirdly understand the
relationship between these quantities and their interactions with other topics
in group theory, such as amenability, Poisson boundaries, classification up to
quasi-isometry, etc. This paper contributes to solve the second question for
finitely generated groups of exponential volume growth.

The first solution to an inverse problem for a large class of functions
concerned compression gaps for non-amenable groups. The notion of uni-
form embeddings of groups into Hilbert spaces, more generally Banach spaces,
was introduced by Gromov in [Gro93|. This notion has numerous geometric
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applications. Yu has proved that a finitely generated group uniformly embed-
dable into a Hilbert space satisfies the Novikov conjecture [Yu00|; later this
result was extended by Kasparov and Yu to uniformly convex Banach spaces
[KY06]. These results motivate further studies of embedding properties of
groups into Banach spaces. The topic of distortions of bi-Lipschitz embeddings
of finite metric spaces is originally studied in Banach space theory; it has found
important applications in computer science algorithms since the work of Linial,
London and Rabinovich [LLR95|. Similar to distortions of bi-Lipschitz embed-
dings, the X-compression gap measures quantitatively, for an infinite finitely
generated group equipped with the word metric, the least possible distortion
when one embeds it into a Banach space X; see definitions recalled before the
statement of Theorem 1.1. Arzhantseva, Drutu and Sapir proved that essen-
tially any sublinear function is the upper bound of a Hilbert compression gap of
width log!™¢(z) of some non-amenable group [ADS09]. Their construction does
not provide a solution to the other inverse problems, because non-amenability
forces volume growth to be exponential, speed and entropy growth to be linear
and return probability to decay exponentially.

In the amenable setting, a partial solution to the inverse problem is known
for volume growth, entropy or speed. Bartholdi and Erschler have proved
[BE14] that for any regular function f(n) between n® 7™ and n, there is a
group with volume growth /(™) up to multiplicative constant in front of the
argument. This statement at the level of exponents was first obtained in [Bril4].
For any function between y/n and n? for v < 1, there are a group and a finitely
supported measure with this entropy up to multiplicative constant by Amir-
Virag [AV17]; see also [Bril3| for a statement with precision n°(). Amir and
Virag also showed that for any function between ni and n7, v < 1, there are
a group and a finitely supported measure with this speed up to multiplicative
constant. These examples are all permutational wreath products, which are
extensions of groups acting on rooted trees. They generalize constructions of
Grigorchuk, who provided the first uncountable family of pairwise non-quasi-
isometric groups |Gri85|

In [NPO8], [NP11], Naor and Peres have established quantitative connec-
tions between compression of uniform embeddings of groups into Banach spaces
and speed functions of random walks. Their work has renewed interest in the
longstanding question (attributed to Vershik) on what speed functions are pos-
sible for simple random walks on groups; see [AV17]|. It also motivates our
search for a flexible construction where the metric structure is tractable.

This paper develops the construction of new families of groups, not related
to groups acting on rooted trees or their extensions, for which speed, entropy,
return probability, isoperimetric profiles, Hilbert and some Banach space com-
pression can all be computed explicitly.
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Before stating our result, let us recall some necessary definitions. Let A
be a finitely generated group equipped with a generating set 7', and let u be
a probability measure on A. Let X1, X5,... be a sequence of independent
and identically distributed random variables with distribution p. Then W,, =
X1 -+ X, is the random walk on A with step distribution p. Its law is the n-fold
convolution power p*". Its speed function (rate of escape) is the expectation

Lu(n) = E[Wala =) [gla #™"(9),
geEA

where | - |a is the word distance on the Cayley graph (A,T). Its Shannon
entropy is the quantity
Hy(n) = HWy) = — 3 5 (2) log 1" (x).
TzeA
The pair (A,p) has Liouville property if the Avez asymptotic entropy
Hu(m) 55 0, By the work of Avez [Ave76|, Derrienic [Der76|,

n

Kaimanovich-Vershik [KV83|, this is equivalent to the Liouwville property that

N

all bounded p-harmonic functions are constant.
The return probabilities of the random walk are

P [Wa, = €] = "™ (e),
where e is the neutral element in A. The ¢P-isoperimetric profile is defined as

_inp { Zewealf@y) — F@)" uly)
Apanlv)= f{ 25 en lJ@)P

The Kesten criterion for amenability [Kes59| states that A is non-amenable
if and only if the return probability of a non-degenerate symmetric random

 f € 7(G), 1§|Supp(f)|§7)}'

walk on A decays exponentially. For amenable groups, the return probability
and isoperimetric profiles provide quantitative information on the Fglner sets
in the groups. The asymptotic behavior of the return probability and the
{?-isoperimetric profile (spectral profile) essentially determine each other, as
shown by Coulhon and Grigor'yan [CG97].

The compression of an embedding ¥ of A into a Banach space X is the
function

pu(t) = inf {|¥(2) ~ W)y |o ]y = 1}

The embedding is said to be uniform if pg(t) > 0 for all ¢ > 1 and equivariant
if ¥ is a l-cocycle; see Section 6. The couple of functions (g1,¢2) is an X—
compression gap of A if any 1-Lipschitz embedding ¢ : A — X satisfies p,(t) <
g2(t) for all t > 1 and there exists a 1-Lipschitz embedding ¥ : A — X such that
pw(t) > gi1(t) for all ¢ > 1. The X—equivariant compression gap is defined in the
same manner, restricting to equivariant embeddings. Let L, = L,([0,1],m) be
the standard Lebesgue space. By [NP11, Th. 9.1], when A is amenable, for all
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p > 1, (g91,92) is an Ly-compression gap of A if and only if it is an equivariant
L,-compression gap of A.

Among these quantities, the compression gap is obviously independent of
the choice of the measure u, and up to multiplicative constants, it is invari-
ant under quasi-isometry. The fP-isoperimetric profiles and return probability
associated with symmetric probability measures of finite generating support
are also known to be stable under quasi-isometry (see Pittet and Saloff-Coste
[PSC00]), but the stability question regarding speed and entropy is open.

The groups we construct are diagonal products of lamplighter groups.
Given a family of groups {I's} all generated by the union of two finite groups
A and B, a factor of the diagonal product is the lamplighter group I's 1 Z =
(®zs) x Z endowed with generating set consisting of the shift on Z, a copy
of the lamp subgroup A at position 0 and a copy of the lamp subgroup B at
position kg € Z. The diagonal product is the subgroup of the direct product
generated by the diagonal generating set. Such a group is determined once
we input a family of marked groups {I's}, usually finite and satisfying some
conditions, and a sequence (k) of “scaling factors” (see Section 2). When the
groups {I's} are chosen among quotients of a residually finite group I' that is
generated by finite subgroups A and B, the choice of parameters heuristically
permits one to interpolate between I'? Z and the wreath product (A x B)1Z
with finite lamp group.

Constructions with expander sequences as input. The construction where
the groups {I's} are taken to an expander sequence permits to show our main
result. Denote f(x) ~¢ g(x) if %g (x) < f(x) < Cg(z) for all z > 1. We write
f(z) ~ g(x) and call f and g equivalent if there exists C' with f(z) ~¢ g(z).
Write log, (z) = log(z + 1).

THEOREM 1.1. There exists a universal constant C > 1 such that the
following holds. For any non-decreasing function f : [1,00) — [1,00) such that
f(1) =1 and x/f(x) is non-decreasing, there exists a group A of exponential
volume growth equipped with a finite generating set T and a finitely-supported
symmetric probability measure y on A such that

e the speed and entropy functions satisfy L,(n) ~c Hu(n) ~c v/nf(y/n);

e the (P-isoperimetric profile satisfies Ap A (V) ~c (Jf(}%g}”)))p for any p €

[1,2];
e the return probability satisfies — log (,u*(Q")(e)) ~c w(n), where w(n) is de-

fined implicitly by n = flw(n) (f(ss))Q ds;

° (é%, C- 2”%) is an equivariant Ly,-compression gap for A for
anyp>1,e>0.




SPEED OF RANDOM WALKS 5

When the function f is not asymptotically linear, i.e., limy_,o f(x)/x = 0, the
group A can be chosen elementary amenable with asymptotic dimension one. In
this case (A, ) has the Liouville property, and the equivariant Ly-compression
gap s also valid for p = 1.

Since the constant C'is universal, this result is new even when f is asymp-
totically linear.

The first statement asserts that any regular function between diffusive y/n
and linear n is the speed and entropy function of a random walk on a group.
This statement on possible speed functions should be compared with known
constraints on speed functions. From subadditivity, L, (n+m) < L, (n)+L,(m)
for any convolution walk on a group A. By Lee-Peres [LP13], there is a universal
constant ¢ > 0 such that for any amenable group A equipped with a finite
generating set T, for any symmetric probability measure p on G, L,(n) >
c\/p«n, where p, = minger p1(g). On the other hand, we obtain that any
function g(n) such that L\/%) and ﬁ are non-decreasing is equivalent to a speed
function. It improves on Amir-Virag [AV17]| by the range between diffusive
and ni for speed, and by the range close to linear for speed and entropy. The
constant in Theorem 1.1 is universal, whereas the constants in [AV17] diverge
when approaching linear behavior. Moreover, if only concerning speed and
entropy, we can find such a group A in the class of 4-step solvable groups.
This is the case when the groups I's are lamplighters over finite d-dimensionnal
lattices with d > 3; see Theorem 3.8 and Example 3.3.

As mentioned earlier, the third statement on return probability can be de-
rived from the £2-isoperimetric profile estimate in the second statement via the
Coulhon-Grigor'yan theory; see Section 4.2. For p € [1,2], any regular func-
tion between constant and n™? is equivalent to Ay A , o exp for some group A,
and any regular function between n and linear n is equivalent to — log p*"(e).
Again, this should be compared with known constraints for isoperimetric profile
and return probability for groups with exponential volume growth. By Coul-
hon and Saloff-Coste [CSC93], for any symmetric probability measure p on A,
—log *™(e) > cns and Apapoexp(x) >z, pe(l,2], where the constants
¢,c depend on the volume growth rate of (A,T') and p, = minger p(g).

From the result on ¢'-isoperimetric profile, we derive Corollary 4.7 that
any sufficiently regular function above exponential is equivalent to a Fglner
functions. The result extends [OO13, Cor. 1.5]. It also answers [Ers10, Ques-
tion 5| positively that there exists elementary amenable groups with arbitrarily
fast growing Fglner function, while simple random walk on it has the Liouville
property. Groups of subexponential volume growth and arbitrarily large Falner
function were first constructed by Erschler [Ers06].
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When f is not asymptotically linear, the fourth statement asserts that
any unbounded non-decreasing sublinear function h(n) is equivalent to the up-
per bound of an equivariant L,-compression gap of width log! ™€ h(n) of an
amenable group. Recall that equivariant and non-equivariant compression are
equivalent for amenable groups [NP11]. Regarding non-equivariant compres-
sion, it is an amenable analogue to the main result in [ADS09] and slightly im-
proves on it as the width depends on the upper bound. It also provides other
examples of amenable groups with poor compression, after [Ausll|, [OO13|
and [BE17|. It also follows easily that any function below \/z is the upper
bound of an equivariant L,-compression gap of a non-amenable group, simply
considering the direct product of an amenable solution with the free group on
two generators. The equivariant compression of a non-amenable group is at
most /x, and this bound is attained for free groups by [GKO04].

In order to obtain the equivariant L,-compression gap with upper bound
x/ f(x) bounded, we actually need to choose the family {I's} among quotients
of a Lafforgue lattice with strong Property (T) [Laf08]. In this case, we also
obtain an upper bound on the compression exponent of A into any uniformly
convex normed space; see Corollary 6.2.

Solvable examples with finite dihedral groups as input. The large scale ge-
ometry of solvable groups of exponential growth has attracted much attention
in the past decades. Algebraically, solvable groups, in particular polycyclic
groups, are natural “small” amenable groups to be investigated after the Gro-
mov polynomial growth theorem [Gro81|. Remarkable quasi-isometry rigidity
results have been obtained by Farb and Mosher [FM98|, [FM99] for solvable
Baumslag-Solitar groups and by Eskin, Fisher and Whyte [EFW12], [EFW13|
for lattices in the three dimensional solvable Lie group Sol and lamplighters.
In general, solvable groups do not come naturally with actions on geometric
spaces whose rich structure would facilitate an investigation of the geometry of
the group. Many fundamental problems are open; see the survey [FMO00].

When the input sequence {I's} consists of finite dihedral groups, our con-
struction of diagonal products yields 3-step solvable groups. This collection
of groups demonstrates the richness of large scale geometry in the class of
solvable groups. In particular, their geometric properties differ significantly
from polycyclic groups. On the other hand, these groups are closely related
to lamplighters, and they might serve as candidates to be considered in the
quasi-isometry classification program of solvable groups.

For random walks on these solvable groups, we have the following.

THEOREM 1.2. Lete > 0. There exists a constant C > 0. For any function
f such that S () f”(—i) are non-decreasing, there are a 3-step solvable

log'*<(n)y/n
group A and a finitely-supported symmetric probability measure such that the
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Figure 1. Exponents for sequences of parameters ks, = 22 and
ls = diam(Ty) ~ 2%% where § € (0,00). The isoperimetric
profile and compression exponent are all valid for p € [1,2].
The compression for expanders is valid for p € [1, 00).

speed function is
E [Wy[a ~c f(n)
and the entropy and return probability satisfy

1 1
6\/5 < H(W2) < Cy/nlog?n and anl% < —log *"(e) < Cn3 log3 n.

The factor log! ™ n is only technical. It follows from Proposition 3.11 that
there is no gap isolating the diffusive behavior \/n, but the analysis is simplified
by this mild hypothesis. In contrast, it is known that for simple random walk on
a polycyclic group of exponential growth, the speed is diffusive (i.e., equivalent
to v/n) and the return probability decays like e~™""®. The exponents when {Ts}
are expanders or dihedral are given in Figure 1.

Questions on the relationship between the five quantities in Figure 1 are
more easily asked at the level of exponents. The exponent of a function f is
loli g (n") when the limit exists. For a compression gap of width less than any
power, the lower exponent of the upper bound coincides with the definition of

lim

the X-compression exponent introduced in Guentner-Kaminker [GK04],
ax(G) =sup{ax(V¥): ¥ is a Lipschitz map G — X},
where the compression exponent ax (V) of the map ¥ : A — X is defined as
ax(¥) =sup{a>0: Jc>0s.t. py(t) > ct® forallt > 1}.

When X is the classical Lebesgue space L, we write aj(G) for the Lj-com-

pression exponent. The equivariant compression exponent a?(G) is defined
similarly, restricting to G-equivariant embeddings ¥. When G is amenable,
oy (G) = off (G); see [NP11, Th. 1.6].

Theorems 1.1 and 1.2 together permit to solve a recent conjecture of Amir

[Amil7].

COROLLARY 1.3 (Joint behavior of speed and entropy exponents). For
any 0 € [%, 1] and v € [%, 1] satisfying

1

0 <~y<=(0+1),

N |
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there exist a finitely generated group G and a symmetric probability measure p
of finite support on G, such that the random walk on G with step distribution
wu has entropy exponent 8 and speed exponent .

The case where both exponents belong to [%, 1] was treated by Amir
[Amil7|. Proposition 3.17 gives a more precise statement regarding functions
rather than exponents.

For the diagonal products constructed with finite dihedral groups that
appear in Theorem 1.2, we estimate their L,-compression exponents for p €
[1,00); see Theorem 8.1. Explicit evaluation of compression exponents yields
the following result. It answers [NP08, Question 7.6] positively within the class
of finitely generated 3-step solvable groups. Moreover, with certain choices of
parameters, such groups provide the first examples of amenable groups whose
L,-compression exponent, p > 2, is strictly larger than the Hilbert compression
exponent.

THEOREM 1.4. For any % < «a < 1, there exists a 3-step solvable group A
such that for any p € [1,2],

ay(A) = af(A) =a.

Moreover, there exists a 3-step solvable group Ay such that for all p € (2,00),
3p—4 N 2

_— > A)=—.
o5 B =3

Both speed and compression exponents depend explicitly on the parameter

a;(Al) Z

sequences (ks), (ls); see Figure 1 for some concrete choices of parameters. A
key metric property of the diagonal product A that we rely on, in the estimates
on speed and compression, is that placing the two types of generators ks apart
in I's ! Z essentially has the effect of rescaling the copies of I's by a factor ks.
Moreover, under suitable assumptions, the metric in the diagonal product can
be understood to behave similarly to a direct product.

In [Ausl1, §5], Austin remarked that compression upper bounds from clas-
sical Poincaré inequalities and Markov type inequalities could be viewed as re-
lated to random walks (i.e., obstructions can be detected efficiently by suitable
random walks); it would be interesting to find examples of finitely generated
amenable groups for which obstructions genuinely unrelated to inequalities con-
cerning random walks are needed. Austin conjectured that a group with a
sequence of cubes (Z,¢>°) embedded would be a candidate for such type of
obstructions. In some sense our construction of diagonal product A with finite
dihedral groups as input realizes this idea. Because of the presence of scaled
£%°-cubes of growing sizes in A, in the proof of Theorem 1.4 we apply deep
results of Mendel and Naor [MNOS8| on metric cotype to estimate distortion of
these embedded finite cubes.
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As a corollary, we obtain a new proof of the following result of Cornulier-
Tessera [CT13].

COROLLARY 1.5 (Cornulier-Tessera |CT13|). There exist uncountably
many pairwise non-quasi-isometric finitely generated 3-step solvable groups.

The original proof used asymptotic cones. Our method is completely dif-
ferent, using compression as quasi-isometry invariant. Theorem 1.4 and Corol-
lary 1.5 do not hold for 2-step solvable groups. By Baumslag [Bau72|, any
finitely generated metabelian group embeds into a finitely presented metabelian
group, so there are countably many classes of isomorphism of metabelian groups.

A formula relating the L,-compression exponent of H1Z to H. The method
we apply to estimate compression exponent of A in the dihedral case funda-
mentally differs from the case with expanders. Along the way, to better un-
derstand the compression of A, which is a diagonal product of groups I's Z,
it is instructive to first evaluate compression exponent of general wreath prod-
uct H {Z. This has been an object of intensive study; see [AGS06]|, [NP0§|,
[ANP09], [Tesll], [CSV12]. We develop a novel approach and derive the fol-
lowing general formula which, in particular, extends the result in [NP11] on
the L,-compression exponent of Z Z.

THEOREM 1.6. Let p € [1,2], and let H be a finitely generated infinite
group. Then the equivariant L,-compression exponent of H 1 Z is

a#(H) o
off (H)+(1-1)"7

a#(HZZ) = min (H)

Organization of the paper. The detailed description of diagonal products
is given in Section 2. The construction of diagonal products is reminiscent of
the piecewise automata group of Erschler [Ers06] and the groups of Kassabov-
Pak [KP13], which permit us to obtain oscillating or “close to non-amenable”
behaviors, but where more precise estimates are not known.

A technical assumption on the family {I's} and a list of examples satisfying
it appears in Section 2.1. The key estimate relating the metric of a diagonal
product to that of a direct product is established in Section 2.2 under the
assumption that the sequence (k) is strictly doubling. In Section 2.3, we
describe some metric spaces naturally embedded in the diagonal product. It
will be used in Sections 6 and 8 on compression gaps.

Section 3 is devoted to the evaluation of speed and entropy functions of
random walks on A. We first treat in Section 3.1 the case, including expanders,
where the groups {I's} have uniform linear speed up to diameter. Theorem 3.8
gives the first point of Theorem 1.1. The case of dihedral groups is studied in
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Section 3.2, proving two thirds of Theorem 1.2. Evaluation of speed and entropy
of diagonal products relies on estimations of traverse time of the simple random
walk on Z, which are recalled in Appendix A. The joint prescription of speed
and entropy of Corollary 1.3 is obtained in Section 3.3. Section 3 is not used
further in the paper, and a reader not interested in speed or entropy can omit it.

Isoperimetric profiles and return probabilities are studied in Section 4.
The second point of Theorem 1.1 is derived as Theorem 4.6. It is proved
together with Corollary 4.7 regarding Fglner functions in Section 4.1. The
third point is derived as Theorem 4.8 in Section 4.2 using Coulhon-Grigor’yan
theory. Dihedral groups are treated in 4.3 finishing the proof of Theorem 1.2.
A reader interested mainly in compression can formally omit Section 4, though
the test functions of Proposition 4.4 will be used in Section 6.

Obstructions for embeddings into Banach spaces are reviewed in Section 5.
They are based on Poincaré inequalities on finite metric spaces embedded in
the group. The classical spectral version stated in Section 5.1 will be used
in Sections 6 and 7. Markov type inequalities of Section 5.2 will be used in
Sections 7 and 8, and the Mendel-Naor metric cotype inequalities presented in
Section 5.4 will be used in Section 8.

In Section 6, we consider diagonal products where {I's} are quotients of a
Lafforgue lattice with strong Property (7'). We first establish in Section 6.1 an
upper bound on compression exponent valid in any uniformly convex Banach
space, and then in Section 6.2 we derive the proof of the fourth part of The-
orem 1.1, in the form of Theorem 6.11. This is done after three preliminary
steps: first provide an upper bound when all quotients {I's} are finite, and
secondly an upper bound when one of them is the whole group I'. Thirdly an
explicit 1-cocycle, related to isoperimetry, is constructed to get a lower bound.

Section 7 is devoted to Theorem 1.6. It requires none of previous sections
except for Poincaré and Markov type inequalities of Section 5, but it uses several
facts about stable random walks on lamplighters over a segment, gathered in
Appendix C. It also serves as a warm-up for Section 8.

The compression of diagonal products with dihedral lamp groups is studied
in Section 8. Theorem 1.4 is proved there, as well as some explicit bounds for
L,-compression p > 2, stated in Theorem 8.1. As before, we first derive some
upper bound using metric cotype of Section 5.4 and Markov type inequalities
of Section 5.2 and then describe an explicit embedding into L, ¢ > 2. Sec-
tion 8 formally uses only Sections 2 and 5, but is best understood reading also
Sections 6 and 7.

Finally we point out a few open questions in Section 9. Appendix B
explains a natural approximation of regular functions by piecewise constant
and linear functions. It is used repeatedly to prove Theorem 1.1 in Sections 3,
4 and 6.
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2. The construction and metric structure

2.1. The construction with diagonal product. The wreath product of a
group T with Z is the group T Z = I'® x Z, where I'%) is the set of functions
f :Z — T with finite support(f) = {j € Z: f(j) # er}. An element is repre-
sented by a pair (f,7). We refer to f as the lamp configuration and i as the
position of the cursor. The product rule is

(f;0)(g,5) = (F()g(- = 0),0 + 7).

The neutral element is denoted as (e,0), where support(e) is the empty set.
For j € Z and v € I', we denote by vd; the function taking value v at j and er
elsewhere.

Let A = {a1,...,a;4} and B = {b1,..., b} be two finite groups. Let
{I's} be a sequence of groups such that each I'y is marked with a generating
set of the form A(s) U B(s), where A(s) and B(s) are finite subgroups of I's
isomorphic respectively to A and B. We fix the isomorphic identification and
write A(s) = {a1(s),...,a4(s)} and similarly for B(s).

Fix a sequence (ks), of strictly increasing integers. Take the wreath
product A, = I'; 2 Z, and mark it with generating tuple 75

Ts = (T(s),al(s), . ,a|A|(s),B1(s), .. .,B|B|(s)),
where 7(s) = (e, +1) and
ai(s) = (ai(5)0,0),1 < i < |A|, Bi(s) = (bs(s)dk,,0),1 < i < |B|.

With slight abuse of notation, we use the symbol A, to denote the marked
group. Alternatively, the marked group A can be viewed as the projection

ws: G=ZxAxB — T 7,
where G is the free product of
(1) =Z,{0;,1 <i<|A])~A and (B;,1<i<|B|)~B

and the projection sends 7 to 7(s), a; to «;(s) and 3; to B;(s).

The diagonal product A of the, possibly finite, sequence of marked groups
{A;} is the quotient group G/Ngker (75), with the projection map w : G — A.
It is marked with generating tuple T = (T, Qty ey QA By B|B|)- A word
in 7 represents en if and only if the same word in 7, represents ea, for each s.
We use 75 : A — Ay to denote the projection from A to the component Ag.
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The group A is completely determined once the family of marked groups
{I's} and the sequence of distances (ks) are given. An element g of A is
completely determined by the family of projections m4(g) = (fs,%s), and one
immediately checks that the projection onto Z is independent of s. Therefore
we write ((fs),1) for a typical element of A, where fs € ' and i € Z.

ASSUMPTION 2.1. Throughout the paper, we assume the following:

e kp=0and Ty = A(0) x B(0) ~ A x B.
o We assume that

Ts/[A(s), B(s)]'* ~ A(s) x B(s) ~ A x B.

