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Abstract: CG figures and XD figures are newly-developed mathematical conceptions. A CG
figure consists of two polylines sharing the same end points with corresponding line segments
perpendicular to each other. Let one polyline be the question, the other the solution of the question.
If one polyline has only one solution, this figure is also considered an XD figure. There are
already some conclusions about 2-dimensional XD figures. In this paper, these conclusions are
extended using methods including vector analysis, contradiction and construction. In addition, the
properties of 2-dimensional XD figures are compared to those of 3-dimensional XD figures. The
properties proved are as follows:
(1) For a CG figure(C,C") in a grid of mXn, if the solution set of C is A, the solution set of
C’ is B, then the solution set of any element in A is B and vice versa.
(2) In a grid of nxn (with (nt+1) X (nt1) grid points), there must exist an XD figure
consisting of t line segments, where n > 2,t = 4,6,8...2n% + 4n
(3) In a grid of mxnXp, if (C,C")is an XD figure, (C',C,)is a CG figure, then (C;,C")is not
necessarily an XD figure.
(4) For a CG figure (C,C’) in a grid of mXnXp, if the solution set of C is A, the solution set
of C’ is B, then the solution set of any element in A is not necessarily B and vice versa.
(5) No 3-dimensional XD figure exist in infinite grids.

Key words: perpendicular, continuous, close, unique, uniform grid
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I The introduction and definition about CG figures and XD figures

CG figures and XD figures are newly-developed mathematical conceptions. A CG figure
consists of two polylines sharing the same end points with corresponding line segments
perpendicular to each other. We call one polyline question, the other solution. If one polyline has
only one solution, this figure is considered a special case more narrowly defined as an XD figure.
For example, figure 1 is an XD figure.
The definitions of CG and XD figures are from

problems involving perpendicular lines in uniform &
grids. Like Sudoku, XD figures can be used as /ﬁ\

mathematic games for mathematic entertainment.
Apart from that, a 2-demensional XD figure looks A; [ /‘\45
like a beautiful picture while a 3-demensional one

a unique architectural design, bringing not only A-> \ Ay

intellectual challenge but also artistic enjoyment.
Also, like many other mathematical conceptions, A || B,

XD figures are likely to be useful in other fields.
The definitions for CG and XD figures are as Flgure 1
follows:

2-dimensional CG figure : For a polyline C: A -A,-...-A, in a uniform grid of mxn (m, n€
N*), if there exists one polyline C': A;-B,-Bs-...-B,.;-A, satisfying the conditions A|B, L. A |A,,
ByB3; L AyA;, ..., BuiAy L Ay Ay, then polyline C is the question, polyline C” is the solution, the
closed figure consisting of the two polylines is a 2-dimensional CG figure(C,C"). (here,
A1,A2A5...ALLByB;.. By jare all lattice points andA; 1, A;, Aj1(i=2,3...n-1) are not collinear)

2-dimensional XD ﬁgure**: For a polyline C: A;-A;-...-Ain a uniform grid of mXn (m,
n€ N1), if there exists only one polyline C': A ;-B,-Bs-...-B,.;-A, satisfying the conditions
ABy L A1A;,ByB; L AyAs,....BuiAn L Ay Ay, then polyline C is the question, polyline C” is the
solution, the closed figure consisting of the two polylines is a 2-dimensional XD figure (C,C").
(here, Aj,Aj,Az...Ap,By,Bs... By are all lattice points, Aj.j, A, Aj+1(i=2,3,...n-1) are not collinear)

3-dimensional CG ﬁgure***: For a polyline C: A;-A;-...-Ain a uniform grid of mXnXp
(m,n, p € N*), if there exists one polyline C": A-B,-Bs-...-B,.;-A, satisfying the conditions
ABy L AjA,, BBy L AA;, ..., BuiAy L AL Ay, then polyline C is the question, polyline C” is the
solution, the closed figure consisting of the two polylines is a 3-dimensional CG figure (C,C").
(here, A1,A,A3...ABy,Bs.. . B, are lattice points on different planes, A;, A;, Aj+1(i=1,2,...n-1)
are not collinear)

3-dimensional XD figure : For a polyline C: A-A,-...-A,in a uniform grid of mxnxp
(m,n, p € N*), if there exists only one polyline C’: A;-B,-Bs-...-B,.i-A, satisfying the conditions
AB, L AjAy, BoBs L AyA;, ..., BuiAy LAy Ay, then polyline C is the question, polyline C” is the
solution, the closed figure consisting of the two polylines is a 3-dimensional XD
figure(C,C").(here, Aj,Az,As...Ap,By,Bs... By are lattice points on different planes, A, A,
Ai+1(1=1,2,...n-1) are not collinear)

*The definition of CG figures is first introduced in the book  { &5 A] S FH A——F )

**The definition of XD figures is first publicly introduced in the science camp “Into the wonderful
land of math” held by the Ministry of Education in 2011

***The definitions of 3-dimensional CG and XD figures are first introduced in the essay { /&1 /&
e R CG BIE =47 A ERd @)
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corresponding line segments: If there are polyline C: A;-Aj-A;-...-A, and polyline
C":A|-B;-B;s-...-B,.1-A,, then A By, AjAy; ByBs, AyAs; ... BuiAy, AniA, are corresponding line

segments respectively.

(The m,n,p here indicates the numbers of the grids in three directions; limited grids can be
extended to infinite grids. In this paper, all the CG and XD Figures are in uniform grids. Thus
in the following text, “grids” implies “uniform grids”; a grid of mXnXp means there are a
total of (m+1) X (n+1) X(p+1)grid points)

II The known conclusions about 2-dimensional CG and XD figures

Below are conclusions from the recent studies about CG and XD figures:

Conclusion 1: In a grid of mXn, if (C,C")is an XD figure and(C’,C,) a CG figure, then (C,,C") is
an XD figure.

