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Abstract: 

In this paper, the trilinear coordinate in plane is studied, and is generalized into 

the n-dimensional Euclidean space. n-linear coordinate system is established.  The 

coplanar theorem of n-points and the concurrent theorem of n-hyperplanes are 

established in n-linear coordinate space. The author proposed the concepts of 

accompanying space, horizontal line in trilinear plane and horizontal plane in its 

accompanying space. The author established the parallel theorem and oriented line 

theorem in trilinear plane, etc. 

Keywords: trilinear coordinate; n-linear coordinate; accompanying space; 

oriented line; hyperplane. 
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1  Introduction 

In plane geometry, we often meet the problem on a line passing through three 

points. For example, the problem of Euler line: in ABC, H (orthocenter), G 

(centroid), O(circumcenter), are all collinear. I discovered that the value of third-order 

determinant is equal to zero consisting of distances dHAB ,dHBC,dHCA,  dGAB ,dGBC,dGCA, 

dOAB ,dOBC and dOCA, from H,G,O to three sidelines AB,BC,CA respectively. Let A, B 

and C be three angles of ABC, and let R be radius of circumcircle of ABC.Then  

     �
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I forward put question to Any three points in plane are collinear if and only if 

that the value of third-order determinant is equal to 

zero consisting of distances from the three points to 

three sidelines of an any triangle in plane? 

Theorem 1.1  (Collinear theorem on three 

points): Three points D,E,F in plane is collinear if 

and only if that the value of third-order determinant 

is equal to zero consisting of distances from the 

three points to three sidelines of an any triangle 

ABC.  Namely, 0�

FABFCAFBC

EABECAEBC

DABDCADBC

ddd
ddd
ddd

Proof As shown in Figure 1, Let XOY be the Descartes coordinate system in plane 

with B as the origin, with BC as the X-axis. Let � �DD yx , , � �EE yx , , � �FF yx ,  be the 

Descartes coordinates of D,E,F. Let S be the area of ABC. CBARS sinsinsin2 2� .  

DBC=� , EBC= � , FBC=? . 

If any one of �, �, � is not equal to zero, then �cotDBCD dx � , DBCD dy � .  But  

Fig 1 
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Three points D, E, F are collinear if and only if the area determined by the three 

points is equal to zero. 

D, E, F is collinear 0
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1
�

FABFCAFBC

EABECAEBC

DABDCADBC

ddd
ddd
ddd

CBAR
.   

If �, �, � are all equal to zero, then �, �, � are all equal to zeroD D, E, F are all 

in sideline BC. 

If any two of �, �, � is equal to zero, for example, � 0,� 0, then, the value of 

third-order determinant is equal to zeroD 0�FBCd D � 0 D D,E,F are all in 

sideline  BC. 

If any one of �, �, � is equal to zero, for example, � 0, then, the value of 
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third-order determinant is equal to zero D D
�
�

�
�
�

FD

FD

ED

ED

xx
yy

xx
yy D,E,F are all 

collinear, and 0�Dy , D is in BC, and E, F are not in sideline BC.   Q.E.D. 

I put question to further: In n-dimensional Euclidean space, any n+1 points are 

all in same plane (hyperplane) if and only if that the value of (n+1)th-order 

determinant is equal to zero consisting of distances from each of the n+1 points to n+1 

hyperplanes of an any n-dimensional simplex respectively? 

This paper starts from the research to this question. In two-dimensional 

Euclidean space, I take three distances from one point to three sidelines of the triangle 

as the point’s coordinate. I discovered this kind of coordinate by myself. However, I 

found  later that in reference [1] it is called as trilinear coordinate. I studied deeply 

trilinear coordinate of two-dimensional Euclidean space, and generalized it into 

general Euclidean space. I established the system of n-linear coordinate in 

n-1-dimensional Euclidean space, and proposed n-linear coordinate of 0-dimensional, 

1-dimensional,2-dimensional,…n-1-dimensional hyperplane, and so on. 

0-dimensional hyperplane is a point. 1-dimensional hyperplane is a line. But for 

convenient description, they are all called as hyperplane or plane. 

In this paper, nE  denotes n-dimensional Euclidean space. The concepts on the 

linear structure, linear dependence, linear independence, distance, angle, scalar 

product, vector product, mixed product, determinant, rank, etc, can be found in 

ordinary textbooks of advanced algebra. I directly cite these concepts without 

explanation. In this paper, n is a positive integer (1-dimensional Euclidean space is 

not discussed in this paper). 

2  Establishment of  n-linear Coordinate System 

Definition 2.1 (The simplex in n-dimensional Euclidean space [2]): Let 

)(,...,, 10 nkPPP k ,  be points of linear independence in n-dimensional Euclidean 

space, namely, the vectors kiPPp ii ,...,2,1,0 ���
;

 are linear independent. 

The Cartesian coordinate of iP  is given as � �1,1,0, ,...,, �niii ppp . The set of points  
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i
ik PXX

00
0,1,| 555  is a K-dimensional simplex based on the 

vertices kPPP ,...,, 10 . It is expressed as notation 7 8/ �� kPPPkp ,...,,)1( 10 . If 

0�i5 ,then kE  is a (K-1)-dimensional simplex, and is called the plane (or 

hyperplane) corresponding to the vertex iP . The K-dimensional simplex has K+1 

vertices, K+1 planes, and 2
1�kC  edges. 

Definition 2.2 (the n-linear coordinate system and the n-linear coordinate 

space): Based on any an n-1 dimensional simplex in 1�nE , 

and based on distances from the point to every hyperplane of 

the simplex, we can construct the coordinate system. We call 

the 1�nE  as n-linear coordinate space, or n-space in short. We 

call the coordinate system as n-linear coordinate system, or 

n-coordinate in short. 

Definition 2.3 (The absolute coordinate of a point in 

n-space): The absolute coordinates are constructed by 

distances from one point K to n hyperplanes of 

n-1-dimensional simplex in n-space. � �1,1,0, ,...,, �� nKKK dddK  

denotes the absolute coordinates. If the point K and the 

corresponding vertex are in the same flank with the corresponding 

hyperplane, then iKd ,  is positive, otherwise iKd ,  is negative. 

2-dimensional simplex in 2E  is shown in Fig 2 and Fig 3 as a triangle in plane. 

In Fig 2, KDd =2, KEd =3, KFd =1, K (2,3,1). In Fig 3, KDd =-1, KEd =3, KFd =2, K

(-1,3,2). Such as KDd  in Fig 3, K and A are in the different flank of sideline BC, 

so KDd  is negative.  

Definition 2.4 (The reduced coordinate in n-space):  There is a point K in 

n-space. If 1101,1,0, :...::...: �� � nnKKK xxxddd , then the reduced coordinate of K 

point is � �110 ,...,, �nxxx .  

Fig 2 

Fig 3 
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If the ratio of 1,1,0, ,...,, �nKKK ddd  is determinate, then the location of point K is  

determinate. 

Let 2-dimensional simplex in 2E  be an example shown in Fig 2, and Fig 3. 

Because zyxddd KFKEKD :::: � , then xkd KD � , ykd KE � , zkd KF � , 0<k . 

Suppose the areas of ABC, BKC, CKA, AKB are S , 1S , 2S , 3S  

respectively .Let a, b, c be the lengths of the three sidelines. The calculated area is 

oriented . If the height is negative, then area value is also negative.  

  1S = 4BC
2
1

KDd = axk
2
1

, 2S = 4CA
2
1

KEd = byk
2
1

, 3S = 4AB
2
1

KFd = czk
2
1

. 

