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Abstract:

In this paper, we will explain the solution to the difference equation by 

converting the difference equation into a corresponding differential equation. Then we 

can also derive the Euler-Maclaurin formula by using a similar method.  
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Introduction: 

We usually need to solve difference equations in theoretical research and 

practical situations. However, there are not so many articles on difference equations as 

those on differential equations. Throughout my investigation, I found that the results 

of difference equations are similar to those of their differential counterparts. As such 

we try to study difference equations by using the theory of differential equations. 

Part1. On homogeneous linear difference equations with 

constant coefficients 

Consider the general form of linear difference equation with constant 

coefficients: 

0
0

�/
�

��

n

i
inti xa .

Being familiar with the theory of differential equations, we try to convert the 

difference equation into the related differential equation: 

0
0,

n
n i

i t
i

b D x�

�

�/

where D  is a differential operator. Then we can solve them. Though there are many 

forms of different differential equations, they all accord with the same difference 

equation. So we can just consider one of them. 

In this paper we denote t
i

it xVx �� , where V  is a recurrence operator. 

Section 1: 0�� tt kxVx , Ck " .

We regard tx  as a continuous function: 

� � ,tx x t�
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where t  is an independent variable.  

Let
n

t
x 1

�
,

n
t

x 2
�

,…,
n

nt
x 1�

�
be points in the region between tx  and 1�tx , then 

we have: 

n
kt

n

n
kt

xVx
�

�
�

�
1

1 , � �1,1,0 �� nk � ,

and

tt

n

n VxxV �



�

�
�
�
�


 1

.

We can suppose: 

0
1

�� tt
n xxV 5 , �" Nn .

Thus:

1�� tt xVx

n
nt

x 11��
�

�

n
nt

n xV 1

1

�
�

�

n
nt

x 1�
�

� 5

���

t
n x5�

tkx� .

Comparing coefficients  we obtain the following equation: 

nk
1

�5 .

Rearranging: 

0
11

�� t
n

t
n xkxV , �" Nn .

Because we have 
n
kt

n

n
kt

xVx
�

�
�

�
1

1 , � �1,1,0 �� nk �  as well, we obtain: 

n
mtt

n
m

xxV
�

� .
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By induction, first we suppose that: 

0�� t
n
m

t
n
m

xkxV , .m N �6 "

Then we obtain: 

n
mt

n

n
mt

n xkxV
��

��
11

0

t
n
m

n
t

n
m

n xkkxVV 4�4�
11

t
n

m

t
n

m

xkxV
11 ��

�� .

Obviously the following equation is satisfied: 

0�� t
q

t
q xkxV , �"Qq .

This is: 

t
q

qtt
q xkxxV �� � , �"Qq .

We first find a series 7 8iq  converging to �" Rr , then we can obtain: 

t
n

nt

n
nt

nn kxlxVk �4�4�
�

�

�
�

1

2

11

9

t
r xk�

Define t
q

i
t

r xVxV ilim
�:;

� ,
iqt

i
rt xx �

�:;
� � lim .

We can obtain: 

0�� t
r

t
r xkxV , �" Rr .

This is: 

� � � � t
r

t
r xkxV 11 ��� .

Taking the limit of the following equation as 0r ; , we have: 

� �
r

xxDx trt

r
t

�
� �

;
lim

0

t

r

r
x

r
V 1lim

0

�
�

;

t

r

r
x

r
k 1lim

0

�
�

;
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txk 4� ln . 

The difference equation 0�� tt kxVx  can be converted into the related 

differential equation 0ln �4� tt xkDx .

We will give an example to explain the above method. 

Example1: tt xx 21 ��� , 10 �x (This is a geometric progression). 

    By using above method, we obtain: 

� � tt xDx 4�� 2ln , 10 �x .

The solution is: 

� � � �tt
t ex 22ln ��� 4� .

Section 2: t
tt lkxVx 4�� � , Ck " , Cl " , lk < ,�  is a constant coefficient. 

