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¢-Symmetric Polynomials and nilHecke Algebras

Abstract

Symmetric functions appear in many areas of mathematics and physics, including enumerative combinatorics and
the representation theory of symmetric groups. A g-bialgebra of ”g-symmetric functions” generalizing the symmetric
functions was defined by Ellis and Khovanov as a quotient of the quantum noncommutative symmetric functions. In
the ¢ = —1 (or “odd”) case of these g-symmetric functions, they and Lauda introduced odd divided difference operators
and an odd nilHecke algebra, used in the categorification of quantum groups. Using diagrammatic techniques, we
study relations for the g-symmetric functions when ¢ is a root of unity other than 1 or —1. We then use g-analogues
of divided difference operators to define a g-nilHecke algebra and describe its properties. In addition, Wang and
Khongsap introduced an odd analogue of Dunkl operators, which have connections to Macdonald polynomials in the
even case. We find a connection between the odd Dunkl operator and the odd nilHecke algebra, and show that a
variant of the odd Dunkl operator can be used in constructing operators that generate the Lie algebra sl,.
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1 Introduction

The set of n! permutations of 1,2, 3, ..., n forms a group with multiplication being the composition of elements and the
identity permutation being the multiplicative identity. This group is called the symmetric group, which we will denote
Sp. Symmetric polynomials are polynomials in n independent, commutative variables z1, z2, ..., z, that are invariant
under the action of any permutation acting on the indices. As n tends to infinity, one obtains the ring of symmetric
functions, A, which is a graded C-algebra. The bases of this ring, including the elementary, complete, monomial, and
Schur symmetric polynomials, have been well-studied. Symmetric polynomials arise in various contexts in mathemat-
ics and physics. They are important in enumerative combinatorics, where one may study the important bases through
the tools of Young tableaux and algebraic combinatorics as in [10]. They have a fundamental role in the representation
theory of the symmetric group, which itself plays a role in quantum mechanics of identical particles. The space of
symmetric polynomials in n variables, A,,, may be identified by a Hopf algebra structure with an adjoint bilinear form,
which we will utilize in our work.

The theory of noncommutative symmetric functions, where in general x;z; # z;z; for 1 < i # j < n, has also
been developed and analogues of objects in the commutative case have been found. Here, one requires the notion
of a quasideterminant to generalize the concept of a determinant with noncommutative entries, in order to express
transition matrices between bases of the noncommutative symmetric functions [5]. The quantum case, where z;z; =
qr;x; for j > i, has recently been introduced by Ellis and Khovanov. These polynomials are inherently connected, in
the ¢ = —1 case, to superalgebras.

Superalgebras, which arise from supersymmetry in physics, are the direct sum of two spaces K and K3, where
K;K; C K;y; and indices are read modulo 2. In other words, a superalgebra may be considered as a Zj-graded
algebra, with the same operations as an algebra (the unit and the multiplication). We can also induce a braiding = by

T VoW -WeV

VR W (—l)lv‘lwlw ®v

for two vector spaces V and W, where |f| is the degree of f. We can also define a multiplication on the tensor product
two superalgebras A and B by:

(we )y ®z) = () hy @ 2z

for homogenous elements = and y.
In [3], Ellis and Khovanov introduced the “odd symmetric polynomials”, which are polynomials in the n variables
Z1,...,%y such that x;z; + x;2; = 0 for ¢ # j. These polynomials can be interepreted through a —1-bialgebra structure
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with a similar bilinear form as in the “even” case, where z;2; = z;z; for all indices 4, j. The odd symmetric polyno-
mials have several important bases, and have similar combinatorial properties with their even counterparts. We will
highlight one example through the elementary symmetric functions. In the even case,

ex(21,. .., n) = Z Ty X,

1<i1<...<ix<n

and e;e; = eje; for all indices 4, j. These polynomials come up in Vieta’s formulae, in the coefficients of z in the polyno-
mial (x —z1) ... (z — z,). In the odd case, these polynomials may be defined in the same way (but with anticommuting
variables) such that the relations become:

eiej; = eje; for i + j even

ejej + (—l)iejei =e€j-_1€;+1 + (—1)i€1‘+1€j_1 for i +J odd

Thus, if the ground ring has characteristic 2, then all commutators vanish. Ellis and Khovanov also found various other
properties of the odd symmetric functions, including an odd RSK correspondence which may be used to study odd
analogues of Schur functions and their orthonormality properties with respect to the standard bilinear form.

Further work in this direction by Ellis, Khovanov, and Lauda has led to a categorication of the positive half of the
quantum Lie algebra sl,. Categorification is an idea, originally suggested by Louis Crane and Igor Frenkel, by which
one could replace algebras and representations by graded additive categories and higher categories to obtain quantum
4-manifold invariants from quantum 3-manifold invariants. A classic example is that Khovanov homology, a bigraded
abelian group, categorifies the one-variable Jones polynomial. In a recent work, Khovanov and Lauda, as well as
Rouquier, introduced the so called KLR algebras which categorify the postive half of quantum Kac-Moody algebras
(used to construct quantum 3-manifold invariants). These algebras generalize the nilHecke algebra introduced by
Kostant and Kumar in the 80’s, in the context of geometric representation theory.

The even nilHecke algebra N H,, is generated by n commuting variables z1, ..., z, and n divided difference opera-
tors 0;, such that 9; = (z; — z;,1) "' (1 — s;), where s; is the simple transposition in the symmetric group that swaps x;
and z;;. This algebra is Morita equivalent to the symmetric polynomials in n variables. Ellis, Khovanov, and Lauda
categorified the positive half (much more recently, both halves) of sl; by introducing an odd analogue of the nilHecke
algebra. Their odd analogue retains many of the properties that one sees in the even case, including a Leibniz rule
for the odd divided difference operator, an interpretation of the odd nilHecke algebra as a matrix algebra over the
odd symmetric polynomials, and the use of a diagrammatic calculus. The odd nilHecke algebra has since found many
other applications in representation theory. It is related to affine Hecke-Clifford superalgebras, and has been used to
construct odd analogues of the cohomology groups of Grassmannians and Springer varieties. In this work, we will
introduce g-analogues of various results in this context. We study relations for the g-symmetric polynomials in the
variables 1, ..., x, such that z;2; = gz;z; for j > i and ¢ is a root of unity in C. We also develop a ¢g-nilHecke algebra
and discuss its properties. It would be interesting to study whether g-nilHecke algebras categorify an interesting Lie
theoretic algebra, and whether they can be used to construct invariants of links or other geometric structures