    S= 1S + 2S + 3S , 1S =
321

1

SSS
SS

��
=

czkbykaxk

axkS

2
1

2
1

2
1

2
1

��

=
czbyax

axS
��

= KDad
2
1

. 

Therefore  
czbyax

xSd KD ��
�

2 ,
czbyax

ySd KE ��
�

2 ,
czbyax

zSd KF ��
�

2 . 

In the expression of KDd , KEd and KFd , the numerator, denominator are 

homogeneous of x, y, z. Therefore they are not affected by proportional increase or 

decrease of x, y, z. To draw the parallel line of BC the distance of which to BC is 

KDd  (the distance is oriented, so it is only), and to draw the parallel line of AB the 

distance of which to AB is KFd , the intersecting point of two parallel lines is K. 

Therefore, the unique point K can be located by the reduced coordinate ( x , y , z ) . If 

0��� czbyax , it is assumed that K represents the point infinitely far. The 

two-dimensional simplex in ordinary plane is the triangle. The three-dimensional 

simplex in ordinary space is the tetrahedron. 

To n-dimensional simplex in nE  (n+1 vertices, n+1 hyperplanes): 

nnKKK xxxddd :...:::...:: 10,1,0, � , kxd iiK �, , ),...,1,0( ni � , 0<k . 

The volume of a simplex is equal to the sum of n+1 volumes consisting of K to 

n+1 hyperplanes. 
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(This paragraph describes the computational method of V , iF ),...,1,0( ni � .This 

paragraph is a summary of related content on the reference 2.we list the results only) 

V is volume of the simplex. iF  is area of n-1-dimensional hyperplane 

corresponding to vertex iP . To the determinate simplex, V , iF ),...,1,0( ni �  are all 

constant. 

By Bart	s formula, � �
1

1

0
1

sin!11 �

�
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�
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��
�



�� -

nn

i
iFn

n
V � . 

k�  is n-dimensional angle of n vectors ),...1,1,...1,0( nkkiPP ik ���  with kP  

as the origin. 

2
1

1...)1,cos()1,cos(...)1,cos()0,cos(
.....................

),1cos(...1)1,1cos(...)1,1cos()0,1cos(
),1cos(...)1,1cos(1...)1,1cos()0,1cos(

.....................
),1cos(...)1,1cos()1,1cos(...1)0,1cos(
),0cos(...)1,0cos()1,0cos(...)1,0cos(1
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��

�����
�����
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nkkkkk
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, 

2
1

0

1...)2,cos()1,cos(
............

),2cos(...1)1,2cos(
).1cos(...)2,1cos(1

sin

nn

n
n

�� . 

),( ji  represents the two-edges angle of jkik PPPP ,  with kP  as the origin. 

)()(
),cos(

ji

ji

pp

pp
ji

;;

;;

4

4
� , )( kiPPp kii <��

;

. We can prove 1sin0 ,, k� . 

There is a circumscribed hypersphere to every n-dimensional simplex .Its radius 

nR  to n-dimensional simplex 7 8/ �
�

)1( 10 ,...,,
np nPPP  in nE  satisfies  
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� . ijF  represents the distance between vertices ji PP , . 
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The area of n-1-dimensional hyperplane corresponding to the vertex angle k�  

is )0( nkFk ,, , then 

)!1(
)2(

sin

1

�
�

�

n
RF n

n

k

k

�
, 

)!1(
sin)2( 1

�
�

�

n
RF k

n
n

k
� . )0( nk ,, . (The sine theorem in nE ) 

In the expression of iKd , ),...,1,0( ni � , the numerator, denominator are 

homogeneous of ix ),...,1,0( ni � .Therefore � �110 ,...,, �nxxx  can locate K point only. 

If /
�

�
n

i
ii xF

0
0 , we assume that K represents the point infinitely far. 

In this paper, if there is no special explanation we adopt the reduced coordinate 

as the n-linear coordinate. 

In trilinear coordinate of 2E , for any k�0: 

� � � �0,0,10,0, �x , � � � �0,1,00,,0 �y , � � � �1,0,0,0,0 �z , � � � �zyxkzkykx ,,,, � .

The n-linear coordinate can be reduced by a common factor. For example, 

K=(2,4,8) can be reduced as K=(1,2,4). 

Based on ABC, the followings are the trilinear coordinates of some special  

points. 

Vertices: � � � �0,0,10,0, �� ABCdA , � �0,1,0�B , � �1,0,0�C .

Centroid: 

�
�

�
�

�


�
�

�
�

�


�
�

�
�

�

CBAcbac
S

b
S

a
SG

sin
1,

sin
1,

sin
11,1,12,2,2 .

Orthocenter: � � 

�
�

�
�

��

CBA
BARCARCBRH

cos
1,

cos
1,

cos
1coscos2,coscos2,coscos2 .

Circumcenter: � � � �CBACRBRARO cos,cos,coscos,cos,cos �� .

Incenter: � � � �1,1,1,, �� rrrI .
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midpoint of BC: � � � � 

�
�

�
�

���

CB
BARCARddM MABMAC sin

1,
sin

1,0sinsin,sinsin,0,,0 .

    Definition 2.5 (Accompanying space): the accompanying space is a Cartesian 

coordinate space corresponding to n-space. The point ),...,,( 110 �nxxx  of n-linear 

coordinate space corresponds with the point ),...,,( 110 �nxxx  of Cartesian coordinate 

space. The former is n-linear coordinate, the latter is Cartesian coordinate. 

The n-space is n-1-dimesional Euclidean space, but the accompanying space is 

n-dimensional Euclidean space. Through this correspondence, we can study problems 

of n-1-dimensional space in n-dimensional space. Similarly, we can study problems of 

n-dimensional space in n-1-dimensional space. 

Definition 2.6 (The corresponding relation between n-space and accompanying 

space): In n-space, the points ),...,,( 110 �nkxkxkx for all 0<k are same point. In 

accompanying space, for all k , ),...,,( 110 �nkxkxkx represents a line passing through 

the origin, namely, a oriented vector. We denote it with the notation 
;

KL .Similarly, 

every oriented vector 
;

KL  of the accompanying space corresponds a point K of 

n-space. We can establish a one-one map between all points in n-space and all 

oriented vector in accompanying space, 
;

G KLKf : . 

The many problems are convenient for treatment when points of n-space are 

transformed into oriented vectors of the accompanying space. Once the simplex of n- 

space is determinate, then the accompanying space corresponding with it is only. 

Definition 2.7 (n-dimensional parallelotope[2]): Let 
;;;

nppp ,,..., 21  

from the origin O be linear independent vectors in n-dimensional Euclidean space. 
The set 

)
'
$

(
&
#

,�,,�� /
�

;;

nkitptXXK ii

k

i
i ,...,2,1,10,|

1

 are called as n-dimensional  

parallelotope with the origin O as vertex and with 
;;;

nppp ,,..., 21  as edges.  

If the Cartesian coordinate of 
;

ip  is � �niii xxx ,2,1, ,...,,  for ni ,...,2,1� , 

then the volume of n-dimensional parallelotope can be expressed by determinant 
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n

n
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,2,1,

,22,21,2

,12,11,1

...
............

...

...

. The mixed product of 
;;;

nppp ,,..., 21  satisfies   

nnnn

n

n

nn

xxx

xxx
xxx

pppp

,2,1,

,22,21,2

,12,11,1

121

...
............

...

...

)...( �4   
;;

�

;;

. 