Let
n

t
x 1

�
,

n
t

x 2
�

,…,
n

nt
x 1�

�
be points in the region between tx  and 1�tx , then 

we have: 

n
kt

n

n
kt

xVx
�

�
�

�
1

1 , � �1,1,0 �� nk � ;

and

tt

n

n VxxV �



�

�
�
�
�


 1

.

We can suppose: 

t
tt

n lxxV 4�� 95
1

.

Thus:

t
n

nt
n

tt kxxVkxVx ��� �
�

1

1

t
n

nt

n
nt

kxlx �4�4�
�

�

�
�

1

1 95
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t
n

nt

n
nt

n kxlxV �4�4�
�

�

�
�

1

2

1

95

���

t
n

nt
n

nttn
t

n kxlllx �



�

�
�
�
�



�4��44��

�
�

�
��

12
1 5595 �

t

nn
tt

n l
lk

lkkxx 44
�

�
��� 95 11

tl4� � .

Comparing coefficients  we obtain the following equation: 

nk
1

�5 , �9 4
�
�

�
lk
lk nn

11

.

So the original equation can be converted into: 

t
nn

t
n

t
n l

lk
lkxkxV 44

�
�

�� �

11
11

, �" Nn .

Because we have 
n
kt

n

n
kt

xVx
�

�
�

�
1

1 , � �1,1,0 �� nk �  as well, we obtain: 

n
mtt

n
m

xxV
�

� .

By induction, we suppose that the following equation is satisfied: 

t
nn

t
n

t
n l

lk
lkxkxV 44

�
�

�� �

11
11

, �"6 Nm .

Then we can obtain: 

n
mt

n

n
mt

nn
mtnn

xkxVl
lk
lk

��

�
��44

�
� 11

11

�








�

�

�
�
�

�



44

�
�

�4�4� t
n
m

n
m

t
n
m

n
t

n
m

n l
lk
lkxkkxVV �

11

t
nn

m
n

m

t
n

m

t
n

m

l
lk

klkxkxV 44
�

4�
���

�
��

�

11
11

.

This is: 
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t
n

m
n

m

t
n

m

t
n

m

l
lk
lkxkxV 44

�
�

��

��
��

�

11
11

.

We can easily obtain that: 

t
qq

t
q

t
q l

lk
lkxkxV 44

�
�

�� � , �"Qq .

This is: 

t
qq

t
q

qtt
q l

lk
lkxkxxV 44

�
�

��� � � , �"Qq .

We first find a series 7 8iq  converging to �" Rr , then we can obtain: 




�

�
��
�



44

�
�

���
�:;

�
�:;�:;

t
qq

t
q

i
qt

i
t

q

i
l

lk
lkxkxxV

ii
i

i

i �limlimlim

t
rr

t
r l

lk
lkxk 44

�
�

�� � .

Define t
q

i
t

r xVxV ilim
�:;

� ,
iqt

i
rt xx �

�:;
� � lim .

We can obtain: 

t
rr

t
r

t
r l

lk
lkxkxV 44

�
�

�� � , �" Rr .

This is: 

� � � � t
rr

t
r

t
r l

lk
lkxkxV 44

�
�

���� �11 . 

Letting 0r ; , we can get: 

� �
r

xxDx trt

r
t

�
� �

;
lim

0

t

r

r
x

r
V 1lim

0

�
�

;

� �
t

rr

r
t

r

r
l

lkr
lkx

r
k

44
�4
�

�
�

�
;;

�limlim
00

1

t
t lxk 4�4� �ln ,
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where
lk

lk
�
�

4�
lnln�� .

The difference equation t
tt lkxVx 4�� �  was converted into the 

differential equation t
tt lxkDx 4�4� �ln .

From the following two equations: 

t
tt lkxVx 4�� � ,

t
tt lxkDx 4�4� �ln ,

we see that the functions’ forms on the right are the same. 

Section 3: t
tt kkxVx 4�� � , Ck " ,�  is a constant coefficient. 

Let
n

t
x 1

�
,

n
t

x 2
�

,…,
n

nt
x 1�

�
be points in the region between tx  and 1�tx , then 

we have: 

n
kt

n

n
kt

xVx
�

�
�

�
1

1 , � �1,1,0 �� nk � ;

tt

n

n VxxV �



�

�
�
�
�


 1

.