Here [A(s), B(s)]'s is the normal closure of the subgroup generated by the
commutators [a;(s),bj(s)]. We call the quotient group T's/[A(s), B(s)]'* the
relative abelianization of T's.

The first assumption is mainly for convenience of notation. It follows easily
from Lemma 2.7 below that the marked group (A x B){Z with usual generating
set (ko = 0) is a quotient of A as soon as (ks) is unbounded.

The second assumption is non-trivial and restrictive. It requires that the
relative abelianization, which is always a quotient of A x B, is in fact isomorphic
to A x B. As we will see below, we can find interesting families of groups
satisfying Assumption 2.1.

Notation 2.2. Take a family {I's} of quotients of an infinite group I', and
parametrize the group I's by its diameter I = diam(I'y) with respect to the
generating set A(s) U B(s). Taking the value I; = oo corresponds to the choice
I's = I', otherwise I < oo, I's is a finite quotient group of I'.  We say that
the sequences (ks), (Is) parametrize the diagonal product A. Formally (ks) can
take the value co. We use the convention that if ks = co, then Ag is the trivial

group Ag = {ea,}-

In this paper we will take a group I' and a family {I's} of quotients of T’
from the following list of specific examples.

Ezample 2.3. The groups {I's} can be taken to form a family of expanders.
For example, we obtain the following sequence of finite groups from the Laf-
forgue super expanders. By Lafforgue [Laf08], for any local field F, the group
SL(3, F') has Property (7') in any uniformly convex Banach space X. A for-
tiori taking F' = F,[[X!]], this is also the case for the non-uniform lattice
A = SL(3,F,[X]), generated by the union of the two following finite subgroups:

X 0
1 Y
0

1
0o .| o 0 ~ [F?
1 0 1
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010

B = 00 1 ~ 7.,/3Z.
100

There also exist positive constants c,c; such that the “congruence sub-
groups”

A = SL(3, Fp[X]/(X™ = 1))

satisfy em — ¢; < log|Ay| < em + ¢ for all m > 1.

To make sure the second part of Assumption 2.1 holds, we take I' (resp. I';,)
to be the diagonal product of A (resp. A,,;) with A x B. Since A is a quotient
group of I' of index at most |A||B]|, it follows from the hereditary properties
(see |BAIHVO08, §1.7]) that I" has Property (7') in any uniformly convex Banach
space X. Since {I';,} is a sequence of finite quotient groups of I', by [Laf08,
Prop. 5.2|, there exists a constant §(I',X) > 0 such that for any function
f:Thm =X meN,

LS @) - fw)

| m| z,y€lm

D IR N CEYCIES

€l ue A(m)UB(m)

In particular, {(T'y,, A(m)U B(m))} form a family of expanders in ¢? with
spectral gap uniformly bounded from below by 6(T, £2).

We will refer to this family {I',,} as the Lafforgue super expanders. Each
Iy, is marked with generating set A(m) U B(m). Note that by construction,

em — c1 < log|An| <log || < em + ¢1 + log(3p?).

From the inequality (1), by [HLWO06, Th. 13.8] there exists constant ca > 0
depending only on r and §(T', £2) such that the £2-distortion satisfies

calog [Ty | < ¢p2(Tyy) < diam(Ty,) < rlog |y,

and by [ADS09, Cor. 3.5 |, there exists ¢3 > 0 depending only on r and 6(I", X)
such that

cslog U] < ex(Thpy).

See Section 5 for the definition of distortion. Lafforgue super expanders are a
crucial tool to study compression in arbitrary uniformly convex Banach spaces.

In most statements of this paper, it is sufficient to use the classical Prop-
erty (T) rather than its strengthening in uniformly convex Banach spaces.
Therefore we can also take A = EL(3,F,(X,Y’)), which has Property (T) by
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Ershov-Jaikin-Zapirain [EJZ10] generated by the union of its finite subgroups

1 a O
A= 010 |J,ac{l,X,Y})~F5,
00 1
010
B = 00 1 ~ 7./3Z,
100

and with “congruence subgroups” EL (3, Mat,,xm (Fp)) =~ SL(3m,F,) the sub-
group generated by the matrices e; j(a) for a € Maty,xm,(Fp) and ¢ # j in
{1,2, 3}, which are identity plus the matrix with only non-zero entry a in po-
sition ¢, j.

Ezamples 2.4. Some choices of families {I's} permit us to obtain diagonal
products in the class of solvable groups.

(1) An obvious choice is to take I'y = D;_ as a finite dihedral group of size
2l generated by two involutions with A = Z/2Z, B = Z/2Z and I' = Dq.
Then the diagonal product A is 3-step solvable.

(2) Another possibility is to take I' = Z/27 @ DX as the lamplighter on
an ordinary k-dimensionnal lattice. We can take A = Z/27 (Z/2Z)* and
B = Z/2Z (Z/2Z)* in the obvious manner. The quotients I'y = Z/2Z 1 D¥
are lamplighter over an ordinary discrete k-dimensionnal torus. The diagonal
product A is 4-step solvable.

To check that this example satisfies Assumption 2.1, we denote 7 : D,,, —
7.)27. x 7./27 as the abelianization 7(z) = a“®p"(®), We set

wA: Z)22) D — 7270 (2.)22)* ~ A
(f> l’) = (fA)ail(m) e aZk(m))v

where

faleaf)= I @)

z: ¢ (x)=¢€;,Vi

It is clear that [A, B]'™ C Kerm4 and that we can proceed similarly for B.
Finally, one can check that w4 X mp projects onto A x B.

Remark 2.5. The requirement that I' is a quotient of a free product of finite
groups is crucial, but we can generalize our construction to more than two finite
factors, positioned on an arithmetic progression of common difference ks. This
is straightforward for metric estimate, isoperimetry and compression, but it
raises some technical questions regarding random walks, as the walk inherited
on the lamps is not simple anymore. For simplicity, and by lack of relevant
examples, we avoid this generality.
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2.2. Description of the metric. We describe the metric structure of the
Cayley graph (A, 7).

2.2.1. Local coincidence in relative abelianizations. We will be able to es-
timate the metric in our diagonal products for sequences (ks) growing expo-
nentially because different factors are largely independent. But the diagonal
product differs from the usual direct product. For instance, the lamp configu-
rations of relative abelianizations behave jointly.

Notation 2.6 (Projection maps under Assumption 2.1). Let 65 : I's —
I's/[As, Bs] ~ A(s) x B(s) denote the projection to the relative abelianization.
The projection map extends point-wise to the lamp configuration function f; :
Z — Dy,

(0 (fs)) () = b5 (fs(2))-

We call 6;(fs) the lamp configuration of the relative abelianization.

Let 02 and 8 denote the compositions of 65 with the projection to A(s)
and B(s) respectively. Then we have a decomposition of 5 (fs) into a commu-
tative product of functions

0s (fs) = 07 (f) 07 (fs).

For any element g = ((fs),%) in the diagonal product A, all the relative
abelianization lamp configurations are determined by the first one.

LEMMA 2.7. Let g = ((fs),i) be an element in the diagonal product A.
Then under Assumption 2.1, any one abelianized function 0s(fs) is determined
by 00(fo) = fo and vice-versa. More precisely, for any, s

02 (fs(x)) = 03 (fo(x)) and 02 (fs(x)) = 05 (fo(x — ks)).

Proof. We proceed by induction on the word length of g = ((fs),7). Mul-
tiplying by a generator «;, 82(fs(x)) is modified exactly at = = i, which also
accordingly modifies 63'(fo(i)). Multiplying by a generator 3;, 62(fs(z)) is
modified exactly at = = i + ks, which also accordingly modifies 65 (fo(i)). O

2.2.2. Local finiteness of the diagonal product. Denote by 7y : G = Zx A *
B — 7Z the projection on the first factor.

Definition 2.8. The range Range(w) of a representative word w of an el-
ement in G is the collection of all 7z(w’), where w’ is a prefix of w. It is a
finite subinterval of Z, the set of sites visited by the cursor. We will also denote
Range(w) as its diameter.

For an element g in A or in Ay, we denote by Range(g) the diameter of a
minimal range interval of a word in G representing it and by sg(g) the maximal
integer with k(4 < Range(g).
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Denote by A<y, = G/ No<s'<s Ker(my) the diagonal product of the s + 1
first factors and by m<s : A — A<y the natural projection.

Fact 2.9. Under Assumption 2.1, for any g € G, the evaluation w(g) in
A is determined by T<g(4)(9)-

Proof. If ks > Range(g), then fs takes values in the generating set A(s)U
B(s). By Assumption 2.1, fs is determined by 05(fs) and so by 6o(fo) = fo
using Lemma 2.7. So all m4(g) for s > sp(g) can be recovered from my(g). O

In particular, as the range is bounded above by the length, the above argu-
ment shows that the sequence of marked groups (Ag, 75) converges to (Ao, 7o)
and the sequence (A<g, T<s) to (A, T) in the Chabauty topology.

We also record the following.

FacT 2.10. Assume (ks) is unbounded.

(¢) If all the groups in the family {T's} are elementary amenable (e.g., finite),
then the diagonal product A is also elementary amenable.

(i) If all the groups in the family {T's} are locally embeddable into finite
groups (e.g., finite), then the diagonal product A is also locally embeddable
into finite groups.

(112) If all the groups in the family {T's} are finite, then the diagonal product
A has asymptotic dimension one.

Proof. We observe that when (k) is unbounded, ker 77 is locally included
in a finite direct product of copies of the groups {I's}. If G is the subgroup
generated by elements ¢gi,...,gr in Kerzyz, then by the previous fact, G is
isomorphic to m<g(G) where S = maxj<;<k s0(g;). Moreover, in each copy A
with s < S5, each element g; is described by a function f; s : Z — I's with finite
support, and the group law induced is point-wise multiplication. This proves
(i) and also (iii) as the asymptotic dimension of an extension is less than that
of quotient plus that of kernel by [BDO06|.

By Fact 2.9, the ball of radius R in the Cayley graph of A depends only
on the R-balls in Ag for s below the maximal sg with ks, < R. Each R-ball
in a group I'y coincides with the R-ball of a finite group Hy, so the R-ball in
Ay coincides with the R-ball in Hs 1 Z/(4R + 1)Z. A fortiori, the R-ball in A
coincides with the R-ball of the diagonal product of these sp 4 1 finite groups.
This proves (ii). O

2.2.3. Metric in one copy As. In order to estimate the metric in the di-
agonal product, the sequence (ks) must grow exponentially fast. Therefore we
make the
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ASSUMPTION 2.11. Throughout the paper, we assume that the sequence
(ks) is a sequence of strictly increasing even numbers such that ksy1 > 2ks for
all s.

Exponential growth of the sequence (ks) is crucial for the second part of
Lemma 2.13 below. We choose the factor 2 for simplicity. It could be replaced
by any mg > 1, which would only modify our estimates by some multiplicative
constants.

Definition 2.12. For j € Z, let I = [%, %) We call essential contri-

bution of the function f, : Z — I's the quantity

Eu(f,) = > kemax(AG@) - 1
{5+ I3 NRange(fs,i)#0} !

where (z)y = max{z,0}. In words, we partition the range into intervals of
width % Each of these intervals essentially contributes as k4 times the maximal
distance | fs(x)[p, — 1.

The essential contribution measures the contribution of the terms fs(z) of
I's-length more than 2 to the length of an element (fs,7) of A;. The range will
take care of the contribution of terms of length less than 1.

LEMMA 2.13. Let (fs,1) belong to Ag. Then

max { S, (/) Range(fu,1) | < |(for1)la, < 9 (E(fs) + Range(fs, 1))

Let A be the diagonal product of {As}. Under Assumptions 2.1 and 2.11
and if, moreover, O5(fs) = e, then there is a word w(fs,i) € G of length less
than the above upper bound such that

(fsai) ifSI:S7
(0,7) if s #s.

Proof. The lower bound by the range is obvious.
Let [z] denote the integer part of z. To get the lower bound by essential

Uy (w(fs, Z)) = {

contribution, notice that in order to write fs(x), the cursor has to traverse at
least [|fs(x)|r,/2] times between positions in = — ks and x because a minimal
representative word alternates elements of A(s) and B(s). So x contributes at
least ks [| fs(x)|r./2] to the length of a representative word w of (fs,?).

If the intervals [x — ks, z] and |2’ — ks, 2] are disjoint, the contributions
of z and 2’ must add up. Let z} achieve the maximum of |fs(z)|r, on the
interval I7. The separation condition is satisfied for a family of z7 with the
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same congruence of 7 modulo 4. Therefore

|w] > max Y ksllfs@)lr,/2]

~ 0<a<3

j=a mod 4
1 1
> 1 st mI%X [1fs(2)Ir,/2] > gEs(fs>
JEZ I

To get the upper bound, the generic strategy is the following. We partition
the convex envelope of supp(fs) U{0,i}, of length less than Range(fs,1) + ks,
into its intersections with the intervals I H for j € Z. The elements of the
partition are still denoted I JS Let Jmax (resp. Jmin) denote the maximum
(resp. minimum) index of this partition, and let w(fs(x)) be a fixed minimal
representative word for f(z). We produce a representative word for (fs,)~!
by the following strategy.

First apply a power p; < Range(fs, 1)+ ks of the shift 7 to move the cursor
from 7 to the rightmost point of the interval I; = . Then for each integer j from
Jmax t0 Jmin, produce a word w; that, taking the cursor from the rightmost
point of I7, erases all the words w(fs(z)) for € I3 and eventually leaves the
cursor at the rightmost point of I -1

The description of w; is the following. The first run takes the cursor to
j%s — ks and then back, so that all the last letters of fs(z) for € I can be
deleted. More precisely, while the cursor is in [j%, (j+ 1)%) = I, multiplying
by «y(s) at appropriate locations removes the last letter to those words w( fs(x))
ending with a;(s) and while the cursor is in [j%s — ks, (5 + 1)%5 —ks) =15,
multiplying by £;(s) at appropriate locations removes the last letter to those
words w( fs(x)) ending with b;(s). One run has length 3k and cancels one letter
in each of the words. The number of runs necessary to erase completely all the
words is maxgers |fs(#)|r,. A last run takes the cursor from the rightmost
point of I3 to the rightmost point of I7_;, except for j = Jyin. Thus |w;| <
3ks maxgers | fs()|r, + max(I7) — max(I;_;) without last term for j = Jmin.

Finally apply a power ps < Range(fs,?) + ks of the shift 7 to move the
cursor from max(/j ) to 0. Allin all,

W(fs 1) = (TP W W ™) 7

is a representative word of (fs,4) with length

Jmax
jw(fsr )] <) 3ks max | fs(2)[r, + > max([}) - max(I}_)
JEZ J J=Jmin

+ 2Range(fs, i) + 2k <3 komax | fu(z)|r, +3 Range(fs, 1) +2ks.
JEZ J
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Now the number of indices j such that I7 intersects the range of (fs,1) is
less than [2Range(fs,)/ks] + 1. Therefore

Z ks max | fs(@)[r, < Es(fs) + 2Range(fs, i) + ks.
JEL g

Generically, Fs(fs) # 0 and then ks < F4(fs), and the two previous in-
equalities give the upper bound. In the non-generic case when E(fs) = 0, then
|fs(x)|p, <1 for all z and an obvious bound is |(fs,7)[5, < 3 Range(fs, ).

To get the second part of the lemma, observe first that if Fs(fs) = 0 and
0s(fs) = e, then (fs,i) = (e, i) is just a translation, and the conclusion holds
trivially. In the generic case, we have to check that for each sub-word w; in the
above procedure, the lamp function f;‘,)j of my (wj) is trivial.

First assume s’ > s. By Assumption 2.11, the cursor moves in the in-
terval I = []%S — ks, (j + 1)%5] of length 3k, < 2ks; < ky. In this condition,
multiplying by «; contributes to f:fj () by a;(s’) at positions x € I and mul-
tiplying by ; contributes to f;fj (x) by by(s") at positions x € I + ky. These
intervals are disjoint, so f;fj takes values in the generating set of I'y. Thus
F9 @) = 0u(F9) () = B3 @)Z() (@) = er,. because 63(f4) (@) =
05'(f7)(x) = e and 05 (f57)(x) = 08 (fy”)(x + ks — ky) = e using Lemma 2.7
and our hypothesis.

Now assume s’ < s. The generators a;(s’) were applied only when the
cursor ¢ was in I7. On the other hand, the generators 3; were applied only at
points i +k; € I7, that is, when the cursor ¢ was in I5_,. Then, as ky € [0, %),
by Assumption 2.11, the element b;(s’) is applied only at locations x = i+ ky €
IJS»_Q + [0, %) C Ij_Q U I;_l. As the latter set is disjoint from I;, the function

ff:j again takes values in the generating set of I's. We conclude as above. [

2.2.4. Description of the metric in the diagonal product. Now we are ready
to estimate metric in the diagonal product A.

PROPOSITION 2.14. Suppose the sequence {I's} of marked groups satisfies
Assumption 2.1 and the sequence (ks) of integers satisfies Assumption 2.11.
For any element g = ((fs),1) in the diagonal product A, the word distance in
(A, T) satisfies

max|(fo,)la, < lgla <500 D7 [(fad)la,-
= 0<s<s0(g)

Proof. The first inequality holds because A is a marked quotient of A.

For the second inequality, let w(fo,?) be a minimal representative word of
(fo0,7). This is realized when the cursor moves across the range and at each site
switches appropriately the A and B lamps. In particular, the word w( fy,7) has
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length |(fo,1)[n, < 3 Range(fo,7). It represents an element ((hs),7) in A with
ho = fo and |hs(x)[p, < 2 for all z and s.

Then gw(fo,i)~! = ((f%),0) with f, = fshy! for all s. In particular,
1, = e, thus 65(fl) = e for all s by Lemma 2.7. Lemma 2.13 applies and
furnishes words w(f7,0) such that

gw(f(]a i)_lw(fia 0)_1 e w(féo(g)v 0)_1 = €.
This is true in A<, (4 and hence in A by Fact 2.9. This shows that
1<s<s0(g)

We claim that support(f!) C support(fs). This implies that Range(f!,0) <

S

2Range(fs,1). Moreover, Fs(f!) < 3FE(fs) because \f;(a:)lps < fs(@)p, +2
for all x and s. Therefore, using Lemma 2.13, we can conclude that

w3, 0)] < 9(ES(f7) + Range(f;, 0)) < 27(Es(fs) + Range(fs, 1))
< Sdmax(Es(fs), Range(fs, 7)) < 432(fs, )], -
The claim follows from Lemma 2.7. Indeed, if fy(x) = er,, then, in particular,
ea =07 (fu(@)) = 05 (fo(x)) = 05 (ho()) = 07 (hs(2))
and
ep =07 (fs(x)) = 05 (fo(x — ks)) = 05 (ho(x — ks)) = 67 (hs(2))

80 0s5(hs(r)) = eaxn. As |hs(x)[p, < 2, this implies that hs(z) = er,. Therefore
fi(x) = er, as well. O

2.3. Metric spaces embedded in A. In this section, we gather some elemen-
tary facts about embeddings of some metric spaces into the diagonal product A.
It will be used to obtain upper bounds on compression in Sections 6 and 8.

2.3.1. Embedding a lamp group T;.

Fact 2.15. FEach group I's embeds homothetically in the diagonal product
A with ratio ks + 1; i.e., there is group homomorphism ¥4 : I's — A satisfying

’198(7)|A = (ks +1) |’Y’FS .
Proof. Let w = a;,(s)b;, (s) -+ - a;, (s)b;, (s) belong to A(s) * B(s). Set
Is(w) = T%ail’r—ksﬂil’i'ks ces ainT_kSBinTkS.

The application ¥, : A(s) *x B(s) - G = Z * A x B induces an embedding
¥s : I's = A. Indeed by Lemma 2.7, we easily check that if w represents an
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element « in I'y, then J5(w) = ((fs),0) with

I

02(vy) forz =15
v for z = %5, 3 h )
fs(x) = o and fy(z) =67 (y) forx=7% —kyfors #s.

S
)

S

er, for other x

By construction, [Js(y)[x < (ks + 1) |y|p,. Moreover, it is clear that if w is a
minimal representative of v, then ¥4(w) is a minimal representative of 7s(Js(7y))
in the quotient A;. This proves the other inequality. O

2.3.2. Embedding products with (> -norm. We denote I, = [A(s), B(s)]"".
By Assumption 2.1, I", is the same as ker(I's — A(s) x B(s)); it is a subgroup
of 'y of finite index |A||B].

Given an integer t > 0, we consider

fs(x) el forx €]0,t)
(2) I = S ((f),0) = fo(x) =er, forad[0,1)
fs =e€ for s’ # s

This is a subset of A. Indeed, 6,(fs) = e by choice of T}, so Oy(fo) = e
by Lemma 2.7. Thus all such elements ((fs),0) actually belong to A by
Lemma 2.13. Clearly, IT% is a subgroup of A isomorphic to a direct product of

.~ J] T

te[0,t)

t copies of I';:

By abuse of notation, we denote the elements of II¢ simply by functions f; :
[0,t) — I'.. The metric induced by A on II% can be estimated via Lemma 2.13.

LEMMA 2.16. For any fs in II%,

1
ks r[%g?\fs(x)lrs < |fsla < 36tr[r5§§<|fs(w)lrs~

In particular, diama IT%, < 36t diamp, (T%) < 36tls, where l; = diam(T's). More-
over,

1 . 1
'{fs EIL: [fl5> & diama (ng)}' S
. diama (T1%)

The last statements imply that IT! satisfies the (p; o, %
tribution condition (21); see Section 5.

)-mass dis-

Proof. This follows from Lemma 2.13. To get the lower bound, notice that
as fs(x) belongs to I, we necessarily have |fs(z)|p, > 2 when fy(x) # er,. To
get the upper bound, observe that there are [2¢/ks] + 1 intervals I? intersecting



22 JEREMIE BRIEUSSEL and TIANYI ZHENG

[0,%), so the essential contribution is at most
B <k ([5] 1) max @, < @+ 1) max] £,
and the range is bounded by t.
To get the second part, observe that for more than half of functions I7 —
I, there exists z € I3 with |fs(2)[p, > diamp, (I'y)/2. This holds for each j.
Therefore there exists a subset A of IT% of size |A| > |IT}|/2 such that for each
fs € A, more than half of the [2¢/ks] + 1 intervals I7 intersecting [0,?) satisfy
maxs | fs(x)|p, = diamp, (T".)/2. This implies that for any fs € A,
1 /T2t ) ,
fsla 2 Bs(fs) 2 ({ks] + 1) ks diamp, (I')
1
72
Ezample 2.17. When I's = Do is a dihedral group of size 2l, then I', ~
Zy, 2 is a cyclic group. Edges of Z; /o have length 4 in the Dy, metric. For

t
> 5 diamp, (T'%) > — diamn (I1%). O

t= %, Lemma 2.16 gives
| fsla =72 ks max | fs(@)]g, /2
[0,%5) °
In particular, IT% is then a copy of the discrete torus Zfs//; with [*°-metric
rescaled by ks, embedded with bounded distortion in A.

We fix a generating set for I", using the following classical lemma.