Proof:

Since (C,C")is an XD figure, (C’,C))is a CG figure,

the corresponding line segments of (C, C") and (C’,C;)are perpendicular to each other,

so the corresponding line segments of (C;, C) are respectively collinear or parallel.

Suppose (C;, C") is not an XD figure, then there exists a polyline C, which makes (C,, C;) a CG
figure.

Then the corresponding line segments of (C,, C,) are perpendicular to each other,

so the corresponding line segments of (C, C,) are perpendicular to each other.

Thus, problem C has at least two solutions, C,, C’, which shows (C,C") is not an XD figure. This
contradicts the condition that (C,C")is an XD figure.

Therefore, the assumption ‘(C;,C")is not an XD figure’ is not correct.

Thus, (C,,C")is an XD figure.

This completes the proof.

Conclusion 2: In the infinite grid, no 2-dimensional XD figure consisting of more than 4 line
segments exist.
Proof :

If there is a 2-dimensional CG figure(C,C")

C:C-Csp-...... -Cp; C-Cy-.. -Gy’ (C'=C,C,=C)),

consider polyline C;C,C5C4and C,'C,'C5°Cy’".

When C,,C,,C;,Cy,C,",Cy are fixed points, if the coordinates of C,’and C;’have only one value,

then (C,C") may be an XD figure; if not,(C,C")is not an XD figure.

As demonstrated in figure 2, build a 2-dimensional rectangular coordinate system in the grid
where the origin is any lattice point. The x-axis and y-axis are the 2 grid lines passing through the
origin. The unit length is same as the grid size.

* The proof here is not that of the original paper.
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Letm;(ap b1),m:(32' bz),m:(a& bg),E’:(ao, by)
C1'Cy"=(%1,¥1),C2 " C3'=(X2,¥2),C3'C4 '=(X3,¥3)
Because(C,C")is a 2-dimensional CG figure, we have:
(a1X1 +Dbyy; =0
| ayX; + by, =0
4 agXxz + bzy; =0 )]
| x; +x, +x3 =ag
y1+y2+ys=Dbg
If(C,C")is an XD figure, then this set of equations has integer solutions.

Let the solution be X; = my, X, = My, X3 = M3, y¥; = N4,y = Ny, Y3 = Ng,
Xy = my + (ayb;bz —azbiby)k
[XZ = m; + (agb;b, —a;bybs)k
);31 _: rrr1113 j_— ((;11:;::23 __;12;21533))15 must be the solution of Equations 1.
y2 = n, + (aja;bs —ajazby)k
ys = ng + (azazb; —ajazby)k

then

In addition, neither C;C,Csnor C,C5Cy is collinear,

so none of a;b, —a,b;,a;b3z —azb;,a,b; —azb, equal to 0.

In addition, a;, b;are not both 0.

which shows (a,b;b; —azb;b,) = 0, (a;azb, —ajabs) = 0 not to be both correct.

In addition, k may be any integer. Therefore, Equations 1 has innumerable solutions.

Thus, (C,C")is not a 2-dimensional XD figure.

Therefore, in the infinite grid, no 2-dimensional XD figure consisting of more than 4 line
segments exist.

This completes the proof.

III The properties of 2-dimensional CG and XD figures

By extending conclusionl of XD figures, a property of CG figures is found.

Property 1: For a CG figure (C, C’) in a grid of mxn, if the solution set of C is A, the solution set
of C’ is B, then the solution set of any element in A is B and vice versa.

Proof:

Page - 221



N19

A study on the properties of CG and XD figures 6/26

Since the solution set of C is A,

the corresponding line segments between any element from A and C are perpendicular to each
other.

Thus, the corresponding line segments between any two elements of A are respectively collinear
or parallel.

In addition, the solution set of C” is B,

so the corresponding line segments between any element from B and C” are perpendicular to each
other.

Thus, the corresponding line segments between any element from B and any element from A are
perpendicular to each other.

Suppose any element from B has another solution out of A, then this solution is also a solution of
C.

Then the solution set of C is not A. This contradicts the condition that ‘the solution set of C is A’.
Then the assumption ‘an element from B has a solution addition to A’ is incorrect.

Therefore, the solution set of any element from B is A.

In the same way, the solution set of any element from A is B.

This completes the proof.

Inspired by conclusion 2, the question of the existence of XD figures in limited grids was raised.
In Reference 2, there also was an open problem about whether or not there is an upper limit of grid
number for grids with XD figures. Here, we give the solution.

Property 2: In a grid of nxn (with (n+1) X (n+1) grid points, n = 2), there must exist an XD
figure consisting of t line segments (t is the total number of line segments including question and
solution,t = 4,6,8 ...2n% + 4n)

Proof:

In a grid of nxn, build a 2-dimensional rectangular coordinate system where the origin is defined
to be the lower corner on the left, the x-direction going to the right, the y-direction going up, and
the unit length the grid size.

Draw a polyline C: A;-Ap-Aj-...Ar_,-Atin which the coordinate of A; is (ag, bo). Write the vector
2

2

of each line segment as

- t
AAig=(a, by (=1 32---5'1)

Draw another polyline C": B;-B,-Bs-...Bt_,-Bt(B;= A;, Bt=At). Write the vector of each line
2 2 2 2

segment as

t
BB, =(x; ¥1) (i=192---5'1)

with coordinate of B;being:

B (n,v) (=23.)

If the following set of equations with X;, y; as unknowns

*When the points in the question of an XD figure are distinct, the number of the points in the
question must range from 3 to(n + 1)2. Therefore, the range of t must be from 4 to 2n? + 4n

Page - 222



N19

A study on the properties of CG and XD figures 7/26

a;x; + byyi=0
( Yaj = XX
Zhi=2Vi (ij=12.5-1) M
0<ap+XY._,x<n
0<by+Y_,yi<n
has only one integer solution, then (C, C") is an XD figure.