We can suppose: 

t
tt

n kxxV 4�� 95
1

.

Thus:

t
n

nt
n

tt kxxVkxVx ��� �
�

1

1

t
n

nt

n
nt

kxkx �4�4�
�

�

�
�

1

1 95

t
n

nt

n
nt

n kxkxV �4�4�
�

�

�
�

1

2

1

95

���

t
n

nt
n

nttn
t

n kxkkkx �



�

�
�
�
�



�4��44��

�
�

�
��

12
1 5595 �
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tl4� � .

So we have: 

nk
1

�5 , �9 44�
�111 nk

n
.

So the original equation can be converted into: 

tn
t

n
t

n kk
n

xkxV 444��
�

�
1111 1 , �" Nn

Because we have 
n
kt

n

n
kt

xVx
�

�
�

�
1

1 , � �1,1,0 �� nk �  as well, we have: 

n
mtt

n
m

xxV
�

� .

By induction, first we suppose that the following equation is satisfied: 

n
mt

n

n
mt

n

n
mt

n kk
n

xkxV
��

��
444�� �

1111 1 , Nm"6 .

Then we can get: 

n
mt

n

n
mt

nn
mt

n xkxVkk
n ��

��
��444

11111 �




�

�
��
�



444�4�4�

� tn
m

t
n
m

n
t

n
m

n kk
n
mxkkxVV �

111

tn
m

t
n

m

t
n

m

kk
n
mxkxV 444���

�
���

�
1111

.

This is: 

tn
m

t
n

m

t
n

m

kk
n
mxkxV 444��

�
���

�
1111

.

Obviously the following equation is satisfied: 

tq
t

q
t

q kkqxkxV 444�� � �1 , �"Qq .

This is: 

tq
t

q
qtt

q lkqxkxxV 444��� �
� �1 , �"Qq .
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We first find a series 7 8iq  converging to �" Rr , then we can obtain: 

� �tq
it

q

i
qt

i
t

q

i
lkqxkxxV ii

i

i 444��� �

�:;
�

�:;�:;

�1limlimlim
tr

t
r lkrxk 444�� � �1 .

Define t
q

i
t

r xVxV ilim
�:;

� ,
iqt

i
rt xx �

�:;
� � lim .

We can obtain: 

tr
t

r
t

r kkrxkxV 444�� � �1 , �" Rr .

This is: 

� � � � tr
t

r
t

r kkrxkxV 444���� � �111 .

When 0r ; , we can get: 

� �
r

xxDx trt

r
t

�
� �

;
lim

0

t

r

r
x

r
V 1lim

0

�
�

;

tr

r
t

r

r
kkr

r
x

r
k

4444�
�

� �

;;

�1

00

11 limlim
t

t kxk 4�4� �ln ,

where
k
1
4� �� .

So the difference equation t
tt kkxVx 4�� � has been converted into the 

corresponding differential equation t
tt kxkDx 4�4� �ln .

From the two equations below: 

t
tt kkxVx 4�� � ,

t
tt kxkDx 4�4� �ln ,

we see that functions’ forms on the right of the equations are the same. 

Example2: � �tt
tt xx 2221 ����� , 20 �x .
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Considering these two equations: 

t
tt yy 221 ��� ,

� �ttt zz 221 ���� .

Obviously we can get: ttt zyx �� .

    By using the way we have introduced above, we can obtain that the following  

two equations are satisfied: 

� � � �
� �

t
tt yDy 2

22
2ln2ln2ln 4

��
��

�4��

� � � � t
ty 2

4
1ln2ln 4

�
�4�� ,

where 10 �y ,and 

� � � �ttt zDz 2
2

12ln �4
�

�4�

� � � �ttz 2
2
12ln �4�4�� ,

where 10 �z .

    By solving these two differential equations, we can get: 

� � � �ttt
t tx 2

2
12

4
72

4
1

�44��4�4� .