There are still open questions relating to the even, odd, and general ¢ cases, including an interpretation of power
sums, Grothendieck polynomials, Macdonald polynomials, coinvariant algebras, and so on. Along these lines, Wang
and Khongsap introduced an odd analogue of Dunkl operators, and developed an odd double affine Hecke algebra as
well. In the even case, one may define a reduced root system and a Coxeter group generated by complex reflections
over the hyperplane. The Dunkl operators then may be interepreted as differential-difference operators that generalize
the concept of a partial derivative. The Dunkl operator ; commutes (1;1; = 7;7;), and satisfies various other interesting
properties. These operators have a major role in mathematical physics and conformal field theory where they relate
to the study of quantum many-body problems in the Calogero-Moser model. They are used to show the integrability
of the non-periodic Calogero-Moser-Sutherland system, and are related to various other operators and symmetric
polynomials, including the Cherednik operators and Jack polynomials. The Dunkl operators can also be used to define
three operators, which play important roles in physics and harmonic analysis, that generate the Lie algebra sl. This
result plays a crucial role in Fischer decomposition, which is of importance in representation theory and the Dirichlet
problem. In this work, we find a connection between the odd nilHecke algebra introduced by Ellis, Khovanov, and
Lauda, and the odd Dunkl operator introduced by Wang and Khongsap. We also find three operators, based on a
variant of the odd Dunkl operator, that generate sl;, as in the even case. These results should have an important role
in better understanding the representation theory of odd symmetric functions.
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2 Background

2.1 Dunkl Operators

In the even case, we work over the ring C(z1, ..., z,), Where z;x; = zjz; forall 1 < ¢, j < n. Dunkl [2] introduced the
remarkable operator
0
even __ even
=g T Z oY, 2.1)
k#1
where is the partial derivative with respect to z;, a € C, and 9§ " is the even divided difference operator:
ZT; ’
e = (@ — k) (1= sik)- (2.2)
Since z; — xj, always divides f — s; (f) for f € C(x1,...,xy), 0k sends polynomials to polynomials. As usual, s; j is

the transposition in 5, that swaps «; and z;, and satisfies the relations of the symmetric group.
These Dunkl operators have various properties, the most important of which is that they commute (n;n; = n;m:).
They also satisfy the properties that [1]]:

(f)g + fni(g) (2.3)

MT; + Tinj = NjT; + T (2.4)

ni(fg) = ai

i

In [9], Khongsap and Wang introduced an odd Dunkl operator which anti-commutes. These operators have similar
commutation relations with z; and z; that the even Dunkl operators do. In Section 3} we will develop the connection
between this operator and the odd nilHecke algebra introduced in [4].

Now introduce operators 72, E (the Euler operator) and Ay, (the Dunkl Laplacian):

r? = Z x? (2.5)

=1

[T 2
i=1 v

A=Y "n (2.7)

where i is the Dunkl dimension, which is defined by the relation n;|z|? = 2p.
Let [p, ¢ = pq — qp be the commutator. Heckman showed that r?, E, and Ay, satisfy the defining relations of the Lie
algebra sy [6]:

[E,r?] = 2r? (2.8)
(B, Ag] = =24, (2.9)
[r? Ay] = AE (2.10)

If one were to replace A, with the classical Laplacian (replacing the Dunkl operator with the partial derivative),
these three operators still satisfy the relations for sl,. Combined with the fact that Dunkl operators commute, one can
see that the Dunkl operators represent a meaningful generalization of the partial derivative.

In Section [, we will focus on finding analagous results in the odd case.

2.2 Introduction to ¢g-Bialgebras

We begin by an introduction to the terminology of bialgebras that will be used later. The notion of A being an C-algebra
entails that there are two maps: the unit and the multiplication.

n:C— A
m:AQA—- A
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The algebra A also has an identity map 14 : A — A. We denote the degree of an element v by |v|. For homogenous
elements v and w of A, define the braiding:

TA:ARA—>ARA

ollwly, & o

VR W — q
One may define the multiplication map ms from A®* — A®? as:
mo = (m®m)(1A®TA®1A)

A coalgebra is a structure with the following maps, the counit and comultiplication:

e:A—C
AA-SARA

A bialgebra B is equipped with all of the four maps (7, m, €, A), with the added compatibility that the comultiplication
is a homomorphism of algebras. This condition implies that:

Aom=mgo(ARA)
and by the definition of mgy, we have the following bialgebra axiom:

Aom=mem)o(lpR®1g)o (AR A)

3 0Odd Dunkl operators and the Odd nilHecke algebra
3.1 Introduction to the Odd nilHecke Algebra

We work over C(z1,...,2z,)/(z;x; + x;2; = 0fori # j). We can define linear operators, called the odd divided
difference operators, as below:

Definition 3.1. For i = 1,....n — 1, the i-th odd divided difference operator J; is the linear operator C(z1,...,z,) —
C(z1,...,x,) defined by

1 j=3
87,(17]) = 1 j =i+1 (31)
0 j#i,i+1
0i(fg) = 0i(f)g + (=) si(£)0i(g). (32)

where s;(f) is the type A transposition:

xi—i—l j = Z
si(z;) = ¢ = j=i+1 (3.3)
z;  jALi+1
It is shown in [4] that the odd divided difference operators can be used to construct an odd nilHecke algebra, generated
by x; and 0; for 1 < i < n, subject to the following relations.

D2 =0

0;0; +0;0; = 0for |i — j| > 2
9i0i110; = 0i110i0i11

z;x; + i, =0fori # j

2:0; + 0iTi41 = 1,0im; + 23410; = 1
x;0; + 0jz; = 0for |1 — j| > 2
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Due to [7], we have the following explicit definition of the odd divided difference operator:

0i(f) = (}y — a2) H(@igr — za) f — (D) si () (i1 — 21)] (34)

Although this formula a priori involves denominators, it does take skew polynomials to skew polynomials. We extend
this definition to non-consecutive indices by allowing i + 1 to equal any index & # i, for 1 < k < n, and by replacing
the simple transposition s; with s; ,, which swaps z; and .

Oie(f) = (@f — ) M(wn — 20) f — (1) sy () (xn — 22)) (3.5)

This extended odd divided difference operator satisfies the Leibniz rule 8; .(fg) = 9; 1(f)g + (=1)1s; 18; 1 (g) [4].

3.2 Some operations on skew polynomials

First, we introduce a common operator in the study of Dunkl operators:

Definition 3.2. Let the —1-shift operator 7; send f(x1,22,..., %, ..., 2n) t0 f(T1,%2, ..., —X4y ..., Tn).
This operator satisfies the below properties, where f is a function in C(z1, ..., z,):
8i,jTi = TjSi,j (3.6)
Si,jTj = TiSi,j (3.7)
51’,,ka = Tks,;vj lf k 75 i,j (38)
fri = (=) Ylzm(f) (3.9)

Remark 3.3. Since skew polynomials are not super-commutative, we cannot say that fg = (—1)//119lg . But the opera-
tor 7; allows us to track the discrepancy from super commutativity, since z; f = (—1)//!7;(f)z;, which is why it becomes
useful in this context.