Therefore the volume can be represent by the mixed product of vectors. 

3  The coplanar theorem and n-linear coordinate of hyperplane 
Theorem 3.1 (The coplanar theorem of n+1 points): In n+1-space 

(n-dimensional Euclidean space), any n+1 points are all in same hyperplane if and 

only if that the value of (n+1)th-order determinant consisting of distances between 

n+1 points and every hyperplane of an any n-dimensional simplex is equal to zero, 

namely, that the value of (n+1)th-order determinant consisting of n+1 

n+1-coordinates is equal to zero. 

Proof: Let the n-dimensional simplex in n-dimensional Euclidean space be 

7 8/ �� nPPPnp ,...,,)1( 10 . Let the area of the hyperplane corresponding to iP  be 

iF . Let the volume of the simplex be V . Let the n+1-coordinate of ith point in n+1 

points relative to the simplex be nidddD niiii ...,2,1,0),,...,,( ,1,0, �� . Then  

0,0,,...1,0,1
0

, ����/
�

VFniVdF
n i

n

j
jij . 

This is really linear equation    VDS � . 
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   If all points nidddD niiii ...,2,1,0),,...,,( ,1,0, ��  are same hyperplane, then  

/
�

�

�
1

0

n

i
iin DD 5 , 110 ,...,, �n555  are all not equal to zero. 
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)1()(0)( ��D� nDrankDDet ,namely, n+1 row vectors in matrix D is linear 

dependent[3]D n+1 points are all same hyperplane [3]D /
�

�

�
1

0

n

i
iin DD 5 , 110 ,...,, �n555  

are all not equal to zero. )(DDet  represents the determinant of matrix D, )(Drank  

represents rank of matrix D.  Q.E.D. 

Theorem 3.2 (The coplanar theorem of n+1 points): In n+1-space (n-dimensional 

Euclidean space), any n+1 points nDDD ,...,, 10  are all in same hyperplane if and 

only if that the corresponding oriented vectors 
;

0DL ,
;

1DL ,
;

nDL...  in accompanying 

space (n+1-dimensional Euclidean space) are all in same hyperplane. 

Namely, the mixed product 
;;;;

4

�
�

�
�

   

� nn DDDD LLLL
110

... =0. 

Specially if n 2,then this theorem is really collinear theorem of three points. 

Three points D,E,F in trilinear coordinate plane is collinear if and only if the oriented 

vectors 
;

DL ,
;

EL ,
;

FL  in accompanying space corresponding to D,E,F  in  trilinear  

coordinate plane are all same plane. 

Proof: according to theorem 3.1 

0D , 1D , nD...  are all same hyperplane 

0

...
............

...

...

,1,0,

,11,10,1

,01,00,0

�D

nnnn

n

n

ddd

ddd
ddd

0

...
............

...

...

,1,0,

,111,110,11

,001,000,00

�D

nnnnnnn

n

n

dldldl

dldldl
dldldl

. 

0<il , � � � � ),...,1,0(,,,...,,,..., ,1,0,,1,0, nixxxdldldlD niiiniiiiiii ��� . 

In n+1-dimensional accompanying space, the value of mixed product on 
;

0DL ,
;

1DL ,
;

nDL...  is the value of determinant consisting of these vectors. It represents 

the volume of n+1-dimensional parallelotope. 
;

0DL ,
;

1DL ,
;

nDL... are all same 

hyperplane if and only if the mixed product on 
;

0DL ,
;

1DL ,
;

nDL...  is equal to zero. 

Namely, 
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nnnn
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n

nnnnnnn

n

n

xxx

xxx
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dldldl

dldldl
dldldl

. 

If  n+1 points are all same hyperplane, then the mixed product on n+1 oriented  

vectors 
;

0DL ,
;

1DL ,
;

nDL...  in accompanying space is equal to zero. Vice versa, if the 

mixed product on n+1 oriented vectors 
;

0DL ,
;

1DL ,
;

nDL...  in accompanying space is 

equal to zero, then n+1 points are all same hyperplane. 

0D , 1D , nD...  are coplane 0

...
............

...

...

,1,0,

,11,10,1

,01,00,0

�D

nnnn

n

n

xxx

xxx
xxx

;;;;

4

�
�

�
�

   D

� nn DDDD LLLL
110

... 0   

Q.E.D. 

The theorem 3.2 is same as theorem 3.1 really. The theorem 3.1 deals with the 

problems from n-dimensional space. If n=2, theorem 3.1 deals with the problems 

from two-dimensional plane. The theorem 3.2 deals with the problems from 

n+1-dimensional accompanying space. If n=2, theorem 3.2 deals with the problems 

from three-dimensional space. The theorem 3.2 connects the points of n-dimensional 

space with the oriented vectors of n+1-dimensional accompanying space. The 

theorem 3.2 produces more associations between two spaces, provides us with wider 

eyeshot. The determinant consisting of oriented vectors represents the volume of 

n-dimensional parallelotope consisting of lines passing through origin. Because the 

n-linear coordinate is flexible, the volume can not be deduced by n-linear coordinate. 

Though we can not deduce the volume, the value of determinant is equal to zero 

represents that the volume is zero, namely, all points are same hyperplane. It 

represents the relation between point, line, plane when volume is equal to zero. 

In Fig 1 (trilinear coordinate space), let trilinear coordinate � �zyx ,,  be a 

moving point in line DE. If the trilinear coordinates of D, E are 

� �DDD zyxD ,,� , � �EEE zyxE ,,� , then the line equation passing through D, E in 

trilinear coordinate form is 
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0�

EEE

DDD

zyx
zyx
zyx

.   After reduction, 0��� z
yx
yx

y
xz
xz

x
zy
zy

EE

DD

EE

DD

EE

DD . 

In n-space, there are n-1 known points. In n-1 points, the  n-linear coordinate 

of ith point is � �1,1,0, ,..., �� niiii xxxX  )2,...1,0( �� ni . n-1 points are all same 

n-2-dimensional hyperplane. In this n-2-dimensional hyperplane there is a moving 

point � �110 ,..., �nxxx . the hyperplane equation passing through n-1 known points 

in n-linear coordinate form is  

0

...
............

...

...

1,21,20,2

1,01,00,0

110

�

����

�

�

nnnn

n

n

xxx

xxx
xxx

, After reduction, /
�

�

�
1

0

0
n

i
ii xA . iA  is algebra 

remain subdeterminant of ix . Its expression with 210 ,..., �nXXX  is 

� �

1,21,21,21,20,2

1,11,11,11,11,0

1,01,01,01,00,0

.......
.....................

......

......

1

��������

���

���

��

nnininnn

nii

nii

i
i

xxxxx

xxxxx
xxxxx

A . 

 � �

)1(,22,21,2

)1(,12,11,1

)1(,02,01,0

)(

....
............

...

...

1

�H�H�H�

�HHH

�HHH

���

nininin

niii

niii

ini
i

xxx

xxx
xxx

A .    

The second subscript of elements in determinant includes addition by module n. 

If )1()( �,� njk , then jkjk ��H . If )1()( ��� njk , then jk H  is equal to remainder 

of )( jk �  divided by n. 

Definition 3.1 (The n-linear coordinate of hyperplane): In n-space 

(n-1-dimensional Euclidean space), there are n-1 known points, 210 ,...,, �nDDD .Their 

n-linear coordinates is � �1,1,0, ,...,, �� niiii xxxD , for 2,...,1,0 �� ni . 