Section 4: � � t
tt ltPkxVx 4�� , Ck " , Cl " , where � �tP  is a polynomial. 

Considering the conclusions of Section 1, 2 and 3, we conjecture the 

function’s form on the right of the converted differential equation does not 

change. So the original equation can be converted into: 

� � t
tt ltQxkDx 4�4� ln ,

where � �tQ  is a function whose degree is the same as that of � �tP .

according to the theory of differential equations we know the solution of this 

equation is: 

When lk < ,
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� � tt
t ltRkx 4�4� 1� .

where�  is an indeterminate coefficient and � �tR1  is a polynomial whose degree 

is the same as that of � �tQ .

When lk � ,

� � t
t ktRx 4� 2

where � �tR2  is a function whose degree is one higher than that of � �tQ .

Substituting these two kinds of solution into � � t
tt ltPkxVx 4�� , we can get: 

If lk < ,

tt kxVx �

� � � �� �tttt ltRkkltRk 4�4�4��4� ��
1

1
1

1 1 ��

� � � �� � tltRktRl 44��4� 11 1

� � tltP 4� .

If lk � ,

tt kxVx �

� � � �� �tt ktRkktR 4�4�� �
2

1
2 1

� � � �� � tktRtRk 4��4� 22 1

� � tktP 4� .

So the solution of � � t
tt ltQxkDx 4�4� ln  indeed satisfies the difference 

equation � � t
tt ltPkxVx 4�� .

Then the difference equation � � t
tt ltPkxVx 4��  can be converted into the 

differential equation � � t
tt ltQxkDx 4�4� ln .

In fact, the form of � �tQ  can be determined by � �tP . But the actual expression 

of � �tQ , which will be given in Part 2, is complex.  
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Section 5: 0
0

�/
�

�
n

i
t

in
i xVa , Rai " .

Because of the linear property of the recurrent operator, we can get: 

� �-/
��

� �4�
n

i
ti

n

i
t

in
i xkVaxVa

1
0

0

.

The roots of 0
0

�/
�

�
n

i

in
i ka , including repeated roots, are precisely the numbers 

in the sequence 1k , 2k , 3k ….

In fact, we can get this equation by factoring/
�

�
n

i

in
iVa

0

.

So the equation 0
0

�/
�

�
n

i
t

in
i xVa  can be converted into a system of equations: 

� �
� �

� �%
%
(

%
%
&

#

��

��
��

�1

122

11 0

nnn yykV

yykV
ykV

�
.

where tn xy � , � �-
��

��
n

ij
tji xkVy

1

, 1,,2,1 �� ni � .

By using the result in Section 4, we can get: 

The expression of iy  is � � t
jj ktR/ , where � �tRi  is a polynomial and ik ’s 

are different from each other. The degree of � �tRi  is the same as the repetitions 

of ik .

So we can convert the equation into the following system of differential 

equations:

� �
� �

� �%
%

(

%
%

&

#

��

��

��

�
'

1
'

'
1

'
22

'
11

ln

ln
0ln

nnn yykD

yykD
ykD

�
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where the form of '
iy  is the same as that of iy .

The above system of differential equations is equivalent to: 

� � 0ln
1

0 ��/
�

n

i
tii xkDbb .

So the difference equation � � 0
1

0
0

��4� -/
��

�
n

i
ti

n

i
t

in
i xkVaxVa has been 

converted into the differential equation � � 0ln
1

0
0

��4� -/
��

�
n

i
ti

n

i
t

in
i xkDbxDb .

Through the discussion of the above 5 sections, we have shown how to 

convert the homogeneous linear difference equations with constant coefficients 

into the homogeneous linear differential equations with constant coefficients. 

From the properties of the differential equations, we know that the solution to 

the differential equation is: 

� � � � t
ii

tk
i ktRetR i // �4ln .

where � �tRi  is a polynomial, and the degree of � �tRi  is the same as the 

repetitions of ik . It is the result that we can know from the Eigenvalue method. 