( 23..2-1)

u; =ag+ Yizlx
We also have{ = 1
1

_b0+Z]

Let’s begin with Equations 1, if the above equations are satisfied, these are the following
conclusions:
Lemma 1: When ged (a;, b)=1 while |a>n/2 or |bj>n/2, thenx; = +b;, y; = +a; (ged (a, b)
means the greatest common divisor of a,b.)
Proof:
Since ged (ay, by)=1,
from a;x; + b;y; = 0 in Equations 1,
x; = sb;, y; = —sa;, (s € Z).
In addition, 0 < ay + Zjl Xi<n, 0<by+ Zjl Vi <,
so n<x;<n —n<y;<n
Adding that |a;>n/2 or |b;>n/2,
so s=%1.
Therefore, x; = xb;, y; = F3
This completes the proof.

Lemma 2: 1If ged(a,b;)=1 while |aj=n/2 or |[bj=n/2, when(u;, v;)or(u;;, vis)is a fixed point with

coordinates not equal to 0,n,n/2, then x;,y; have at most one integer solution.
Proof:
Since ged (aj, by)=1,
from a;x; + b;y; = 0 in Equations 1,

x; = sb;, y; = —sa;, (s € Z).

i-1

In addition, 0 < ag+ Y/ x; <n, 0 <by + Y, y; <n, ] 1X i=23.52-1),

1
s00<uj+x,<n,0<vi+y;<n, 0<uj41—%x=n,0<vj 1~y <n
Adding that |aj=n/2 or |bj=n/2, (u;, vi)or(ui+1, Vi+1)is a fixed point with coordinates not equal to
0,n,n/2, we have:

If a;=n/2,

. n . n L n . n .
Then, if v; < 5= 1;if v; > 5= —=1;if vipq < 5= —1; ifvj > 5= 1;
Ifai=-n/2,

. n . n . n . n
Then, if v; < 75 = —1;ifv; > 7S = 1;if vigq < 215 = 1; ifviyq >2,8= -1;
If b=n/2,

. n . n . n . n
Then, if y; < 75 = 1;ifu; > 515 = —=1;if ujq < 25 = —1; ifujy > 215 = 1;
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If b=-n/2,
Then, ifu; < 2,5 = —1;ifu; > 2,5 =1;ifujq < g,s =1; ifujy, > g,s =-1;

Thus, when(u;, vi)or(ui+1, vi+1)is a fixed point with coordinates not equal to 0,n,n/2, x;,y; have at
most one integer solution.
This completes the proof.

Lemma 3: If ged(a;, by)=1 while |a;>n/2 or |b;>n/2, when(u;, v;)or(ui+;, vi+)is a fixed point, then
X;,y; have at most one integer solution.
Proof:
Since ged (ay, by)=1,
from a;jx; + bjy; = 0 in Equations 1,
x; =sb;, y; = —sa;, (SEZ)

_ i-1
uj =ap+ Xjs1Xj t

In addition, 0 <ag+ ¥ x; <n, 0<by+ Y v <n, ) i=23.1-1
0 21 i 0 21 Yi {Vi — bo + Z]l;%y ( 2 )

00<ui+x<n0<vi+y;i<n, 0<ujy1 x50 0=Zvj,1—y<n
Adding that |aj>n/2 or |b)>n/2, (u;, vi)or(ui+1, vi+1)is a fixed point, we have
If a>n/2,

. n . n . n . n . n
Then, if Vi<5,s=1;1fvi>5,s=—1; if vigq <E’S:_1; 1fvi+1>5,s=1 @if Vi =,

there’s no solution to the set);
If a;<-n/2,

. n . n . n . n . n
Then, if Vi<z,s=—1;1fvi>5,s=1; if viyq <E,S=1; ifviyq >5,s=—1 @if vi=o,

there’s no solution to the set);
Ifb>n/2,

. n . n . n . n . n
Then, if ui<5,s=1;1fui>5,s=—1; if ui+1<5,s=—1; 1fui+1>5,s=1 af U = -,

there’s no solution to the set);
If bi<-n/2,

. n . n . n . n . n
Then, if ui<5,s=—1;1fui>5,s=1; if ui+1<5,s:1; 1fui+1>5,s:—1 af uj =<,

there’s no solution to the set).
Thus, when (u;, v;)or(u;+, vi+)is a fixed point, X;,y; have at most one integer solution.
This completes the proof.

Lemma 4: When ged(a,b)=1, gcd (a1, bi)=1, if [aj>n/2,|ai 1 [>n/2, y=%aj,then yi.1=Faj,q; if
|bi>n/2, |bi+1[>n/2, x==xb;,then X;1=+Dbj,q.

As the conditions |aj>n/2,|ai[>n/2, y==a; and |bj>n/2, |bii[>n/2, x;=1b; are not essentially
different, here we assume the first one to be correct.

Since ged (ay, by)=1, [a;>n/2

from Lemma 1,x; = +b;, y; = Fa;

In addition, gcd (a1, bir1)=1, |au[>n/2
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From Lemma 1, X1 = £bjy1, yis1 = 3

Adding that |a;>n/2,[a;[>1n/2

lyiPn/2,|yis Pn/2

In addition, 0 < aq +Zj1Xi <n, 0<b, +Zj1}’i <n
so —n<y;+y;+1=<n,

Thus, if y=a;,then yi=Faj4q

This completes the proof.