We now introduce the operator r; , = 0; .5; 1, for k # i, which will serve as another odd divided difference operator
that we will use to study odd Dunkl operators. For simplicity, let ; = r; ;1. In the following lemma, we study the
action of the transposition and —1-shift operator on r; j:

Lemma 3.4. For ¢ = 1ton, s;  acts on r; j as follows:

8iTig = Tiy1,ksiif b # i+ 1 (3.10)
8iTi = T;S; (3.11)
8iTit1 = Tii+25i (3.12)
Si41Ti = Tii4+25i+1 (3.13)
sir; =18 for [t — j| > 2 (3.14)
Tiry =17 for [i — j| = 2 (3.15)

Proof. Note that

siri(f) = si(a — 27) 7 (an — 23) f — ()M sy w(F) (@1 — 20)]sik
= (27 — 22) (o —zi1) f — (—D)lsi k() (@r — ig1)]Sir1050

=rit1,65(f)

since s;8; = Si+1,k5;- The next four properties can be deduced similarly. The final property follows from 7;s; = s;7;
and the fact that 7;(z;) = z; for i # j. O

Recall the following relationship between 0; ; and sy, , for i # j and k # ¢, from Lemma 2.19 (1) of [4]:
0i,jSk,e = 81,005, ,(i.) (3.16)

where sy, ¢(4, j) is the result of applying s ¢ to the pair (3, j).
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Remark 3.5. The result from Lemma 2.19 in [4] includes a sign, but this is because their s; ; is the odd transposition,

(=)l s;; . Since the odd divided difference operator reduces the degree by 1, we obtain the correct expression above
in terms of the even transposition sy ¢.

We now show that the properties of the r; j, are similar to those of the odd divided difference operator 0, j:

Lemma 3.6. Fori =1 ton, we have

2 =0 (3.17)
riry + 11 =0 (3.18)
TiTi41Ti = Tip1TiTi41 (3.19)
rik(fg) = rin(Hsinlg) + (=D fri(g) (3.20)
TiTit1 + Tip1Ti = Si (3.21)
TiTi 4+ TiTi = 84 (3.22)
T2 +xjr; =0 (3.23)

Proof. Since s;r; = r;s; and r; = 0;s;, it follows that s;0; = 0;s;. Then, since 8? =0,
7’? = 0;8;0;8; = 0;0;58;8; =0
We also have fromthat sir; = rjs; for |i — j| > 2, 50 8;0; = 0;5;. Thus, r; and r; anti-commute since
rir; = 0;8,0j5; = 0;0;8;5; = —0;0;8;5; = —0;5;0;8; = ;713

because 0;0; + 0;0; = 0. The operators r; also braid, which we show by inductively reducing to ¢ = 1, and then using
and s;0; = 0;s; repeatedly:

T1ToT1 = 51012025101 = 515201 ,35101,301 = 51525102,301,301 2

Tor1Te = 520251015202 = 525101 35201302 = 52515201,201 302 3

Therefore, 717211 = rori79 since the s; braid, and since 02 301 301,2 = 01,201,302,3 by symmetry. Next we find a Leibniz
rule for r; ;, using the Leibniz rule for 9; ;.

O s (f,9) = i (F)sin(g) + (=D f0i ksin(9) = rin(£)sik(9) + (1) fri(9)

Note that r;(z;) = r;(2;41) = 1 and r;(z;) = 0 for j # 7,7+ 1. Equations through then follow from the Leibniz
rule 3.201 O

We also desire an explicit definition of the r; ; analogous to that of the odd divided difference operator of [4]. To
find such an expression, we utilize a preparatory lemma:

Lemma 3.7. Fori = 1ton, s; x2:7(f) — sipxr7i(f) = (—1)‘f‘si7k(f)(xi — ) for f € C(xq,...,2,).
Proof. It suffices to prove the result for a monomial 2* = 273" ... 2} ...a3* ... z)", where i < k. We will proceed by
direct computation:

si7kxi7'i(xk) = (—l)A’xksi,k(x{‘l .. xf‘ .. xz’“ .. xﬁ“) = (—1)>‘1+"'+>"’xi‘1 .. .xziﬂ .. xf"” .. .xﬁ"
sinTrTr(1Y) = (D) Mags; g2yt oa) ) = ()M g g ML g
sip(zyt . a)i. x?’“ )y = (=) M An g xz . .x?"“ oz
Si7k(l‘i\1 .. xf‘l .. ~$2k )Ty = (—1)>"3+1+"'+>‘"a¢i‘1 .. .xz”l .. .x;\" e
Since |f| = A1 + ... + Ay, the desired result follows. O

We can now express r; i, explicitly as

Lemma 3.8. 7,1 = (ar:z2 — xi)*l[(xl — Tk)Sik — TiTi + TpTk]
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Proof. Follows from Lemma[3.7/and the formula of [7]. O
We will now connect the above results to the odd Dunkl operator introduced by Khongsap and Wang in [9].
Definition 3.9. Define an operator §; by §; = (2z;) " *(1 — 7;)

The above super-derivative can also be defined inductively, by imposing that §;(x;) = 1if ¢ = j and 0 otherwise.
We then extend the action to monomials as follows:

¢
0i(Tay Tay - - - Tay) = Z(fl)k*lxa1 o 0i(Tay ) Tapiy - Tay (3.24)
k=1

The operator J; is a priori from Laurent skew polynomials to Laurent skew polynomials, but it is easy to check that it
preserves the subalgebra of skew polynomials. Khongsap and Wang found an odd analogue of the Dunkl operator:
ngdd =10 +u Z(xf — x%)_l[(xz — Tk)Sik — TiT + TpTE) = t0; +u Z Tk (3.25)
ki ki
where t,u € C. Their operator anti-commutes; 7;1; + 7;7; = 0 for ¢ # j.
By Lemma this odd Dunkl operator may be expressed as:
n9 = t5; +u Z O k5i,k (3.26)
ki

By analogy with the commutative case, discussed in section 1, the operator r; ;, plays the same role in the odd theory
that the even divided difference operator plays in the even theory.

4 Properties of Another Odd Dunkl Operator

In this section, we will show that a close variant of the odd Dunkl operator introduced by Khongsap and Wang can
be used in the construction of three operators that satisfy the defining relations of the Lie algebra sl,. First, we will
consider a different operator p;, which in some ways is more natural than ¢;:

Definition 4.1. The operator p; acts on monomials as follows:

pi(at . ahn) = A=)t g A 4.1)

K3 n 1 n
Now consider a modified version of 7;:

Definition 4.2. Let
D; =tp; +u Z T4k (4.2)
k#i

Note that this operator substitutes p; for J; in the odd Dunkl operator of Wang and Khongsap. Similar to the even
case, define the Euler, 72, and odd Dunkl Laplacian operators as below:

n

r? = (2t)7! Z x? (4.3)
i=1
- nou
E= Z%pz + 5 + r Z Sik (4.4)
i=1 k#i
A=—2t)'> D} (4.5)
i=1

As usual, let [p, ¢] = pg — gp be the commutator. Note that in Heckman's paper, t = 1 [6]. We will consider ¢ to be a
fixed constant in C.
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Remark 4.3. The commutator in the setting of superalgebras is usually defined as [a,b] = ab — (—1)1*/I*lba, where |a]
and |b| are the degrees of a and b, respectively. However, since all of the operators we will be considering have even
degree, there is no need to distinguish between commutators and super-commutators.