Example3: ttt xxx �� �� 12 , 11 �x , 12 �x (This is the Fibonacci Sequence) 

    By the method we introduced above, the equations can be converted into: 

� �
� �(
&
#

��
��

122

11 0
yykV

ykV
.

where txy �2  and 1k , 2k  are the solutions to 12 �� kk .

Then we can get: 

%
%

(

%
%

&

#

�


�

�
��
�


 �
�

�


�

�
��
�


 �
�

12

1

2
51

0
2

51

yyV

yV

,

which can be converted into the following system of differential equaitons: 
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%
%
%

(

%%
%

&

#

�
�
�
�

�

�
�
�

�



�

�
��
�


 �
�

�
�
�
�

�

�
�
�

�



�

�
��
�


 �
�

'
1

'
2

'
1

2
51ln

0
2

51ln

yyD

yD

,

where txy �'
2 .

    By comparison with the result for differential equations, the solution is: 
tt

t ccx 


�

�
��
�


 �
�



�

�
��
�


 �
�

2
51

2
51

21 ,

Using the method of undetermined coefficient, we can get: 

�
�
�

�

�
�
�

�



�

�
��
�


 �
�



�

�
��
�


 �
�

tt

tx
2

51
2

51
5

1 .

Section 6: Equations that can be converted into the above forms. 

1) -
�

�
�� 4�

1

0

m

i

k
itmt

ixcx , Cki " , Cc" .

We simply take the natural logarithm, from which we can obtain: 

cxkx
m

i
itimt lnlnln

1

0

�4� /
�

�
�� .

Letting itit xy �� � ln , this becomes: 

cyky
m

i
itimt ln

1

0
�4�/

�

�
�� .

This can be solved by using the method introduced in Section 5. 

2)
dbx
cax

x
t

t
t �

�
��1 , where the constants are all real number and 0<b .

This may be rewritten as: 

� �
dbx

mdcxmba
m

dbx
cax

mx
t

t

t

t
t �

���
��

�
�

���1 .

We would like the form on the left of the equation to the same as that on the 

right, so we consider the following condition: 
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� � mdcmbam ���� .

This is: 

� � 02 ���� cmadbm .

If 21 mm < :

2

1

2

1

21

11

mx
mx

bma
bma

mx
mx

t

t

t

t

�
�

4
�
�

�
�
�

�

� .

If 21 mm � :

mxmba
b

mba
d

mx tt �
4

�
�

�
�

��

11

1

.

It can be solved by using the way we have introduced in Section 1 and 2. 

Example4: 1) 2
1 tt xx �� , 20 �x ;

          2)
2
12

1 �
�

��
t

t
t y

y
y , 21 �y .

1) Taking the natural logarithm, we can obtain: 

tt xx ln2ln 1 4�� .

This is tt aa 21 �� .

So the solution is t
tx 22� .

2) It can be rewritten as: 

1
1

3
1
1

1

1

�
�

4�
�
�

�

�

t

t

t

t

y
y

y
y

.

This is tt aa 31 �� .

So the solution is
13
13

�
�

� t

t

ty .

Part2. Non-homogeneous linear differential equation with 
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constant coefficients and a derivation of the 

Euler-Maclaurin formula 

In this part, we research how to convert a difference equation such as 

� �tfkxVx tt ��  into a differential equation. Meanwhile, we solve the problem left in 

Section 4 of Part 1. 

Section 1: � �tfkxVx tt �� .

At first, consider the equation � �tgxkDx tt �4� ln , by the theory of 

differential equation we can change the differential equation to: 

� �tg
e

xk
e

Dx
e tkttkttk 4�44�4 444 lnlnln

1ln11 .

This is: 

� �tg
e

x
e

D tkttk 4�

�
�

�
�

 4 44 lnln

11 .

Comparing with the above method, we can hope to use a similar method 

to deal with the equation � �tfkyVy tt �� .

Obviously, we have: 

� �tf
k

ky
k

Vy
k ttttt 4�4�4 ��� 111

111 .

This is: 

� �tf
kk

y
k
y

V tt
t

t
t 4�� �1

1 .

Note � � � �tf
k

th t 4� �1

1 , t
t

t k
y

x � ,then we obtain � �thxVx tt �� .