Here we discuss the case by constructing specific line segments as problems and proving their
solutions to be unique under the following situations respectively:

A. t€[8,2n% + 4n]

1) When n=1 (mod 4), let n=4p+1(p>1) .

i)If t=2n?% + 4n, construct one polyline as follows (see Figure 3 as an example)

let ag=0,by=0

2p+1 i=1
2p+1 i—-1=(—1°%,i<16p?+12p+1
—2p—1 i—-1=—(-1)%,i<16p>+12p+1
1 i—1=0or4p+2,i€[28p?+8p+2]
, 2 i=8p>+8p+3
a=a =4y i—1=0or4p+2i€[8p?+8p+216p?+12p+1] Mod8P+4)
1 i=16p?>+12p+2
2p+1 i=—(—1)%,i € [16p% + 12p + 3,16p% + 16p + 2]
-2p—-1 i=(—1)%,i € [16p? + 12p + 3,16p% + 16p + 2]
2p i=16p%>+16p+3
(0 i=1
1 i—120i-1Z4p+2i<16p?+12p+1
. —4p—1 i—1=0or4p+2,i€[2,16p%+12p+1]
bi=bi =9 _4p41 i = 16p2 + 12p + 2 (Mmod 8p
1 i € [16p® + 12p + 3,16p? + 16p + 2]
0 i =16p? + 16p + 3
+4)

(e€e[1,4p+1)

Obviously, for i # 1,i # 16p2 + 16p + 3, we have ged(a;, b )=1.

Substitute a;, bjinto Equations 1, we have x;=0,u,=0, so x,>0.

In addition, a;(i— 1 # 0,i — 1 % 4p + 2(mod 8p + 4),i < 8p? + 4p + 1)>n/2.
According to lemma 1,y, has a definite value.

According to lemma 4,y3,y4,...yap2€ach has a definite value, so X3,X4,...Xspr2€ach has a definite
value as well.

From these conditions we can figure out ugy,3=4p+1.

In addition, by(i — 1 = 0 or 4p + 2(mod 8p + 4),i < 8p? + 4p + 1)=-dp-1.
Therefore, X4513=-4p-1, u4p14=0.

In the same way, we can deduce that x;,y;(i € [2,8p? + 4p + 1])each has a fixed value.
Therefore, we can figure out vz —Vgp2,4p4 = 4p +1

which leads to vz = 4p + 1, Vg2 4p4, = 0.

Therefore, according to lemma 3,x,,y;(i € [2,16p? + 16p + 2])each has a fixed value .
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( Xj = bi
Yi = 74
X1 =0 . . .
Therefore, y1 = 2p (i € [2,16p? + 16p + 2])is the only solution to Equations 1.

X16p2+16p+3 = 0
Viep2+16p+3 = 2P+ 1
Therefore, this polyline C here is the question of an XD figure.

T

Figure 3
An XD figure consisting of 198 line segments in the grid of 9*9
(the blue line is the question, the red one the solution)

if) If > € [8p? + 4p + 3,16p? + 16p + 2]

let ag " :O,bo// =0
( aj = ay’
bi’ = by’

16p%+16p+2
n
at_, = E . a'
2 -1

2

t
< 16p?+16p+2 ie [1,_ — 2]
bl = E poo ¢ 27

If be_," # 0, let a; = al,b; = by (i € [0, g])
2

If by__ =0, let ay=0,b=0
2
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i = ai’
bi = bi
a4p = _1
aj = Aj42
bj = by,
{ 16p%+16p+2
ar_, = Z a'

L]
2
16p%+16p+2
be = Z b
Pl tn
2

at =2p

2

bt =0

2
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t
(i€[14p—1]j€ [4p + 1,5 - 2])

In the same way as with t=2n% + 4n, we can deduce that x,,y;(i € [2,8p? + 4p + 1])each has a

fixed value. From that, we figure out x;y;(i € [1,%— 2])each has a fixed value. Obviously,

xt = 0. Therefore, in Equations 1 there remain 3 equations with 3 unknowns. Their coefficients

2

are not equal to 0, which means Equations 1 has at most one integer solution.

Xj = bi

Yi = —9
Xl = 0

In addition, < 5
xt =0
2
ye=2p+1
2

y1 =2p (i=23, ——— 1)is a solution of Equations 1.

Therefore, Equations 1 has only one integer solution.

Therefore, this polyline C here is the question of an XD figure.

iii)If > € [6,8p? + 4p + 2], let ag=0,b§=0

az=4p+1
n o __
3 - 1
" o__
a4_ - _4p - 1
n o__
by =
aj = ay’
n
bj’ = by’
16p%+16p+2
RO
t = a

I
2
, 16p%+16p+2
bl 1 = ¢ b'
_ E -

ar = 2p

2
by =0
2

If br  #0,
2

Page

(i€{1,2}u [5% - 2])
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let a; =af,b; = b (i € [0,3])
If by =0,
5_1

let 30:0,b0:0
az=4p+1
b3 == 1
a,=—4p-—1
b4 = 1
aj = ai’
b; = b;
a4p = _1
8 =aj;, - — 11 t_
X , (ie{1,2}u[54p—1],j€ |4p + 1,2 2D
bj = by,

16p2+16p+2
at =Z a’
21 th

2

16p%+16p+2
be = 2 b

Pl S+
ar = 2p
2
\ bg =0
In the same way as mentioned above, we can prove that Equations 1 has at most one integer
solution.
Xj = bi
yi= 74
X1 = O ¢
In additon, < y; = 2p (i =23, T 1) is a solution of Equations 1.
xt =0
2
ye=2p+1
2

Therefore, this polyline C here is the question of an XD figure

WVIft=10,
let a0=0,b0=0

a;=2p+1
b, =0
a, =-2p—1
b, =1
az=4p+1
b; =1
a, =—2p
b,=4p—1
as =2p
bs =0

Substitute these into Equations 1, then the set has only one solution.Therefore, this polyline C here
is the question of an XD figure.
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v)If t=8
let a5=0,by=0
a; =1
b; =0
a, =-—1
b, =4p+1
az=4p+1
b; = -1
a, = —4p
\ b,=0

Substitute these into Equations 1, then the set has only one solution.
Therefore, this polyline C here is the question of an XD figure.
Therefore, for t=8,10...2n% + 4n,p>1,in the grid of (4p+1)x(4p+1), XD figures consisting of t line

segments exist.