To demonstrate the relationship between these operators and sl, we will require a series of lemmas regarding the
action of portions of the Euler operator £. We first investigate the action of the second term of the Euler operator:

Lemma 4.4. The operator Z x;p; acts by multiplication by | f| on the space of homogenous functions f.
i=1

Proof. Tt suffices to show the result for a monomial 2* = 27" ...z} ... z}". Note that
:Eipi(x’\) = )\ixi(—l))‘l"’"""kl 13c>‘1 Tl = At

By summing over all indices 4, we obtain that
Z (Ezpz >\1 + )\2 +...+ )‘n)x/\

which implies the desired result. O

The above lemma holds true in the even case as well, where p; is replaced by the partial derivative with respect to
;. We now prove some properties about the action of the third term of the Euler operator on r* and A:

Lemma 4.5. Z sik, Al =0
ki

Proof. We will first show that
pisie i) Ak
S4,kPi = § PjSjk ifi =k (46)
prsje ifi=j
b

Indeed, these relations can be verified by checking if they are true for zjz;z}, a,b,c € Z4, and then extending by
linearity. We prove that s; xp; = p;s;  if i = k, and the other two cases are 51rn11ar Without loss of generality, let j < k.

sjkpk(z]a]) = b(—1)%s; p(zfay 1) = b(=1)"
pisin(zfay) = (=1)"p;(ah ) b(—1)*zh " ag

As a result of (4.6), we therefore have the action of the transposition on p;. We will next need its action on r ,,,. By the
work in the previous section, we find that

a:kxb 1 b(—l)abx;’._lxz

8. kTem = Ts; o (6,m)Sirj (4.7)

where s; (¢,m) is the result of applying the transposition s;,; to the pair (¢, m). Combining[4.6land[4.7, we find that
$jkDi = Ds,  (i)Sik (4.8)
where s, ;. (7) is the result of applying the transposition s; ;. to . By an easy induction, we now have that
5k = Asjp,
Using the above equation multiple times proves the desired result. O

We have a similar result for the action of the third term of the Euler operator and r*:

Lemma 4.6. Z Si ks r2l =0
ki
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Proof. Follows from the observation that

TiSj k if 75] 75 k
SjkT; = § X85, ifi=k
TESjk ifi = j
so that s; ;7% = s O
We are now ready to obtain two commutativity relations between the Euler, r*, and odd Dunkl Laplacian operators:

Theorem 4.7. The odd Euler operator and r? satisfy the following commutation relations:

[E,r%] = 2r? 4.9)
[E,A] = —2A (4.10)
Proof. Since r* has degree 2 and A has degree —2, the theorem follows from lemmas and O

We also need to investigate what the third commutativity relation [r?, A] turns out to be. We will prove one lemma
before doing so.

Lemma 4.8. For ¢ = 1 to n, the equation x; D; + D;x; = 2tz;p, +t +u Z s;.1 holds.
ki
Proof. Recall that

D; =tp; + uZ(xf — xi)_l[(xl — Tk)Sik — TiTy + TpTk]
ki
Therefore, since p;x; = x;p; + 1,

Djx; = txip; +t+ uZ(xf —x2) Nz, — 23)sin + Z(mf — ) [T — xiTRTE]

ki ki
x;D; = txip; + uZ(xf —a3) (a? — TiTk)Sik + Z(mf — ) 2T + vty
k#i ki
Adding, we obtain the desired result. O

We now have the tools to find the third relation between 2, E, and A:
Theorem 4.9. [r?, A] = F

Proof. We will first find [r?, D;]. The derivative p;, much like the partial derivative in the even case, satisfies the prop-
erties:
pirj = —x;p; fori # j (4.11)
pix; = xp; + 1 (4.12)
Now, suppose that ¢ # j. Then,
Dia:? = tpz-x? + ux? Z Tik + vi(x? — 23) i + opmi] + 22 (27 — 23) (2 — Tk)Si k]
k#i#j

= taip; + ux’ Z rig + (T — x5)s0
ki

Now, we will find Dixf:
Dy} = tpiw} + ) ai(al — i) (@i —w)sip + 27 Y (0f — @) [—aem + o]
ki ki

Lol pi + 2twi + 27 Y ik — Y (T — Tk)Sik
Py px
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Therefore, [Z x?, Di] = —2tx,. This implies that
i=1

r’D; — Dir® = —x; (4.13)
Now,
n n
P2, Al = —(2t) Zw, D3 =—(2t)"" ) (r*D? — D3r?)
i=1 i=1

= —(2)"' Y [(Djr*D; — 2;D;) — (D;r*D; + Djxy))]
=1

=(20)7! Z(%Di + Dj;)
=1

where we have used Now, by Lemma
2 A\ L o
[7" 7A} = Z%Pri- 5 + ?Zsz,k =F
i=1 k#i
as desired. O

To summarize, we have found operators E 2, and A, similar to their even counterparts, which satisfy the defining
relations of the Lie algebra sl:

[E,7?] = 2r?
[E,A] = —2A
[TQ,A] =F

Remark 4.10. If one uses the odd Dunkl operator 7; as found in [9]] instead of the D; introduced here, the r2, E,and A
operators then seem to generate an abelian Lie algebra rather than sls.

Remark 4.11. Although our results hold true for all ¢ and u in €, one typically sets t = 1 and u = o', since without
loss of generality one of ¢t and u may equal 1.

5 Relations in the g-Analogue of Symmetric Polynomials

5.1 Introduction to the g-Analogue of Noncommutative Symmetic Functions

Let NA? be a free, associative, Z-graded C-algebra with generators h,,, for m > 0. We define hy = 1 and h,, = 0 for
m < 0, and let ¢ € C. The homogenous part of NA? of degree ¢ has a basis {hq } a=x, Where

ha = ha, -+ - hq, for a composition @ = (a1,...,a,) of £.
Define a multiplication for homogenous z and y on NA?®? as follows, where deg() denotes the degree of z:
(w®2)(y ®2) = ¢ BB (wy @ a2)

We can make NA? into a g-bialgebra by letting the comultiplication on generators be:
Ahn) = hi @ h g
k=0

and by letting the counit be ¢(z) = 0 if z is homogenous and deg(x)> 0.
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We can impose, through the braiding structure, that:

a b

a b
A(hahy) =D D (hj @ ha—j) (e ® ho—i) = DD " (hjhi @ ha—jhy-r)
j=0 k=0 j=0 k=0

For any partitions A and p of n, consider the set of double cosets of subroups Sy and S, of S,: Sx\S,/S,. For every
C in this set, let we be the minimal length representative of C' and let ¢(w¢) be the length of this minimal length
representative. We will now attribute a bilinear form to NA?:

(h)\yh,u) = Z qawC)7

CeSN\Sn /Sy

The bilinear form admits a diagrammatic description. Let h,, be an orange platform with n non-intersecting strands
coming out of it. When computing (hy, h,,), with £(A\) = z and ¢(u) = y, draw z orange platforms at the top of the
diagram, representing A1, Az, - - ,A,. Draw y orange platforms at the bottom of the diagram, representative of uy, pz,- - -,
y. We require that |A\| = |, so that the top platforms and bottom platforms have the same number of strands.