Section 2:The situation of � � ktth � .

1) At first, we will consider the situation where n  is an integer. 
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Assume: 

� �tHxxV
n

tt
n

1

1

�� .

Our aim is to calculate: 

� � � �11 1

1

limlim �tHnxVnDx
nn

t
n

n
t 4�




�

�
�
�
�



��

�:;�:;

.

From the assumption we can get: 

� �

%
%
%
%
%

(

%%
%
%
%

&

#



�
�

�
�

 �
���



�
�

�
�

 ���

��

�
�

�
�

��

n
ntHxxV

n
tHxxV

tHxxV

nn
nt

n
nt

n

nn
t

r
t

n

n
tt

n

1

1

111

1

111

1

1

1

�

.

Adding them up, we can obtain: 

� �2
1

0
1 �k

n

i n
tt t

n
itHxVx �

�
�

�
�

 ��� /

�

�

.

Obviously we can suppose � �tH
n
1  is a polynomial with degree k :

� � � �3
0

1 �/
�

�4�
k

j

jk
j

n

tatH .

where ja  depends on j .

Substituting � �3  into � �2 , we have: 

//
� �

�



�
�

�
�

 �4

n

i

k

j

jk

j n
ita

0 0

// /
� �

�

�

��
�

�
�
�

�

�
�
�

�


�
�

�
�

444�

n

i

k

j

jk

l

l
ljkl

jkj n
itCa

0 0 0

� �4�kt� .

At the same time, substituting � �3  into � �1 , we have: 
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� �tHnxVn
nn

t
n

n
1

1

limlim 1 4�



�

�
�
�
�



�

�:;�:;

/
�

�

�:;

44�
k

j

jk
j

n
tan

0
lim

/
�

�4�
k

j

jk
j tb

0
.

where j
n

j anb 4�
�:;

lim , �" Nn .

We use equation � �4  to calculate jb .

Rearranging equation � �4  in descending order, we can get: 

// /
� �

�

�

��
�

�
�
�

�

�
�
�

�


�
�

�
�

444

n

i

k

j

jk

l

l
ljkl

jkj n
itCa

0 0 0

jk
n

i

k

j

j

l

lj
lj
lkl t

n
iCa �

� � �

�
�
� 4


�
�

�
�

4� ///

0 0 0

/ / /
� �

�

�

�
�
�

�

%)

%
'
$

%(

%
&
#

�
�
�

�

�
�
�

�


�
�

�
�

44�

k

j

j

l

n

i

lj
lj
lkl

jk

n
iCat

0 0

1

0

/ / /
� �

�

�

�
�
�

�

%)

%
'
$

%(

%
&
#

�
�
�

�

�
�
�

�
4


�
�

�
�

444�

k

j

j

l

n

i

lj
lj
lkl

jk

nn
iCant

0 0

1

0

1

kt� .

As n ; �: , taking the limit of the above equation, we can get: 

/ / /
� �

�

�

�
�
�

�

�:; %)

%
'
$

%(

%
&
#

�
�
�

�

�
�
�

�
4


�
�

�
�

444

k

j

j

l

r

i

lj
lj
lkl

jk

n nn
iCant

0 0

1

0

1lim

/ / /
� �

�

�

�

�:;

�
�

�:;

�

%)

%
'
$

%(

%
&
#

�
�
�

�

�
�
�

�
4


�
�

�
�

444�

k

j

j

l

n

i

lj

n

lj
lkl

n

jk

nn
iCant

0 0

1

0

1limlim

/ / =
� �

��
�

�



�

�
��
�



44�

k

j

j

l

ljlj
lkl

jk dCbt
0 0

1

0
>>

/ /
� �

�
��




�

�
��
�



��

44�
k

j

j

l

lj
lk

l
jk

lj
C

bt
0 0 1

k

r
tlim

�:;

�
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kt� .

In the process of calculating the above equation, we used the definition of 

Riemann integral. 

So the corresponding coefficient is equal: 

� �
� �(

&
#

+
�

�4
��/

�

�
�

10
01

10 j
j

b
lj

Cj

l
l

lj
lk .