2) Ifn=3 (mod 4),n>3

Let n=4p+3(p>1) .

i)If t=2n? + 4n, construct line segments as follows (see Figure 4 as an example)
let ag=0,by=0

a;=aj, b= bi’
2p +2 i=1
2p+2 i—1=(—1)%,i<8p?+16p+7
—2p—2 i-1=—(-1)%,i<8p?+16p+7
1 i—1=0or4p+4,i€[2,8p%+16p+7]
-1 i=8p?+16p+8
, 2p+2 i=—(—1)%,i € [8p? + 16p + 9,8p? + 24p + 15]
A= gp—2 i = (—1)%i € [8p? + 16p + 9,8p? + 24p + 15] (104 8P +8)
1 i=8p?+20p+ 120r8p%+24p + 16
2p +2 i+1=—(=1)%,i € [8p® + 24p + 17,16p? + 32p + 14]
—-2p-—2 i+1=(—1)%,i€ [8p?+ 24p + 17,16p?% + 32p + 14]
1 i+1=0o0r4p+4,i€ [8p%+24p + 17,16p? + 32p + 14]
2p+4 i=16p%+32p+ 15
(0 i=1
1 i—1#0,i—1%4p+4,i<8p>+16p+7
—4p—3 i—1=0or4p+4,i€[2,8p?+16p+ 7]
—4p —2 i=8p2+16p+38
1 i € [8p? + 16p + 9,8p2 + 20p + 11]
by ={—4p—3 i = 8p*+ 20p + 12 (mod 8p + 8)
1 i € [8p? + 20p + 13,8p? + 24p + 15]
—4p—2 i=8p?+24p+16
1 i+120,i+1%4p+4,i€[8p®+24p + 17,16p + 32p + 14]
—4p—3 i+ 1=0o0r4p+4,i€ [8p%+24p+ 17,16p? + 32p + 14]
0 i = 16p% +32p + 15

(e € [1,4p+3)
In the same way as in 1), substitute a;,b; into Equations 1. We can prove that it has only one integer

solution, which is
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(X = —b;
YVi =3
X1:0 t
{yvi=2p—-1(i=23,..-—-1)
_ 2
xt =0
2

yt=2p+2
2

Therefore, this polyline C here is the question of an XD figure.

ii) if - € [8p? + 12p + 8,16p? + 32p + 15]

let ao i :O,b() i =0

aj = ay’

b = by’

16p%+32p+14

at = Z a’
2 t
{ 16p%+32p+14 (ie [1,_ — 2])
2. b L2
fa
2

at =2p+4
2

bl = 0
2
If b;_l" * 0,

let a; = a,b; = bl (i € [0,3])

If by =0,
51
let ay=0,b,=0
( aj = 3y’
bi = b;
agpz = —1
bypsz =—4p—1
aj = 3j42
bj = bj+2 t
Zl6p2+32p+14 (i € [1,4p + 1],j S [4p + 3,5 - 2])
at = a’
;-1 41
16p®+32p+14
b£_1 = Zt b’
2 S+l
2
\ by =0

In the same way as in 1), we can prove that Equations 1 has only one integer solution.
Therefore, this polyline C here is the question of an XD figure.

iif) If > € [6,8p? + 12p + 7]
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let ag=0,by=0

a3 =4p+3
f=1
ay =—4p—3
by =1
aj = ay'
bi = by’
2 t
lo _ pr +32p+14a, (ie{1,2tv [5,E — 2])
2

-1

16p%+32p+14
"
bt = Z b’

t
51

at = 2p+4
2

L b§=0

If b’l’_1 * 0,
2

let a; = a,b; = b{ (i € [0,1])
If b =0,
2

let ao=0,bo=0
( a3 =4p+3
b3 = 1
a, =—4p-—3
b4 - 1
i = ai'
b; = b;
agpz = —1
bypsz =—4p—1
aj = Aj42
by = by,
16p2+32p+14
ar_, = Z a’'

41
16p2+32p+14

be . = Z b
41

at=2p+4

2
bt =0
2

(e {1,2}U[54p+1],j € [4-p + 1,% - 2])

In the same way as in 1), we can prove that Equations 1 has only one integer solution.

Therefore, this polyline C here is the question of an XD figure.

iv)If =10,
let a0=0,b0=0,
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(a; =2p+2
b1=0
a, =—2p—2
b2=1
) az=4p+3
b3=1
a,=—4p—3
b4=1
35:2p+2
b5:0

Substitute these into Equations 1. The set has only one solution.
Therefore, this polyline C here is the question of an XD figure.

v) If =8, let a=0,b,=0,

Substitute these into Equations 1. Then the set has only one integer solution, which indicates that
this polyline C here is the question of an XD figure.
Therefore, for t=8,10...2n% + 4n,p>1,in the grid of (4p+3)*(4p+3), XD figures consisting of t line

segments exist.

3) When n=2 (mod 4) n>6,
Let n=4p+2(p>2).
i)If t=2n? + 4n, construct line segments as follows (see Figure 5 as an example)

J
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+
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l\‘g;n'u\;;n
I
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11T

i
A\
Ly

4\
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-

!II' | ;'

i\
W/
WA

Figure 5
An XD figures consisting of 240 line segments in the grid of 10x10

(the blue line is the question, the red one the solution)
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let ag=2p+1,by=2p+1,
a; = ailabi = bi”
0

-1

2p+2
—2p—2
-1
4p+1
—2p—2
2p+2
-1

2p—1
—4p —3
4p+3
2p+2
—2p—2
4p+3
—4p—3
4p+2
—4p—2
4p +2
—2p—2
1
-2p—1
2p+2
—4p—2
1
—2p—2
2p+2
—2p—3
! —2p—2
by =141
—4p — 2
1—-4p
1
—4p—1
1
2p—1
—2p—1
0