LEMMA 2.18 (Reidemeister-Schreier algorithm). We let (I', S) be a group
marked with a finite generating set and 7w : I' — F be a surjective mapping to a
finite group F. Then

(1) there exists a set C' = {a1,...,a|p|} of coset representatives
|F|
r= U (Kerm) a;
i=1
of length |a;|s < diam (g (F);
(2) the set R = CSC~'NKer is a finite symmetric generating set of Ker ;
(3) for any v € Kerm,

Ylr < Iyls < (2diamy sy (F) + 1) []R-

For I's that satisfies Assumption 2.1 and F' = A(s) x B(s), we fix a gener-
ating set R(s) for I, = ker (I's — A(s) x B(s)) provided by the Reidemeister-
Schreier algorithm. In this case diam(A(s) x B(s)) = 2. It follows from
Lemma 2.18 that the inclusion map from (I, R(s)) into (I's, A(s) U B(s)) is
bi-Lipschitz || ges) < [7Ir, < 57| gs) for all v € T, and that [R(s)| < (|A]|B])°.
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Consider the direct product

= ] () = T

seN s>1

and denote elements of H as h = (hg), where hg is a vector

he = (hs(O),...hs (% - 1)) e ()%,

Equip H with a left invariant metric [,

ks
ls(h) =2 max |h(j)lg,, l(h) =) Ii(h

2 0<j<ks/2—1 et
PROPOSITION 2.19. Suppose {I's} is a sequence of finite groups satisfy-
ing Assumption 2.1 and (ks) satisfies the growth assumption 2.11. Let A be
the diagonal product constructed with {I's} and parameters (ks). Then A is
elementary amenable, and there exists an embedding 6 : H — A such that for
everyh € H,
max [s(h) < |0(h)|, < 45000 I(h).

seN

Proof. The group A is elementary amenable by Fact 2.10. By Proposi-
tion 2.14 and Lemma 2.16, we have for each s > 0,

)| > [mf()[a, > 2 max ha()lr, > 22 max [ha(7)ln, = Ls(h)

2 [0,ks/2) T 2 [0,ks/2)
and similarly
|6(h)|a <500 |7 (8(h)) |a, <500 10k, max 1hs(F)Ir.
s>0 s>0
<500-10-5Y ks hs = 25000 I(h). O
Z s Jna [hs(9)]r. (h)

Since (ks) satisfies the growth assumption 2.11, it is clear that H has
at most exponential volume growth with respect to the length function I.
By the general theorem of Olshanskii-Osin [OO13|, there exists an elemen-
tary amenable group G equipped with a finite generating set S such that
H embeds as a subgroup of GG, and there exists a constant ¢ > 0 such that
clhlg < 1(h) < |h|s for all h. In general the group G provided by the Olshanskii-
Osin embedding is rather large compared to H. In the current setting, although
the embedding 0 : H — A is not necessarily bi-Lipschitz, the geometry of group
A is in some sense controlled by H. In particular, we will show in Sections 6
and 8 that if {I's} is taken to be an expander family or finite dihedral groups
and if the sequences (k), (diamp (T';)) satisfy certain growth conditions,
then the Hilbert compression exponent of (A, da) is the same as (H,1),

a3 (A, da)) = a3 ((H,1)).
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3. Speed and entropy of random walk on A

Recall that A denotes the diagonal product of the sequence of marked
groups {Ag}. It is marked with generating tuple

T= (T7a17"‘7a|A|7517"')/B|B|)'

Let U, and Ug denote the uniform measure on the subgroups A= {041, el A|}
and B = {61, . ,ﬁ‘B‘} respectively. Let p denote the uniform measure on
{Til}. For the convenience of speed calculation, we take the following specific
“switch-walk-switch” step distribution on A:

q:(Ua*UB)*M*(Ua*UB)-

Note that in the construction of A, since I'y = A(0) x B(0) and ks > 0 for
all s > 0, it follows that o; commutes with (;, and therefore U, * Ug is a
symmetric probability measure on A. Let A;,, Ao, ... (vesp. By s, Bag,...)
be a sequence of independent random variables with uniform distribution on
A(s) (resp. B(s)). We will refer to A sBj s - - At Bt s as a random alternating
word of length ¢ in A(s) and B(s) starting with A.

We first describe what the random walk trajectory with step distribution
q looks like. Let X7, Xo,... be a sequence of independent and identically dis-
tributed random variables uniform on {1}, S,, = X7 + -+ + X,,; A1, Ao, ...
(resp. By, Ba, . ..) a sequence of independent and identically distributed random
variables with distribution U, ( resp. Ug). Let W), denote the random variable
on A given by

W, = AiB17X AsBy - - - Agpy1Bon 17" Ao Bay.

Then W, has distribution ¢"™. Each letter A can be written as A = (( f;“),O),
where f(0) = As, with As = a;(s) if A = oy, and f(z) = er, for all z # 0;
similarly, B = ((fF),0) where f8(k;) = B,, with By = bj(s) if B = j;, and
fB(x) = er, for all z # k.

Now we rewrite W, into the standard form ((fs), z). Consider the projec-
tion to the copy Ay, from the definition of generators a;(s) and S;(s),

Wi 1isq=y} plisg=y—k
fs (y) :Al,{so 1I}B’lfso vt
n—1

1rg _ lrg
H (Agj s Agji1,s) 17 (Bj sBajii,s) Fi=vrs}
j=1

. Al{sn:y}B;{sn:y—ks}
” .

2n,s
For z € Z, let T(k,z,m) be the number of excursions of the simple random

walk {S,} away from z that cross x—k and are completed before time m. Then
conditioned on {Sk}y<<,, the distribution of f;'»(y) is the same as a random
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alternating word in A(s) and B(s) of length T'(ks,y,n) with an appropriate
random letter added as prefix/suffix.

3.1. The case with linear speed in {I's}. In this subsection we consider the
case where speed of a simple random walk on I'y grows linearly up to some
time comparable to the diameter /.

Definition 3.1. Let {I's} be a sequence of finite groups where each Ty is
marked with a generating set A(s)UB(s). Let ns = Ua(s) ¥ Up(s) * U a(s), Where
Ua(s), Up(s) are uniform distributions on A(s), B(s). We say {I's} satisfies the
(0, Ts)-linear speed assumption if in each T,

Ly (t) =E ’Xt(s)

. > ot for all t < Ty,

where Xt(s) has distribution 7}’

Recall that since Xt(s) is a random walk on a transitive graph, by [AV17,
Prop. §],
2
rs> '

Note that if {I's} satisfies Assumption 2.1, ng projects onto the uniform distri-
bution on A(s) x B(s), and thus H(X*) > H(X*)) > log (|| ||B]|) > log 4.
Therefore, in this case, the (o, Ts)-linear speed assumption implies that

max {H(X),1} > % (iE ‘Xt(s)

2
(3) H(Xt(s)) > o't for all t < Ty, where o' = (%) .

One important class of examples that satisfies the linear speed assumption
consists of expander families.

Ezample 3.2. On T's = (A(s), B(s)), A(s) ~ A, B(s) ~ B, let d = |A(s)| +
|B(s)| — 2, vs be the uniform probability measure on A(s) U B(s). Suppose
there exists § > 0 such that the spectral gap \(I's, vs) satisfies

2
. {zz,veps () — ()] us<2v>} -
sromsze |t Dver, 1 (1) = £(0)]

for all s; that is, {I's} forms a family of d-regular J-expanders in #2. Then {I's}
satisfies the (o, cglog |T's|)-linear speed assumption with constants o,cg > 0
only depending on § and |A|,|B|. We reproduce the proof of this fact for
completeness; see [HLWO06, Th. 3.6].

By standard comparison of Dirichlet forms,

5
|AllB

)\(Fsv Us) =

/\(Fsﬂ?s) =6 >
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From the spectral gap we have

'P(Xt(s) =) —

ITs]

1 )
Then for ¢t < glog|Fs‘7 7= ogd

P (Xt(s) € B(e,'yt)) <t <e—5t + 1 > < 2exp ((’ylogd—g) t) — 90t/2

ITs]
Therefore E ‘Xt(s)‘r > At (1 - 26*5’5/2). We conclude that {I's} satisfies the
(0, colog |I's])-linear speed assumption with o = min {ngdv ﬁ}, co=1/6.

The lamplighter groups over Z%, d > 3, are the first examples of solvable
groups where simple random walk has linear speed; see Kaimanovich-Vershik
[KV83]. The following examples satisfying the linear speed assumption are
analogues of finite quotients of Zy ¢ Z¢.

Example 3.3. Let T' = Zsy Dglo, d > 3 as in the second item of Exam-
ple 2.4, marked with generating subgroups A = Zs 1 (a;,1 <j<d), B =
Z1(bj,1 < j < d). Fix an increasing sequence ng € N, and let I'y = Zs Dgns.
Then I'y is a finite quotient of I'. Let A(s), B(s) denote the projection of A
and B to I'y. There exists constant o4 > 0 only depending on d such that
{T's} satisfies the (Ud, (2ns)d)—linear speed assumption. A proof of this fact is
included in Lemma C.4 in the appendix.

3.1.1. Bounds on speed and entropy in one copy. In the upper bound di-
rection, we will use the trivial bound that in each lamp group,

(4)

where L(xz,n) = #{0 < k < n: Sy = x} is the local time at x. Recall that we
set the parameter [; = diam (I'y).

(@)

r <min {QT (ks,z,n)+ (e >0 + 1{L(e—ken)>0} diam (Fs)},

LEMMA 3.4. There exists an absolute constant C > 0 such that for all
s >0,

1 1
Cn? min {7}22, ls} if k2 < n,

e (2.5

1 s<s n <
As {s<so (W, )}} C(n% —i—ks) e_l;% kag .

Proof. From the metric upper estimate in Lemma 2.13,

(727, 50) V()

+Rn |,

<9 E ks max
A, , zEls r
JEZ J
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where Ry, = # {Si : 0 < k < n} is the size of the range of simple random walk
on Z and I = [j%s, (j+ 1)%3) Observe that for each z € I3,

o) 7 (ko) < (5,55 0),

because each excursion from z to the left that crosses © — ks must contain an
excursion from jks 5 to the left that crosses (j — 1) . Apply (4):

[CAEY

<
A S 9% ks I;lez}}({QT(ks, z,n)} + 11(R,)

ZkT( ,jli n)+72n

JEZ
By Lemma A.1,
1
ks ks > 2Cn2 < (jks/2)2>
ET (2,2 n) < = e )
(2"72’” =T 0P m

The size of the range of the simple random walk on Z satisfies

x2>
> 1) < > 2 )< _T),
P(R”—x)—P<o@z?<Xn’S’“‘ 2)—46Xp( 8n

Recall that by definition of s¢(g) in Section 2.2.2,
{3 < SO(Wn)} c {Rn > ks}

Summing up,

E H (¥, 50) \A‘ I{SSSO(Wn)}]

<11k, Y ET <]; 'E ) + 11E [(Rn) iR, >k.}]

JEZ
(jks/2)? )o1K
< 11k, Z e <_2n +C'n2e 8n
JEZ
C" (£ +n7) if k2 < n,

k2
c” (n% + ks) e~sn if k2> n.

For k2 < n, since |fSW" (y)|F cannot exceed the diameter of I';, together with
Lemma 2.13, we have a second upper bound

E|(f7, Sp)|a. < 10LE(R, + k) < Clynz.
Combining these bounds, we obtain the statement. ([

Now we turn to the lower bound direction.
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LEMMA 3.5. Suppose that {T's} satisfies the (o, cols)-linear speed assump-
tion. Then there exists an absolute constant C > 0 such that for s with k2 < n,

(|(s),,) 2 Gmin {7 ande

and

/
H(fg/v") > %min {Z,conéls}.

Proof. We use a weaker lower bound for the metric,

(fss2)|a, = D 1fsWl, -

YEZL

Applying the (o, cpls)-linear speed assumption of Definition 3.1, we have

UGN

s

J2E( 3|17 w)| ) = D Elrmin (T(hs, y.n), cols}.
YEL

YEZL

Then by Lemma A.2, there exists a constant ¢ > 0 for ks < ch%:

) 1 . [eyn } n
E [min {T'(ks,y,n), cols}] > 5 min {4]{:,0055 P (L (y, 5) > O).

Summing up over y,

1
ZE [min {7T'(ks,y,n), cols}] > imin{ 4\[ cols }ERn/g,
YEL

where R,, /5 is the size of the range of simple random walk on Z up to n/2.

Since ER,, ~ n%7 it follows that there exists a constant C' > 1 such that for s

with k2 < n,
E (((anSn) . ) > %min {kﬁ,con%zs}.
s S

Concerning entropy, we condition by the traverse time function (see, for

instance, [AV17] for the basic properties of entropy),

Wn Wh (S
H(fs) 2 H(f T ks, -, ZEH XT(ks,zn))
Z€Z
> ZE [0" min{T(ks z b) Cols}] > i/min {n COn;ls}
= g s~y Y)s =0 ks7 ,

using (3) and the same computation. O
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3.1.2. Speed and entropy estimates in the diagonal product A. Recall from
Assumption 2.11 that (ks) grows exponentially. In the diagonal product A, by
the metric upper estimate in Proposition 2.14 and speed upper estimates in
Lemma 3.4, we have

E(Wala) SE( 500 3 [(£7,8)]
(6) $<50(Whn)

< Z C(min{l::,néls}—i—né),
)

s<sp(n

E]

where
so(n) =min{s: kI > n}.

Indeed, denote x5 = % growing exponentially. Then

In the lower bound direction, suppose {I's} satisfies the (o, ¢)-linear speed
Assumption 3.1. Then by the metric lower estimate in Proposition 2.14 and
Lemma 3.5,

(7)) B(Wals) 2 maxE (|(£1".5,)

)2 s i o)
— mMmax min §-—,N2¢ .
A T C s<s0(n) ks’ 0%s

To understand the upper bound (6), divide the collection of Ay with s <
s0(n) into two subsets:

(i) Let s1(n) denote the index
s1(n) = max {s >0: n2 > k:sls}.

Then the contribution of these s < s1(n) to the sum is bounded by

3 E)(fWSn) Asgcn% S U+ 1)

s<s1(n) 5<s1(n)

(ii) The contribution of s € (s1(n) + 1, so(n)] to the sum is bounded by

s0(n) . s0(n) n .
s:s%)JrlE ‘ (fs 7571) A : Cszs%)Jrl <k8 ! ”2>
Combining these parts, we have
L5 s0(n) n
(8) E(Wala) <20 (02 Y 1+ > ™

s=0 s=s1(n)+1 s
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PROPOSITION 3.6. Suppose that {T's} satisfies the (o, cols)-linear speed
assumption and diam(I's) < Cpls. Suppose there exists a constant my > 1 such
that

ksy1 > 2ks,ls11 > mols for all s.
Let 1
s0(n) = min {s : k2 > n}, si(n) = max {S >0: nz > ksls}.
Then

ocp 1 n 4C 1 n
— | n2l,, ) + <E|Wu s < ———+— | n2l, ) + )
2C ( v ks1<n>+1> Wola = T mg ( o ks1<n)+1)

The same bounds hold for the entropy H(WZ2) with o replaced by o' = (%)2
and C replaced by a constant C' > 0 that only depends on the size of generating

sets |A| + |B.

Proof. The lower bound is a direct consequence of (7). For the upper

bound, apply (8) and note that because of the assumption on growth of ks, I,
the sums satisfy

1
2 Sl

s<s1(n)
1 2
2. B S '
s>s1(n)+1 s s1(n)+1

For the entropy, by [Ers03, Lemma 6 |, there is C’ depending only on the
exponential rate of volume growth in I', which cannot exceed log(|A| + |B|),
such that H(W2) < C'E |W,|,, giving the upper bound. Lemma 3.5 gives the
lower bound (7). O

3.1.3. Possible speed and entropy functions.

Ezample 3.7. If T' is an family as in Examples 3.2 or 3.3 and k, = 275+0(s)
and [, = 2519(9) with B, € [1,00), a direct application of Proposition 3.6
shows that the speed and entropy exponents are
logE[Wala _ . log HW:) _ f+2 1
Do EI T nlA m _ _

=1

li = = - -
o logn logn 268+ 2 2(1+ %)’

which can take any value in (3,1).

THEOREM 3.8. There exist universal constants ¢,C > 0 such that the

following holds. For any function o : [1,00) — [1,00) such that L\/? and &
are non-decreasing, there exist a group A and a symmetric probability measure

q of finite support on A such that
co(n) < E Wyl < Co(n) and co(n) < H(WnA) < Co(n).

Moreover, the group A can be chosen to be 4-step solvable.
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Proof. The choice of a family of I'y as in Examples 3.2 or 3.3 guarantees
the existence of C'y > 1 such that for all z > 1, there is I'; of diameter [; with
Cil < ls < C(1$~

As o belongs to C1 1 Corollary B.3 provides two sequences (ks) of integers
and (ls) among diamthers of 'y with ksy1 > moks and ls41 > mols for all s

such that the function
x

o(z) = z2l, + for (ksls)? < x < (Ksprlst1)?
ks+1
satisfies 0(z) ~g,,,0c5 o(x) for all .
Combining with Proposition 3.6, the diagonal product A associated to

these sequences has a speed and entropy satisfying

AmyCC?
o).

mo

gCy

T ) < BIW A <
4mOCC{>Q(“’)— [Wala <

For {I's} as in Example 3.3, the group A is 4-step solvable. O

Note that when the speed is linear, the last term of the sequence (Is)
is infinite, and thus the last quotient I'y is in fact the whole group I'. In our
examples, T is either Zo!DZ for d > 3 or a lattice in SL(3, F). In the latter case,
the finite diagonal product A is non-amenable. When the speed is diffusive,
the last term of the sequence (ks) is infinite, and the group A is a diagonal
product of finitely many groups A; where the lamp groups I'; are finite.

3.2. The case of A with dihedral groups. In this subsection we focus on
the case where {I's} is taken to be a sequence of finite dihedral groups. Since
the unlabelled Cayley graph of Dy; is the same as a cycle of size 2[, the simple
random walk on Dy; can be identified with the simple random walk on the cycle
of size 2[. Consider a simple random walk on the cycle as the projection of the
simple random walk on Z. Then the classical Gaussian bounds on the simple
random walk on Z imply that there exist constants ¢, C' > 0 such that for all
1<t<i21<z<t2,

9) cexp (—sz) <P <‘Xt(s) > xt%) < Cexp (—ca:Q),

Dy,

where Xt(s) is a random alternating word in {e, a(s)} and {e, b(s)}.

LEMMA 3.9. Suppose I's = Dy, . There exists an absolute constant C' > 0
such that in each Ay,

B (2.5

N 1{sSso<Wn>}]
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Proof. From the upper bounds in Lemma 3.4 that are valid for any choice
1
of {I's}, the only bound we need to show here is that if ks < n2 , then

(10) E[|(£5.)

To prove this, note that the collection (|f!V" (z)|D ) s 352 vector is
oo/ z 3
J

_1
A, 1{s§so(Wn)}} < Cn%ks 2 log% ks.

stochastically dominated by the random vector

(17 20 20 (., + Lin2)200 + Littnz-h=01) e

where {X;(2)} is a sequence of independent random alternating words in A(s)
and B(s) of length . Then maxeys J&¥(2)|_ is stochastically dominated
by

max
ze];

XT(kS/2,jks/2,n)(z)’Doo + Lizn,rp)>01 + L{L(n13_,)>0)}-

Plug in the metric estimate in Lemma 2.13,

E‘(f;/vn»‘s’n) Lis<so(Wa)}
(11)
< 9k | D Bmax | Xrg ok, 2m (2)]p | + HE [Ralir,2k,] -
JEZ J

From the upper bound in (9), since max;eys [X¢(2)| is maximum of ks/2 inde-
pendent and identically distributed random variables,

P (max | Xi(2)] < xté) > (1 —cpexp (—02x2))‘1ﬂ )

S
zte

Then

E [max XT(kS/Q,jk:s/Q,n)(z)’

S
zelj

T (ks/2, jks/2, n)}

< VT (ks /2, ks /2,m) % log? ki,
where C'1 depends on ¢y, ca. Applying Lemma A.1,

1
1 . 2 2
< Cy nz exp (_(]ks/Q)> log% k..
ks 2n

Plugging in the estimates in (11) and summing up over j, we obtain (10),

E [max XT(k5/27jks/2,n)(z)|

S
zEIj

because of the Gaussian tail. The main contribution comes from 1 < j <

nz [k,. O

LEMMA 3.10. Suppose I's = Dy . There exists an absolute constant ¢ > 0
such that in each Ag, for n > ck2,

_1
E ‘(f!V”, Sn) A > cmin {n%ks 2 log% k:s,nk;l,n%ls}.

S
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Proof. For each z € I} = [%ks, IHLE,), the traverse time satisfies T'(ks, 2z, 1)
> T(2ks, %ks,n). So

> E max
Day, €l

)

E J
%}f fs "(2)

S
XT(2kS7%k5,n)(Z> 5
2ls

where {X;(2)} is a sequence of independent random alternating words in A(s)
and B(s) of length ¢.
Foranytzlandlgxgt%,

l
P (IX(2)lp,,, 2 min {at3, 5 ]) = e’

By independence, this implies the existence of ¢ > 0 with

. 1o
P max \Xt(z)|D2ls > min § clog? kgt2, ct, 3 > c.

J
Using Lemmas 2.13 and A.2, for some ¢ > 0 and for all n > ck?,

ks s
BI(f Su)la, > = X

E max T(2he, £ ke m) (2)

S
zEIj

Dy,

_1 l
> ckg Zmin {n}tks 2 log% ks,n%kgl, ;}

JET

. jt+1 2) )
P0<L< > k:s,2 >0].
1

Finally ez Po (L(E ks, ) > 0) > ER /ky > c22. O

PROPOSITION 3.11. Suppose that I's = Dy, and that there exists mg > 1
such that kg1 > 2k, ls11 > mols for all s. Define

2k,
t1(n) = max {s : losg . <n? and lsks < né}
Then in the diagonal product A,

n% 1 log kt (n)+1 % n%
— | L (n) + min{ nt L , < E(|Wh|a
C tl( ) ( ktl(n)+1 ) ktl(n)+1 (| | )

2Cn3 L (logky N2 i

< ? ltl(n) + min{ n4 ( 2 1)+ ) i
/mo t1(n)+1 t1(n)+1

Remark 3.12. The bounds here are more complicated than the linear case
because in Lemmas 3.9 and 3.10 we have to consider minimum over three
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quantities. If we further assume that [y > logks for all s, then the bounds
simplify to

1
log ktl(n)+1> 2

1 3
E(|Wala) =Cmo nﬁltl(n) +ni ( L
t1(n)+1

Proof. By Proposition 2.14 and the third line of Lemma 3.9,
¢ max BWul,, SE[W, [, <C Y E[W,,.
s<so(n) y s
s<so(n)
The choice of ¢1(n) implies that

nzl, Vs < ti(n),

3 _1 1 1
mini{nik, 2 log? ke, nk; !, nzl }: 1
{ s 08T e s ° min{n%ks 2 log% ks,nk‘;l} Vs > ti1(n).
Using Lemmas 3.9 and 3.10 and the exponential growth of (ks), (Is) gives the
proposition. O

Ezample 3.13. Let ks = 255 and [, = 2%, with 8 > 1,: > 0, and 'y = Doy, .
Proposition 3.11 implies with this choice of parameters that

348 L
B ([Wala) 0455 (log n) 55

THEOREM 3.14. There exist universal constants ¢,C' > 0 such that the
following holds. For any continuous function ¢ : [1,00) — [1,00) satisfying

3
o(1) =1 and llg%’ ;(—; non-decreasing for some € > 0, there exists a
z2 log Tz

3-step solvable group A with dihedral groups T's and a symmetric probability
measure q of finite support on A such that

co(n) < E W] < Co(n).

Remark 3.15. The lower condition on p(x) is only technical. There is
no gap that would isolate diffusive behaviors among 3-step solvable groups.
Indeed, it easily follows from Lemmas 3.9 and 3.10 that for any o(x) such that

L\/? tends to infinity, there is a group A with dihedral I'y such that en <

E|W,|a < Co(n) for all n.

Proof. By Corollary B.3, we can find two sequences (ks), (Is) satisfying
log ks < Il such that g(x) and o(z) agree up to multiplicative constants.
1

1 Bl
Let us set ks = (10]§Sks)2- Then log ks ~ log ks < I57°. By Corollary 3.11,

the diagonal product A with dihedral groups I's = Dy, and sequence (k)

satisfies, for any (Isks)* <n < (lsy1mss1)b,

3
n4

R
) <E|W,|,<C (nzls + ) = Ca(x).

co(z)=c (n;lS + -
s+1

Rs41

The group A clearly has a trivial third derived subgroup. O
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PROPOSITION 3.16. There exist two constants ¢,C' > 0 such that on any
diagonal product A with dihedral I's satisfying Assumption 2.11, the entropy of
the switch-walk-switch random walk satisfies

ev/n < HWS) < Cy/nlog? n.

Proof. By Proposition 2.14, the entropy of the random walk on A is related
to the entropy on the factors Ag by the following:

max H(f;"", 8n) < H((;"), Sn) S H(Sw) + 3 H(f),
s<s2(n)
where so(W,,) < sa(n) = max{s : ks < n} and H(S,) ~ logn. The lower
bound comes from the first factor H(f)'",S,,), which is the usual random walk
on the lamplighter group with finite lamps.
Denote by T}" = T'(ks, -, n) the traverse time function and by [supp 77| the
convex envelope of its support. Using conditional entropy (see, for instance,

[KV83| or [AV17] for standard properties of conditional entropy), we have
12) H(f") < H(f™|T7) + H(TY)
< H(f"|T) + H(TY|[supp T7']) + H ([supp T7).

The convex envelope [supp77'] is included in Range(W),,), and therefore
H([suppT?]) ~ logn and E|[suppT?]| < Cy/n. As for all z, 0 < T7(z) < n,
we deduce that

H(T|[supp T¢']) < E[[[supp T{'][] log n < C'v/nlogn.

As each fJ'"(z) is distributed as an independent sample of a random walk
on I'y of length T'(ks, z,n), we have

Whn
H(fTE) = 3 BH(XL, . ).
2€EZ

The groups I's being dihedral H (Xt(s)) < logt, we therefore have
H(f|T7) < Blog T(ks, 2,n) < Cy/nlogn.
2€7Z

Obviously n > ks, ), so finally piling up the inequalities,

H((f),8,) < Clog(n)(1 + 2v/nlogn + logn). O

3.3. Joint evaluation of speed and entropy. Using the idea of Amir [Amil7]
of taking the direct product of two groups, we can combine the speed and
entropy estimates on A together with the results of Amir-Virag [AV17] to
show the following result concerning the joint behavior of growth of entropy
and speed.
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Recall that for symmetric probability measure y on GG with finite support,
entropy and speed satisfy

1/1 2
L (GLum) 1< Hy(n) < (04 ) L) + logn + €.
where v is the volume growth rate of (G,suppu) and C' > 0 is an absolute
constant ([Ers03], [AV17]).