Consider the example (h121, hoz). In the following diagram, snippets of the strands from each platform are shown.

L1

sl

Every strand must start at one platform at the top and end on another platform at the bottom. No strands that
have originated from one platform may intersect. The strands themselves have no critical points with respect to the
height function, no two strands ever intersect more than once, and there are no triple-intersections where three strands
are concurrent. Diagrams are considered up to isotopy. Without any restrictions, there would be n! such diagrams if
|A| = n, since there would be no limitations on the ordering of the strands. However, due to the above rules, there are
only 4 possible diagrams in the computation of (h121, ho2), shown below.

TR

(hM hu) — Z q number of of crossings in D (51)

all diagrams D representing (hx,h,,)

Define

In the above example, (hia1, hoo) = 1+ 2¢* + ¢°.
We can extend the bilinear form to NA?®? by stating tht any diagram in which strands from distinct tensor factors
intersect contributes 0 to the bilinear form:

(wez,y®2) = (w,y)(z,2).
Let I be the radical of the bilinear form in NA?. In [3], the authors proved the following statements for any g.

1. Adjointness of multiplication and comultiplication for all z,y1, y2 in NA%:

(1 @ y2, A()) = (y112, ) (52)
2. Tis a ¢-bialgebra ideal in NA?:

INAT = NAT =1 (5.3)

A(I)CI®@NA+ NN @I (54)
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5.2 The Elementary Symmetric Functions
Define elements e, € NAYby e, =0for k <0,e9 =1, and

k

S (~1iq@eihy_; =0 for k > 1. (5.5)
i=0
Or, equivalently,
en=q" )Y (-1, (5.6)
aFn
Lemma 5.1.

1. The coproduct of an elementary function is given by A(e,,) = Z er ® en_k.
k=0

1 ifA=(1,...,1)

2.If \E n, then (hy, en) =
n, then (hy,en) {0 otherwise.

Proof. We begin by demonstrating (2), from which (1) will follow. To show (2), it suffices to show that

{ (r,en—1) ifm=1

(hmz, €n) = 0 otherwise

We will utilize a strong induction on n in order to find (h,,, exh,—1). The base cases n = 0, 1 are easy to show. There
are two cases to consider by the inductive hypothesis applied to k < n. Either there is a strand connecting h,,, and ey,
or there is not. Just as we used an orange platform to denote h,,, we will use a blue platform to denote ej,. The rules of
the diagrammatic notation are the same for the blue platforms as they are for the orange platforms.

m x

X K ok ok ok

n—k—m

k n—k

If there is not a strand connecting h,, and ey, the configuration contributes qkm(x, erhn—t—m) -

* %k ok ok ok

m — 1

n—k—m+1
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If a stand connects h,,, and e, this configuration contributes q(k_l)(m_l) (z,ex—1hn—k—m+1). We have thus shown that
(hmz, exhpn_k) = "™z, exhn_g—m) + glF=Dim=1) (@, ex—1hn—k—m+1)- Now we are equipped to consider (h,,z, ex).

(_1)n+1q(g)(hmxven) = (_1)kq(§) (hmxaekhnfk)
k=0
n—1 i n—1 .
= Z(fl)kq(Q)Jrkm(xa 6k’hn—k—m) + (71)kq(2)+(m71)(k71)($7 ek—lhn—k—m+1)
k=0 k=0
n—1 n—2

_ Z(—l)kq(g>+knl($,€khn7k7m) + (_1)k+1q(k;1)+(7n_1)(k)(1‘7ek:hnfkfm)
—0 k=

)nflq(ngl)_@_nm(1,7 6n—1h1—m)

Il
—~
|
—
(=)

k k+1
Corresponding terms from the two sums cancel in pairs, since q(2)+km = q( 2 )k

term in the first sum. The second statement of the lemma thus follows.
We will now use (2) to prove (1). This follows from the adjointness previously mentioned.

m=1 leaving only the k = n — 1

1 A=015pu=01P)l+p=F,

(Alex), hx @ hy) = (exs hah) {O otherwise.

We now calculate the sign incurred when strands connect two blue (ej;) platforms.

k

(1" ¢ (en, en) = S (=1)%¢(2) (e, exhns)
k
= (_1)n71q(";1) (ena enflhl)
()" (") (A(en), en1 @ 1)

(_1)7l—1q(";1) (ek D en—k;en—1Q hl)
k=0

n—1

= (—l)nilq( 2 ) en—l,en—l)

One may solve this recursion to find that (e,, e,) = q*(g) .Here, the second equality follows from noting that at most
one strand can connect h,,_; and e, (so that £ = n — 1), the third equality follows from adjointness, and the fourth and
fifth equalities follow from the diagrammatic considerations of the previous lemma.

To summarize the diagrammatics of the bilinear form thus developed:

e For each crossing, there is a factor of ¢ in the bilinear form.

e If two blue platforms are connected by n strands, there is a factor of q_(g)

e At most one strand can connect a blue platform to an orange one.

6 More on the g-Analogue of Noncommutative Symmetric Functions

Define Sym? = NA?/R, where R is the radical of the bilinear form (.,.).

Lemma 6.1. A7 is in the center of NA? if ¢" = 1.

Proof. First, suppose ¢ is a primitive n'" root of unity. Construct all ordered k + 1-tuples of nonnegative integers that

sum ton — k. Let RZ;f be the set of all such k + 1-tuples. For any tuple (a1, az, -+, ar+1), let |(a1, ag,-- - , ar+1)| be the
sum of the entries of the tuple.
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For these tuples, (a1, a2, - ,ax+1), define the map f as follows:
f(ala ag, - - 7a/k+l) = (ka17 (k - 1)@2, (k - 2)0,37 e 70//670)

Define
P(TL, k) = Z q‘f(al,az,~~-,ak,+1)\

n—k
Rk+1

Example 6.2.
P(7,2) =14+ q+2¢° +2¢° +3¢* + 3¢° +3¢° + 2¢" + 2¢° + ¢° + ¢'°

T

Consider the above diagram, representative of (h{'h, exx). In the diagram, n = 7 and m = 3. The three strands
from eg “split” the seven h;’s into groups of 1, 2, 1, and 0. This is a 3+ 1-tuple that sums to 7—3 = n—k = 4. Numbering
the h;’s from left to right, note that the first ~; contributes ¢" intersections, the third and fourth h;’s contribute ¢*~*
intersections, and so on. In general, the diagrams in which no strand connects h,,, and e, contribute P(n, k) (h?*k )
to (A} hun, exx).