We call 210 ,...,, �nDDD  as n-linear coordinate of 0-dimensional hyperplane 

passing through one point, namely, the n-linear coordinate of point. All are n-1. The 
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vectors 
;;;

�210
 ..., ,

nDDD LLL  are oriented vectors of corresponding accompanying space.  

We call � �110 ...,, �nAAA  as n-linear coordinate of 1-dimensional hyperplane 

passing through two points ji DD , namely, the n-linear coordinate of line.  

� �
knjknj

knikniknk
k xx

xx
A

H�H�

H�H����
)1(,)2(,

)1(,)2(,)(1 , )1,...,1,0( �� nk . 

All are 2
1�nC .The oriented vector is � �110 ,...,, �nAAA  corresponding to the 

hyperplane passing through the origin in accompanying space. 

We call � �110 ,...,, �nAAA  as n-linear coordinate of 2-dimensianl hyperplane 

passing through three points mji DDD ,, , namely, n-linear coordinate of plane. 

� �
knmknmknm

knjknjknj

kniknikni
knk

k

xxx
xxx
xxx

A

H�H�H�

H�H�H�

H�H�H�
���

)1(,)2(,)3(,

)1(,)2(,)3(,

)1(,)2(,)3(,
)(1 , )1,...,1,0( �� nk . 

All are 3
1�nC . The oriented vector is � �110 ,...,, �nAAA  corresponding to the 

hyperplane passing through the origin in accompanying space. 

… 

We call the vector product of all n-1 points � �110210 ,...,,... �� �   nn AAADDD  as 

n-linear coordinate of n-2 dimensional hyperplane passing through n-1 points.  All 

is one. the vector product � �110 ,...,, ... 
210 �

;;;

�  
� nDDD AAALLL

n
 is oriented vector 

corresponding to the hyperplane through the origin in accompanying space. 

� �

))1(,22,21,2

)1(,12,11,1

)1(,02,01,0

)(

....
............

...

...

1

knnknkn

knkk

knkk

knk
k

xxx

xxx
xxx

A

H��H�H�

H�HH

H�HH

��� , )1,...,1,0( �� nk . 

If a point D is located in the hyperplane passing through the n-1 points, then 

0)...( 210 �4  � DDDD n . 

If there is not an explanation, in this paper the n-linear coordinate of hyperplane 

is n-linear coordinate of n-2 dimensional hyperplane passing through n-1 points in 
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n-space. 

In accompanying space, n-coordinate of hyperplane passing through the origin is 

normal vector of this hyperplane. Let m be a hyperplane of n-space. Let m�  be 

hyperplane passing through the origin of accompanying space corresponding to m. 

Then � �120 ,...,, ��� nm AAAm � . We adopt the round brackets for n-coordinate of point, 

the square brackets for n-coordinate of  hyperplane. 

In the 2-dimensional plane (the trilinear coordinate plane), let X,Y be two points 

of a line m, � �111 ,, zyxX � , � �222 ,, zyxY � .  X×Y is the trilinear coordinate of this 

line connecting X, Y.  In 3-dimensional accompanying space, the vector product is 




�

�
��
�



� 

;;

22

11

22

11

22

11 ,, 
yx
yx

xz
xz

zy
zy

LL YX . 

It presents normal vector of plane determined by two oriented vectors. 

Therefore �
�

�
�
�

�
��

22

11

22

11

22

11 ,,
yx
yx

xz
xz

zy
zy

m m� ,  X×Y=m. 

In n-space (n-1 dimensional Euclidean space), let n-coordinate of n-1 

hyperplanes be � � 2,...,1,0,,...,, 1,1,0, ��� � nixxxl niiii .Then the intersecting point of  

n-1 hyperplanes is � �110 ,...,, �nxxx , such that  

0
...

...
............

...

...

1

1

0

1,21,20,2

1,11,10,1

1,01,00,0

�











�

�

��
�
�
�

�















�

�

�
�
�
�
�

�




�����

�

�

nnnnn

n

n

x

x
x

xxx

xxx
xxx

, namely, 
1

1

1

1

0

0 ...
�

����
n

n

A
x

A
x

A
x . 

� �

1,22,21,2

1,12,11,1

1,02,01,0

)(

....
............

...

...

1

�H�H�H�

�HHH

�HHH

���

nininin

niii

niii

ini
i

xxx

xxx
xxx

A ,  ( 1,...1,0 �� ni ). 

� � � �110110 ,...,,..., �� � nn AAAxxx . 

In two-dimensional plane, let trilinear coordinates of two lines be 

� �1111 ,, cbal � , � �2222 ,, cbal �  respectively.  
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Then the intersecting point of two lines is the solution of 
(
&
#

���
���

0
0

222

111

zcybxa
zcybxa

 , 

namely,  

22

11

22

11

22

11

ba
ba

z

ac
ac

y

cb
cb

x
�� , � � 



�

�
��
�



�

22

11

22

11

22

11 ,,,,
ba
ba

ac
ac

cb
cb

zyx . 

Definition 3.2 (The n-coordinate of intersecting point of n-1 hyperplanes): In 

n-space(n-1-dimensiona), let n-coordinates of  n-1 hyperplanes (n-2-dimension)  be  

� � 2,...,1,0,,...,, 1,1,0, ��� � nixxxl niiii .Then n-coordinate of intersecting point of 

hyperplanes is � �110 ,...,, �nAAA . 

� �

1,22,21,2

1,12,11,1

1,02,01,0

)(

....
............

...

...

1

�H�H�H�

�HHH

�HHH

���

nininin

niii

niii

ini
i

xxx

xxx
xxx

A , )1,...,1,0( �� ni .

In trilinear coordinate plane (two-dimensional plane), the trilinear coordinate of 

intersecting point of lines l , m  is mlX  � . 

If � �111 ,, zyxl � , � �222 ,, zyxm � , then 


�

�
��
�



�

22

11

22

11

22

11 ,,
yx
yx

xz
xz

zy
zy

X . 

In accompanying space, it is really trilinear coordinate of intersecting line 
;

XL  

by m� , l� . 

Because lmXL �� ,"
;

,  so 
;;

I mX LL , 
;;

I lX LL . 

So   
;;;

� Xlm LLL , 
;

� Xlm L�� , Xml � . 

In two-dimensional plane, the vector product by two trilinear coordinates on two 

points is trilinear coordinate of line connecting two points. The vector product by two 

trilinear coordinates on two lines is trilinear coordinate of intersecting point by two 

lines. 

4  The notations and relationship in n-linear coordinate system 

For convenient description, the upper letters such as M represent a point. The  

Page - 318



                                            17

lower letters such as m represent a line. The greek letters without subscript such as �  

represent the hyperplane. Two upper letters such as AD represent a line connecting 

two points. Several upper letters such as ABD represent the hyperplane connecting 

several points. The upper letters with arrow such as 
;

ML  represent oriented vector in 

accompanying space. The greek letters with subscript such as m�  represent the 

hyperplane passing through the origin in accompanying space. The n-coordinate of 

point and oriented vector in accompanying space are denoted by round brackets. The 

n-coordinate of hyperplane is denoted by square brackets. 

Definition 4.1 (The n-coordinate of hyperplane passing through the origin in 

accompanying space): The oriented vector of a hyperplane in accompanying space is 

its normal vector. The map one by one between line passing through the origin and 

hyperplane passing through the origin in accompany space can be established 
;

G Mm Lg �: ,
;

ML  is perpendicular to m� . If 
;

ML = � �110 ,...,, �nddd ,then 

m� = � �110 ,...,, �nddd . � �110 ,...,, �nddd  represent n-coordinate of m� . The equation 

/
�

�

�
1

0
0

n

i
ii xd  expresses the hyperplane m�  in accompanying space. 