PROPOSITION 3.17. Let f,h: N — N be two functions such that h(1) =1
and

e cither L?) and % are non-decreasing for some € > 0 and

n4d
nh(n)
h < <
(n) < f(n) < logn ’
h(n) ni 1
e or m and Ty @€ non-decreasing and

h(n) < f(n) < /nh(n).

Then there exist a constant C' > 0 depending only on € > 0, a finitely generated
group G and a symmetric probability measure u of finite support on G such that

L,(n) ~c f(n) and H,(n) ~c h(n).

As a corollary, we derive the Corollary 1.3 regarding joint entropy and
speed exponents (Conjecture 3 in [Amil7]).

Proof of Corollary 1.3. If 8 € [%, 1), then take functions
h(n) = max {n% log®n, na} ,  f(n) =max{n",h(n)}.

Note that in the case v < 1, the pair of functions f and h is covered by one of
the cases in Proposition 3.17; the statement follows.

If 8 =1, in this case v = 1 as well. We can take G to be any finitely gen-
erated group that admits a symmetric probability measure p of finite support
such that (G, p) has linear entropy growth. O

Proof. We follow Amir’s approach in [Amil7] to take the direct product
of two appropriate groups such that one would control the speed function and
the other would control the entropy function.

In the first case where both f(n)/n% and n'~¢/f(n) are non-decreasing,
consider the direct product of the following two groups. By [AV17], there exist
a group G = Z s M, and step distribution ¢; on G; such that

n)2
Ly (n) ~ f(n) and Hy, (n) ~ f(n) log(n +1).
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By Theorem 3.8, there exist a group A and step distribution g2 on A such that
Lgy(n) = Hg, (1) = h(n).
Then on the direct product G; x A with step distribution ¢; ® go,
LQ1®<12 (n) = max {L!h (n)a qu (n)} = f(n),
~ - f(n)? B
Hy,gq,(n) = max {Hy, (n), Hg, (n)} = max | == log(n + 1), h(n) ; = h(n).

In the second case, where f(n)/ (n% log? n) and n%/f(n) are non-decreasing,
by Theorem 3.14 and Proposition 3.16, there exist a group A; and step distri-
bution ¢} on A; such that
1
C
By Theorem 3.8, there exist a group Ag and step distribution ¢} such that

Ly (n)~ Hy;(n) ~ h(n).

92 a3

L, (n) ~ f(n) and

g, ns < qul(n) < Cn3 log? n.

Then on the direct product A; x Ag with step distribution ¢} ® g5,

Ly g, (n) ~ max {Lqi (n), Ly (n)} ~ f(n),

Hy g4, (n) ~ max {H‘li (n), Hy (n)} ~ h(n). O

Remark 3.18. This method permits us to prove Corollary 1.3 but cannot
handle functions that oscillate cross the ni borderline. The problem can be
reduced to finding extremal examples where the speed follows a prescribed
function while entropy growth is as slow as possible. The Amir-Virag result
covers the case where speed grows at least like ni. The construction of the
diagonal product A is not designed to achieve such a goal.

4. Isoperimetric profiles and return probabilities

In this section we consider the isoperimetric profiles and return proba-
bilities of A when {I'y} are taken to be expanders or dihedral groups. For
convenience of calculation, we take the switch-or-walk measure q = %(,u—k v) on
A where p is the simple random walk measure on the base Z, p (Til) = %, and
v is uniform on {ay, B : 1 <i < |A|,1 < j < |BJ|}. Let g4 be the projection of
q to the quotient Ag.

4.1. Isoperimetric profiles. We first recall some background information.
Given a symmetric probability measure ¢ on G, the p-Dirichlet form associated
with (G, ¢) is

Enoll) = 3 3 |f(ay) — F@)P6()

z,yeG
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and the ¢P-isoperimetric profile A, ¢ 4 : [1,00) = R is defined as

(13) Apcp(v) = Inf{& 4(f) : [support(f)| < v, [|f]l, = 1}.

The most important ones are the ¢! and ¢?-isoperimetric profiles. Using an
appropriate discrete co-area formula, Ay 4 can equivalently be defined by

Ag(v) = mf{IQ! 1219 z)1ea(ry)d(y) : [ < v}-

If we define the boundary of 2 to be the set
0N ={(r,y) e GxG:2e€QyecG\NQ}
and set ¢(0€2) = 3" cq pyec\o @(y), then
A1 o(v) = nf{p(99)/19] : |Q] < v}.

When ¢ is a symmetric measure supported by a finite generating set S, then
A1.¢.¢(v) is closely related to the Fglner function : (0,00) — N defined as

950 1
Folg,s(r) = min {|Q| : QCQG, | ’?2‘ | < ;},
where [0sQ = {z € Q: Ju € S, zu ¢ Q}. Namely, let p, = min{p(u) : u €
S,u # id}; then

AT é(ﬁ(l/r) < Folg s(r) < Al_’ad)(p*/r),

where Al_,é‘, é is the generalized inverse of Ay g 4 .

We will repeatedly use the following two facts.

For any 1 < p < g < 2, the isoperimetric profiles A, g ¢ and Ay ¢ are
related by the Cheeger type inequality

(14) cOAp/G¢ < Aqg¢ < C’()Ap7 G, s

where ¢g, Cy are absolute constants; see [LS88|, [SCZ16, Prop. 2.8].
Let H be a quotient group of G, and let ¢ be the projection of ¢ on H.
Then by [Tes13, Prop. 4.5], for all 1 < p < oo,

Ap’G¢>A7 7¢

4.1.1. Isoperimetric profiles of one factor. Let {I's} be a family of ex-
panders, as in Example 2.3. Let v = vg be the uniform distribution on
A(s) U B(s) in I's. Denote by h(I's,v) the Cheeger constant

I's
h(Ts,v) = inf {Al’psyy(v) v < |2 |, v < oo}

In one copy As=T'Q1Z, we establish the following lower bound of /P-isoperimetric

profile of Ag.
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LEMMA 4.1. Let p € [1,2], T's be a finite group marked with generating
subgroups A(s), B(s). Let qs be the uniform distribution on {Tt'}UA(s)UB(s)
in Ag. Then there exists an absolute constant C' > 1 such that the following is
true:

o (Slow phase) for 1 < v < 2ks/2,

(logy v)
Aoen(0) 2 GIAG) 7 BED

e (Fast, then slow down) for |Ts|” < v < Ty, r > ki,
h(Ts,v)P
A 7A57 S('U) 2 :
e C(lA(s) +B(s)])rP
Remark 4.2. By monotonicity of the profile function Ay A, 4., we have that
h(Ts, v)?
A >
rien () 2 G A + BEDE

for v e (2k5/2, ]Fs\ks).

Proof. We prove a lower bound for the ¢!-isoperimetric profile Aj A, q,
and use the Cheeger inequality (14) to derive a lower bound on Ap A, q,. Given
r > 1, consider the product of I'y in the zero-section over the segment [0, 7],
namely,

xz€[0,r]
We now construct a product kernel ¢, on II, and discuss its ¢'-isoperimetry.
Phase 1. In the first phase, r < kg/2. Let 1, denote the uniform measure

on the finite subgroup A, ~ Z /27 in the copy (I's),. Let ¢, denote the product
kernel

Then (, is indeed the uniform measure on the subgroup [[,¢jo, (4s), in the
zero section of Ay, it follows that

1 1
+1
Aa, g (v) > 3 for all v < 3 (271).

Phase 11. In the second phase, r > k. Let v, denote the uniform measure
on the generating set A(s) U B(s) in the copy (I's),. Let ¢, denote the product
kernel

CT:VO®"'®V7‘-

As a transition kernel, ¢, changes every copy (I'y), independently according
to vy. By [BHI7, Th. 1.1], the Cheeger constant of ¢, on II, satisfies

1
h<Hr7 CT) Z Tﬁh(r& V)'
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In other words, for r > kg,

1 1
A v) > ——h(Dy,v) forallv<=|T, 1.
LAS,@()_Q\/E( ) < 5 |7l

By the Cheeger inequality (14), for p € [1, 2],
Ap,ase (V) = cohragc, (v)F

Now we go back to the simple random walk kernel q. By construction of the
transition kernel ¢, in both cases, the metric estimate in Lemma 2.13 implies
every element ¢ in the support of (. satisfies

|9|AS < 40r.

By the standard path length argument (see [PSCO00, Lemma 2.1]), we have by
comparison of Dirichlet forms on Ay that

1
2(|A[+|B|) &pacg. = mgp,As,cT-
It follows that
e forr < %,
(&)

A > for all v < 27;

rina () 2 g By oy S
e for r > ks,

h(Ts, )P 1
ApA,g, (V) coh(l's, v) for all v < 5 T + O

~ 2(14] +|B]) (s0v/6r)”
When I'y =T is an infinite group, we have the following bound.

LEMMA 4.3. Let p € [1,2], I's =T be an infinite group marked with gen-
erating subgroups A, B. Let v be the uniform distribution on AU B. Then there
exists an absolute constant C' > 1 such that the following is true:

o for1 <wv< 2k5/2,

(g )
Ao ) 2 GG+ B

o forv > 2ks/2,
(T, v)P
A 7A57 s(/U) Z : °
e C(|A(s)| +B(s)]) k%
Proof. The first item is the same as in proof of Lemma 4.1. For the second
item, consider the copy of I' at 0 and regard v as a measure supported on the
subgroup (I')o. Then

C(JA(s)| + |B(s)]) K Ep.asgs = Epros
and the result follows. O
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4.1.2. Isoperimetric profile of the diagonal product. First we put together
isoperimetric estimates on the copies Ag to describe the isoperimetric profile of
the diagonal product A. Let us denote ¢; = log |T's|. Mind the difference with
the diameter [; of I'y. For a family of expanders, these two quantities differ
only by multiplicative constants depending only on the volume growth and the
spectral gap of {I's}.

PROPOSITION 4.4. Suppose {(T's, A(s) U B(s))} with A(s) ~ A, B(s) ~ B
is a family of groups with the Cheeger constant h(L's,vs) > § > 0, where vy is
uniform on A(s) U B(s). Suppose {ks} satisfies the growth assumption 2.11.
Let A be the diagonal product constructed with {I's} and parameters {ks}, and
let q be the uniform measure on {7} U AU B in A.

There exists an absolute constant C > 1 such that the following estimates
hold for any s > 0, p € [1,2]:

(1) for volume v € [eksgs’ eksﬂgs),

1 50, \P
Ay aalv) > (i)
p’A’q(U)_]A\+\B| Clogv

A ( Zjﬁs"j) < (Cﬁs )p
s .
p7A7q v — 1Og,U ’

(2) for volume v € [ekerles’ eksﬂesﬂ] ,

Apag(v) > —— (‘S )p
PASE = JA+ [B] \Chgr /)

C
Ap,A,q (v) < (k:
s+1

P
) if v > exp Zﬁj ksy1

Jj<s

The upper bounds are valid without the requirement of a positive Cheeger
constant.

Proof. Let U2 = {((fs),2) : Range(fs,2) C [~r,r]}, and take a function
supported on the subset UTA,

||

o (2 = (1= ) 10 (010,20,

Let U2(0) = {((fs),0) : Range(fs,0) C [-7r,7]}. Then U” can be viewed
as the product of U~(0) and the interval [—r,r]. To compute the Rayleigh
quotient of the function ¢,, first note that ¢, (Za;) = ¢, (Z8;) = ¢, (2) for all
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Z € Aand a; € A, B; € B. For the generator 7,

S ler () 2+ 1) = (f), AP = (20|02 (0)

((fs)2)EUR
S oeter= Y (1Y

(fs)z)eUR 2€[~r,r]

)

UA(O)‘.

Therefore
gpaﬁ,q(@r) - 1+p
HSDrHﬁ 2rP

For the size of support of ¢,

suppp,| < [ Isuppgs] < [ ITsl" = e Znaszrbe,
ks<2r ks<2r

In the first interval v € [eksgs, €ks+1zs); let

logv
ls

r= .
The test function goTA gives the upper bound on Aj A 4 stated. For the lower
bound on A, A 4, consider the projection to the quotient A;. Then from the
first item in Lemma 4.1, for v € [eksgi ekS“gS), we have

1 ) )7’
A > A > :
p,A,q(U) - p7A57q5 (U) - |A’ —|— |B| <Ck5

In the second interval v € [eksﬂeﬂ eksﬂesﬂ], first consider the projection
to the quotient Azy1. The second item in Lemma 4.1 provides

1 1 1 0 p
A ( T ks+1> > A < T ks+1) > < ) .
P,A,q 2 | 5+1’ = 8,050 2 | S+1‘ - ‘A| + ‘B| Ck5+1

In the upper bound direction, note that the right end point in the first interval
gives

C p
Ap,A,q €xp Z Zj ks+1 < <k7 ) .
j<s s+l

The statement follows from monotonicity of A, A g ([

Ezample 4.5. A direct application of Proposition 4.4 shows that when kg =
205 and £, = 2'° with 3, > 0, then for p € [1,2],

__Pp

Ap7Auq(,U) = (10g ’U) 1+§7

pL
I+

and the exponent can take any value in (0, p).
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We allow the sequence (ks), (I5) to take the value oo; the bounds are still
valid. In our convention, ks+1 = co means Ay is trivial. In this case we only
use the first item in Proposition 4.4, which covers v € [eks&, oo). The bounds in
Proposition 4.4 are good when {/s} grows at least exponentially. In particular,
from these estimates of isoperimetric profiles we deduce that A, A 4 0 exp can

follow a prescribed function satisfying some log-Lipschitz condition.
THEOREM 4.6. There exist universal constants c¢,C > 0 such that for
€T

any p € [1,2] and for any non-decreasing function o(x) such that W’;) is non-
decreasing, there is a group A such that

c c
You > 3, < A Aglv) < .
o(logv) = % a) o(logv)
Proof. We write o(x) = (%)p with f(x) between 1 and x. The sets

K =74, U{oo} and L = {log|I';,|,m > 1} U {oo}, where {I's} are groups in
the family of Examples 2.3, satisfy the assumptions of Proposition B.2. So we
can find sequences (ks), (I5) taking values in K and L such that the function
defined by f(x) = ls on [ksls, kst1ls] and f(x) = %H on [kst1ls, kst+1ls+1]
satisfies f(a;) o C f(x). Since the infinite group I' in Example 2.3 has
Property (7T'), there exists a constant § > 0 such that the Cheeger constants
satisfy h([s,vs) > 0 for all s > 1.

We use Proposition 4.4 to evaluate the profile of the group A associated
to these sequences. The lower bounds show that for all x > 1,

§f(x)\" _ cor
Apaqoexp(z) > ( gx)) > (@)’

As Y il < iﬁs, making the change of variable x = (1 — i) y =

mo

mQo
log v, the first upper bound shows that

.y _ O (L —gw) ) _ (cﬂy))” ¢
logv/) (1-— mio)y -

Apaqoexp(v) < ( :

for iksﬁs <y< iksHES. The second upper bound shows that

mq mo

C Y (cf<ks+1zs>>” _(Cila-mm)\ e
ks-‘,—l - ks—i—lls B (1 - m%))y B Q(y)

N———

for iksﬂﬁs <y< iks_t'_les_i_l. We used the fact that g(z) is constant

0 mQ
on the interval [ksi1ls, ks+10s+1]- O
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We derive the following corollary regarding Fglner functions from Theo-

rem 1.1. The definition of a Fglner function is recalled in the beginning of Sec-
£ 1951

tion 4. We use the convention that on a non-amenable group G, if 1/r < in EE

then Folg g(r) = oc.

COROLLARY 4.7. There exists an universal constant C > 1. Let g :
[1,00) — [1,00] be any non-decreasing function with g(1) = 1 and W
non-decreasing. Then there exists a group A marked with finite generating set
T such that

g(r/C) < Fola r(r) < g(Cr).

Further, when range of g is contained in [1,00), the group A constructed is
elementary amenable and there exists a symmetric probability measure q with
finite generating support on A such that (A, q) is Liouville.

Proof. Let p, = min{q(u) : u € T,u # id}; then p, > m' Recall
that by definition of the Fglner function
AT A o(1/r) S Folar(r) < AR o (pi /7).
By Proposition 4.6, there exist universal constants C > 0 such that for any

function o(z) between 1 and z, there is a group A such that

1 C
Yo >3, ——— < A < .
Y= Cpllogv) = taav) < o(logv)

In particular, in the construction of A we can choose {I's} from Lafforgue’s

expanders as in Example 2.3, where |A| = 2, |B| = ro for some fixed ro.
Therefore

exp (07! (r/C)) < Fola,7(r) < exp(e™ ! (Cror)).
Since g is any function between 1 and z, the statement about the Fglner func-
tion follows.

When the range of g is in [1, 00), the group A in the proof of Proposition 4.6
is constructed with an infinite sequence of finite groups {I's} and {k,} satisfying
the growth assumption (2.11). By Fact 2.10, A is elementary amenable. Apply
Theorem 3.6, we have that L,(x) and Hy(p) have sub-linear growth, thus (A, q)
is Liouville. O

4.2. Return probabilities of simple random walk on A. By Theorem 4.6
with p = 2, we have that As A 4 o exp can follow a prescribed function satis-
fying some log-Lipschitz condition. Now we turn the ¢?-isoperimetric profile
estimates into return probability bounds using the Coulhon-Grigor’yan theory.
Let i be a symmetric probability measure on a group G. Between discrete time
random walk and continuous time random walk, we have (see [PSC00, §3.2|)

p 2 (e) < 2hk (e) and b (e) < e 4 ™ (e),
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where
o it
(15) h =e qus :
0
Define the function 1 : [0, 4+00) — [1,400) implicitly by
P(t) dv
16 t:/ _.
16) 1 vA2,G (V)
Then by [Cou96, Prop. II.1], we have
8

(2n+2)
0 (e) < o)

In the current context, it is convenient to do a change of variable in (16).
Setting v = exp(s),

w(t)
(17) t= / ds
1

AQ,AM 0 eXp(S) '

If, in addition, Ay g, o exp is doubling, namely, A g, © exp(2s) > cAa g, ©
exp(s) for all s > 1, then by [BPS12, Prop. 2.3], w'(t) is doubling with the
same constant. Applying [CG97, Th. 3.2 |,

M(2n)(e) > ; _e2n,

~ expot(8n/c)
Combining the upper and lower bounds, if Ay g, 0 exp(2s) > cAy g, © exp(s),
we have

(18) — log j®) (¢) ¢ w(2n)
with constant C' > 0 only depending on the doubling constant c.

THEOREM 4.8. There exist universal constants ¢,C > 0 such that the

ollowing is true. Let v : [1,00) — [1,00) be any function such that L?) and
v 3
ﬁ are non-decreasing. Then there is a group A such that

¥t > 1, cy(t) < —log () (ea)) < CH(1).
Proof. Given such a function v : [1,00) — [1, 00), which is strictly increas-
ing and continuous, define p: [1,00) — [1,00) by
L
o) = 1 (@)
From the assumption on v we have (1) = 1 and a%’y(x) < ~v(azx) < ay(x) for
any a,x > 1. Thus

ay~H(z) <77 az) < a®yH(2),
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and therefore
o(z) < o(ax) < a’o(x),

which satisfies the assumption of Proposition 4.6 with p = 2.
By Proposition 4.6, there exist universal constants ¢, C' > 0 such that there
is a group A, for all v > 3:

c c
- <A v) < .
o(logv) — aq(v) < o(logv)

Note that since p(2z) < 4p(x), it follows that for all s > 0,
Apqoexp(2s) > éAA’q oexp(s).

In particular, the function Aa qoexp : (0,00) — R is doubling at infinity. Then
by [BPS12, Lemma 2.5, the solution w(t) to (17) satisfies

w(t
Apnqoexpow(t) < E) < DA q 0 expow(t),
where D is a constant that only depends on the doubling constant ¢/4C. Plug-

ging in the estimate of Aa 4, we have

By the definition of p,

note that zo(x) is strictly increasing, and therefore
e7(t) < (et) < w(t) < A(DOt) < DOA(1).

Since the constants ¢, C, D are universal, from (18) provided by the Coulhon-
Grigor’yan theory, we conclude that

¥t > 1, dy(t) < —log (q® (ea)) < C'1(1),

where ¢/, C’ > 0 are universal constants. O

Ezample 4.9. When kg = 26% and I, = 2% with 8 > 1, ¢ > 0, the L2-profile
given in Example 4.5 turns to return probability

B+t

—log (a® (ea)) = ¢35,

where the exponent can take any value in (3, 1).
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4.3. The case of dihedral groups. In this subsection we estimate decay of
return probability of simple random walk on A where I'y = Dy, are dihedral
groups. We show that in this case the return exponent of simple random walks
is % Obtaining more precise estimates requires further work.

PROPOSITION 4.10. There ezists an absolute constant C' > 0 such that the
following holds. Let A be the diagonal product constructed with I's = Dy, and
parameters {ks} satisfying Assumption (2.11). Then

1
an% < —log g™ (ea) < Cn’ log% n.
Proof. Since A projects onto Ag ~ (Z /27 x 7Z/27) ! Z, we have

4% (ea) < ai™ (eny)-

The lower bound on — log q(2™ (ea) follows from the decay of return probability
on Ay (see [PSC02]),

q[()%) (ea,) < exp <—é’n§>

In the other direction we construct a test function on A. First take a test
function v, on Dy :

|9|D213

¥r(g) = max {1— ,0} for 1 <r <ls.

Recall that the set U2 is defined as U2 = {((fs),2) : Range(fs,2) C [, 7]}
Let S(r {s ks <71, lg > T‘Q}, and take

w$<<fs>,z>:( N RTNGES N | N | G eAe))

s€S(r) w€[—r+ks,r]

Depending on the sequences (ks), (I5), the set S(r) might be empty, in which
case we recover the test function of Proposition 4.4. (Recall the notation ¢; =
log |Dg;,| =log2ls.) As in the proof of Proposition 4.4, we have

Szea (¥8(2) — WP (z7) _ &
23 =

By Cauchy-Schwarz inequality, we have

Y zen (VA (Z) — UA(Za))® s 3 S genm, (r2(ga(s)) = 1,2(g))?
A2 B

seS(r) H%QHIQ(DzzS)
< Cq |S(r)] r4.
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The same estimates holds for 5 with a(s) replaced by b(s). Since {k,} satisfies
the growth assumption (2.11), we have |S(r)| < logy 7, and therefore

Eng (T2 B
215

The support of function ¥2 is bounded by

< (2r+1) T @ I e»"

stks<rls<r? stks<r,ls>r?

< (2r+1) (2%

p—
4rlogy r

From these test functions we have

log log v)*
(19) A q(v) < Ci%
log= v
By the Coulhon-Grigor’yan theory, we conclude that there exists an absolute
constant C,

Wl

q®" (epr) > exp (—Cn% log (2n)) O

Remark 4.11. To get an estimate for A, a4, p € [1,2], note that by pro-
jecting onto Ag, we have
1

A > A >
17A7q(v) - LA,CIO(U) - Clog’l}’

and in the proof above we have an upper bound (19) for Ay A 4. By the Cheeger
inequality (14), we have

1 1 (loglog v)?"

log? v

5. Review: distortions of metric embeddings

We first recall the standard definition of distortion of a map between metric
spaces. Given an injective map f : X — Y between two metric spaces (X, dx)
and (Y, dy), the distortion of f measures quantitatively how far away f is from
being a homothety,

distortion(f) = ( dy(f(u),f(@))) ( dX(u,v))

su
u,vEX uFv dx (’LL, U) u,veX%;év dY(f(u)v f(’U))

When f is C-Lipschitz, the first sup is bounded by C'. In this case, the distortion
is comparable to the second factor. It is the inverse of the expansion ratio,

defined as dy (f(u), f(v))
. : Y w Y
ratio(f) = u,uelgl(fu;ﬁv dx(u,v)
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The smallest distortion with which X can be embedded in Y is denoted by
cy (X)),

cy (X) = inf {distortion(f) : f: X <= Y}.

To connect with uniform embedding of an infinite group G, it is well
known that a sequence of finite metric spaces (X, dx) embedded in the group
G can provide obstruction for good embedding of the whole space; see, e.g.,
Arzhantseva-Drutu-Sapir [ADS09] and Austin [Ausl1]. We quote a special case
of a lemma in [Ausll].