If a strand connects ey, to h,,, then it intersects the other n — (k — 1) strands connecting some h; to z, contributing a
factor of ¢"~*T!.The other intersections contribute P(n, k — 1). Putting this case and the previous case together,

(B, exz) = P(n, k) (WY ", ) + ¢ T P(n, k — 1D)(AY * hp 1, 1) 6.1)

Similarly, the above two diagrams show that
(hmh?, erz) = ¢ P(n, k) (hp k7%, 2) + ¢ VE D P(n ke — 1) (hyy 1 AT 5 ) (6.2)
Now, consider the case when k = n + 1. In this case, there is only one diagram for the bilinear form, and it can be

shown that
(h?hmy 6n+1517) = (hm—la ‘r)
(hmh?7 €n+1lﬂ) - qn(mil)(hm—l’ $)
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which are equal since ¢" = 1. Now, if k < n, we claim that P(n,k) = 0 for all n # k. This follows from the fact that
¢" =1,that¢q" " £ 1for( (1,2,3,--- ,n — 1), and the fact that

Pln,k) = (Z) q

The above statement follows from a bijection establishing P(n, k) as the Gaussian binomial coefficient (Z) tis
q

known that the coefficient of ¢’ in (Z) is the number of partitions of j into k or fewer parts, with each part less than
or equal to k. P(n, k) yields the same result since f takes every k + 1-tuple to a k + 1-tuple with last term 0. Each term
must be less than or equal to n — k since we have imposed that the sum of all the terms is n — k.

We substitute P(n, k) = 0in and to find that both products (A} .y, exx) and (hy, hY, exz) are 0 unless n = k
or n = k — 1 (already addressed). If n = k, then

(hThm,enx) = (b, z) + ¢P(n,n — 1)(hihpm—_1, )
(henh?, enz) = ¢ (hm, x) + ¢ V"D P(n,n — 1) (hp_1h, )

Since ¢™" =1 and P(n,n — 1) = 0, the above two expressions are equal. We therefore have the desired result when ¢ is
a primitive root of unity. By using some basic number theory and the recursive property of the Gaussian polynomials:

<n> k(n_1> i (n_1>
=q
k), k), k-1/,
one may extend the result to any root of unity. O

Other relations remain difficult to find. To illustrate the complexity of relations for ¢* # 1, consider the following
relation obtained computationally, for ¢* = 1:

v1 = hi1211 + hi2111 + herinn
v = hi122 — 2h1221 + 3ha112 + o211
v3 = 2h1131 — 2h114 + 2h1311 — 2h141 + 3hooe 4+ 2h1113 — 2hany

v1 + ¢z + qus =0

7 Development of the g-nilHecke Algebra

We work in the Z-graded, ¢-braided setting throughout. Let C be a commutative ring and let ¢ € C* be a unit. If V, W
are graded C-modules and v € V, w € W are homogeneous, the braiding is the ”g-twist”:

TgVOW =WaV

|v]|w|

(7.1)

VW q w R,

where | -| is the degree function. By ¢g-algebra we mean an algebra object in the category of graded k-modules equipped
with this braided monoidal structure; likewise for g-bialgebras, g-Hopf algebras, and so forth.

Definition 7.1. The g-algebra Polf, is defined to be
Polf =k(z1,...,xn)/(zjz; — g,z if i < j), (7.2)
where |z;| =1fori=1,...,n.

Note that Pol} = ®;_;Pol{. There are two interesting subalgebras of Pol} that can be thought of g-analogues of the
symmetric polynomials. Define the k-th elementary q-symmetric polynomial to be

ep(T1,...,xn) = Z Tiy - Ty,

1<ii<..<ig<n
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and define the k-th twisted elementary q-symmetric polynomial to be

Ek(arl,...,xn)z Z ;715771’

1< <...<ip<n

.=l .
where 7; = ¢’ z;.

Definition 7.2. The g-algebra of g-symmetric polynomials in n variables, denoted AY, is the subalgebra of Pol! generated

by e1, ..., e,. Likewise for the twisted g-symmetric polynomials, K%, and e, ...,¢,.

The type A braid group on n strands acts on Pol?, by setting

qTiy1 J=1
¢ lz;, j=i+1
qx; j>i+1
qilxj J<i

si(xj) =

and extending multiplicatively.

Definition 7.3. For i = 1,....n — 1, the i-th ¢-divided difference operator 0, is the linear operator C(z1,...

C(x1,...,x,) defined by
q Jj=1
Oi(x))={—-1 j=i+1
0 j#ii+1
9i(fg) = 0i(f)g + si(f)i(g).

Lemma 7.4. For every i and every j < k,
Oi(xpz; — qrjzg) = 0.

Thus 9; descends to an operator Pol! — Pol?.

Proof. Since 9;(x;) = 0 for j > i + 1, one may reduce the lemma to having to prove:
81 (l‘gxl — q.T1$2) =0
O1(x3z1 — qri23) =0
81(1’31‘2 — q.TQCCg) =0

The above statements are straightforward to check using the Leibniz Rule.

Lemma 7.5.
k—1
jk—2j—7%+k ] k—1—3
q €5 z+1
j=0
jo g k—=1—j
“Fl Zq TiTiy1

Proof. We induct on k. The base cases follow from the definition of the 0;.

By Lemma(7.5
di(a?* + ) £ 0if " =
Lemma 7.6. Foreveryi=1,...,n —1and every k,
di(ex) =0.
n—1

Hence 7\% - ﬂ ker(9;)
i=1
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Proof. We can express €, as

Z %l + Z qf(l’i’k)?ﬁi(xi + qxiﬂ) + Z qg(i’i’k)flxixiﬂ, (7.11)
|J|=F |J|=Fk—1 |J|=k—2
iit1¢] ii+1¢] iit1¢d

for certain Z-valued functions f, g. The result then follows from the easy calculation
Oi(zi + qriv1) = Oi(viwip1) = 0 (7.12)
and the Leibniz rule. O

Lemma 7.7. The following relations hold among the operators 9; and z; (left multiplication by ;):

02 =0 (7.13)

0;0; —q0;0; =0forj >i+1 (7.14)
xjx; = quixy fori < j (7.15)
Oixj —qu;0; =0forj >i+1 (7.16)
qOiwj — x;j0; = 0 for j <i (7.17)
0z — qxi410; = q (7.18)

2;0; — qO;xiv1 = q. (7.19)

Proof. To show that 07 = 0, note that we can reduce to i = 1 and proceed by induction. Since 9;(1) = 0, the base case
follows. Suppose that 97 (f) = 0. Then, note that

0i (x1f) = 01 (af + qu201(f)) = a01(f) — a0 (f) + 2107 (f) = 0
0 (x2f) = Ou(~f + ¢ w101(f)) = =01 (f) + Ou(f) + 2201(f) = 0
0} (wsf) = 01(qws01(f)) = ¢* 2307 (f) = 0

which completes the proof of the first statement in the lemma.

Statement follows by definition. Statements and follow from a suitable application of the Leibniz
Rule.

Oi(xif) = af + qrin10i(f)  Bi(wiif) = —f + ¢ 'wi0i(f)
Statements and also follow from a suitable application of the Leibniz Rule.