Let X be a point in n-space. Let �  be a hyperplane in n-space. It is evident that 

X �"  is true if and only if the scalar product 0�4
;;

�LLX . And 
;;

I �LLX . 

Definition 4.2 (The accompanying relation, the accompanying point, the 

accompanying hyperplane): Let the hyperplane �  in n-space be corresponding to 

m�  passing through the origin in accompanying space. Let the normal vector of m�  

be 
;

ML . Let 
;

ML in accompanying space be corresponding to point M in n-space. 

M=
;

ML = � �nddd ,...,, 10 , and � = m� =[ nddd ,...,, 10 ]. M is called as accompanying 

point of � .�  is called as accompanying hyperplane of M. M and �  become  

accompanying relation. 

For example, in two-dimensional plane, the trilinear coordinate of vertex A  is 

A=(1,0,0), and the trilinear coordinate of sideline BC is a=[1,0,0]. We call A as the 

accompanying point of a, call a as the accompanying line of A, A and a become 
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accompanying relation. In accompanying space, 
;

AL  is  OX  axis, a�  is OYZ 

plane. AB=[0,0,1], AC=[0,1,0] are given. Because c, b intersect in A, so 

A=b×c=[0,0,1]×[0,1,0]=(1,0,0).  
Theorem 4.1 (The concurrent theorem of n hyperplanes): In n-space 

(n-1-dimensional Euclidean space), n hyperplanes are concurrent if and only if the 

mixed product of n-coordinates of n hyperplanes is equal to zero. In other words, the 

value of determinant consisting of n n-coordinates is equal to zero. (In 

two-dimensional plane: The three lines are concurrent, if and only if the value of 

determinant consisting of trilnear coordinates of three lines is equal to zero). 

Proof: In n-space, that n points X0,X1,…,Xn-1 are coplanar is equivalent with that  

n oriented vectors in accompanying space 
;

0XL ,
;

1XL ,…,
;

�1nXL  are coplanar. Let the 

hyperplane determined by the n oriented vectors in accompanying space be k� .Its 

normal vector is 
;

KL . The hyperplane �  in n-space corresponding to 
;

KL  is  

hyperplane determined by X0,X1,…,Xn-1 in n-space .Its accompanying point is K. 

 
;

0XL ,
;

1XL ,…,
;

�1nXL k�     
;

0XL ,
;

1XL ,…,
;

�1nXL
;

KL . 

 
;

0XL
0x�  

;

KL
0x�     

;

KL
0x� ,

1x� ,…,
1�nx� . 

In n-space ,n points X0 X1 …Xn-1  are coplanar in � D the accompanying 

hyperplanes of n points X0 X1 …Xn-1 are concurrent in K. 

In n hyperplanes of n-space, the n-coordinate of ith hyperplane is 

� �1,1,0, ,...,, �� niiii llll , � �1,...,1,0 �� ni . 

The intersecting point is � �110 ,...,, �nxxx , then 

0
...

...
............

...

...

1

1

0

1,11,10,1

1,11,10,1

1,01,00,0

�











�

�

��
�
�
�

�















�

�

�
�
�
�
�

�




�����

�

�

nnnnn

n

n

x

x
x

lll

lll
lll

. Only if 0

...
............

...

...

1,11,10,1

1,11,10,1

1,01,00,0

�

����

�

�

nnnn

n

n

lll

lll
lll

, 

the solution � �110 ,...,, �nxxx  is non-zero.  Q.E.D. 
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5  The applications of trilinear coordinate in plane geometry  

In this section,the triangle denotes with ABC. and three angles denote with 

A,B,C. The corresponding sidelines denote with a,b,c. R is radius of circumcircle of  

ABC. r is radius of inscribed circle. G,O,H,I are centroid,circumcenter,orthocenter, 

incenter respectively. 

Example 1. In ABC, O is circumcenter, G is centroid, H is orthocenter. Find 

the trilinear coordinate of line connecting O,H. Prove that O ,G, H are collinear (Euler 

line theorem). 

Proof: Constructs trilinear coordinate system based on ABC. The trilinear 

coordinates of points O, G, H are respectively 

� �CBAO cos,cos,cos� , 

�
�

�
�

�

CBA
G

sin
1,

sin
1,

sin
1 , 


�
�

�
�

�

CBA
H

cos
1,

cos
1,

cos
1 . 

Let m be trilinear coordinate of line connecting O,H, then 

m=O×H=
�
�
�

�

�
�
�

�

BA

BA

AC

AC

CB

CB

cos
1

cos
1

coscos
,

cos
1

cos
1

coscos
,

cos
1

cos
1

coscos
 

         �
�

�
�
�

� ���
�

BA
BA

AC
AC

CB
CB

coscos
coscos,

coscos
coscos,

coscos
coscos 222222

��
�

��
� ���

�
CBA

ABCC
CBA

CABB
CBA

BCAA
coscoscos

)sin(cossin,
coscoscos

)sin(cossin,
coscoscos

)sin(cossin

� �)sin(2sin),sin(2sin),sin(2sin ABCCABBCA ���� .

;;;

4

�
�

�
�

  HGO LLL

CBA

CBA

CBA

cos
1

cos
1

cos
1

sin
1

sin
1

sin
1

coscoscos
)

sincos
1

cossin
1(cos

CBCB
A �/

)
coscossinsin

sincoscossin(cos
CBCB

BCBCA �
/ )

coscossinsin
)sin((cos

CBCB
BCA �

/

)
coscossinsin

2sin2sin(
2
1

CBCB
CB �

/ / � )
cossin
1

cossin
1(

BBCC
.

Therefore G, O, H are collinear.   Q.E.D. 

Example 2.  Prove  Menelaus’ theorem. As shown In Fig 4, D, E ,F are collinear 

if and only if 1�
44
44
DBECFA
CDAEBF . 

Proof: Constructs trilinear coordinate system based on ABC. The trilinear 

Page - 321



                                            20

coordinates of points D,E,F are respectively 

)0,sin,sin( AFABBFF � , )sin,0,sin( AAECECE � ,

)sin,sin,0( BDBCCDD �� . 

;;;

4

�
�

�
�

  FED LLL

BDBCCD
AAECEC

AFABBF

sinsin0
sin0sin
0sinsin

�

                                                  

= CBAFAECDBCBACDAEBF sinsinsinsinsinsin 44�44 . 

D, E, F are collinear  

0)(sinsinsin �44�44D FAECDBCDAEBFCBA 1�
44
44

D
DBECFA
CDAEBF .   Q.E.D. 

Example 3. Prove Ceva’s theorem. As shown In Fig 5, in 

ABC, K,P,Q are respectively points on  sidelines  BC,CA 

and AB or on their extend line. AK,BP, CQ are concurrent if 

and only if 1�44
QB
AQ

PA
CP

KC
BK .(angle form: 1�

J��
5?�

SinSinSin
SinSinSin ). 

Proof: Constructs trilinear coordinate system based on 

ABC. 

1 angle form 

)Sin,Sin,0( ���K , A= 1,0,0 . 

AK=A×K=(1,0,0)× )sin,sin,0( �� � ��� sin,sin,0 �� . 

similarly � �5J sin,0,sin ��BP , � �0,sin,sin �? ��CQ . 

The mixed product of AK, BP, CQ is 

0sinsin
sin0sin
sinin0

)(
�?