LEMMA 5.1 (The Austin Lemma [Ausll]). Let X be a metric space. Let
I' be a finitely generated infinite group equipped with a finite generating set S,
and let d denote the word distance on the Cayley graph (I, S). Suppose that we
can find a sequence of finite graphs (X, on), where o, is a 1-discrete metric
on Xy, and embeddings V¥, : X,, — I' such that there are constants C,L > 1,
d > 0 that are independent of n:

e diam(X,,0,) — 00 as n — oo;
o there exists a sequence of positive reals (ryn)n>1 such that
1
Zman(u, v) < d(Op(u), 9, (v)) < Lrpon(u,v) for all u,v € Xp,n >1
and moreover, r, < C diam(X,,0,)? for all n > 1;
o distortion of (X, 0p) into X is large in the sense that

cx(Xn,op) > ddiam (X, 0,)",

and then
n

148

The second assumption in Lemma 5.1 requires that under the embed-
ding ¥y, the induced metric d(g gy only dilates d with uniformly bounded
distortion. This point-wise assumption is rather restrictive. In what follows we
will present some bounds that are more flexible.

a*X(Fad) S 1-

The term “Poincaré inequalities” in the context of metric embeddings was
first systematically used in Linial-Magen-Naor [LMNO02]. It is a key ingredient
for many existing lower bounds for distortion of finite metric spaces. We review
the basic idea now. Let (M, daq) be a finite metric space, a = (ay), b = (byv),
where u,v € M are two non-zero arrays of non-negative real numbers. A
p-Poincaré type inequality for f : M — X is an inequality of the form

(20) Y aupdx(f(w), f0))P SC Y buwdx(f(u), f(v).

u,vEM u,vEM
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The infimum of the constant C' such that the inequality holds for all non-trivial
f: M — X is known as the X-valued Poincaré constant associated with a, b,

p Eu,v au,vdX(f(u)’ f(v))p
Zu,v bu’vdx(f(u), f(v))p ’

where the sup is taken over all f: M — X such that },, , auvdx(f(u), f(v))?
# 0. It follows from definition of the Poincaré constant that

(g G010

u,vEM, uFv ClM (u, U)p

Pypp(M,X) =su

Z au,vd/\/l (u7 v)p

u,vEM

< Pa,b,p(M’ X) (Z buwdx(f(u), f(v))p) ;

u,v
that is, the expansion ratio of f satisfies

N NGONIO)

upeMuFo  dag(u, v)P

L < Py (M) (z bu ol (f (), f(v))p)

Zu,v aU,UdM (ua U)p
To relate to compression function, we need an extra ingredient that re-

sembles a mass distribution assumption. We say that the array a satisfies the
(p; [, ¢)-mass distribution condition if

(21) > dpa(uyw)>1 Gupda (u, v)P
ZdM (u,v) auwd/\/t (u7 U)p
in other words, the c-fraction of the total a array sum is from vertices at least

[ apart. Under this additional assumption, for any f : M — X, there exists
u,v € M with daq(u,v) > 1 such that

pr(l) < dx (f(u), f(v))

)

(22)

T =

(Zu,v bu,vdX(f(’UJ), f(v))p) %
¢ Zu,v au,vd/vl (U, v)p )

This compression upper bound is very useful. In practice, to apply this we

< diam(M)Pa,b,p(M7 %)

need to choose the arrays a, b and obtain a good Poincaré inequality of the form
(20). This is not an easy task in general. In what follows we review some special
cases. These settings have been investigated extensively in the literature, thus
established results are available for application to metric embeddings.

5.1. Poincaré inequalities in the classical form. Pioneered by work of En-
flo [Enf69], it is well known that the spectral gap of certain Markov oper-
ators on a finite metric space (X,d) can be used to show the lower bound
for distortion of the embedding of (X, d) into Hilbert spaces. This method ap-
peared in Linial-Magen [LMO00|, Newman-Rabinovich [NR03| and was extended
in Grigorchuk-Nowak [GN12|, Jolissaint-Valette [JV14] and Mimura [Mim15].
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Interested readers may also consult Chapter 13.5 in the book [LP16] for a nice
introduction to this topic.

Let (M, dn) be a finite metric space, and let K : M x M — [0,1] be a
Markov transition kernel kernel on M. Suppose K is reversible with respect
to stationary distribution 7. The most familiar Poincaré inequality for such a
finite Markov chain takes the following form: for f: M — R,

Y1) = f)Pr(wn(v) < CY " 1f(u) = f(0)* K (u, v)m(u).

The reciprocal of the Poincaré constant is known as the spectral gap,

Susenf(0) = SO K, v)r(e) }
Sueem ) — F0)Fr(u)r(e)

In this case the Poincaré constant is often referred to as the relaxation time
of K. Mixing times of finite Markov chains have been a very active research area

MR, fc

23) MK) = mf<{

in the past decades. For a great variety of Markov chains, good estimates of
their spectral gaps are known; examples can be found in [SC97|, [LPWO09]. Note
that the same Poincaré inequality holds for Hilbert space valued functions f :
M — H. This fact can be checked by eigenbasis expansion. In some examples,
based on the £2-Poincaré inequality, one can apply Matougek extrapolation (see
[Mat97] and the version in [NS11|) to obtain useful Poincaré inequalities for
fP-valued functions.

In the setting of inequality (20), having variance of f on the left side of
the inequality and Dirichlet form on the right side corresponds to taking

(24) Ay = m(w)m(v) and by, = 7(u) K (u,v).
Define \,(M, K, X) of the Markov operator K on Y to be

1
Pa,b,p(Mv %) ’

where a, b are specified by (24). When X is a Hilbert space and p = 2, this
definition agrees with the standard variational formula of the spectral gap.

(25) Ap(M, K, X) =

We now formulate an analogue of Lemma 5.1. Since the bound relies
crucially on the X-valued Poincaré constants 1/A,(X,,, Ky, X) of the Markov
operator K, on X,, we refer to it as the spectral method for bounding com-
pression functions.

LEMMA 5.2. Let G be an infinite group equipped with a metric d and
p € [1,00). Let X,, be a sequence of finite subsets in G and K, be reversible
Markov kernels on X, with stationary distribution m,. Suppose there exist a
constant ¢ € (0,1) and an increasing sequence {1, } such that the array a,, defined
as anp(u,v) = w(u)mw(v) satisfies the (p;ly, c)-mass distribution condition (21).
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Let f: G — X be a 1-Lipschitz uniform embedding. Then the compression
function of f satisfies

S

PAPTTeS g w— RO G

Ap (X, K, X) CY uwex, d(u, v)Pr(u)m(v)

Proof. Equip X, with the metric induced by the metric d on G; the in-
equality follows from (22). O

Ezample 5.3. Consider the special case where X, is a sequence of finite
subgroups in G and d is a left invariant metric on G, e.g., the word metric. Take
ln to be a symmetric probability measure on X, and K, (u,v) = up, (u‘lv).
Then the Markov chain with transition kernel K, is the random walk on X,
with step distribution p,. It is reversible with respect to the uniform distri-
bution U, on X,,. In this case, because of transitivity, the mass distribution
condition is easily satisfied, namely,

> Uy (v) >

v: d(u,v)Z% diamg(Xn)

for every u € X,,.

N |

It follows that a, = (Un(u)Un(v)) satisfies the (p, 1 diamg (X,,), 5)-mass dis-
tribution condition, and the bound in Lemma 5.2 simplifies to

diamd(Xn) 2p+2 Zu,vGXn d%(f(u)v f(v))pKn(u7 U)T"n (U)
pf( 2 > = ( M (X, Ko, X) )

3 =

5.2. Markov type inequalities . The notion of the Markov type of a metric
space was introduced by K. Ball in [Bal92]. It has found important applications
in metric geometry. In [LMNO2], Linal, Magen and Naor pointed out that the
basic assumption of this concept can be viewed as Poincaré inequalities. The
Markov type method for bounding a compression exponent was first introduced
by Naor and Peres in [NP08| and later significantly extended in [NP11].

Definition 5.4 (K. Ball [Bal92]). Given a metric space (X,dx) and p €
[1,00), we say that X has Markov-type p if there exists a constant C' > 0 such
that for every stationary reversible Markov chain {Z;};°, on {1,...,n}, every
mapping f: {1,...,n} — X and every time t € N,

(26) Edx(f(Zt), f(%))P < CPtEdx(f(Z1), f(Z0))"-

The least such constant C is called the Markov-type p constant of X and is
denoted by Mp(X).

Theorem 2.3 in Naor-Peres-Sheffield-Schramm [NPSS06| implies the fol-
lowing results for the classical Lebesgue spaces L. For p € (1,2], the space L,

has Markov type p and M), (L,) < W; and for every p € [2,00), Ly, has
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Markov type 2 and My (Ly) <4 (p — 1)% . See [NPSS06| for more examples of
metric spaces of known Markov type.

In the setting of (20), the inequality (26) in the definition of Markov type
p can be viewed as a Poincaré inequality with

auy = K'(u,v)m(u) and by, = K (u,v)7(u),

where K is the transition kernel of a reversible Markov chain on state space
M of n points, and 7 is its stationary distribution. The Poincaré inequality
provided by (26) reads

Y de(f(w), f(0))PK (u,0)m(u) < MP(X) Y de(f(w), f(0)K (u,0)m(u)

u,veEM u,veEM

for all functions f : M — X. Note that the notion of Markov type is very
powerful. If X has Markov type p, then the inequality above is valid for any
finite state space M and any reversible Markov transition kernel K on M.

Now we examine the mass distribution condition. Let (M, dx ) be a finite
metric space, and let K be a reversible Markov kernel on M with stationary
distribution 7. Let {Z;};° be a stationary Markov chain on M with transition
kernel K. At time t, set

1
TP = 3Br a2, 20}
Then

Ex[drm(Ze, 20)P Liap (20, 20) > ()}]

= Er [dp(Z1, Z0)P) — Ex [da(Zy, Z0)PLiay (2, 20)<(0)}]

> By [dua(Ze Z0)"] ~ (0 = 5B ldaa(Z ).

1
That is, the array a satisfies the <p; (%E7r [dm(Zs, Zg)p])p ,%)—mass distribu-

tion condition, where a is defined by ay, = K'(u,v)m(u). From the inequal-
ity (22) we derive the following upper bound on compression function.

LEMMA 5.5. Let G be an infinite group equipped with a metric d. Let
f G — X be a 1-Lipschitz uniform embedding. Assume that X has Markov
type p.

Let X,, be a sequence of finite sets of G, and let K,, be a reversible Markov
kernel on X, with stationary distribution m,. Let {Zt(n)}io be a stationary
Markov chain on X,, with transition kernel K,,. Then for_ any t, € N, the
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compression function of f satisfies

1

1 () Hm\P)"
M(CNTEER

(n) (n)\\P %
< | 2MP(X)t,, diam g q) (Xn)? Ex, [d% (f (Z1 ),f (ZO )) }

E-, (27, 28")"]

Remark 5.6. This upper bound on the compression function is in the same
spirit as the argument of Naor and Peres in Section 5 of [NP11]. The difference
is that in [NP11] the authors considered random walks on the infinite group G
starting at identity and f is taken to be a 1-cocycle on G. Then the Markov
type inequality for 1-cocycles was applied to bound the compression function.
One restriction for such an approach is that the step distribution of the random
walk needs to have finite p-moment. While in the finite subsets, in principle
one can experiment with any reversible transition kernel and choose the best
one available. Examples that illustrate this point can be found in Section 7.1.

5.3. Comparing spectral and Markov type methods. It is interesting to com-
pare the classical Poincaré inequalities and the ones from Markov type method.
Suppose in the infinite group G that we have chosen a sequence of subsets { X, }
and reversible Markov kernels K,, on X,,. With this sequence {(X,, K,)} we
compare the results given by the two methods. Let X be a metric space of
Markov type p and f : G — X be a 1-Lipschitz embedding from (G,d) to
(X,dx). To compare terms in the bounds of Lemmas 5.2 and 5.5, first note that

Edx (£ (Z7).£(2") = 3 de(F(w), £(0)P Ko (u,0)ma(u).
u,VEXn
Now we choose t,, to be comparable to the Poincaré constant P,( Xy, Ky, X). (It
corresponds to relaxation time when X is a Hilbert space and p = 2.) Suppose
in addition that 7, satisfies the (p; 0 diam(X,,), c)-mass distribution condition.
Then essentially the difference in the two bounds comes from the ratio
diam g q) (X»n)”

5 (240, 47
Thus if there is a constant ¢; > 0 such that for t,, ~ P, (X, K, X),
Ean (Zt(:)v Z(()n))p > clljdiam(G’,d) (Xn)pa

then up to some multiplicative constants, the two methods give the same com-

pression upper bound.

It is important in applications that the choice of the sequence of finite
subsets X,, and Markov kernels K, is flexible. For example, in order to use
Poincaré inequalities to obtain an upper bound on the compression function of
uniform embedding f from G into a Hilbert space, the subsets X, should be
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chosen to capture some worst distorted elements in the group under f, and the
Markov kernel K, on X,, should be chosen so that

1
—— > du(F (), F(0)) K, 0)ma ()
A(Kn)

u,vEXn
is as small as possible. That is, K, needs to achieve a balance between spectral
gap and Dirichlet form €k, (f). This point will be the guideline for the choice
of (X, K;,) in the examples we treat.

5.4. Metric cotype inequalities. The notion of type and cotype plays a cen-
tral role in the local theory of Banach spaces. The classical linear notion of type
and cotype is defined as follows. A Banach space X is said to have (Rademacher)
type p > 0 if there exists a constant T > 0 such that for every n and every
T1,...,Ty € X,

n p n
B\ eyl <TPY |k,
j=1 j=1

X
where E is the expectation with respect to uniform distribution on (g1, ...,&,) €
{-=1,1}". A Banach space X is said to have (Rademacher) cotype ¢ > 0 if there
exists a constant C' > 0 such that for every n and every zy,...,z, € X,

q

n n
1
E|> ez > @ZH%H%-
=1 x =1
Given a Banach space X, define

px =sup{p: X has type p}, qx = inf {¢: X has cotype ¢}.

The space X is said to be of non-trivial type if px > 1, and it is of non-trivial
cotype if gx < oo.

Mendel and Naor [MNOS] introduced the non-linear notion of metric co-
type. By [MNO8, Def. 1.1], (X,dx) has metric cotype ¢ with constant I' if
for every integer n € N, there exists an even integer m, such that for every
7y, = X,

SO dx (f (ut ) fw) w(w)

j=1uezn,

<T9m? Y Elde (f (u+e), f(u)] m(u),
uezZy,
where 7 is the uniform distribution on Z and E is the expectation taken with
respect to uniform distribution on € = (e1,...,e,) € {—1,0,1}", and {e;} is
the standard basis of R”. Mendel and Naor proved in [MNO8| that for a Banach
space X and ¢ € [2,00), X has metric cotype ¢ if and only if it has Rademacher
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cotype q. As a key step, they established the following sharp estimate, which
we will refer to as the metric cotype inequality.

THEOREM 5.7 ([MNO8, Th. 4.2|). Let 7 be the uniform distribution on Z,
and o be the uniform distribution on {—1,0,1}". Let X be a Banach space of
Rademacher type p > 1 and cotype q € [2,00). Then for every f : Z — X,

> 2 e (# (s Dej). f(w)" m(w)
uezn, j=1

< (smax{c@mni})" ST 3 de(f(ute), ) ole)mlu),

ueZy, ee{—1,0,1}n

where C(X) > 0 is a constant that only depends on the cotype constant and
K ,-convexity constant of X.

For our purposes, the Mendal-Naor metric cotype inequality can be viewed
as a Poincaré inequality with a rather unusual choice of arrays a,b on Z7,,
namely,

n

Ay = Zw(u)l{'l):u-f'%e]‘} and by, = Z W(u)l{v:u+€}a(€).

j=1 ec{-1,0,1}n

Then the Poincaré constant is bounded by
2
Pap2 (Z3, %) < (5max {C@)mn2 1,03 })".

It captures a subtle comparison between a transition kernel that moves far in
one fiber and another kernel that moves by +1 across the whole product.
Among many other applications of metric cotype, such inequalities provide
sharp lower bound for the distortion of embeddings of the ¢*°-integer lattice
[m]%,, into Banach spaces of non-trivial type and cotype ¢; see Theorem 1.12 in
[MNOS|. In Section 8 we will apply these metric cotype inequalities in the study
of compression of diagonal product A constructed with dihedral groups, exactly
because of the presence of [*°-lattices of growing side length in the group.

6. Compression of A with embedded expanders

In this section we consider compression of the diagonal product A con-
structed with {I's} chosen to be certain families of expanders. Let X be a
Banach space. A map ¥ : G — X is called G-equivariant if there exists
an action 7 of G on X by affine isometries and a vector v € X such that
U(g) = 7(g)v for all x € G. Such a map is called a 1-cocycle; see [dCTVO07|.

A couple of functions (g1, g2) is an equivariant-X—compression gap of G if
any 1-Lipschitz G-equivariant embedding ¢ : G — X satisfies p,(t) < ga(t) for
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all £ > 1 and there exists a 1-Lipschitz G-equivariant embedding ¥ : G — X
such that pg(t) > g1(t) for all ¢t > 1.

We address the question regarding possible L,-compression exponents of
finitely generated amenable groups.

PROPOSITION 6.1. For any v € [0,1], there exists a finitely generated
elementary amenable group A such that for allp > 1,

oz#(A) =".

This result follows from a more precise result about the equivariant com-
pression gap of the diagonal product group A; see Theorem 6.11. We will see
that when the lamp groups {I's} are chosen to be expanders, single copies of
these lamp groups provide sufficient obstruction for embedding. In some sense
this case can be viewed as an amenable analogue of [ADS09].

6.1. An upper bound in any uniformly convexr Banach spaces. In this sub-
section we take {I's} as a subsequence in the Lafforgue super expanders {I';,,}
described in Example 2.3. By Fact 2.15, each group I's embeds homothetically
in the diagonal product A with ratio ks + 1, i.e., there is group homomorphism
¥s : T's = A satisfying

[9s(V)a = (ks + 1) lr, -

From these distortion estimates and the embeddings 9, : I'y — A, we imme-
diately derive an upper bound on the compression function of A into X by
Lemma 5.2.

LEMMA 6.2. Let A be the diagonal product with parameters (ks) and lamp
groups {I's} chosen as a subsequence of Lafforgue super expanders in Ezam-
ple 2.3, diam(T's) = l5. Then for any uniformly convexr Banach space X, there
exists a constant 6 = 0 (I', X, |A| + |B|) > 0 such that the compression function
of any 1-Lipschitz embedding ¥ : A — X satisfies

. (%(/@ + 1)zs> <4573 (ks + 1),

Proof. Take X, = 9, (I's) and K,(u,v) = v, (95 (u"v)), where vy is
uniform on the generating set A(s) U B(s). To apply Lemma 5.2, note that
diamg, (Xs) = (ks + 1)ls, the Poincaré constant P (X, K, X) < 1/§ by Laf-
forgue’s result (1), where 0 is a constant only depending on I', X and |A| + | B].

Since ¥ is 1-Lipschitz with respect to ||,
D da(W(w), ¥ () Ky (u, v)ms(u) < (ks +1)%
u,VEXg

Since 7y is the uniform distribution on the subgroup Xj, the upper bound on py
then follows from the Poincaré inequalities (1) in Example 5.3 with p =2. O
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6.2. Compression gaps of embeddings of A into L,. In this subsection we
focus on the case where L,, p > 1, are target spaces for embedding.

6.2.1. Upper bound when {I's} are expanders. When the target space is
L,, p > 1, a more precise piecewise upper bound of the compression gap can be
obtained. Recall that a symmetric probability measure p on a group G defines
a Markov transition kernel K (u,v) = p(u~'v) that is reversible with respect
to the uniform distribution on G. Tts ¢2-spectral gap A (G,u) = (G, K) is
defined as in (23).

PROPOSITION 6.3. Let A be the diagonal product with parameters (ks) and
lamp groups {T's} expanders where diam(I's) = I < co. Suppose {I's} satisfies
Assumption 2.1 and

A(Ts,v5) >0 >0 forall s with l5 < oo,

where vy is uniform on A(s)UB(s). Then there exists a constant Cy depending
only on |A|,|B| such that for any 1-Lipschitz embedding ¥ : A — L,, the
compression function of W satisfies, for all s > 1 with ks, ls < oo,

1
pu(57) < CORT i o € By il

Cod v ifl<p<2,

27 where C(0,p) =
@) (0.2) {Copa—% ifp>2.

Remark 6.4. If kgsyq,ls41 < 0o, then by monotonicity of the compression
function, the bound extends to the interval [ksyils, ksy1ls+1]; namely, for x €

[ks—i-lls: ks+1ls+1]7
1 1
pu |52 ) < pu §k3+1ls+l < C(0,p)ksy1.
If [;11 = oo, the situation is different. We need to have information regarding
compression of the infinite group I'; see Lemma 6.6.

Proof. Consider the subgroup
T = [A(s), B(s)]"* = ker (I'y — A(s) x B(s)).

Take the symmetric generating set R(s) for I, using the Reidemeister-Schreier
algorithm in Lemma 2.18, where F' = A(s) x B(s), S = A(s)U B(s). Then the
inclusion map from (T, R(s)) into (T's, A(s) U B(s)) is bi-Lipschitz, |y|g(s) <
|vIr, < 5|y|g for all 4 € T". Let us be the uniform distribution on R(s). It is
known that if there is a (C, C)-quasi isometric map ¢ : (G, S) — (H,T) and
if the image (@) is R dense in H, then the Poincaré constant of (H,v) is
comparable to the Poincaré constant of (G, ) with constants only depending
on C, R, |S|,|T|, where p (resp. v) is the uniform distribution on SUS™! (resp.
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T UT™1); see the proof of [CSC95, Prop. 4.2] or [PSC00, Th. 1.2]. In the
current situation, since the inclusion map (I, R(s)) into (I's, A(s) U B(s)) is
a (5, 5)-quasi-isometry and I', is 2-dense in I's, there exists a constant ¢y only
depending on |A| and |B| such that the spectral gap of us satisfies

I, ps) = 6 > cob.

Let t € [ks, kst1]. Consider the direct product IT% of ¢ copies of I'; in the
factor Ag at site 0,1,...,¢t—1. By Section 2.3, IT} is an embedded subgroup of
A. Denote such an embedding by 6; : I}, < A. On II%, take the product kernel
G = (ps)y ® -+ ® (ts);_,. By the tensorizing property of classical Poincaré
inequalities, we have that for any function f :II; — R,

> lfw V) g (W (0) <670 Y [f(u v)[? o, (u)Ge (u™ ).
u,vell; u,vEll;

By Matousek’s extrapolation lemma for Poincaré inequalities [Mat97] (see the
version in [NS11, Lemma 4.4]), it follows that for any f : I, — (P,

o if 1 <p <2 then

> f ) = ) e (w)me (v)

u,v€EITt
<Y () = F@)Ip e (w)Ge (u M) ;
w,v€elll
e if p > 2, then

D () = F@)IE me (w)mm (v)

u,v€ell}
<P ST £ () — £ s () ().
u, eIl

Let ¢ : A — ¢P be a 1-Lipschitz uniform embedding of A with respect to the
word metric |-|,. Apply Lemma 5.2 to the subset 6, (II;) equipped with the
kernel ¢; o ;1. With the mass distribution condition satisfied by Lemma 2.16,
we have

1 ~
1090 (5”8) S C((Svp)ta

where the constant ¢(d, p) is given by

~ 1
z (2/0)» if 1 <p<2,
28 c(d,p) = -

28) (4:7) { o5 ip  ifp> 2.

From the standard fact that L, is (1 + ¢)-finitely presentable in I, (see, for
example, the proof of [JV14, Th. 1.1]), we conclude that for for any 1-Lipschitz
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uniform embedding ¥ : A — L,,, the same bound holds:

P (;tls> < c(g,p)t. g

6.2.2. Upper bound with an infinite group I's having strong property (T).
Next we consider the case where I's = I' is an infinite group. (It corresponds
to ls = 00.) Let I' be a discrete group equipped with a finite generating set
S, and let X be a Banach space. A linear isometric I'-representation on X is a
homomorphism ¢ : I' = O(X), where O(X) denotes the groups of all invertible
linear isometries of ¥. Denote by X2 the closed subspace of I-fixed vectors.
When X is uniformly convex, by [BFGMO07, Prop. 2.6] the subspace of xeM) ig
complemented in X, X = x¢0) ¢ ¥’ (0), and the decomposition is canonical.

Definition 6.5. Let I" be a discrete group equipped with a finite generating
set S, and let X be a uniformly convex Banach space.

e Following [BFGMO07|, we say that I" has Property (F¥) if any action of I" on
X by affine isometries has a I'-fixed point.

e We say I' has Property (T%) if there exists a constant € > 0 such that for
any representation g : I' = O(X),

max llo(s)v —v||x > e||v|ly for all v € X'(o).

The maximal £ with this property is called the X-Kazhdan constant of I'
with respect to S and is denoted by rx (I, S).