Statement follows from an inductive argument. We can reduce to i = 1 and j = 3. Suppose that 9;0; = ¢0;0; if
j >1i+ 1. Then,

9301(z1f) — q003(x1 f) = (q03(f) + 220501(f)) — q(05(f) + 220105(f)) = 0

0301 (z2f) — q010s(xaf) = (=05(f) + ¢ *210501(f)) — a(—q ' 05(f) + ¢ *210105(f)) = 0
0301 (23 f) — q010s(x3f) = (*01(f) + ¢*x40301(f)) — q(q01(f) + ¢*x40105(f)) = 0

0301 (x4 f) — q0103(xaf) = (—qO1(f) + x30301(f)) — q(=01(f) + 230103(f)) = 0

D301 (w5 f) — q0105(x5 f) = ¢ w50301(f) — q(q*250105(f)) = 0

thereby completing the induction. O
Lemma 7.8. 8i8i+18¢8i+18i8i+1 + 8i+16¢8¢+18i8i+18i =0

Proof. We utilize an inductive argument; reduce to ¢ = 1 and assume that the braid relation holds true for some function
f. Then, we check that the braid relation is true for x; f, 2 f, 3f, and x4 f (since the behavior of «; f for j > 4 is the
same).

For brevity, we will show the argument for x, f only:
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010a(x2f) = a0 (f) + ¢*w3010a(f) Ba01 (22 f) = —02(f) + 4 2210201 (f)

Do12(22f) = q0201(f) — ¢*0102(f) + qr20212(f) o1 (z2f) = —0102(f) + ¢ 10201 (f) + ¢ " O121(f)

Or212(z2f) = qO21(f) — qO212(f) + 2101212(f) O9121(z2f) = —0212(f) + O121(f) + 2302121 (f)

Oo1212(x2f) = q02121(f) + ¢ 22021212(f) O12121(x2f) = —01212(f) + qr3012121(f)

O21212(x2f) = qr2121(f) + O21212(f) + 220121212(f) Oniz1(z2f) = —qOi2121(f) — O21212(f) + w20121212(f)
and the braid relation for x f follows from the inductive hypothesis. O

Remark 7.9. In this paper, we have discussed elementary symmetric functions in two contexts, but we can relate the
two. Note that NAY is graded Hopf dual to a subalgebra QA? of g-power series. It follows that Sym? is a subalgebra
of g-power series as well, so we can interpret elementary functions as g-power series. The map g from g-power series
to g-polynomials in finitely many variables (say n) is given by setting «; = 0 for j > n. The elementary functions from
the previous section are the images of the elementary functions in this section through the map g .
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011

Dunkl operators have been an important tool in problems of
non-commutative harmonic analysis, representation theory, algebraic and
symplectic geometry, and combinatorics. They give rise to Cherednik
algebras, an important feature of which is the existence of an action of
the group SL(2), including in particular a Fourier transform. The corresponding
action of the Lie algebra sl(2) is inner. Recently, a super version of the
theory of symmetric polynomials, divided difference operators, etc has been
developed. An "odd" version of Dunkl operators has been proposed, but it
doesn't lead to an sl(2) triple as in the classical case.
In this project, the author constructs an sl(2) triple by suitably modifying
the definition of Dunkl operators. This is potentially an important development,
opening the way to an appropriate version of super Cherednik algebras and
of super orthogonal polynomials, and possibly of quantization in the
super geometry setting. Going into those topics would probably
raise the project to the level of a PhD Thesis, and for a high school student
the level this paper is very competitive. In this project, the
author has displayed his abilities to become a strong and original
research mathematician.

At the same time, we want to stress that the presentation of this paper (as distinct from the paper itself)
should be reworked completely to satisfy the requirements of the competition. In the present form, a lot of
topics are mentioned which are not directly relevant to the subject matter, and it is rather unlikely that the
author would stand any questioning on those irrelevant topics (indeed, with the scope that wide, it could
happen only on a PhD Thesis defense). Hence it would be wise to scale down _most_ of the presentation,
mention motivation

and potential applications only in one section, and even then only the most relevant.
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Report on
“g-Symmetric polynomials and nilHecke algebras”

by Ritesh Ragavender

Given a positive integer n, consider the polynomial ring R, = Clzy, ..., z,]
in n variables x4, . .., x, over the complex number field C. The symmetric group
S, acts on R, by permuting the variables x;. The fixed-point ring A,, := RS"
consists of symmetric polynomials. By taking the inverse limit of A, via the
maps A, - A,_1,x, — 0, we obtain the ring A of symmetric functions which
admits several interesting bases with important applications in enumerative
combinatorics. The theory of symmetric functions plays a fundamental role in
several areas of mathematics and physics, including particularly the represen-
tation theory of symmetric groups and general linear groups; see [7].

For each 1 < i < n, the (even) divided difference operator 0; : R, — R, is

defined by )
f—s(f

of) = Ti — Tip1
where f € R,, and s;(f) is obtained from f by swapping x; and x;4;. The
operators 0; together with the operators of multiplication by x; generate the
nilHecke ring N H,, which is isomorphic to the matrix algebra of size n! x n!
with coefficients in the ring A,, of symmetric polynomials. It turns out that
the ring N H,, plays a central role in the theory of categorification of quantum
groups.

On the other hand, Dunkl [1] introduced the operators n; : R, — R,, (1 <
i < n) by setting

0
;= 83:1 + « ; 81 k>
where a € C, 7~ is the partial derivative with respect to z;, and 0, 1, denotes the
(even) divided dlfference operator (1—s;)/(xz;—xy). Here s, acts a polynomial
in R, by swapping x; and x. The operators 7; have various properties, e.g.,
they commute with each other (n,m; = n;7;) and satisfy

ni(fg9) = w—(f)g + fni(g) and miz; +xm; = 02 + 2378

83@

for 1 < 4,5 < n, where f,g € R,. The Dunkl operators have been widely
studied in the literature. For example, by setting operators

r _le,E sz % and A = Zm,

Heckman [5] showed that 72, F, and A satisfy the defining relations of the Lie
algebra sls.

Page - 568



011

A noncommutative theory of symmetric functions has been developed by
Gelfand-Krob-Lascoux—Leclerc-Retakh—Thibon [4], based on the notion of quasi-
determinant. The noncommutative analogs of symmetric polynomials have been
also studied. In the noncommutative case, the variables z; in general do not
commute.

Recently, Ellis and Khovanov [2] studied a g-analogue of the standard bi-
linear form on the commutative ring of symmetric functions via introducing
the notion of a ¢-Hopf algebra. The ¢ = —1 case leads to a Z-graded Hopf
superalgebra, called the algebra of odd symmetric functions. They then de-
scribed counterparts of elementary and complete symmetric functions, power
sums, Schur functions, and combinatorial interpretations of associated change
of basis relations. In [3], by further introducing the odd divided difference opera-
tors, Ellis, Khovanov, and Lauda defined an odd version of the nilHecke algebra,
called the odd nilHecke algebra, and developed an odd analogue of the thick
diagrammatic calculus for nilHecke algebras. They obtained a Morita equiva-
lence between odd nilHecke algebras and the rings of odd symmetric functions
in finitely many variables. Moreover, like the even counterparts, they proved
that odd nilHecke algebras categorify the positive half of quantum sls.