5J
��

�
�
�

�4 
s

CQBPAK = 5?���J sinsinsinsinsinsin � . 

Then AK, BP, CQ are concurrent 1
sinsinsin
sinsinsin0)( �D�4 D

J��
5?�CQBPAK  

2  side form   

� �BBKCKCK sin,sin,0�  

Fig 4 

Fig 5 
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� �BBKCKCKAAK sin,sin,0)0,0,1(  � � = � �CKCBBK sin,sin,0 � . 

Similarly � �CCPAPABP sin,0,sin �� , � �0,sin,sin BQBAAQCQ �� . 

The mixed product of AK BP CQ is 

� �
0sinsin
sin0sin

sinsin0

BQBAAQ
CCPAPA

CKCBBK
CQBPAK

�
�

�
�4  

= � �KCQBPACPBKAQCBA 44�44sinsinsin . 

AK, BP, CQ are concurrent 1�
44
44

D
CKBQAP
CPBKAQ . Q.E.D. 

Example 4. Prove Desargues’ theorem. As shown In 

Fig 6,there are three projecting lines from K, A and D, B 

and E, C and F. Lines BC and EF are intersecting on O. 

Lines AC and DF are intersecting on N. Lines AB and DE 

are intersecting on M. Prove  that points M,N,O are 

collinear. 

Proof: Constructs trilinear coordinate system based on ABC. Suppose 

the trilinear coordinate of K is � �kkk zyx ,, . 

Because D is on AK, then � �kk zyxD ,,� .  

Similarly � �kk zyxE ,,� , � �zyxF kk ,,� . � �1,0,0�AB . 

� � � �kkkk zyxzyxEDDE ,,,,  � � � �kkkkkkkk yxxyxzzxyzzy ���� ,, . 

AB and DE are intersecting on M. 

� � � �kkkkkkkk yxxyxzzxyzzyDEABM ��� � � ,,1,0,0  

= � �0,, kkkkkk yzzyzxxz �� = � �0),(),( yyxx kk ��� . 

Similarly � �)(,0),( zzxxN kk ���� , � �)(),(,0 zzyyO kk ���� . 

;;;

4

�
�

�
�

  ONM LLL  

0))()(())()((
)()(0
)(0)(

0)()(
���������

���
���

���
zzyyxxzzyyxx

zzyy
zzxx

yyxx

kkkkkk

kk

kk

kk

. 

Fig 6
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Therefore M, N, O are collinear.  Q.E.D. 

Example 5. Construct trilinear coordinate system based on ABC. K is a point 

in trilinear coordinate plane. Suppose the trilinear coordinate of K is � �kkk zyx ,, , then 

K is on circumcircle of ABC if and only if 0���
kkk z

c
y
b

x
a . 

Here kx , ky , kz  are not equal to zero (If K is one of  A,B,C, 

kx , ky , kz  are equal to zero). 

Proof: necessity 

As shown in Fig 7, KBC=� . )sin(2 ��� ARBK .   

��� sin)sin(2sin ��� ARBKxk . 

��� sin)sin(2sin ����� BRAKyk . 

)sin()sin(2)sin( ��� ����� BARBBKzk . 

� �)sin()(2Rsin),sin(sin2,sin)sin(2 ������ ������ ABBRARK  




�

�
��
�



�

�
�

�
��� sin

1,
)sin(

1,
)sin(

1
AB

. 

Then ��� sinsin)sin(sin)sin(sin CABBA
z
c

y
b

x
a

kkk

�������  

� �)cos()cos()cos()cos()cos()cos(
2
1 ������ ���������������� CCBABABABA =0. 

Sufficiency  
The distances between K and three sidelines: 

KBC=� , �sinKBdKBC � , )sin( ��� BKBd KAB . 

BR
BCAKBRCBAR

b
cdadS

d KABKBC
KCA sin2

))sin(sinsin(sin2sinsinsin42 2 �� ��4�
�

��
� . 

The area of triangle is CBARS sinsinsin2 2� . 

Because 
kkk z

c
y
b

x
a

�� =0, then 

0
))sin(sinsin(sin2sinsinsin4

sin4
)sin(

sin2
sin
sin2

2

22

�
��4�

�
�

�
���� BCAKBRCBAR

BR
BKB

CR
KB

AR . 

Fig 7 
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After reduction, )sin(2 ��� ARKB . Therefore K is on circumcircle of ABC. 

Q.E.D. 
Example 6. Prove Pascal’s theorem. The three intersecting 

points from three-pair(opposite) sidelines of hexagon inscribed in 
a circle are collinear. 

Proof: As shown in Fig 8, Constructs trilinear coordinate 

system based on ABC. 

� �FFF zyxF ,,� , � �0,1,0�B . 

� � BFFB � �FF xz ,0,� . 

Similarly � �0,x,y EE �� � CEEC . 

Suppose P is intersecting point of FB, EC, then 

ECFBP  � � � � �0,,,0, EEFF xyxz � ��  

� � 


�

�
��
�



��

F

F

E

E
EEEFFE x

z
x
y

xzyxxx ,,1,,  . 

Similarly, Suppose Q is intersecting point of CD, AF, 



�

�
��
�



�

F

F

D

D

y
z

y
x

Q ,1, . Suppose 

R is intersecting point of AE,BD, 



�

�
��
�



� 1,,

E

E

D

D

z
y

z
x

R . 

;;;

4

�
�

�
�

  RQP LLL ��

1

1

1

E

E

D

D

F

F

D

D

F

F

E

E

z
y

z
x

y
z

y
x

x
z

x
y

�

FFF

EEE

DDD

FED

z
c

y
b

x
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y
b

x
a

z
c

y
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z
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b

x
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abc
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��
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��

. 

According to example 5, because D, E, F are all on circumcircle of ABC, so   

0���
DDD z
c

y
b

x
a , 0���

EEE z
c

y
b

x
a , 0���

FFF z
c

y
b

x
a .Then




�

�
��
�




EEE zyx
1,1,1 ,




�

�
��
�




FFF zyx
1,1,1 ,




�

�
��
�




DDD zyx
1,1,1  are all on plane 0��� czbyax of accompanying 

space. 

Fig 8 
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Therefore   ;;;

4

�
�

�
�

  RQP LLL 0

0

0

0

��

FF

EE

DD

z
c

y
b

z
c

y
b

z
c

y
b

. 

P, Q, R are collinear.  Q.E.D. 

Example 7. As shown in Fig 9, the triangle 

consisting of  three tangent lines on three points 

A,B,C of circumcircle of ABC is DEF. Prove that 

AD,BE,CF are concurrent. We call this point as tripod 

center W. The trilinear coordinate of W is 

W=
;

WL = � �CBA sin,sin,sin = � �cba ,, . 

Proof: Because AF=BF, so the ratio of distances from F to AC,CB, 

CAF3sin : CBF3sin = Bsin : Asin . All points on line CF can be expressed as  

� �zBAF ,sin,sin1 � . Similarly, all points on line AD can be expressed as  

� �CBxD sin,sin,1 � . All points on line BE can be expressed as � �CyAE sin,,sin1 � . 

� �0,0,1�A , � �0,1,0�B , � �1,0,0�C . 

11 DAAD  � = �
�

�
�
�

�
BxxCCB sin

01
,

sin
10

,
sinsin

00
= � �BC sin,sin,0 � . 

11 FCCF  � = �
�

�
�
�

�
BAAzzB sinsin

00
,

sin
01

,
sin

10 � �0,sin,sin AB� . 