So we can get l
kll CBb 4� , in this equation, lB  is Bernoulli number. 

2) The situation where r  is a real number. 

Because the conclusions above are independent of t , so we have: 

� � /
�

�

�:;

4�4
k

i

ik
i

n
tbtHn

0
lim  , Rt "6 .

Define � � /
�

�


�
�

�
�

 ��




�

�
�
�
�



��

1

0
11

m

i n
t

n
m

n
m n

itHxVtH .

At first, let r  is a rational number, we write it in the form of 
n
m ,and we will 

get:

t
n
m

m
n

xV
m
n





�

�
�
�
�



�

�:;

1lim

/
�

��:;



�
�

�
�

 �4�

1

0
lim

m

i
m
n n

itH
m
n

m
n
itHn

m

i

m
n

/
�

�

�:;



�
�

�
�

 �4

�

1

0lim

where �" Nnm, .  If �:;
m
n , then �:;n .

So we have: 

m
n
itHn

m

i

m
n

/
�

�

�:;



�
�

�
�

 �4

1

0lim
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m
n
jtb

k

i

m

j

ik

i

m
n

//
�

�

�

�

�:;



�
�

�
�

 �4

� 0

1

0lim

m

tb
k

i

m

j

ik
i

m
n

//
�

�

�

�

�:;

4
� 0

1

0lim

m

tbm
k

i

jk
i/

�

�44
� 0

/
�

�4�
k

i

ik
i tb

0

.

This is: 

/
�

�

;

4�
� k

i

ik
it

q

q
tbx

q
V

00

1lim , �"Qq .

Then by using rational approximations for real numbers, we get: 

/
�

�

;

4�
� k

i

ik
it

r

r
tbx

r
V

00

1lim , �" Rr .

So we can obtain the below equations: 

t

r

r
t x

r
VDx 1lim

0

�
�

;

/
�

�4�
k

i

ik
i tb

0

/
�

�44�
k

i

iki
ki tCB

0

.

The difference equation k
tt txVx �� has been converted into the differential 

equation /
�

�44�
k

i

iki
kit tCBDx

0

.
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Example 5: 3
1 txx tt ��� , 01 �x .

    Using the method stated above, the equation can be converted into:  

ttttCBDx
k

i

iki
kit 2

1
2
3 23

0

���44� /
�

� .

The solution to it is

� � cttctttxt ���
�

��
� �

�����
2

234

2
1

4
1

2
1

4
1 .

By the method of undetermined coefficient, we can get: 

� � 2

2
1
��
�

��
� �

�
ttxt .

Section 3:Euler- Maclaurin formula. 

In this section we will study the situation of � �thxVx tt �� . From the 

Weierstrass approximation theorem, we know � �th  can be approximated by a 

series of polynomials. So the original equation can be changed to: 

/
�:

�

��
0i

i
itt taxVx .

This difference equation can be changed to a differential equation: 

/ /
�:

� �

�



�

�
��
�



44�

0 0i

i

j

jij
ijit tCBaDx

/ /
�:

�

�:

�

�



�

�
��
�



44�

0j ji

jij
iij tCaB

� �/ /
:�

�

:�

�

�



�

�
��
�



4

�
4�

0 !
!

!j ji

ji
i

j t
ji

ia
j

B
.

Because � �
jit

ji
i �4
� !
!  is j -th order derivative of it , we can get: 

� �
� � � �/

�:

�

� �4
�

4
ji

jji
i tht

ji
ia

!
! .
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So we have: 

� �/ /
:�

�

:�

�

�



�

�
��
�



4

�
4�

0 !
!

!j ji

ji
i

j
t t

ji
ia

j
B

Dx

� � � �/
�:

�

4�
0 !j

jj th
j

B
.

This is one form of the Euler- Maclaurin formula. 

This requires the series to be absolutely convergent. In general, we can 

express � �th  in partial form with the remainder. It’s easy to prove that in this 

situation, the final result will has a remainder. 