The present paper is mainly based on [2, 3|, and it deals with odd Dunkl
operators, g-symmetric polynomials and ¢g-nilHecke algebras. The author estab-
lishes a connection between odd Dunkl operators and odd nilHecke algebras, and
introduces a variant of odd Dunkl operators which is used to construct operators
that generate the Lie algebra sl,. Using diagrammatic techniques, the author
gives certain relations for g-symmetric polynomials. The author also defines
g-analogues of divided difference operators and describes their properties.

In the following we are going to give a detailed explanation of the
main contents and results of the present paper.

Sections 1 and 2 are introduction and background, respectively.

In Sections 3 and 4, the author works over the quotient ring R) of the free
algebra C(z1,...,x,) by the ideal generated by z;x; + z;z; for 1 < i < j <
n. Subsection 3.1 recalls from [3] the definition of the odd divided difference
operator 0; : R, — R} for 1 <i < n. It is defined by

Oi(x;) 1, ifj=14, orj+1;
i\Lj) = .
! 0, otherwise,

0:(fg) = 0:(f)g + (1) Vs,(£)ai(g),
where f,g € R!, f is homogeneous with degree deg(f), and s;(f) is obtained
from f by swapping z; and z;;1. As in the even case, one can define the odd
divided difference operator 0; ;. for ¢ # k in terms of the transposition s; ;. Thus,
0; is understood as 0;,;+1. In [2], the odd nilHecke algebra is defined to be the
subalgebra generated by 0; (1 <14 < n) and the operators of multiplication by
zj (1 <j <n). In Subsection 3.2, the author defines the —1-shift operator

7R, — R, f(x1,... @iy @) — f(T1, o =T, )
2
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and set for k # i,
Tik = 8i,k5i,k-

In particular, set r; = r;,;41 for 1 < ¢ < n. Then the author shows in Lemma
3.6 that the operators r; satisfy relations similar to those for the odd divided
difference operators 0; . With the help of the formulas in Lemmas 3.7 and 3.8,
the author finally shows that the odd Dunkl operators 7999 defined by Khongsap
and Wang [6] can be expressed as

B
ki

where t,u € C and §; = (2z;) (1 — 7).
In Section 4, the author defines operators p; : R, — RI (1 < i < n) by
setting

ay a; a _ ar1+--+a;_1,.a1 a;—1 a
pi(xl lex")_al(_l) 7 xl ...xil ...xnn’

and then put

Di = tpz +u Z Ti,k-
ki
odd.

Clearly, the D; are a modification of the odd Dunkl operators 7 Similar
to the even case, the author defines r2, the Euler operator E and odd Dunkl
Laplacian operator A:

1 n
7’2 = ?t;.ff,
EZZIiPi—Fg—FgZSi,k,
i=1

ki
A:—iiip2
2t — v
The rest of this section is devoted to proving the relations
[E7T2] = 27"2, [E; A] - QA, and [7”27A] = E’

see Theorems 4.7 and 4.9. In other words, the three operators 72, E and A give
a realization of the Lie algebra sly as in the even case [5]. It is also indicated
in Remark 4.10 that if one uses the odd Dunkl operators 1?4 instead of D;
to define the Dunkl Laplacian, then the three operators obtained generate an
abelian Lie algebra rather than sls.

The final three sections, Sections 5, 6, and 7, deal with g-analogue of sym-
metric polynomials, as well as g-nilHecke algebras. Subsection 5.1 begins with
the definition of a g-bialgebra NA? introduced in [2]. Let ¢ be a nonzero complex

3
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number and let NA? be the free associative Z-graded C-algebra with generators
hy, for m > 1, where deg h,,, = m (For convenience, set hy = 1 and h,,, = 0 for
h < 0). Define a comultiplication A on NA? by setting

=0

and a counit € by setting €(x) = 0 for all homogeneous x with deg(x) > 0. Then
NA? becomes a g-bialgebra with the multiplication on (NA?)®? given by

(w®)(y ® z) = ¢4 (wr @ 22)

for homogeneous elements w,z,y,z € NAZ In [2, (2.1)], Ellis and Khovanov
defined a bilinear form (—, —) : NA? x NA? — C which satisfies

(xl ® T, A(y)) = (3311'2, y)
Moreover, the radical I of the bilinear form is a ¢-bialgebra ideal of NAY, i.e.,
INA?"=NAT =1 and A(I) CI® NN+ NN ® I.

In Subsection 5.2, the author defines elementary symmetric functions e,, in NA,
by setting eg = 1 and

Z(—l)iq( ’ )eihm,i for m > 1.
=0
Lemma 5.1 states that
(1) Alem) = 220 € © em—i,
(2) If A= (A1,..., ) is a composition of m, then

{1, if A= (1,...,1;

h yEm) =
(r; €m) 0, otherwise,
where hy = hy, - - hy,.

The lemma is a g-analogue of [2, Proposition 2.5], as well as its proof.

The entire Section 6 presents a proof of the fact that if ¢" = 1, then A lies
in the center of NA? (Lemma 6.1).

Section 7 deals with the g-algebra

Pol} = C(a1, ..., zn)/(zj2; — quizj 1 1 < j),

where ¢ € C and all z; have degree 1. The author defines g-analogues of ele-
mentary symmetric polynomials: the k-th elementary ¢-symmetric polynomial

er(T1,...,T,) = Z ziy - xy, (1 <k <n)

1<i1 << <n

4
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and the k-th twisted elementary ¢g-symmetric polynomial

gk($17...,$n): Z Z’f“fzk,

1<i1 <<, <n

where 7; = ¢ 'x;. The €, are g-analogue of odd elementary symmetric poly-
nomials defined in [3, (2.21)]. The subalgebra generated by ei,..., e, (resp.
€1,...,6p) is denoted by AZ (resp. A%). The author defines the &,-action on
Pol! by

qriy1, ifg=1;

q ta;, ifj=i+1;

q;, if j >141;

g txy, ifj<i.

si(zj) =

Further, define the ¢-divided difference operator 0; (1 < i < n) on Pol? by

q, if j =4
81(1’3): —1, lfj:Z+1,
0, otherwise,

9;(f9) = 0i(f)g + si(f)g-
Lemma 7.1 shows that 0;(ej) = 0 for all 4, k. This implies that

n—1
Al ﬂ Ker(0;).
i=1
In Lemmas 7.7 and 7.8, the author obtains relations among the operators 9; and
x; (as left multiplication by x;) which are g-analogues of those in [3, Proposition
2.1].

In conclusion, the results obtained in the present paper are interesting
and seem to be new, but they are not surprising because most of them are
analogues of results in the literature. For examples, the results in Section 4 are
the odd counterparts of those obtained in [5]. Lemma 5.1 is a g-analogue of
[2, Proposition 2.5]; Lemma 7.4, Lemma 7.5 and Lemma 7.7 are, respectively,
g-analogues of (2.5), (2.6), Proposition 2.1 in [3].

The main new idea in the present paper may be the introduction of the
operator D; in (4.2) obtained from the odd Dunkl operator 79 in (3.25) by
substituting p; for ;. With this modification, the author is able to generalize
the result in [5] to the odd case. Many other proofs are modifications of certain
proofs given in [2, 3].
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