11 CFADW  � = � �BC sin,sin,0 �  � �0,sin,sin AB� � �CBA sin,sin,sin . 

Similarly, � 11 BEAD � � WCBA �sin,sin,sin . So AD, CF, BE are concurrent 

in W.  Q.E.D. 

Definition 5.1 (The tripod center): We call W=
;

WL = � �CBA sin,sin,sin = � �cba ,,  

as the tripod center in the trilinear coordinate plane. 

Definition 5.2 (The horizontal line and horizontal plane): All points of 

accompanying line w of the tripod center W are on infinity far. Because w�  is 

Fig 9
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perpendicular to 
;

WL  in accompanying space, the plane expressed by w�  is 

0��� czbyax .All points (x,y,z) of w�  are satisfied by 0��� czbyax .The 

distance from K to BC is 
czbyax

xsd KD ��
�

2 .When 0��� czbyax , KDd  is not 

significant. So all oriented vectors on w�  have not corresponding points in trilinear 

plane. We assume every point of w is on infinity far in trilinear plane. So the line 

expressed by w is a line in infinity far, we call visually w as horizontal line, call w�  

as horizontal plane. 

Constructs trilinear coordinate system based on regular ABC. cba �� , 

02 ���� cba .Then point K=( 2,1,1) is on infinity far. 

    Let � �MMM zyxm ,,� , � �NNN zyxn ,,�  be lines on trilinear plane. Let m� , n�  be 

corresponding planes passing through the origin in accompanying space. The 

intersecting line 
;

KL  of m�  and n�  passing through the origin is exist certainly. 

The point K is the intersecting point of m, n in trilinear plane correspondingly. If m, n 

are parallel, they have not the intersecting point in trilinear plane. But in 

accompanying space, m�  and n�  all are passing through the origin, the intersecting 

line passing through the origin is exist certainly .We assume that the intersecting point 

is on infinity far when m ,n are parallel, namely, the intersecting point is on w. So, if 

the intersecting line 
;

KL  of m� , n�  is on w� , then m, n are parallel. 

Theorem 5.1 (the theorem of parallel lines): m, n are lines in trilinear plane. m, 

n are parallel if and only if the mixed product of m, n, w is zero. 

Proof: Suppose m n K. If m, n are parallel, then the intersecting point is on 

infinity far, The mixed product (m×n)·w=0, and 0�4
;;

wK LL .Then wKL �"
;

, wK " . 

If the intersecting point of m, n is on infinity far, then m,n are parallel. If m, n are 

parallel, namely, the accompanying points M,N,W are collinear, then the mixed 

product of m,n,w is zero, namely, (m×n)·w=0.  Q.E.D. 

Definition 5.3 (The oriented line): If m, n are parallel, the angles between m, n 
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and sideline BC respectively are same in trilinear plane. The intersecting lines 

between m� , n�  and horizontal plane w�  are same in accompanying space. If the 

line m in trilinear plane is corresponding with the plane m�  passing through the 

origin in accompanying space, the intersecting line of m�  and w�  is line mw , we 

call mw  as the oriented line of m. wmwm  � . 

mw  is a line passing through the origin in accompanying space, and it is on w� . 

Therefore mw  have not corresponding point in trilinear plane (on infinity far), the 

line direction of m in trilinear plane is dependent with mw . 

Theorem 5.2 (oriented line theorem): Given � �000 ,, zyxwm � , then the slope 

that m respect to sideline BC of ABC is 
Bxz

Bx
cos

sin

00

0

�
(tangent of angle). 

Proof: As shown in Fig 10, m is a line in trilinear plane. Draws BK parallel to m. 

If � �zyxK ,,� , KBD=� ,then the slope of m respect to sideline BC is the slope of 

line BK respect to sideline BC. The trilinear 

coordinate of BK  is 

� � � � � �xzzyxKBBK �� � � ,0,,,0,1,0 . 

According to theorem 5.1, 0)( �4 BKwm ,and 

mwwm � . 

Namely, � � � � 0,0,,, 000 ��4 xzzyx , 000 �� xzzx . 

        BBB
x
z

x
z

coscotsin
sin

)sin(

0

0 ��
�

�� �
�
� .     

Bxz
Bx

cos
sin

tan
00

0

�
�� . Q.E.D. 

According to symmetry, the slopes of m  respect to sideline CA, sideline AB of 

ABC respectively are 

Fig 10 
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Cyx
Cy

cos
sin

tan
00

0

�
�� ,

Azy
Az

cos
sin

tan
00

0

�
�? . 

Theorem 5.3   (Theorem of the angle between line and line): If � �111 ,, zyxwm � ,

� �222 ,, zyxwn � , the tangent of angle between m and n is  

Bzxzxzzxx
Bzxzx

cos)(
sin)(

12212121

1221

���
� .  

Specially  m, n are parallel 01221 ��D zxzx , 

m, n are perpendicular 0cos)( 12212121 ����D Bzxzxzzxx . 

Proof Let �  be angle between m and sideline BC. Let �  be angle between n 

and sideline BC. The angle between m and n is �� � . 

So   �tan =
Bxz

Bx
cos

sin

11

1

�
, �tan =

Bxz
Bx

cos
sin

22

2

�
 . 

Then �
4�

�
��

��
����

tantan1
tantan)tan(

Bzxzxzzxx
Bzxzx

cos)(
sin)(

12212121

1221

���
� . 

Therefore m, n are parallel 01221 ��D zxzx . 

m, n are perpendicular 0cos)( 12212121 ����D Bzxzxzzxx . 

Q.E.D. 

According to symmetry , we can derive easily, 

�� )tan( ��
Ayzyzyyzz

Ayzyz
Cxyxyxxyy

Cxyxy
cos)(

sin)(
cos)(

sin)(

12212121

1221

12212121

1221

���
�

�
���

� . 

m, n are parallel 01221 ��D xyxy . 

m,n are perpendicular 0cos)( 12212121 ����D Cxyxyxxyy . 

m, n are parallel 01221 ��D yzyz . 

m, n are perpendicular 0cos)( 12212121 ����D Ayzyzyyzz . 

Example 8. (Rumania Olympic test question in 2005) Let R be radius of 
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circumcircle of ABC, O is center. Let r be radius of inscribed circle of ABC, I is 

center, and I�O. G is centriod. Prove: IG BC if and only if b=c or b+c=3a. 

Proof: Constructs trilinear coordinate system based on ABC, centrio , 

G= 

�
�

�
�



cba
1,1,1 , incenter, I=(1,1,1 ,tripod center, � �cbaW ,,� , sideline BC, 

BC=[1,0,0]. 

��
�

��
� ����

�
�
�

�

�
�
�

�
� �

abcabcbaaccb
GIIG 11,11,1111

11
,11

11
,11

11
. 

Oriented lines: 

� �bc
baaccb

wBC ,,0
01

,
10

,
00

���
�

�
�
�

�
� .

��
�

��
� �

�
�

�
�

��
�
�

�

�

�
�

�

�
�������

c
ba

b
ac

a
cb

ba
cabc

ac
bcab

cb
abcawIG 2,2,2

1111
,

1111
,

1111

IG BC 0cos)( 12212121 ����D Bzxzxzzxx  (reduced after substitution) 

0cos22 ��D Bxz 0cos)2()2( �
�

��
�

�D B
a

cb
c

ba  

a
bca

acb
baca

22
)2( 222 ��
�

��
��

D    (after substitution 
ac

bcaB
2

cos
222 ��

� ) 

03322 22222233 ��������D bccbbacaabaccb

0))(3)(( ������D cbaacbcb cb �D or  acb 3�� . Q.E.D. 