By [BFGMO07, Th. 1.3 and Rem. 2.28], Property (F%) implies Property
(T%) in any uniformly convex Banach space X with uniformly convex dual.

LEMMA 6.6. Let A be the diagonal product with parameters (ks)s<s, and
lamp groups {T's}s<s,, where I's, =T is an infinite group marked with generat-
ing subgroups A, B. Suppose X is a uniformly convexr Banach space and I" has
Property (Fx). Then for any equivariant 1-Lipschitz embedding ¥ : A — X, the
compression function of W satisfies

(2) € ———
< — £
Py ~ rx(TAU B)
Proof. Since the embedding ¥, : I' — A is a homothety with |5, (7)|5 =
(kso+1) |¥|p, ¥ = Wody, : T' = X is a (ks +1)-Lipschitz equivariant embedding.
. T w 7
Consider ¢ = Fg F1°
some representation ¢ : I' — O (X). Since I' has Property (Fx), H'(T',0) =
ZY(T, 0)/B\(T, o) vanishes. It follows that v is a 1-coboundary; that is, there
exists v € X such that

(ksg +1) for all x € [ksy + 1,00] .

Since v equivariant, it is a l-cocycle with respect to
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We may take v in the complement X’(9). Then by Property (T%),

Jnax lo(s)v — vy > & ||v|lx, where k = kx(I', AU B).

Since ¢ is 1-Lipschitz, we have & lv]ly < maxscaun HI;(S)Hx < 1. It follows
that for any g € T,

[99)]|,, = leta)w = vllz < lle()vllx + oz = 2 [vllx < 2/.

Now we get back to W. Since Wotds, = (ks, +1)¢ and [9s, (V)| s = (kso +1) |7,
we deduce from Hd?(g)”j€ < 2/k that

2
kx(I', AU B)
Remark 6.7. In practice, we use the bound in Lemma 6.6 for the interval

[(ksy + 1) lgy—1,00], because for smaller length z, the copies I's with s < sp — 1
provide better upper bounds.

pw () < (ksy +1) for all x € [kg, + 1, 00]. O

Property (Fy) is very strong. By Bader-Furman-Gelander-Monod (see
[BEFGMO7, Th. B]|) and standard Hereditary properties (|[BAIHV08, §2.5]), the
lattice I" in Example 2.3 has Property Fp, for all 1 < p < oo.

When we specialize to Lebesgue spaces L,, p € (1,00), the p-Kazhdan
constant can be estimated in terms of the Kazhdan constant in Hilbert space,
via the explicit Mazur map.

Fact 6.8 (Follows from [BFGMO7], [Maz29]). Let T be a discrete group
equipped with finite generating set S, and suppose that I' has the Kazhdan prop-
erty (Tr,). Then for p > 2, kr (I',S) > ﬁmM(F,S’); for 1 < p < 2,

p

ki, (T, 8) > 2755 kJ7(T, 5).

Proof. Let o : T' = O(L,,) be a I'-representation in L, and take any unit
vector f in the complement X'(p). Let M, , : L, — L, be the Mazur map

M,4(f) = sign(f)|fIP/2.

By [BFGMO07, Lemma 4.2], the conjugation U +— My, 9 0 U o My, sends O(Ly)
to O(Lg). Define m : I' = O(L2) by m(g) = M, 20 0(g) o Mz . By definition of
the Mazur map, we have [|M,(f)[l5 = [ f]|Z = 1.

Consider first the case p > 2. From [Maz29|,

(29) la|7sign(a) — |b|7sign(b)| < 2/a — b7,

and so we have ||Map(u) — Map(v)[[7 < 27 |lu — v||3 for u,v € Ly. Note that

M, 2 maps Lg(r) onto Lg(r), and therefore for any unit vector f € X'(p), we
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have )
inf {1 Mp2(f) — oll3 > o inf IS =Bl >
verlT 272 pep T
: - m(T)\+ —p/2
that is, the projection of M, 2(f) to (L2 ) has Lo-norm at least 277/, By
[Maz29],

(80)  |lai/2sign(a) — b sign(v)| <

l\D\’B

ja— | (lal5" + b2 ),

and so we have

(31)
Its)u— ull = [ [lo(s) P 2signo(s)) ~ | sign()| doo

< [ (5) leto)f = 2 (1els)15 7" +151571) dm

([1e07 = am) ™ ([ (et 1515 am)

The last step uses Holder inequality. By triangle inequality in L p_ and
-
o(s) € O(Ly),
p—2

o p=2
([ Getrsat 41557 am) 7 <alig? =4
Let u be the projection of u to L5(7). Then
— —p/2
ma (s)u — ull, = max [ w(s)’ o/, > 51, (0.9) ol > 272k, (T, ),
Combining with (31), we have

2

9P 5 10210/2 5
< g — <= ) m — fI12.
< — g (o) u||2_(m(r’5) nax|lo(s)f — /1

We conclude that xr,(I', S) > M%RLQ (I, S).
In the case 1 < p < 2, rewrite (29) as

2
la — bP < 2° ’|a\p/2sign(a) - |b\p/2sign(b)) .

1
We deduce that the projection of Mp2(f) to (Lg(r)) has Lo-norm at least
27P/2. Applying (29), we get

sy = ull = [ [lo(o) 11 sign(e(sf) — |17 2sign() | dm
< / Ao(s)f — fPdm = 4]lo(s)f ~ fI2.

©2 2/p
It follows that rr, (I',.S) > 27 » w7 (T, S). O
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6.2.3. Basic test functions and 1-cocycles on A. The discussion in this
subsection is valid for any choice of {I's} that satisfies Assumption 2.1. The
1-cocycle constructed using the basic test functions will be useful in later sec-
tions as well.

First recall some basic test functions on A constructed in Section 4.1.2.
They capture the feature that in each copy of I'y in Ag, the generators a;(s)
and b;(s) are kept distance ks apart. In the group A, for r > 2, define the
subset U, as

Ur-={Z € A: Range(Z) C [-r,1]}.

Recall that Range(Z) is defined in Section 2.2.2; it is the minimal interval of Z
visited by the cursor of a path representing Z. Take a function supported on
the subset U,.,

2|

(32) or ((7),2) = max 0,1 - Elh 1y, (1), 2)

Let q be the switch-or-walk measure q = %(u—i— v) on A, where v is the uniform

measure on {ag, 5; 1 1 <i <|A],1 <j <|B|} and p is the simple random walk

£1) = 1

measure on the base Z, u (7' 5. We have seen in the proof of Proposi-

tion 4.4 that for p = 2,
Eaqler) 3
leely 20
Define ¢; to be the indicator function of the identity ea,

g01 = 16A'

Motivated by Tessera’s embedding in [Tes11, §3|, given a non-decreasing func-
tion v : Z>o — R4 with y(0) =1 and

(33 =3 (1) <o

t=1

we define a 1-cocycle by : A — @;’10€2(A) C Lo,

(34) bw(z>—é< : S"?"‘Wz’),

j=0 7<j) 5A,q (SOQJ‘)%

where 7, denote right translation of functions, 7,¢(h) = ¢ (hgfl).

LEMMA 6.9. The 1-cocycle by : A — Lo defined in (34) is \/2C(7)-
Lipschitz. Suppose in addition that there exists mg > 2 such that ksy1 > moks,
ls+1 > mols for any s > 1. Then there is a constant C(mg) > 0 depending only
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on mq such that

z/ls ,
> —— ksls, kst1ls),
pbw(l') = C(m0)7(10g2(x/15)) Zf.’L’ € [ +1 )
ks—i—l .
> _ .
pb., () > C'(mo)7 (Togs s if v € [kog1ls, ksp1lsi1)

Proof. Clearly ||by(Z)|| = 1 when Z is a generator in AUB and ||by(Z2)| =
2C () when Z = 7 is the generator of the cyclic base Z.
The 1-cocycle by captures the size of Range(Z). Denote Z = ((fs),i) and
observe that if Range(Z) > 2/%2, then

(suppya;) N (supprzpe;) = 0.

Indeed, either there exist ¢ ¢ [—2/71 2071] and s < s0(Z) with fs(1) # ea,
and then this also holds for all elements of supprz,; and none of suppys;, or
li| > 27! and then the projections on the base of the two supports are disjoint.
Therefore

loos — 2005l _ 2lleslly  4-2%

Eng(pai)  Enq(pai) 3
By construction of b, this implies that if Range(Z) > 2942 then
oy )y >
> .
TR T B G)

By Definition 2.8, for Z with Range(Z) = r € [ks, ks+1), we have so(Z) < s.
Denote Z = ((fs),4). Then by Lemma 2.13,

[(Fs:D)la, = |ms(2)]a, <18(r + 1)l

because at most 2r/ks+ 1 intervals contribute to the essential contribution. By
Proposition 2.14, the word distance of Z to ea is bounded:

< 9000(r + 1)l
- 1- l/mo '

(9000(1“ + 1)l5) _—
P\ 71— 1/mo / = 8y(logyr)’

To write it into the first inequality stated, note that since b, is equivariant, pp.
is subadditive.

The second bound follows from the first bound evaluated at x = kg1l
and the monotonicity of the compression function py, . ([l

1Z| 5 <500 - 18(r +1) (lo + - - + L)

It follows that

Remark 6.10. The function ¢/ o log(t) with ~ satisfying (33) does not
satisfy any a priori majoration by a sublinear function. More precisely, [Tesl11,
Prop. 8] implies that for any increasing sublinear function h : Ry — R, there
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exist a non-decreasing function ~ satisfying (33), a constant ¢ > 0 and an
increasing subsequence of integers n;, such that

i,

— "M > ch(ky,) for all i.
7y o logy (kn,) ()

It follows that the upper bound in Proposition 6.3 cannot be improved.

6.2.4. Possible compression gaps of embeddings into L,. The 1-cocycle
by defined in (34) is almost optimal in the sense that the lower bounds of
Lemma 6.9 match with the upper bounds of Proposition 6.3 up to the fac-
tor sequence 1/7 o logy(ks). The following result is an analogue of [ADS09,
Th. 5.5(II)] in our setting.

THEOREM 6.11. There exist absolute constants 6 > 0,C > 0 such that
the following holds. Let p(x) be any non-decreasing function such that ﬁ
18 non-decreasing. Then there exists a finitely generated group A such that
<ém, C’p2p/2p) is an equivariant Ly-compression gap of A for any
p>1.

Furthermore, if lim,_,~ p(x) = oo, then the group A constructed is elemen-

tary amenable, and (éW,Cp 18 an equivariant Li-compression
gap of A.
Proof. We write p(z) = % with f(z) between 1 and z. The sets K =

Z4U{oo} and L = {diamI';,, m > 1}U{oco} of diameters of Lafforgue expanders
from Example 2.3 satisfy the assumptions of Proposition B.2. So we can find
sequences (ks), (Is) taking values in K and L such that the function defined
by f(z) = ls on [ksls, ksy1ls] and f(x) = k:il on [ksiils, kst1ls+1] satisfies
f(x) ~nocs f(z). Then pz) = % ~nocs P(x). Let A be the diagonal
product associated to these sequences.

By Proposition 6.3 and Lemma 6.6, any 1-Lipschitz equivariant embedding
U : A — L, satisfies, for all z,

pu(x) < Cp(2) < 2meCiChp(x),

where by Fact 6.8,

C' < max{C(s,p), )} < max{C'p, C"p2"/?}.

HLp (F)

This gives the upper bound of the compression gap. For p = 1, Lemma 6.6
does not hold, so the upper bound is valid only on the condition that all the
diameters [s are finite, which is satisfied when p is unbounded, or equivalently,
f is not asymptotically linear.



66 JEREMIE BRIEUSSEL and TIANYI ZHENG

The lower bound is given by the 1-cocyle b, : A — (2 of Lemma 6.9 with
1+e€ 1 .
y(x) = Cex 2, where C, ~ ¢ is such that /2C(y) = 1. For all z,

oo (@) = CC(mo)— P& 5 1 @)

logy(5(x)) 3 Celog(l+ p(x)) 5

Since ¢ embeds isometrically in L, for all p > 1 (see Lemma 2.3 in [NP08]), it
is also an Lj,-compression lower bound. O

7. L,-compression of the wreath product H!Z

In general, for the diagonal products constructed with {I's} chosen to
be finite groups other than expanders, the analysis of L,-compression is more
involved. Since our main object A is a diagonal product of a sequence of wreath
products, in this section we first understand compression of uniform embedding
of a single copy of the wreath product HZ.

In [NP0S], Naor and Peres prove that if off (H) = Qﬂ%(H)’ where 5*(H) is
the supremum of upper speed exponent of symmetric random walk of bounded
support on H, then ([NP08, Cor. 1.3])

203 (H
af(HZZ):7$2( ).
20 (H) +1

In their subsequent work |[NP11], which significantly extends the method in
[NPO§|, the L,-compression exponent of Z{ Z is determined ([NP11, Th. 1.2]):
for every p € [1,00),

oz# (Z1Z) = max {2 P ,g}
p—1"3
In [NP11] Naor and Peres also prove the following result when the base group
is of polynomial volume growth at least quadratic. Let H be a non-trivial
finitely generated amenable group and I" a group of polynomial volume growth.
Suppose the volume growth rate of T is at least quadratic. Then [NP11, Th. 3.1]
states that for every p € [1,2],

af(HZT) = min {;,a#(H)}.

One central idea in these works is the Markov type method that connects
compression exponents of G to the speed exponent of certain random walks
on G. The aim of this section is to obtain the following generalization of the
aforementioned results of Naor and Peres.
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THEOREM 7.1. Let p € [1,2], and let H be a finitely generated infinite
group. Then the equivariant L,-compression exponent of H 1 Z is

of (H)
aﬁ(H) + (1 - %

a#(HZZ):min ),af(H)

Remark 7.2. It will be transparent in the proof of Theorem 7.1 that there
is a dichotomy of the kind of obstruction that H ! Z observes, depending on
a# (H) as indicated in the formula. Namely, when a# (H) > %, then the
sequence of subsets X, as defined in the proof of Proposition 7.3 captures
distorted elements under the embedding; when a# (H) < %, then one single

copy of H already provides sufficient distortion, and in the latter case we have
off (H12) = off (H).

7.1. Upper bound of compression function of H1Z. Let ¥ : H1Z — X be
an equivariant embedding of G = H ! Z into metric space (X, dy). Recall that
the group H is naturally identified with the lamp group over site 0,

i: H— G,
h — (h5070).

Then the embedding ¥ induces an equivariant embedding of H into X. We
denote it by ¥ g

(35) Y (h) = Woi(h) =¥ ((hdo,0)).

Denote the compression function of ¢y : H — X by py,,. Since distortion of
the inclusion map i is 1, |h|y = |i(h)|s, it follows that

(36) pw(t) < py,(t) forallt > 1.

We now explain how to apply the spectral method to derive a second upper
bound on py when ¥ is a uniform embedding of G into L,, p € (1,2]. The
novelty here is in the choice of Markov kernels on lamplighter graphs.

PROPOSITION 7.3. There exists a constant C > 0 such that for any p €
(1,2] and any 1-Lipschitz equivariant embedding ¥ : G — L, of G = HZ
into Ly, the compression function py of ¥ satisfies

1
L L
p— 1) " (20 07 (8) P log? (205, 0 77H(1)),

6 mn<o(

where Y is the induced embedding of the subgroup H into Ly, as in (35) and
the function 7 : Ry — Ry is defined as

p

7(x) = 277 (py ()77
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Proof. By definition of the compression function py,,, for every n > 1,
there exists an element h, € H such that |h,|; > n and

1w (hn) = m (er)ll, < 2py, (n).
Take X, to be a finite subset in G defined by
f(z) € {eg, hn} for z € [0,m, —1] }
flx)=eq for x ¢ [0, my, — 1]
The length m, will be determined later. Note that X, has the structure

of a lamplighter graph; namely, let £,,, be lamplighter graph over segment
[0, m,, — 1] defined in Appendix C. Then there is a bijection

X, = {(f,z): z € [0,my, —1],

on Ly, = X,

on (f.2) = (f,z), where f(z) = hf().
In Appendix C we define a Markov transition kernel p,,, on L, that moves

on the base segment with a Cauchy-like step distribution (,,. On X, take
the Markov kernel K, to be p,,, oo, !; that is,

Ky (u,0) = pm,, (0, (w), 0,1 (v)).
Denote by m, the stationary distribution of K,, on X, 7, = Up,, 00;1. Under

the bijection o,, the Poincaré inequality that Voo, : £,,, — L, satisfies as in
Lemma C.1 implies

D () = ()} 7 (u)a ()

u,VEXn

< Cmplogmy > ¥ (u) = ¥(0)|D K, (u,v) mn(w).

u,vEXn

(38)

Now we deduce an upper bound on py from Poincaré inequalities (38) by
applying Lemma 5.2. Because of equivariance of W, for any u € G,

W (- (hdo, 0)) = W(u)l, = [|¥ ((hdo,0)) — W(ea)ll, = llvm (h) — Pu(en)ll,-
Recall that K, moves as a “switch-walk-switch” transition kernel. By the Holder
inequality,

D () = W ()[F K (u, v)ma(u)

u,VEXn

<23 [wn(en) — vu ()|}

+370 Y W((2) = W 2) - (e )L G (2, y)ma((, 2))

(f:Z)GXn ye [O,mn —1]

<3 | 2oy )P+ D 2=l Gnn (2,9)Cm, (2) |
2,y€[0,myn—1]
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where Cp,, (z) denotes the stationary distribution of (,,,. The last step used
the choice that |[¢y (hn) — ¢u (em)ll, < 2pp, (n) and the assumption that ¥
is 1-Lipschitz. From the explicit formula that defines ¢, , for p > 1, we have

> 1r =yl Gna(z9)Cm, (2) < Cmli
2,y€[0,mn—1]
Set
My = [(2pp, ()77 |,
so that the two terms in the Ly,-energy upper bound are comparable. Then
(39) Do 1 (w) = ()| K (us v)ma(u) < 37(1 + C)mh
u,veEXy

From the explicit lamplighter structure, one checks that the set X,, satisfies
diamg(Xy) = (2 + |hp| ) My, and that for any u € X,

—

(40) v;{: 1{dG(u,'L})Z%(|hn‘H+2)mn}ﬂ'n(U> > =

Applying (38), (39), and (40) in Lemma 5.2, we have

((2 + |hn‘H> Mn
v 2

Since |hn |y > n, it follows that there exist u,v € Xy, da(u,v) > & (n+ 1) my,
and

) < (C’mffl - my, log mn)% :

10 () — ()], < C'm, log? m,.

Note that byp definition of 7, 7(n) = 4n (2py, (n))ﬁ, with the choice of m,, =
[(prH (n)):ﬂjw, the statement follows from rewriting the inequality

1 1
P (inmn) < C'my, log?r my,. O

The Markov type method can also be applied to this situation; it actually
yields more general results. We presented the proof for L,-compression of G
with p € (1, 2] using the Poincaré inequalities because spectral gap considera-
tions motivate the choice of the a-stable walk on the base with a = 1. Now we
explain how to apply the Markov type method. Let (X, dx) be a metric space
of Markov type p, p > 1, and let ¥ : H{Z — X be a 1-Lipschitz equivariant
embedding. Make the same choice of a sequence of finite subsets X,, and K,
as in the proof of Proposition 7.3 with

M = [ (204, ()77 ] .

Let Z; denote a Markov chain on £,,, with transition kernel p,,, . Then Z =
on (Z;) is a Markov chain on X,, with transition kernel K,. Run the Markov
chain Z; up to time t,, = mylogm,. To apply Lemma 5.5, we need a lower
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bound for E, [d(; (Zn, Zg)p] . The bijection oy, : L, — X, induces a metric
on L, by

do, (u7 U) =dg (Un(u)a Un(v))'

Direct inspection shows that this metric d,,, coincides with the metric dy,, with
wy, = (1,]hn|y) introduced in Appendix C. By Lemma C.2, we have that for
tn, = my log M,

Eﬂ'n [dG (Ztnu Zﬂ)p} = EUa,mn [de (Ztn, Zo)p]
2 EUa,mn [dwn (Ztn7 ZO)]p
> (c(L+ [hn]g) ma)”.

In the proof of Proposition 7.3 we checked that

E., [d (U (X1), 9 (X0))"] = D dx (W(u), ¥(0))” K (u, v)m0(v)

u,vEXn,
< 3P [(2pwH(n))p + Cmﬁ_l] )

Choose m,, = {(pr . (n))z’%ﬂ , and plug these estimates into Lemma 5.5. Then

we have
1

P (% (1+|hnly) mn> < C'M,, (X) my, log? my,.

Recall that |hy|; > n, and therefore
P (%nmn> < C'M, (X)m,, log% My,

The result given by the Markov type method is recorded in the following propo-
sition. By [NPSS06|, L, space with p > 2 has Markov type 2. Proposition 7.4
applies to L, with p > 2 as well and therefore is more general than Proposi-
tion 7.3.

PROPOSITION 7.4. There exists a constant C' > 0 such that the following
holds. Let (X,dx) be a metric space of Markov type p, p > 1, and let ¥ :
H 17 — X be a 1-Lipschitz equivariant embedding. The compression function

pw satisfies

(@) pult) <0 (25 ) 8, (%) (200, 07710) 7T hog? (20007 0),

where Yy is the induced embedding of the subgroup H into X as in (35), My, (X)
is the Markov-type p constant of X, and the function 7 : Ry — Ry is defined as

() = 2 (200, ()77



SPEED OF RANDOM WALKS 71

7.2. Ly-compression exponent of H ! Z. For the lower bound in the L,-
compression gap of H1Z, p € [1, 2], we use the embedding constructed in [NP0S,
Th. 3.3 |. An explicit description of an equivariant embedding is included here
as a warm-up for Section 8. Given a good equivariant embedding ¢ of the
group H into L, ,

lp(h1) — @(h2)ll, > p— (dm (h1, h2)),

we exhibit an embedding of G = HZ into L, with ¢ as building blocks. Recall
that for an element (f, z) € G, the word distance is given by

(f: ) = lwl+ Y 1f @)l
TEZ

where w is a path of shortest length that starts at 0, visits every point x in the
support of f, and ends at z. We refer to such a path as a traveling salesman path
for (f,z). The embedding of G into L, consists of two parts: Part I captures
the length of w, and Part II embeds the lamp configurations {f(z)},ez using
the embedding of H into L.

Part 1. This part is essentially the same as an embedding of Z2!Z into L,,.
Consider the following sequence of functions on G = H Z:

(42) o ((f,2) = 1{suppfg[—2n,2n}} max { - ’;n’a 0}-

Note that if g € G is in the support of ¢, then
lwg| < 4-27,
where w, denotes a traveling salesman path for g. Also,
(suppey) (suppdn) ' C suppep 1.

As in [Tesl1], given a non-decreasing function v : N — R, with (1) = 1 and
S0 (ﬁ)p = Cp(7y) < o0, take a cocycle by : G — Ly, defined as

o = 1 7'ggbn — on
w =80 <6p (én)'/” )

where 7, denotes the right translation of a function ¢ : G — R,

Tg(z)(u) =0 (uyil)-
Because of the normalization in the definition of b,, one readily checks that b,
1
is (2Cy(vy))?-Lipschitz.
Given g = (f,z) € G, we say a path w on Z is a traveling salesman path
for g if it starts at 0, visits every z € Z where f(z) # ey, and ends at x. Let
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wg be a shortest traveling salesman path for g. Suppose |wg| > 2"+3 . Then
g ¢ (suppon) (supp¢n)_17 and it follows that in this case,

I7g0n — nlly, _ 2119nlly

Putting the components together, we have that
|wg|

b Ml
15+ (I, = 8 (logy |wg|)

Part 11. Let ¢ : H — L, be a 1-Lipschitz equivariant embedding of H
into L;,. Define a map Z,: G — L, as

=D (f()

TEZ

> (2P

Since the map Z, factors through the projection G — @,z H and ¢ is equi-
variant, it follows that =, is a cocycle. By construction, =, is 1-Lipschitz

IZe((F D15 =D o)

TEZ

and

Combining the two parts, we define
S : G — Ly,

®(g) = by (9) P E,(9)-
Then we have that W is (2C,())'/P-Lipschitz and

(44)

129115 = 1165 (@)IIE + > llp(f(@)IIb
TEZL
|Wg|
+c) p-(If(z
~ 87 (logy |Wg| J;Z

Let p € (1,2]. The bounds (35), (36) and the embedding constructed above
provide rather detailed information about the L,-compression gap of G = H1Z
in terms of L,-compression gap of H. We now derive the formula relating the
L,-compression exponents of G and H stated in Theorem 7.1.