(e€[1,2p+1)
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i=1
i=1or2(mod4),ic€[2,4p+ 2]
i =0or3(mod4),i€[24p + 2]
i = 1(mod 2),i € [4p + 3,8p + 4]
i =0(mod 2),i € [4p + 3,8p + 4]
i=1or2(mod4),i€ [8p+512p+ 6]
i=0or3(mod4),i€ [8p+512p + 6]
i=12p+7
i+2=—(—1)%(mod 4p + 3),i € [12p + 8,8p% + 14p + 3]
i+2=(—1)%(mod 4p + 3),i € [12p + 8,8p? + 14p + 3]
i+2=0(mod4p +3),i € [12p + 8,8p? + 14p + 3]
i=8p?+14p+4
i+2=—(—1)%(mod 4p + 3),i € [8p? + 14p + 5,16p? + 20p + 3]
i+ 2= (-1)%(mod 4p + 3),i € [8p? + 14p + 5,16p? + 20p + 3]
i+2=0(mod4p + 3),i € [8p? + 14p + 5,16p? + 20p + 3]
i=16p?+20p +4
i = 1(mod 2),i € [16p? + 20p + 5,16p? + 22p + 1]
i = 0(mod 2),i € [16p? + 20p + 5,16p% + 22p + 1]
i=16p%+22p+2
i=16p?+22p + 3
i = 0(mod 2),i € [16p? + 22p + 4,16p? + 24p + 3]
i = 1(mod 2),i € [16p? + 22p + 4,16p? + 24p + 3]
i=16p% +24p +4
i=16p?+24p+5
i=16p?>+24p+6
i=16p? +24p +7
i=16p®+24p+38
i=1
i=0(mod 2),i < 4p
i=1(mod 2),i € [3,4p + 1]

i=4p+2
i€ [4p+3,8p + 4]
i=8p+5

i=0(mod 2),i € [8p + 6,12p + 6]
i=1(mod 2),i € [8p + 6,12p + 6]
i=12p+7
i+ 2 % 0(mod 4p + 3),i € [12p + 8,16p? + 20p + 3]
i+2=0(mod4p+3),i € [12p + 8,16p% + 20p + 3]
i =16p?+20p + 4
i € [16p? + 20p + 5,16p% + 24p + 3]
i=16p%+24p+ 4
i=16p%+24p+5
i=16p?+24p+6
i=16p% +24p+7
i=16p®+24p+38

Substitute ay2,by2,av2-1,by2-1,812-2,by2-2 into Equations 1. Xy2,yy2,Xy2-1,Y12-1,Xv2-2,Y12-2 €ach has at most
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one value.
In addition, when i=4p—+1,4p+2...1/2-1,gcd(a;,b;)=1 while az>n/2 or b>n/2,
so according to lemma 3, B4y11,Bapia...... By, are all fixed points.

Also, x;=by,y=-a;(i=4p+1,4p+2...t/2-1) is a solution of Equations 1.

Therefore, xi=b;,y/=-a;(i=4p+1,4p+2...t-1) is the only solution of Equations 1.
Moreover, Byy+1and (asp,bap)meet the precondition of lemma 2,

so it can be figured out that X4;=b4,,y4p=-a4p.

In addition, (a;,b;) (i=3,5...4p-1) all meet the precondition of lemma 3.

In the same way, we can prove that for(a;,b;) (i=2,4.6...4p), the coordinates of By, are

(Zp + 2,%) i=2)
(Zp, %) i=0)

Therefore, Equations 1 has at most one integer solution.

(mod 4), which all meet the precondition of lemma 2.

Xj = bi'
. yi=—a , t . : .
In addition, xx=0 (=12 g 1) is a solution to Equations 1.
2
lyg =2p+2
2

Therefore, this polyline C here is the question of an XD figure

ii) If 6<t<2n? + 4n,
let ag=n/2,by=n/2,

n2+2n+1-+
'(31 = 21 2a'
j— ’
ap=a i+n2+2n—§ )
2 o (i223...12)
n +2n+1—E ,
| b1 = 21 b
J— ’
k by=b i+n2+2n—§

In the same way as with t=2n? + 4n, this polyline C here is the question of an XD figure.
Therefore, for t=8,10...2n% + 4n,p>2.in the grid of (4p+2)x(4p+2), XD figures consisting of t line

segments exist.
4) When n=0 (mod 4) n>4, let n=4p (p>2).

i) If t=2n? + 4n, construct line segments as follows (see Figure 6 as an example)

let 30:2p7b0:2p; aj = ailabi = bi,7
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—-2p i=1
2p—1 i=2
1 i=0or3(mod4),i<4p+1
-1 i=1 or2(mod4),ie€[34p+1]
1 i=4p+2
—2p—1 i = 1(mod 2),i € [4p + 3,8p + 2]
2p+1 i =0(mod 2),i € [4p + 3,8p + 2]
1 i=1lor2(mod4),i€ [8p+3,12p+ 2]
-1 i=0or3(mod4),i€ [8p+3,12p + 2]
1 i=12p+3
2p+1 i=(—1)%e(mod 4p + 1),i € [12p + 4,8p% + 10p + 1]
a/ = -2p—1 i=—(—1)%e(mod 4p + 1),i € [12p + 4,8p? + 10p + 1]
1 i=0(mod4p+1),i€[12p+ 4,8p% + 10p + 1]
—2p—1 i=8p%+10p+2
2p i=8p?+10p+3
—2p—1 i+1=—(—1)%(mod 4p + 1),i € [8p% + 10p + 4,16p? + 4p — 2]
2p+1 i+1=(-1)%(mod4p + 1),i € [8p? + 10p + 4,16p? + 4p — 2]
-1 i+1=0(mod4p+1),i € [8p? + 10p + 4,16p? + 4p — 2]
4p—1 i=16p>+4p—1
4p i = 1(mod 2),i € [16p? + 4p, 16p% + 8p — 2]
—4p i = 0(mod 2),i € [16p? + 4p, 16p% + 8p — 2]
—2p—2 i=16p>+8p—1
\ —2p+2 i=16p%+8p
2p i=1
—4p i=2
2p+1 i=1(mod 2),i € [3,4p + 1]
—2p i =0(mod 2),i € [3,4p + 1]
—4p i=4p+2
1 i€[4p+3,8p+2]
—2p—1 i=8p+3
2p+1 i=0(mod 2),i € [8p + 4,12p + 2]
—2p—2 i=1(mod 2),i € [8p + 4,12p + 2]
bi'=4{ -2p-1 i=12p+3
1 i £ 0(mod 4p + 1),i € [12p + 4,8p? + 10p + 1]
—4p i=0(mod4p+1),i €[12p + 4,8p% + 10p + 1]
-2p i=8p?+10p+2
-2p+1 i=8p%+10p+3
1 i+ 1% 0(mod4p+1),i € [8p% + 10p + 4,16p? + 4p — 2]
—4p i+1=0(mod4p + 1),i € [8p? + 10p + 4,16p? + 4p — 2]
-1 i € [16p% + 4p — 1,16p? + 8p — 1]
0 i=16p%+8p
(e € [1,2p])
In the same way as in 3), we can prove that
Xij = bi’
yi = —ay t
xe=0 (i=12..=—1)
2 2
yt=—2p—2
2