Remark: The author does many exercises of geometrical question in process of 

studied trilinear coordinate system. Because the limitation of space, there are no its 

lists. Here are only a few famous questions in mathematical history and  Olympic 

question. The common method (geometrical) for Euler line question is: Connects AH. 

Draws OD perpendicular to BC. It is proved by proving AGH resemble with 

DGO. The common method for Menelaus theorem is: Draws parallel line with  

DEF passing through A. It is proved by resembling ratio. The common method for 

Desargues theorem is that Menelaus’ theorem and Ceva theorem are applied in many 

times. It is very complicated, and it lacks of aesthetic feeling. These methods break 
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the balance and symmetry of A,B,C,a,b,c. The advantage of triline coordinate system 

in plane is that we not need auxiliary lines nearly to solve geometrical problem. In 

form, the expressions of A, B, C, a, b, c are balanced, symmetrical, beautiful. 

The trilinear coordinate system provides us new viewpoint to deal with 

geometrical problems from trilinear coordinate ,accompanying space. Puts planar 

problems into space. Solves planar problems in space. The trilinear coordinate system 

provides us new viewpoint to view the relationship between point. Line, plane. If we 

are experienced in applied this kind of method, many problems can be solved for very 

brief and convenience. 

6 The applications of n-linear coordinate system  

in multi-variables regression analysis 

In statistics, the multi-regression analysis is often made with the help of 

computer. For example, The synthetic makings of students in middle school are 

related with mark of moral education ,physical education , and all courses. Its 

regression expression is 

2211001 ... ��� ���� nnn xaxaxax , or p

n

p
pn xax /

�

�
� �

2

0
1 . ( 1�nx  is mark of synthetic 

makings, 210 ,...,, �nxxx  are mark of moral education, physical education, and all 

courses.) 

In multi-regression analysis, the least square method is common method. 

Here takes method of n-linear coordinate system. 

There are m sampled students in the class. There are n examining indexes to 

every student. The value of full mark is 100, m>n. In multi-regression analysis, m 

students are considered as m points in n-space, every mark is considered as one of 

n-linear coordinates. 

At first, students are divided into some groups. There are n students in every 

group. According to combinatorics all are n
mC  groups. Every student is in 1

1
�
�

n
mC  

groups. Let n
mCk � . 
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To jth group, 0... 11,22,11,00, ����� ���� nnjnnjjj xAxAxAxA , or 0
1

0
, �/

�

�
p

n

p
pj xA . 

� �

))1(,22,21,2

)1(,12,11,1

)1(,02,01,0

)(
,

....
............

...

...

1

inninin

inii

inii

ini
ij

xxx

xxx
xxx

A

H��H�H�

H�HH

H�HH

��� , )1,...,1,0;1,...,1,0( ���� nikj .  

1,2,1,0, ,,...,, �� njnjjj AAAA  are n-linear coordinates of n-1-dimensional hyperplane. 

The mean values 
k

A
b

k

j
ij

i

/
�

��

1

0
,

, 1,...,1,0 �� ni . 

0... 11221100 ����� ���� nnnn xbxbxbxb , or 0
1

0
�/

�

�
p

n

p
p xb . 

Let
1�

��
n

i
i b

b
a , 2,...,1,0 �� ni . 

then 2211001 ... ��� ���� nnn xaxaxax , or p

n

p
pn xax /

�

�
� �

2

0
1 . 

Here n
mCk � . If k is very great, the computational load of ijA ,  is very great for 

1,...,1,0;1,...,1,0 ���� nikj .So the computational method must be modified.  

If m is divided exactly by n, then let 
n
mk � . If m is not divided exactly by n, 

then let 1���
�

��
��

n
mk . The last group have not n students (suppose q students in last 

group, q is equal to remainder of m divided by n, q<n). All are k groups. Every 

student is only in one group. To frontal k-1 groups, n-linear coordinate of n-1 

dimensional hyperplane is computed. To last group, n-linear coordinate of 

q-1-dimensional hyperplane is computed. In grouping, k groups can be arranged at 

random. can be also arranged according to level principle.  

7   The further problems to study and conjecture 

To the system of n-linear coordinate, the study starts justly .There are much work 

to do. 
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The followings are some problems in the system of n-linear coordinate that is 

considered as further studies by the author. 

One.  Applies n-linear coordinate system into computational geometry. There are 

many relative problems on point, line and plane, such as, how to ascertain two line 

segments are intersecting how to ascertain a point is in a line? how to ascertain a 

line is in polygon? and so on. 

Conjecture: After applying n-linear coordinate system, the arithmetic method in  

computational geometry can be reduced. 

Two.  Applies n-linear coordinate system into linear programming. The restrict 

domain of some linear programming problems is a simplex. After applying n-linear 

coordinate system, can the arithmetic efficiency of linear programming be improved? 

Conjecture: After applying n-linear coordinate system, the arithmetic efficiency of 

linear programming can be improved. 
Three  In figure 1, in absolute trilinear coordinate. the length of DE satisfies 

2
21

2
21

2
21

2 )(
sinsin

cos)(
sinsin

cos)(
sinsin

cos zz
AB

Cyy
CA

Bxx
CB

ADE ������  

� �2
21sinsin

cos xx
CB

A
�� / . 

In reduced trilinear coordinate, the length of DE satisfies  

2

22

11

22

11

2

22

11

22

11

2

22

11

22

11

2 )(2sin)(2sin)(2sin

xz
xz

b

zy
zy

a
Ck

zy
zy

a

yx
yx

c
Bk

yx
yx

c

xz
xz

b
AkDE ���

 

2

22

11

22

11

)(2sin

yx
yx

c

xz
xz

b
Ak /�

. And 
CBAczbyaxczbyax

Sk
sinsinsin)()(

2
2

222
2

111

2

����
� . 

Whether applying absolute or reduced trilinear coordinate, the expressions of 

length are all complicated. And here is in trilinear case. In general n-space, the 

expressions is very more complicated. 

Definition 7.1 metric, metric space[4]: (X, d) is a metric space. X is a set, d is a metric 

on X. d is a function to definite in X×X. And satisfy following four axioms to all x, y,  

z X. 
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  d is a real number, finite and non-negative. 

d(x,y)=0. If and only if x=y. 

d(x,y)=d(y,x) 

  d(x,y) d(x,z)+d(z,y) 

According to this definition, studies a kind of metric, under which the 

expressions of length in n-space is simple, symmetrical,easily to compute. 

Four.  In n-space, how to compute the angle of two hyperplanes the dimensions of  

which are different? 

Five. The oriented line theorem in trilinear plane can be generalized into n-space? 

Definition 7.2 Inner product, inner product space[4]: The real vector space X in which 

inner product is defined is called as inner product space. The inner product is a map 

from X×X to scalar domain K of X. To all pair x y in X, a scalar is corresponding 

with it, denoted by �� yx, . Satisfies 

����������� zyzxzyx ,  

����� yxyx ,, ��  

�� yx, = �� xy,     

00,,0, �D����+� xxxxx  

According to this definition, studies a kind of inner product, under which the 

expressions of slope in n-space is simple, symmetrical, easily to compute. 

The length and angle are two main foundation stones in the Euclidean space. The  

simple, symmetrical expressions and computational methods on length and angle can 

make n-linear coordinate system to play a powerful role in geometry. 
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