Proof of Theorem 7.1. We first treat the case p € (1,2]. Let ¥ : G — L,
be a 1-Lipschitz equivariant embedding of G = HZ into L, and 1 its induced
embedding H < L,. From (36), it is always true that af(H VZ) < af(H).
Now we apply Proposition 7.3 to prove the upper bound. By definition of
the compression exponent, there exists a constant C = C (¢¥g) > 0 and an
increasing sequence n; € N with n; — oo such that

Py (i) < Cn (H)
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Along the sequence {n;}, by Proposition 7.3,

pw(n;) < C1(C,p)nf~ e 1083”( ;o Hap)v

where a = a# (H) and C1(C,p) is a constant depending on C' and p. Therefore

off (H)

a#(H1Z) < F (1)

We have proved the upper bound.

Note that if a#(H) = 0, then oz#(G) = 0. Thus in the lower bound
direction, we consider the case ajf (H) > 0. For any 0 < ¢ < off (H), let
¢ : H — L, be a 1-Lipschitz equivariant embedding such that

po(t) = (ct)? D=2,
and set y(n) :log% (1+n). Take the embedding ® : G— L, as defined in (44).
Then

1L = 1051 + > ()

€L

el +Z c|f( H=<)p.

>
1
8log +‘5 (14 |wgl) =

Such an embedding ® is analyzed in [NP0S§|. As ¢ is arbitrarily small, the proof
of [NP08, Th. 3.3 | applies to show that if aff(H) < ]%, then a,(®) > off (H),

and if off (H) > ]lg, then
of ()
of (H)+1-1/p

Finally when p=1, from py(t) < py,, (t) and the explicit embedding ® : G— L
given a good embedding ¢ : H — L1, we deduce that

ot (@) = o (H). O

af (@) >

8. Compression of A constructed with dihedral groups

Throughout this section A denotes a diagonal product with input {I's =
Dy, }. The main result of this section is the following.

THEOREM 8.1. Let A be the diagonal product with {I's = Do, } and pa-
rameters (ks), and set
logl
0 := limsup ki .
s—oo 10g ks
Assume that (ks) satisfies the growth assumption 2.11. Then
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(i) forp € [1,2],

(i) for q € (2,00),

1 1
A= —— f0<O< =
ay(A) 5o sz_H_q,
0+1-2 9 20 +1—2

max g T SQZ(A)Sig if 0 > —
(2-1)o+1-273 30+1—2

q

*
p

Naor metric cotype inequality cited in Section 5.4; in the lower bound direction

When p € [1, 2], the upper bound on o (A) is a consequence of the Mendel-
we construct an explicit embedding A — ¢2. The case of p € (2,00) is more
involved. The proof of Theorem 8.1 is completed in Section 8.4.

Since A is 3-step solvable, in particular it is amenable. By [NP11, Th. 1.6],
we have

a,(A) = af(A) for all p € [1, 00).

8.1. Upper bounds on compression functions. We first explain why it is
necessary to examine the distortion in a block of side length ks in Ag. For
notational convenience, assume that (ks), (Is) are multiples of 4. As in Sec-
tion 2.3, consider the subset ngs/ 2 of A defined as in (2). Note that Hfs/ 2
is isomorphic to the direct product of ks/2 copies of D’le ~ Z, 2. Denote

by s : ZZS//; — ngs/ ? the isomorphism. Write elements of ngs/ ? as vectors

u=(u(0),...,u(ks = 1)), u(j) € Zy 2.

Now consider the induced metric on H’js/ 2 of the word metric da on A.

Then by Lemma 2.16, we have that for v € ngs/ 27

~oo k ] .
[u|p ~72 S0 20%, [w(i)lz,z

/2

Therefore the induced metric |-| A On H?s can be viewed as the ¢£°° metric
being dilated by ks.

Let [m]’io denote the set {0,1,..., m}k equipped with the metric induced
by £,

doo(z,2') := 0<1}1<a’§<_1 |xj - xﬂ , &= (T0y...y Tp—1)-

Let X be a Banach space of non-trivial type and cotype g. Then by [MNOS,
Th. 1.12], there exists a constant ¢(X, ¢) depending only on X and ¢ such that

the distortion of embedding of [m]’;o into X satisfies

cx ([m]];o) > (X, q) (min {kim})
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We now explain how to apply this distortion lower bound and the Austin
lemma to derive an upper bound on a%(A). Define

11
s — i k:ga 7ZS}J ’
m \}'ﬂln{ 1

and consider {0,1,...,ms} as elements in Z;,. The grid [ms]ﬁg is embedded
in the group A via the map ¥5 . Let 6 := limsup,_,, llggg]l;, and suppose

0 € (0,00). For any € > 0, select a subsequence s, such that 5, > C’ekgn_6
along this subsequence. To apply Lemma 5.1 using the sequence of finite metric
spaces ([msn]ﬁgn ,doo), we check that

o diamy__ ([msn]ﬁgn) =mg, + 1;

e the word distance on A relates to the metric do, on [msn]ig" by
da(Vs, (u,0),9s, (u',0)) 2279 ks, doo(u, u')
and
Een < O (diamg, (Imy,)en) ;)™ 07

e the distortion of [msn]];g” satisfies

ox (Im ) 2 e ame, = G52 o, (e )

Then by Lemma 5.1, we have that if X is a Banach space of non-trivial type
and cotype ¢, then

1 1 q
(45) ax(A) = 1—|—min{q,%} e 1+01+¢

Note that the X-distortion of the grid [msn]’;;" selected is comparable to
its dso-diameter. Unlike the case with {I's} taken to be expanders, the size of
1

ms is constrained by kJ. We will see in Section 8.2 that when gy > 2 and X
is of Markov type p < 2, this upper bound on a}(A) can be improved. In the
rest of this subsection we give a more detailed description of distorted elements
and derive an upper bound for the compression functions.

8.1.1. A first upper bound by the metric cotype inequality.

PROPOSITION 8.2. Let ¥ and H?S/Q be introduced as above, and suppose X
is a Banach space of non-trivial type and cotype q. Then there exists a constant
C = C(X,q) such that for any 1-Lipschitz equivariant embedding ¢ : A — X,

1 1
po (Shomin {1, b } ) < Cx b
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This proposition improves on (45) as it applies to functions. Its proof will
also be useful to “locate” the obstructions and derive a better upper bound in
the next subsection.

Proof. Take m < ls/4, and consider 0,...,m + 1 as elements of Z;_ /5. By
[MNO8, Lemma 6.12], for each € > 0, Z%,, equipped with an ¢>° metric embeds
with distortion 1 + 6¢ into [m + 1 ]([I/E]H)" Take € = 1, and fix a 1-Lipschitz
embedding

by T — m 4 1)

oo

with distortion ¢(15) < 8. Let da be the induced metric by da on Zs 5/
da(u,v) = da (95 0 Ys(u), 95 0 9s(v)),
and let ¢ be the induced embedding
p=povyou,: Ly — X.

Let Us be the uniform measure on Z, S/ 2 and 0s be the uniform measure on
{—1,0,1}F /2 Let {e]}?i/o2 " be the standard basis of RF/2. Since X is a
K-convex Banach space of cotype ¢, then by the metric cotype inequality in
[MNO8, Th. 4.2] (cited in Section 5.4),

(46)
ks/2—1

> @ (u+mej)|z Us(u)

=0 Gst/Q

ke/2—1 a
<y > u)—@ | ut D ey o(e)Us(u),
uezks/? e€{~1,0,1}ks/2 J=0 x

where

Q= 5max{0(%,q)m, (k;);}

and C (X, q) is a constant that only depends on the cotype constant and K-
convexity constant of X.
Since ¢ is 1-Lipschitz, by Lemma 2.16 we have

ks /2—1 ks /2—1
Po(u,0) =@ | u+ Z je;,0 <da | u+ Z e, u | < T2ks.
. ,
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Plug in (46):
ks/2—1
> Yo le(w) =@ (u+me))|§ Us(u)
j=0

ue(Z,/2m7)ks/?
1Y\4¢
< <5 max {C(%)m, k§}> (72ks)7.

It follows that there exist u € (Z/2mZ)*/? and jy € {0,...,ks/2 — 1} such
that

1—1
[@(u) — @ (u+mej )|y < 360max {C’(f{)mks q,ks}.

1
To obtain the upper bound on p,, choose m = H min {ls,k‘é?}J. By
Lemma 2.16,

1
da (u,u+ mej)) > §mk‘3,
and it follows that
1
Py <§ksm> < 360C (X)ks. O

Remark 8.3. Since Lp has trivial type, embeddings ¢ : A — L are not
covered by the lemma. However it is true that there exists constant C' > 0 such
that for ¢ : A — Ly a 1-Lipschitz embedding,

Py (lks min {ZS, k's%}) < Cks.
C
To see this, as pointed out in [MNO8, Rem. 7.5], since L equipped with the
metric /||z — yl|; is isomorphic to a subset of Hilbert space, [MNO8, Th. 4.2
applied to the Hilbert space gives
ks/2—1
> > 16(u) — @ (u+me))|, Us(u) < C? max {m? ks }
J=0 wueue(z/2mz)ks/?

ks—1
> Yoo g —a | ut D ee ||| oe)Us(w),
j=0

ucu€e(Z/2mz)ks/? e€{~1,0,1}ks

which implies the stated bound.

8.2. A more refined upper bound when X has cotype > 2 . In this subsection
we develop an improvement of the compression upper bound in Proposition 8.2.
The idea is that when gy > 2, we can further apply the Markov type method
to find obstruction in lamplighter graphs with elements in blocks of side length
ks considered as lamp configurations. The argument is similar to the one for
the wreath product H ! Z in Section 7.1.



78 JEREMIE BRIEUSSEL and TIANYI ZHENG

We continue to use notation introduced at the beginning of Section 8.1.
Let ¢ : A — X be an equivariant 1-Lipschitz embedding of the group A into
X, and assume that X is a Banach space of cotype g and non-trivial type
p > 1. From the proof of Proposition 8.2, we have that there exists an element
hy =0 (%Sejo,O) satisfying |hg| A > ik‘slsz

(") i () — pea)llx < %, ayma {1k~ .

The element hf is in the zero section of Ay, and it is supported at site jo
in the interval [0,ks — 1). Let hj denote the translation of hf to the block
ks, (5 + Dks),

Bi(z) = i(x — k).

Consider the following subset (not a subgroup) in Ag:

Is Tika,(i+1)ks) € {O,hj r[jks,(j+1)k5)}, 0<ji<m-—1
Ly = (fs,2) : suppfs C [0,mks)
z € {0,kg,...,(m —1)ks}.

Again Lj, is naturally embedded in A, and we identify it with its embedded
image and consider Lj, as a subset of A. The subset L7, has the structure of
a lamplighter graph over a segment, and the lamp configuration is divided into
blocks of side length k. In each block it is either identically zero or it coincides
with h7. As explained in Section 7.1, we can apply the Markov type method
to derive a lower bound for distortion of LJ,.

PROPOSITION 8.4. Let X be a Banach space of cotype q and Markov type
p such that 2 < ¢ < oo, p > 1. Then there exists a constant C' > 0 such that
for any 1-Lipschitz equivariant embedding ¢ : A — X, for each s € N, we have

1
o ifly < kg, then

1
Py <4ksls> < C(:{u Q)ks§

1
o ifls > kg, then

1 ~1\po1
p(p (wksls <lsk's q> )

D v SN -1
<C <1> M, (X)C (X, q)ks (lsks q) log® <lskzs q).
p —
1
Proof. The case where I3 < kJ is covered by Proposition 8.2.
1
In the case where [y > kg, we apply the Markov type method. Let L;,

be defined as above. There is a natural bijection o;, between the lamplighter
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graph L,, over the segment {0,...,m — 1} and L? ; explicitly,
oy, Ly — LY,
o (u, ) = (f* mx) where f* [[jr, (j+1)ks)= (hj')u(j) ‘

Let p,, be the lamplighter kernel on £,, defined in Appendix C. Under the bijec-
tion oy, let K7 = pmo(o*fn)f1 be the corresponding Markov kernel on L?,. Now
we run the Markov chain with transition kernel K up to time ¢t = mlogm.
Lemma 5.5 implies

"

< (zM;;(ae)t diama (LS,)

(48)

p Exdx (¢ (Z1), f (ZO))p)é
Erda (Zy, Zo)P )

where 7 is the stationary distribution of K} and Z; is a stationary Markov
chain on L7, with transition kernel K7 .

Now we estimate the quantities that appear in the inequality. Let da be
the metric on £,, induced by word metric on A,

da(u,v) = da (o7, (u), o5 (0))-

Then direct inspection shows that there exists an absolute constant C' > 0 such
that

édw(u,v) < da(u,v) < Cd(u,v), w = (ks, ksly).

It follows that diama (L:,) < 2C (ks + ksls) m. By Lemma C.3, we have that
for t = mlogm,

En, [da (Zs, Zo)") = (¢ (ks + Esls) m)P .

For the other term, using Lemma C.2 and (47) when I > kg, we have

Eq [dx (0(21), ¥ (Zo)P] = Y dx (p(u),0(v))" Kn(u, v)ms(v)

u,VEXnp

_1\P
<3P {Ck;gmp—l + (C(ae)zski ) } .

_IN\ 7T
e ()]
(48) implies

1 D )
_ < _z
o (qgtom) <€ (5

With the choice

3=

JINT _1
M, (X) C(X, q)ks (lsks Q) log? <sz8 ‘Z>.
U
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The upper bound on the compression function immediately yields the fol-
lowing upper bound on compression exponent.

COROLLARY 8.5. Let X be a Banach space of cotype q and Markov type p
with 2 < g < oo and p > 1. Let A be the diagonal product with I's = Doy,

log
0 :=1 .
ey log k4

Then ) .
140 if o<,

of (A) < po+p—1-2 ” !

@i 0>

8.3. An explicit embedding of A into Ly, ¢ > 2. We construct an embed-
ding of A into L, in two parts, similar to the embedding of wreath products in
Section 7.2.

We first recall a standard embedding of finite dihedral groups into the
Euclidean plane R?. The (unlabelled) Cayley graph of Dy is the same as a
cycle of size 2I. One can embed it as vertices of a regular 2/-gon in the plane.
For each element v € Dy, fix a word of minimal length in @ and b such that
the word represents v and starts with the letter a. Let k() be the length of
such a chosen word, and let k,(7y) (resp. ky(y)) be the number of occurrence of
a (resp. b) in this word. Take ) : Doy — R? as

) = gtz (o (57 ) (1))

It is clear that 6; is 1-Lipschitz and equivariant. We also consider maps to

vertices of [-gons. Let 91(‘1) : Dy; — R? be the map given by

0= ey (o (42) e (2202).

The map Hl(b)

: Doy — R? is defined in the same way with k,(7) replaced by
ky(7). Since |kq(y) — kp(7)| < 1 for any element v € Doy, by definition of Hl(a),

HZ(b) we have
[T CORRICH R

Recall the classical fact that 2 embeds isometrically in L, for all ¢ > 1; see

[AKO06, Prop. 6.4.2]. For each ¢ > 2, fix an isometric embedding i, : 2 - Ly,
(a)
Lg
shows the following.

and set by 4 = iq 0 by. Similarly, write 0, ’ =i, 0 Gl(a), 91(2) =40 Gl(b).

Direct inspection on Hl(a), Hl(b)
FACT 8.6. For all v,~" € Dy,
9(‘1) AN e(a) — 9(‘1) AN e(a)
1572(77) lS,Q(V) ) 1572(’7) 15,2 (eDzzs) .

2
The same equality holds with a replaced by b.
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Now we introduce a weight function. For s € N, let ws : Z — [0, 1] be the
function defined as

% fOI‘yS _%ks OFyZ %k&
ws(y) = ‘k%' for —%/@s<y<k3,
1— e for ky <y < 3k,

It is a piecewise linear function taking value 1/2 outside [—ks/2,3ks/2], 0 at
0 and 1 at ks, and its slope is in {:I:%,O}. For x € 7Z, write T,ws for the
translation of wy by =z,
Taws(y) = ws(y — ).
Define the map ®,, : Ay — L, = (@yeZ(Lq)y)q by setting for each y € Z,
(49)
_ e (a) (b)

[@eq (o 2)] (W) = ks * ((r2ws) )0, (Fs(1)) + (1 = (720 ()0}, (fo(¥)))-
In other words, at each coordinate y, the image of fs(y) is a linear combination
of 91(5,2] and 91(5,)(1 with the weights depending on the relative position between y
and the cursor z.

Recall the 1-cocycle constructed in Section 6.2.3. Fix a choice of an in-
creasing function v : N — R4 such that v(1) = 1, C(y) = 302, v(n) 2 < oco.
Let by : A < Ly be the 1-cocycle defined by (34) with p = 2 using the basic
test functions. Finally define an embedding ®,,: A — Ly by

(0) @ ((£).2) = (EB (oo <fs,z>)> Db (2.2,

=0 \(s)

where @ is direct sum in L.
We now check some basic properties of the map ®, 4.

LEMMA 8.7. Let v : N — Ry be a function such that yv(1) = 1, C(y) =
S0 1 v(n) 72 < co. Assume q > 2. The map ®~4: A — L9 defined in (50) is
C'-Lipschitz with C only depending on C(7).

Proof. It suffices to check that for any v = ((fs),2) € A and s € {r,a, 5}
a generator, the increment ||®,p(us) — ®4p(u)||, is bounded by C.

For the generator «, ((fs),2)a = ((fl),z), where fl(y) = fli(y) for all
y # z and fL(z) = fs(2)a(s). Recall that by definition, the weight function wj
satisfies T,ws(z) = 0, and the map OI(f)q satisfies HI(S)q('ya(s)) = OI(f)q(fy) for all
~ € Dy, Then by (49), ’ ’ ’

Dsq ((f87 z) a) =0y ((f57 Z))
Therefore in the embedding (50),

1@, (ua) = @y g(u)lly = [[by (uar) = by(u)ly < /2C().
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The last inequality uses the fact that the 1—cocycle b, is Lipschitz; see Sec-
tion 6.2.3. Similarly, since T,ws (2 + ks) = 1 and Hl(sa) (vb(s)) = Gl(j) (7) for all

q q
v € Dy, we have [[©q,q (uB) — P q(u)l, = [by(uB) — by(u)][, as well. For the
generator 7,

Dy 4 (ur)
= (k77 (waly = = = D0, (o)) + (=l — 2~ )07, () ) .
Then
[@s,q(ur) — ‘I’s,q(“)Hg
= ok a(y — 2= 1) — waly — 27|67, (ulw)) — o7, ()|
YEL

Recall that Hﬂl(j) (v) — Gl(sb) (7)”2 <1forall v € Dy, ws(y —z) # ws(y—2z—1)

_ ks 3ks
202

], and in this interval |ws(y — 2) —ws(y — 2z — 1)| = k%

only ify—z € [
Therefore

1 q
() — Baglu)e < 2khs (1) =2

Summing up in the embedding (50),

1B1.q (ur) = Drq(w)l = Vé)q 15 (ur) = s (u) g + 116y (ur) = by ()3

< 20(y) + (20(7)4. O

S

Because of the presence of the weight function ws, the embedding @, , :
A — Ly fails to be equivariant. But the increment [[®4,q (uv) — @4 4(u)|, is

actually comparable to ||®,4 (v)], -

LEMMA 8.8. There exists a constant ¢ > 0 depending only on C(v) such
that for g > 2,

[, () — (W), = &)l

Proof. By formula (49), which defines @5 4, @5 ,(uv) is

(k7 (el — 2= 0%, () Lo — 2)
(1= wyly = 2 = )00, (S0 iy - 2)))

yEZ'
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Then by the triangle inequality and Fact 8.6,

@54 (wv) = @5 ()|, = [[®s,4(0)]]

SR

Sty — 2) — waly — 2 = D)8 ) - 60 )|

YEL

Since Hel(j) (v) — HI(Sb) (7)”2 <1 for all v, and

S sy — 2) — ws(y — 2 — )| < (,js)qmm{\z’\ 2k},

YyEZ

we have ||®, 4 (uv) — Dy q(u)]ly > [|Ps,q(v) |5 _9u. Using (a—b)% > (a/2)7 — b7
for a,b > 0,

1
[@ry,q (wv) — (I)%q(u>Hg >

v(s)a

1 1 1 . .
% 100) (Z g (g 12000 - 2)) +1bra ()l

1 1 1
2 q qa__ —
> 22+q0(,7) ’Y(S)q ||(I>s7q(v)||q + ||b%Q(U)Hq 2

s

1\ 4 q
(I12eq@)ll, = 27) + Ibra(o)lg

1
- q
> 2240 () [@r,q()l5-

8.4. The compression exponent ci,(A) . In this subsection we estimate the
L,-compression exponent of A. Recall that for p € [1,2], L, has Markov type
p and cotype 2; and for p € (2,00), L, has Markov type 2 and cotype p; see
[NPSS06] and references therein.

Proof of Theorem 8.1. Upper bound in (i). For the upper bound on az;(A),
p € [1,2], when 6 = 0, the bound is trivially true. Assume now that 6 € (0, c0).
For any ¢ > 0 sufficiently small, take a subsequence {s;};y such that

log L.
08 Lsi >0 —¢.

log ks,

Recall that the cotype of L, is 2 for p € [1,2]. We apply Proposition 8.2,
or the remark after it for L, along this subsequence of (ks,,ls;). We obtain
the required upper bound after sending ¢ — 0. The argument also extends to
0 = oo.

Upper bound in (ii). The upper bound on aj(A) = a#(A) is covered by
Corollary 8.5.

Lower bound in (ii). In the case 6 < %, q>2, simply take the 1-cocyle b, :
A — ¢ defined in (34) using the basic test functions (32), with v(n) = n"z
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Then Lemma 6.9 implies that the compression exponent of A satisfies

X N log ks 1
A) > a3(A) > liminf > .
ag(A) 2 e3(A) = limin log (ksls) — 1+6

Now we focus on the case 6 > %. Consider the explicit embedding & ,: A— L,
1

defined in (50) with ~ taken to be y(n) = (1 + n)_$. By Lemma 8.7, ¢, ,
is Lipschitz. By Lemma 8.8, there exists a constant ¢ = ¢ (C(+y)) such that for
any u,v € A,

H(I)’Yuq(uv) - (I)’%(I(U)Hq Z c H(I)’qu(U>Hq :
Let v = ((fs), z) be an element of A. At each site y, from the definition of 01( )q,
o

ls,q’

|(rew ) @), () + (1 = () @)O, (£o(w)|

1 . 4
> msm (2l5 (‘fs(y)’DQZs - 1>+)

1
> — (1£:Wlp,, — 1), -
From the explicit formula (49), which defines ®, g,
q
q
[Ps,q(fs, 2 ” > ZZ< s me%(|fs( )’D2ls N 1)+> )
jE

In what follows we write R = |Range(v)|, and fs(y) = (|fs(y)\D2l — 1)+. We

have

1 1 1-% ~ a
H%q(v)llgz Z ’y(s)qz(qki q%%?fs(!/)) + {16y ()13

q

s<sp(v) JEZ

1 (1 1-1 1 cR a
S S (A s i >) o)
R IROI AC 3 o Tog, ()

The last step used Lemma 6.9 and the fact that since ksy1 > 2kg for all s,
so(v) < log, R. Note that in the factor Ay, the number of intervals I3 with

maxze s fs(y) # 0 is bounded from above by 2R/ks. Therefore by the Holder
inequality,

q
. 2R\ !¢ .
max fs(y)q 2 A Zmax fs = 2Rks E(S)q,
“e Vel ks yels

where

2R
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Consider the following three cases:
o If 0 < £(s) < R, then

> (i’fi_; mex fs<y>) T+ (CR)T> (cR)! > (¢/3)7 (R + 2RU(s)) 7.

JEZ.

1 _1. 2
o If Ra < /(s) < R akd , then it is necessary that R < ks;. From the
metric description in Section 2.2.3, R < ks implies 37 maxyers fs(y) < 1.
Then in this case,

> (11&; max fs<y>> + () = (eR)" = (¢/3)" (R +2R((s))".

: 2
JEZ

_1.2
o If 4(s) > Ry akg , from the second item we only need to consider R > k;.

Gpet1—2\ o1
Recall that £(s) < I, < C.k+<. Tt follows that R < (cskf* q) "

Then in this case,

1. 1-1 - 1 1
2(2’“5 "z%%fs(y)) FeR)T 2 SRR (s > L (RU(5)™
JEZ J

where

0+e+1-2
2-1)(0+e)+1-2

’7(5) = (

. . 11 2-1 Gtet1—2\ a1
In the last inequality, we used £(s) > R* ¢k and R < | Ccks a )

Note that since § > é, when ¢ is sufficiently small, v(¢) < qf’l. Thus the worst
case is represented by the third item, and we have

M~

c
s)4

1@ q)IE > > (R+ Ri(s))7).