is the only integer solution for Equations 1.
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Therefore, this polyline C here is the question of an XD figure.
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An XD figure consisting of 160 line segments in the grid of 8*8
(the blue line is the question, the red one the solution)

ii)If 6<t<2n? + 4n,
let ao=n/2,bo=n/ 2

( n2+2n+1—% ,
1dqg = 1 a
— ’
ap=a i+n2+2n——
T =23..2)
Zn +2n+ zb'
| 1=
k b; = b’ 1+n2+2n—§

In the same way as with t=2n? + 4n, this polyline C here is the question of an XD figure.
Therefore, for t=8,10...2n% + 4n,p>2,in the grid of 4px4p, XD figures consisting of t line

segments exist.

5)When n=2

)If t=16, construct line segments as follows (see Figure 7as an example)

let ag=1,by=1,the line segments of polyline C be (1,-1) (-1,2) (1,-1) (-2,1) (1,-2) (1,2) (-2,-1)
(0,-1).(a; = a;, b; = by)

Substitute these into Equations 1, We can then figure out that C is the question of an XD figure.

Figure 7
An XD figure consisting of 16 line segments in the grid of 2*2

(the blue line is the question, the red one the solution)
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i)If t € [8,14],in the same way as in 3),let ag=1,be=1
>
31 - a
1

9__
<b1=25 b (i=23. 2)

d; = a

bi:b'

. t
1+8_E

i+8-<
2
Similar to t=16, this polyline C here is the question of an XD figure.
Therefore, for t=8,10...16, in the grid of 2x2, XD figures consisting of t line segments exist.

6)When n=3
1)If t=30, construct line segments as follows (see Figure 8 as an example)

let ag=0, by=0 and the line segments of polyline C be represented by vectors (1,0) (2,1) (-2,1) (1,-2)
(-2,1) 2,1) (-2,1) (1,2) (2,1) (-2,1) (1,-2) (-2,1) 3,-2) (-1,3) (1,0).(a; = aj, b; = by)

Figure 8

An XD figure consisting of 30 line segments in the grid of 3*3

(the blue line is the question, the red one the solution)

i)lf t = 14,16,20,22,26,28 ,in the same way as in 2),
let a0=0,b0=0,

i)If t = 12, let a5=0, by=0 and the line segments of polyline C be represented by vectors (1,0)
(2,1) (-3,1) (3,-2)(-1,3)(1,0).

iv)If t =10, let a;=0, by=0 and the line segments of polyline C be represented by vectors
(1,0)( 2,1) (-3,1) (2,1)(1,0).

v)If t = 8, let ap=0, by=0 and the line segments of polyline C be represented by vectors (1,0) (-1,3)
(3,-1)(0,-2).

vi)If t=18, let ag=0, by=0 and the line segments of polyline C be represented by vectors (1,0) (2,1)
(-2,1) (1,-2) (-2,1) (2,1) (1,-2) (-1,3) (1,0)

vil)If t=24, let ag=0, by=0 and the line segments of polyline C be represented by vectors (1,0) (2,1)
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(_2,1) (1,'2) (_251) (2:1) (_251) (3:'1) (_2>1) (1:'2) (052) (1:0)
Substitute these into Equations 1. We can figure out the C here are all questions of XD figures.
Therefore, for t=8,10...30, in the grid of 3x3, XD figures consisting of t line segments exist.

7) When n=4
1)If t=48, construct line segments as follows (see Figure 9 as an example)
let ag=2,by=2,the line segments of polyline C represented by vector be respectively

1 i=1,2,35,12,13,14 0 i=1

[—1 i=4,10,11 3 i=2411,13

-3 i=6,81517,19 -2 i=319,24

a; = { 3 i=17916,18,20 b =14 —4 i=5,12
| 4 i=22 1 i=6,7,891516,17,18,21,22,23

|k -4 i=21,23 -3 i=10,14

-2 i=24 -1 i=20

Figure 9

An XD figure consisting of 48 line segments in the grid of 4*4

(the blue line is the question, the red one the solution)

ii)If t € [8,48], in the same way as in 4),

let ao=2,b0=2,
( 25—
al = Z a
1
25-%
, t
b =2§ b o3 L
1 . (i=23.. 2)
A = Ayt
2
\ b; = bi+24—§

In the same way as with t=48, we can prove that this polyline C here is the question of an XD
figure.

Therefore, for t=8,10...48, in the grid of 3x3, XD figures consisting of t line segments exist.
8) When n=6

1) If t=96, construct line segments as follows (see Figure 10 as an example)
let ag=3,by=3,the line segments of polyline C represented by vector be respectively
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i=1

i=23,6,71617,41
i=4,514,15,18,19,20,34,48
i=28,10,12,22,24,26,28,30,32,35,37,39
i=9,11,13,21,23,25,29,31,33,36,38,40,47

i=27

i=42,44,46

i=4345

i=1,48

i=24,6,15,17,19

i=3,547

i=7

i=14,20

i=16,18,41

i € [8,13]or [21,26]0r[28,33]0r[35,40]0r[42,46]
i=2734

Substitute these into Equations 1. We can figure out that C is the question of an XD figure.