In fact, the Euler- Maclaurin formula can be calculated directly. Suppose 

the solution to the equation � �thxVx tt ��  is in the form � �tHxt � .

Using Taylor’s theorem, we can get: 

� � � �
� � � � � �/

:�

�

����
1 !

1
i

i

th
i

tHtHtH ,

and the following system of equations: 

� � � � � �
� � � �

� � � �
� � � �

%
%
%
%

(

%%
%
%

&

#

���

����

/

/==
:�

�

:�

�

�

�

1

1

1

!
1

!
11

i

i
i

i

i
ththth

i
thdtthtdth

.

So we can guess that the original equation was changed to 

� � � � � �/
�:

�

4��
0

'

i

i
it thatHDx . Then we can use the method used in Section 2 to 

get the Euler- Maclaurin formula. 

At this point, we have solved how to solve a non-homogeneous linear 

differential equation with constant coefficients, and obtained Euler- Maclaurin

formula. 
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Example 6:
t

xx tt
1

1 ��� , 01 �x .

    We can convert this equation into: 

� � � � � �//
�:

�
�

�:

�

4��4�
0

1
0

11
! j

jj
j

j

jj
t t

Btf
j

B
Dx .

The solution to it is: 

� �
c

tj
B

tx
j

j
j

j

t �4
�

�� /
:�

�1

11
ln .

Using the undetermined coefficients method, we can get: 

� �
�577.011

1
*4

�
�� /

:�

�j
j

j
j

tj
B

c ? ,

which is Euler constant. 

So we have: 

� �
?�4

�
�� /

:�

�1

11
ln

j
j

j
j

t tj
B

tx .

    Obviously, if �:;t , the difference between tx  and tln  will approach ? ,

which is the same as the known result. 

Section 4: � �/
�

��� �4�
m

i
intimt tFXAX

1

, the capital letters represent 

matrices.

In this section we study how to solve a system of linear difference 

equations with constant coefficients. 

By using recurrence operator, we can rewrite the system of equations as: 

� �tFXAVIV t

m

i
i

imm �

�

�
�
�



4�4 /

�

�

1
.

where I  represents the identity matrix. 

By using Cramer theorem, we can get: 

� �tgDxAVIV iiti

m

i
i

imm ��

�

�
�
�



4�4 /

�

�

1
det .
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where iD  is an determinant, which is a function of t. 

Then we will get: 

� �tGXAVIV t

m

i
i

imm �

�

�
�
�



4�4 /

�

�

1
det .

where � �tG  can be calculated by Cramer theorem. 

We can solve these m equations using the method introduced in the 

section before.  

In fact, this result can also be provided more conventionally. This is the 

relationship between the system of difference equations and the system of 

differential equations. 

Example 7: 


�

�
��
�



4


�

�
��
�



�



�

�
��
�




�

�

t

t

t

t

y
x

y
x

21
12

1

1 , 


�

�
��
�



�



�

�
��
�



1
3

0

0

y
x

.

    We can change this system of equations to: 




�

�
��
�



4

�

�
�
�



4�4 /

�

�

t

t
m

i
i

imm

y
x

AVIV
1

det

� � � �� � 


�

�
��
�



4����

t

t

y
x

V 22 12




�

�
��
�



�

0
0

.

This is: 

� � 


�

�
��
�



�



�

�
��
�



4��

0
0

342

t

t

y
x

VV .

The solution to it is: 

tt

t

t

d
d

c
c

y
x

31
2

1

2

1 4


�

�
��
�



�4



�

�
��
�



�



�

�
��
�



.

Using the method of undetermined coefficients, we can get: 




�

�
��
�



�

�


�

�
��
�



1

1

2

1

c
c

, 


�

�
��
�



�



�

�
��
�



2
2

2

1

d
d

.
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So the solution is: 

t

t

t

y
x

3
2
2

1
1

4


�

�
��
�



�



�

�
��
�



�

�


�

�
��
�



.

Conclusion:

In this article, we solve some problems of difference equations by 

converting them to differential equations and explain the traditional way of 

solving linear difference equations with constant coefficients. We also derive the 

Euler-Maclaurin formula.  
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