5<s0(v)

Recall that by the metric estimate Proposition 2.14,

<500 R ks fs =500 R 2R! ,
0] a < + > k) maxf(y) + > 2RU(s)

s<so(v) JEZ 7 s<so(v)
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and sg(v) < logy R by Assumption 2.11. Combining with Lemma 8.8, we have
that for any u € A,

/
max (R + R((s))"®

||<I>7,q(u) - q’%q(“”)”g > I
logs ™ () "=

J v|a v(e)
(s g

where ¢ > 0 is a constant depending on 6 and e. Sending ¢ — 0, we conclude
that when 0 € (%,oo},

“A) > 0+1-2

(6] .
- 1 2
(2-4)o+1-2

Note that the formula is simplified when ¢ = 2, namely, a(A) > % Combining
with the fact that aj(A) > a3(A), we obtain the statement.

Lower bound in (i). Since ¢*> embeds isometrically in all L, p > 1, it
follows that
“(A) > a3(A) > { ! 2}
m — =
« a5 2 max |1 g 3
This completes the proof of Theorem 8.1. U

Ezample 8.9 (Proof of Theorem 1.4). Considering the construction of A
with Ty = Do, the parameters {ks}, {Is} are chosen to be k, = 275 [, = 2!
with 8> 1,0 > 0. Then 6 = /5.

For p € [1,2], Theorem 8.1 implies that

1 2
) =max {5
which can take any value in [%, 1].
Forqg> 20> %, the upper and lower bound in Theorem 8.1 do not match
up. But in some region of parameters we can still compare it to the Hilbert
compression exponent. For § € (%, 1), we have

iays 013G ‘A { 1 2}

In particular, we can take 6 = % Then the corresponding diagonal product A

satisfies
2
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9. Discussion and some open problems

The groups of Theorem 1.1 are diagonal products of lamplighter groups.
In particular, they contain many torsion elements and admit many quotients.

Problem 9.1. Find solutions to the inverse problems for speed, entropy,
return probability, isoperimetric profile or compression in the class of torsion-
free groups or in the class of simple groups.

In Theorem 3.8, we imposed the regularity assumption on p that o(n)/y/n
is non-decreasing. This is not always satisfied; it is possible to construct exam-
ples of groups where the speed function is roughly constant over certain long
time intervals. The following question asks if this regularity assumption can be
dropped.

Problem 9.2. Let p : [1,00) — [1l,00) be a non-decreasing subadditive
function satisfying o(x) > /x for all z. Are there a group G and a symmetric
probability measure g of finite support on G such that

Ly(n) =~ o(n)?

Proposition 3.17 only partially answers the question of what joint behav-
ior of speed and entropy can occur. Further, the question of possible joint
behavior of speed, entropy and return probability, even restricting to group of
exponential volume growth, is wide open; see [Amil7, Question 6. Solving the
following problem would be a step in this direction.

Problem 9.3. Find an open set O in (0, 1)3 such that for any point (a, 3,7)
€ O, there exist a finitely generated group G and a symmetric probabil-
ity measure of finite support on G, such that («,f,v) is the exponent of

(Lu(n), Hu(n), = log u®" (e)).

In [Goul6|, Gournay showed that if a simple random walk on G satisfies
that for some C' > 0, v € (0,1), (*"(e) > exp (—Cn?), and an off-diagonal
decay bound

2
(51) 625(%) (9) < C¢(2")(e) exp <_C|g|) forall g € G, n € N,
n

then we have the Hilbert compression exponent a# (G) > 1 —7~. The off-
diagonal decay assumption (51) is difficult to check in general. We illustrate a
family of examples where it is not valid. In Figure 1, take the diagonal product
A with parameters (ks = 22%) and {T's} expanders with diam(T's) ~ 22, When
0 > 1, we have

" IET 1 1+6
—logq(2 )(6) ~ ’I’Z3+97 a2(A) = m < — m
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Therefore we deduce from [Goul6, Th. 1.4] that in this case the simple random
walk on A fails the off-diagonal upper bound (51). On the other hand, we have
the strict inequality
1 1 1-—
= > = ’y ,
1460 2+60 147y

ay(A)

showing the gap is far from the lower bound of [Goul6, Th. 1.1]. A better un-
derstanding of the relation between return probability and compression remains
open.

Problem 9.4. Let G be a finitely generated infinite group such that for
some v € (0,1), the simple random walk satisfies (> (e) > exp (—Cn?) for
some C' > 0. Find the sharp lower bound for a# (G) in terms of v and explicit

examples where the bound is sharp.

In Theorem 7.1 we give an explicit formula that relates equivariant L,-
compression exponents of H!Z and H when p € [1,2]. Less is known about
compression exponent of embeddings into L, with p > 2. In particular, the
following problem is open.

Problem 9.5. For p > 2, is there an explicit formula that connects equi-

variant compression exponents af (HZ) and a# (H)?

The problem of determining a# (A) for A constructed with dihedral groups
as discussed in Section 8 is related to the previous problem.

Problem 9.6. Determine the equivariant compression exponent a# (A),

p > 2, where A is the diagonal product constructed with dihedral groups { Dy, }.

Appendix A. Some auxiliary facts about excursions

In this section we recall some classical facts about local time and excursions
of standard simple random walk on Z. Let {S;} denote the standard simple
random walk on Z, starting at Sp = 0. Let L(z,n) denote the local time of the
random walk at site x,

L(z,n)=#{k: 0<k<n, Sy =ux}.

The distribution of L(z,n) is known explicitly ([Raol2, Th. 9.4 |) for x =
0,1,2,...:

1 n—m-+1 ) ,
Fa=m¥T if n + z if even,
(n+x)/2

1 n—m
N\ (n+x—1)/2

PO (L(ZE,TZ) :m) =
if n+ x if odd.
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Let po = 0 and py, = min{j > pym—1: S; = 0}. Then p1, po—p1, ... record the
time duration of the excursions from 0, and they form a sequence of independent
and identically distributed random variables with distribution

1
Vamn '

The chance that an excursion from 0 crosses k is (|[Raol12, Th. 9.6])

Po (pl > 2n) = Po(Sgn = O) ~

1
P >k =, k=1,2,....
0(max5’_k> o k

0<i<p:

For x € Z, let p1(z) =min{j > 0: S; = x} denote the first time the random
walk visits z, and let T'(k, z,n) be the number of excursions away from z that
cross x—k and are completed before time n. We need estimates on the moments
Eo[T(k,z,n)?] ,0<q<1.

LEMMA A.1. There exists constant C' > 0 such that for allk,n e N,z € Z,

Cyv/n ( x2>
Ey|T < —— —— ).
o (k) < S exp (2
Proof. Let pp(xz) = min{j > pm—1(x): S; =} be the m-th time the
random walk visits . Then

Tk, z,n)] < ;)EO |7 (k2o (@ ))1{/)21(93)Sn<p2j+1(2)}]
)=z

< ZEO [ T (k,z, paiq1(2)) 1{p2j(fv)S"}} '

j=>0

Conditioned on the event {p,;(x) < n}, the random variable T (k, z, pg;j 1 (x))
is stochastically dominated by a binomial random variable with parameter 2711
and i Therefore

ZEO [ T (k,z,paiy1(x ))1{,)2]-(3;)571}}

3>0
9J+1
< Z TPO (p2i () < n)
§>0
9j+1 ;
<> 5 o lpi(z) < n) Ry (L(n,0) > 27)
3=>0

< 5 Polpr(@) < m) By (41(n,0).
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Plugging in the estimates

2
Py(p1(z) <n)=Fy <Inax Sy > |33|> < 2exp (_;;7),

0<t<n
Eo(L(n,0) = " Py(S; = 0) < Cn,
=0

~+

we obtain the statement. O

LEMMA A.2. There exists a constant ¢ > 0 such that for allz € Z,k,n € N
satisfying k < czn%,
1
Ry (T(k2.m) = V) > LRy (/) 2 1)
Proof. Conditioned on the event {p1(z) = t}, 0 < ¢ < n, the distribution
of T'(k,z,n) is the same as T'(k,0,n — t). Therefore for any m > 0,
Py (T(k,z,n) >m)> Py (T(k,0,n/2) > m) Py (L(x,n/2) > 1).

Now we show that there exists a constant ¢ > 0 such that for k£ < ch%,
C\/ﬁ 1
P (Tk:, ,n/2 >)>.
0\ T'(k,0,n/2) > )23
Note that

(T(k,0,n/2) > m} > {chn%J(O) < Z} N {T (k,O,p{m%J> > m}

For ease of notation, in what follows write | = Lcn%J Since p;(0) is sum of [
independent and identically distributed random variables with distribution
1
47t

by classical theory of sum of independent and identically distributed a-stable
variables (here o = 1), there exists constant C' = C(a) such that

l
Po(p(0) 2 1) < O
2

9

Py (,01 > Zt) = P(](SQt = 0) ~

Therefore
Py (m(0) = 5) < Vace.

For the other term, T (k,0, p;) is binomial with parameters [ and 1/2k, and
therefore by Bernstein inequality (see, for example, [Raol2, Th. 2.3]),

1
cn2 l

< — 1 < —— ).

PO (T(kv()?pl)— 4]{?) _2exp( 43]{3)
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Then
1
C\/ﬁ cn2
Choosing ¢ sufficiently small so that v/2Cc < 1/4, exp (—4%6) < 1/8, we obtain
the statement. O

Appendix B. Approximation of functions

For p1,p2 > 0, consider the following space Cp, 5, of continuous functions
between xP! and xP2,
f is continuous, f(1) =1
Corpa =19 [ [1,00) = [1,00) : };(pgi) is non-decreasing
% is non-increasing

Equivalently, Cp,, p, is the set of functions with f(1) = 1 satisfying
aP' f(z) < f(ax) < aP? f(z) for all a,z > 1.

We aim to approximate functions in Cp, p, up to multiplicative constants
by piecewise extremal functions.

Given two unbounded non-decreasing sequences (ks ), (Is) of real numbers,
possibly finite with last value infinity, define the function

52 €Tr) = xTr) =
(52) (@) = fira).00) (@) S or kel <o < hytlyin

_ _ {zs for kely <z < koy1ls,

Similarly, define
(53) F(@) = f),a0) (@) =1s +

X

for kels < < kspr1lsyr.
s+1

LEMMA B.1. For any f in Co1 and for any mo > 1, there exist two se-
quences (ks), (ls) of real numbers, possibly finite with last value infinity, such
that ks11 > moks and ls41 > mols for all s. The functions defined above satisfy

F(@) 2my f(x) and f(x) ~om, f().

Moreover, if for some o > ag > 0 the function lo{;((f()x) s non-decreasing, it

e
is possible to find such functions with sequences (ks), (Is) satisfying log ks < 15
for all s.

Proof. The proof is best understood looking at Figure 2. Observe that by
construction, f (z) is continuous and non-decreasing, which is not necessarily
true for f(x). By induction, assume k;, s already known with f(k:sls) =, =
f(ksls). The hypothesis on f gives that I3 < f(x) < i forall @ > kil .
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f(z) and f(x) in case

et / /

__.-"7’(555 and f(z) in |case II

f(k;sls) =l aanas =t
ksls mol{?sls mio mgksls Yy .
I I I
]"H+IZH k‘s—{—lls k8+1l8+1
Case I Case II
Figure 2. Approximation of functions in Cp; by functions
piecewise constant and linear, as in the proof of Lemma B.1.
We consider the minimal y > m2ksls such that mols < f(y) < mgks,

Assume first that such a y exists. By continuity of f, there are two cases.

Case 1. If f(y) = %, set ksy1 = moks and ls41 = —2— > mols. Then

moks’ moks

for all ksls < x < ksr1lsy1 =y,

< fla) <

x
kg’

and the same inequalities hold for f by sublinearity.

moks

Case 11. If f(y) = mols, set ls41 = mols and kgyq = ﬁ > moks. Then
for all kyls <z < ksp1ls11 =,

ls < ]E(x) < mOZS)

and the same inequalities hold for f (non-decreasing).
If such a y does not exist, there are again two cases:

e either f(x) > mg"ks for all x > ksls — then set kgy1 = moks and I = 0o

so f(z) = momks for all x > kgl,, generalizing Case I;

e or f(x) < myls for all z > ksls — then set kg1 = 00 s0 f(az) = I for all
x > ksls, generalizing Case 1.

Concerning the function f, a routine inspection (of the intervals [ksls, kst1ls]
and [ksy1ls, kst1ls11] in both cases) shows that f(z) < f(x) < 2f(x) for any .
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To check the last statement, it is sufficient to check that

f(mols exp((mols)%)) > myls.

1

Thus in Case II we take ls4+1 = mols and get y < l441 exp(lszl) and kgp1 =
1

l— <e p(lsaz)l). Our assumptions give
1 «
log(ls+1 exp(l;}))
log (ksls)

L mat)™
=\ log ks + log L,

1 (03
o @0
aqp S
> lsmy — )

159 +log s

1

flstrexp(lgfy)) = f(ksls)

and the last parenthesis tends to 1 as [ tends to infinity. ([l

PROPOSITION B.2. Let C1 > 0 and K, L C [1,00] such that for any x in
[1,00], there exist k € K and | € L with k ~¢, x and | ~¢, x. For any f in
Co and for any mo > 1, there exist two sequences (ks), (ls) taking values in
K and L respectively such that ksy1 > moks and lsy1 > mols for all s. The
functions defined in (52) and (53) satisfy

F(2) s F(@) and F(@) 2opocs ().

Moreover, if for some o > ag > 0 the function 10];9&) s non-decreasing, it s

possible to find such functions with sequences (ks), (ls) satisfying log ks < 120
for all s.

Proof. We apply Lemma B.1 with m{ > C%my, and obtain two sequences
(ks), (Is) of real numbers satisfying ksy1 > moC?ks and ls11 > moC3ls. The
hypothesis on K, L permits us to find two sequences (k.), (1) with k. ~¢, ks
and I, ~¢, ls. The choice of my( guarantees that k[, ; > mok,, and I ; > mol,.

Denote by f’ and f the functions defined by (52) and (53) with the se-
quences (k.), (I%). Tt is sufficient to check that f'(z) ~ ~e3 f(z).

When K.I. < z < k., l%, then f'(z) = I, ~¢, ls. On the other hand,
kc'i{; <z< 01 ks+1ls so

1
s flksls)
i CF

Thus f'(x) ~cs f(x).

~ kgl
< f(
Ct

) < f(x) < f(C¥hsials) < CF f(ksyals) = Cils.
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When k[ I, <o <K, U, set x =Nk, I+ (1 =Nk, I, . Then
@) = N4 (1= Ny ~0y Mg+ (1= N)lsi1.
On the other hand, z ~e2 Aksi1ls + (1 — N)ksy1lsg1 so f(:n) ~eo f(Aks+1ls +
(1= Nksgalst1) = Mls + (1 = A)lsya. Thus f'(z) ~0s f(a). 0

COROLLARY B.3. Let Cy > 0 and K,L C [1,00| such that for any x in
[1,00], there exist k € K and l € L with k ~¢, © and |l ~¢, x. For any o in
Cpy po and for any mg > 1, there exist two sequences (ks), (Is) taking values in
K and L respectively such that ksy1 > moks and ls41 > mols for all s. The
function defined by

J:-pQ 1 1
o(z) = xPls + k: for (ksls) P21 < 0 < (kgy1lsyr)P2—r1

s+1
satisfies
0(2) ey 0().

o()

Wga(x) 1S TLOn—d@CT’@CLSan, it 18

1

possible to find such functions with sequences (ks), (ls) satisfying log ks < 120
for all s.

Moreover, if for any o > a9 > 0 the function

Proof. The application T), p, : Co,1 — Cp, p, given by
TPthf(x) = P f(aP7)

is a bijection. Take f = T;}mg, apply Proposition B.2, and set 0 = T}, », f. O

Appendix C. Symmetric a-stable like walk
on lamplighter over a segment

For m > 1, let I,, be a subgraph of one dimensional lattice Z with vertex
set {0,1,...,m — 1}. Consider the lamplighter graph £,,, over the segment I,,.
Formally, {(f,z): f:1In —{0,1}, z € I,,} is the vertex set of L,,, and an
edge connects (f,z) and (f',2')if f=f andwx ~2' in I,, orx =2/, f # [
and f differs from f’ only at site z. Random walks on lamplighter graphs have
been studied in [Ers03|, [PRO4][; see also references therein.

Random walk on Z driven by step distribution

() !
vo(o) 2 —m———,
A A e

is often referred to as a symmetric a-stable like walk on Z. By abuse of terminol-

a € (0,2)

ogy, we call it an a-stable walk. General theory regarding heat kernel estimates
of a-stable walks on volume doubling graphs is available; see |[CK08| and ref-
erences therein. The connection between a-stable walks and the Markov type
method for a bounding compression exponent was first introduced in [NP11],
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where the p-stable walk on Z is used to determine the L,-compression exponent
of Z17Z, p > 1. For our purpose, we focus on the case of the stable walk of the
index @ = 1 on the base graph.

On I,,, define transition kernel

C /
Cm(xvxl) = $7 LE,IE/ € Ima
ZI/EIm szxl
where
1
Cpp/ = —.
T v —a)?

Then (,, is a Markov transition kernel on I,, with stationary distribution
Con(z) = &€ 22" One readily checks that < < Cpn(z) < 2 for all 2 € Iy,

z, 2! €Im Cx,x

Now %o’nsi{ler a random walk on the lamplighter graph £,, with transition
(m on the base. Let p,, be the transition kernel in £, such that for x # 2/,
P ((fy ), (f,2)) = %Cm(a;,:z:’) if f(z) = f/'(z) for all z ¢ {z,2'}; for x = 2/,
p((f,2), (f,2")) = 3Cm(z,2) if f(2) = f'(2) for all z # z. In other words,
in each step the walker first randomizes the lamp configuration at the current
location, then moves according to the transition kernel (,, and randomizes the
lamp at the arrival location. This Markov chain is reversible with stationary

distribution
Un (f,z) =27"Cp(2).
From the upper bound on relaxation time in [PR04, Th. 1.2], we have
1
=< E
)\2(£mapm) N x{gg}fn T

where 7, = min {t : X; =y}, X; denotes the Markov chain on £,, with tran-
sition kernel p,,. Note that although in the statement of [PR04, Th. 1.2] it is
assumed that the Markov chain on the base is a lazy simple random walk on a

Trel(ﬁma pm)

transitive graph, the coupling argument that proves the relaxation time upper
bound is completely general, and it applies to any reversible Markov chain on
the base graph. The quantity max, yer,, Ez7y is known as the maximal hitting
time of the chain p,,. By [AF02, Lemma 4.1],

1

max E,7, = = E Coo | max Ry 4,

z,yElm 2 Yy
z,2'E€lm

where R, ,» denotes the effective resistance between vertices x and z’ in the
electric network on I, with edge conductances c, .- between the pair of vertices
z,72'. Estimates of effective resistance of a-stable walks follow from classical
methods. For the particular transition kernel (,,, with a = 1, there exists a
constant C' > 0

R, . < Clog |x — :U'| ;
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see, for example, [CFG09, App. B.2]. We conclude that for the Markov chain
with transition kernel p,, on L,,,

c

>
)\2(£m7pm) - mlogm

Equivalently, we have the following Poincaré inequality: for any function f :
Ly — R,

< 2B N 0) — () o1ty 1)U (0).

UVELm

By Matousek’s extrapolation lemma for Poincaré inequalities (see [Mat97] and
[NS11, Lemma 4.4]), we deduce the following [,-Poincaré inequalities.

LEMMA C.1. In the setting introduced above, there exists an absolute con-
stant C' > 0 such that for any f : L, — £P,

o if 1 <p<2, then

Y @) = F@)IE U (u)Un (v)

UVE L,

< Cmlogm Y ||f(u) = f ()|} Un(w)pm (u,v);

UVE L,

o if p> 2, then

Y @) = FO)IE U (w)Un(v)

u,’l)eﬁm

< (Cmlogm)® (2p)" Y | f(u) = F(@)|}F Um(uhpm (1, 0).

U,VELm

Now we introduce a distance function on L,,. Let w = (w1, ws) € Ry .
In the lamplighter graph £,,, let w(e) = w; if the edge e connects (f,z) and
(f,2"), where = ~ 2’ (edges of first type); let w(e) = ws if the edge e connects
(f,x) and (f', x), where f, f’ only differs at site 2 (edges of second type). Define
dw to be distance on L,,

dw(u,v) = min {Z w(e) : P is a path in £, connecting u, ’U}.
ecP

From definition of p,,, it is straightforward to check that the following.
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LEMMA C.2. There exists a constant C > 0 such that for all p > 1,

S 0 U (o (,0) < € (w4 L),
p

UVE L

dw (u,v)> i (w24w1)m

These ingredients allow us to carry out the Poincaré inequality method
to the upper bound L,-compression function of H {Z. It can also be used in
the study of the diagonal product A with dihedral groups. Alternatively, we
may apply the Markov type method. To this end, the following speed lower
estimate is needed.

LEMMA C.3. Let X; be a stationary Markov chain on L,, with transition
kernel p.,, reversible with stationary measure Uy,. Then there exists ¢ > 0 such
that

Ey,, [dw (X, Xo0)] > ¢ (w1 + w2)

t for all 1 <t < mlogm.
log, t
Proof. Let Sjg = {Sn,0 < n <t} denote the sites visited by the induced
random walk {S;} on I,,,. Since in each step the chain randomizes the lamp
at the current and new locations, and any path in the graph £, that connects
Xp to X; must visit all the sites where the lamp configurations of Xy and X;

differ, we have that for any u € L,,,

B [dw (X, X0)] 2 5 (w1 + w2) By S]]

Thus the question is reduced to the range of the (,,-random walk on the base I,,,.
Methods to estimate the expected size of range of the random walk go back to
Dvoretzky and Erdos [DE51]. Here we include a straightforward adaptation of
the argument in [NP08, Lemma 6.3] for completeness.

In what follows E means taking expectation with the law of random walk
Sp on I, with step distribution (. For any k& € {1,...,m}, denote by
Vi,..., Vi the first k£ elements of I,,, that are visited by the random walk S,,.
Let

Vi) ={0<n<t:S,€{Vi,...Vi}}.
Note that {Yx(t) <t+ 1} = {|5’[0,t}| > k:} For any starting point z € I,,,

k t
E. Vi) =) E.[{0<n<t:8, =V} <kY maxP, (S, = ).

T
=1 e
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Therefore
E, [Yi(t
]&(WWM)Emﬂ(WnM>%ﬁzk<1_Jﬁfﬂ>
54
(54) s kS _gmaxger, Py (Sn = )
- t+1 :

The argument in [CKO08, Th. 3.1 | implies that the chain (I,,, () satisfies a
Nash inequality that there exists an absolute constant C' > 0,

0 <||qu) < C&:, (u,u) forall u: I, — R, where 0(r) = r?.
This Nash inequality implies on-diagonal decay upper bound (see [DSC96|)
m@:mg%mmmgmwe%.

For | > m, by monotonicity, P, (S; =) < P, (S, =) < col L. Tt follows
that for k € {1,...,m},
klogk
max P, [S; = z] < c3logk.
o xE€lL,

Together these estimates imply that
E, [dw (Xklog*kaXO)] > c(wy; +wy)k for any k€ {1,...,m},u € L,,. O

The same method can be used to estimate the speed of random walks on
lamplighter graphs over other choices of the base graph.

LEMMA C.4. Let I’ = Zo Dgo, d > 3 as in the second item of Ex-
ample 2.4, marked with generating subgroups A = Zs 1 {(aj,1 <j<d), B =
Zo 1 (bj,1 < j <d). Fix an increasing sequence ns € N, and let I'y = Zo Dgns
be a finite quotient of I'. Let A(s), B(s) denote the projection of A and B to
[s. There exists a constant o4 > 0 only depending on d such that {T's} satisfies
the (crd, (2ns)d)-linear speed assumption.

Proof. Let A(s) = {aj,1 < j <d), B(s) = (b;,1 < j < d). Consider a ran-
dom alternating word Xt(s) in A(s) and B(s) of length ¢, and let Xt(s) be its
)

projection to Dgns. In other words, if the last letter in Xt(S is a random ele-
ment in A(s), then to get to X,fi)l, the lamp configuration in the neighborhood
Xt(S)B(s) is randomized, and the walker on the base D, is multiplied by a
random element in B(s). Similarly if Xt(s) ends with B(s), then the next move
is uniform in A(s). From this description, we have that the lamps over the sites

visited by Xt(s) are randomized,

(s) L)
V% Zﬂ&mm’

T
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where RE[O o) = {z € D : XQ(f) =z for some 0 <[ < t}. Comparing {XQ(f)}
to the standard simple random walk on Dgns, we have that there exists a
constant Cy > 0 such that

P (X;ls) = e) < C’d(2l)_% foralll1 <[ < 2n§.

It follows that

(2ns)? 2n?
P(X3) =€) <1+ Ca2)75 + (2n,)" (4n2)~ 42
=0 =1
<2C;+2.

To estimate E )R , we apply the argument as in Lemma C.3. For t <

([0,2¢]]
(2ns)%, in the inequality (54) choose k = Mﬁ' We conclude that there exists
a constant o4 > 0,

E (Xéf’ > o4t. 0

S
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