),
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An XD figure consisting of 96 line segments in the grid of 6*6
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—1

}hl'.
A

y

Figure 10

(the blue line is the question, the red one the solution)

In the same way as in 4),

let 30:3 ,b():3 53

49—
al = 1 a
t
49-%
b, = ‘b . t
152 P23
A = A48t
2
\bi = bi+48—§

Similar to t=48, we can prove that this polyline C here is the question of an XD figure.

Therefore, for t=8,10...48, in the grid of 3x3, XD figures consisting of t line segments exist.

In summary, in the grid of nxn, XD figures consisting of t line segments exist.
(n>2,t=28,10,12...2n% + 4n)

B. =6,
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ao=0
31:1
a, =n-—1
let< gz;g
b1:0
b2=1
\b3=_1

Substitute these intoEquations 1,it can be figured out that Equations 1 has only one solution.
Therefore, this polyline C here is the question of an XD figure.

C.t=4

Any two adjacent sides of a rectangle is the question of an XD figure. Therefore, such XD figures

exist in any grid.

Therefore, in summary, an XD figure consisting of t line segments exists in a grid of nxn.
(n>2,t=4,6,8..2n°% + 4n)

This completes the proof.

IV The properties of 3-dimensional CG and XD figures

Compared with 2-dimensional XD figures, 3-dimensional XD figures do not process conclusion 1
and property 1

Property 3: In a grid of mxnxp, if (C,C")is an XD figure, (C",C,)is a CG figure, then (C;,C")is not
necessarily an XD figure.

Proof:

T
o

— /Figure 11

5

In figure 11, let the question be the red line C, the solution the green line C’. In the grid of
2x2x2,(C, C") is an XD figure. Let the solution of the green line C” be the purple line C; in the
figure, then (C’, C,) is a CG figure. However, except for C’, C, also has C " (the blue line in the
figure)as a solution. Therefore, (C;, C") is not an XD figure.

|
|
_ | | | | | ]
| A cw , e
I = 1 T
|

Figure 12

*The property 3 and 5 here and the proof of property 3 are from the third part of the first
chapter of the book {JZJ#) which was written by the author of this paper.
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Meanwhile, in figure 12, let the question be the red line C, the solution the green line C’. In the
grid of 2x2x2, (C,C") is an XD figure. Let the solution of the green line C” be the purple line C;,
then, (C",C)) is a CG figure. In addition, C, has only one solution which is C". Therefore, (C,,C")
is an XD figure.

In summary, in a grid of mxnxp, if (C,C")is an XD figure, (C’,C,)is a CG figure, then (C,C")is
not necessarily an XD figure.

This completes the proof.

For 2-dimensional XD figures, conclusion 1 is a special case of property 1. Therefore, since
3-dimensional CG figures do not follow conclusion 1, they do not follow property 1 either. Thus,
we have the following conclusion:

Property 4: In a grid of mxnxp, there is a CG figure (C,C’), if the solution set of C is A, the
solution set of C” is B, then the solution set of any element from A is not necessarily B and vice

versa.

As for conclusion 2 of 2-dimensional XD figures, in infinite grids, no 3-dimensional XD figure
exist no matter how many line segments they consist of.

Property 5: No 3-dimensional XD figure exist in an infinite grid.

Proof:

If a 3-dimensional CG figure exists in an infinite grid, let it be CG figure(C,C")

C:C/-Cy-...... -C,'(C'=C,C,=C)).
Consider polyline C;C,Csand C,'C,'C5’,
When C,, C,, G5, C,’, Cs'are fixed points, if the coordinates of C,” have only one value, then

(C,C") might be an XD figure; if not (C,C’) is not an XD figure.

Build a 3-dimensional rectangular coordinate system in the grid where the origin is any lattice
point. The x-axis, y-axis, z-axis are respectively the three grid lines passing the origin. The unit
length is same as the grid.

LetC,;C,=(ay, by, ¢1),C5C5=(az, by, ¢3),C1C3'=(ay, by, ¢o)

C1'Cy"=(%1,¥1,21),C2 "C3'=(X2, Y2, Z2)
Because(C,C")is a 3-dimensional CG figure, we get
a;x; +byy; + ¢z, =0
Xy + by, + 32, =0
X, + Xy =3 (1)
y1+Yy2=Dbg
Z1 +Z; = Cy
If(C,C")is an XD figure, then Equations 1 has one integer solution.
Let that solution be x; = my,X, = my, y; = Ny,Y2 = Ny,Z1 = Pq,Z = P3.
x; = my — (byc; —bycy)k
fxz =my + (byc; — bycpk
y1 =01 + (216, —ack
Y2 =Nz — (216 —azcy)kK
7y = py — (a1by —azby)k
Z; = py + (a;by —azby)k

If k is an integer, then, must be the solution of Equations 1.
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If d1Cp —aC; = 0, albz - azbl = 0, b1C2 - szl =0

— a;a+b,by+cyc
Then COS<C1C2,C2C3>: e L1

\/alz+b12+c12\/azz+b22+c22

o a;2a,2+b;2by%+c120,242a,2b, % +2b 2 cp2 +2a, 2 ¢, 2
= a;2a,2+b;2by 2 +c 20,2 42a, 2by  +2b; 2,2 +2a, 2 ¢, 2

==+1

which shows C,C,C; to be collinear. This does not match the definition of XD figures.
Thus, a;c, —a,c; = 0,a;b, —a,b; = 0,b;c, —byc; = 0 are not all correct.

In addition, k can be any integer, so the set of equations has innumerable solutions,

so (C,C")is not an XD figure

Therefore, no 3-dimensional XD figure exist in an infinite grid.

This completes the proof.
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