N24

On generalizations of an inequality
Author: Tao Ran, Yu Shuo

Tianjin Yao Hua High School, China
Tutor: Lu Xiang

Page - 293



N24

Abstract

The following inequality is proved in reference!™:
If a+b+c+d=4, a,bc,deR,, then;a?+b?+c?+d?>a’+b’+c*+d?

This dissertation has made an in-depth and comprehensive discussion on the above
inequality. On one hand, we’ve extended the four-variables to multi-variables; on the
other hand, we’ve extended the quadratic inequality to high-power ones. We have proved
whether the extended proposition is true or not and came up with three theorems and one
truth table. Meanwhile, we’ve brought forward a worth-thinking problem at the end of
the dissertation.

Keyword: inequality, multi-variables, high-power, and convexity of function |,

substitution based on classification.
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Part 1 Generalized proposition to multi-variable cases

Consider the following:
Proposition 1:

n
Assume thatne N_, x eR, (i=1,2..n), andz X; =N then
i=1

;Xiz ZZXi2 (1)

Now let P(n) denote proposition 1 for convenience. Define P(n) to be 1 if P(n) holds,
otherwise define P(n) to be 0 .
According to the results of reference! | we can conclude that P(4)=1. Specially, if

we take several x, =1, then we can conclude that when n<4, P(n)=1. So now we can
assume n=>5. Actually, if P(m)=1 for some meN, ,then P(n)=1for any n<m.
Meanwhile, if P(m)=0 for some meN_, then P(n)=0 for any n>m. Now we define

f(x)= iz— x*(xeR,), then (1) is equivalent to:
X

n
Z f(x)=0
i=1
Now we have:
Theorem 1: P(n)=1 holds iffn<10.

Theorem 1 is equivalent to P(10)=1 and P(11)=0. Now we give the proving:
First we will explore the properties of f(x). Its derivative f'(x)= —%—Zx is

X
negative when x € (0,+) ,indicating that f(x) is strictly decreasing on x e (0,+). Its

1
2" derivative f "(x)=6x"*—2is a convex function when xe (0,34} indicating that

f(x) is a convex function when xe (0,1].

Now we give the following lemmas:

Lemmal: P(11)=0
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11
Proof: take x1:x2:...:x10:§,x11=5, then Zf(xi)<0, the proof is

i=1
finished.

Lemma 2: Assume 0<x<1y>19x+y=10,then 9f(x)+ f(y)=>0

Proof:

Take %zt,thenwehave te(0,9],x= 10t Y= 10
y o(t+1) t+1

Then9f (x)+ f(y) =0

< 900t%(t+1)[9 f () + f(y)]=0

< (9t+9)* —(10t)* +9t*[(t+1)* -10%]>0
Define g(t) to be the above LHS, then

g(t) = (9—1t)*(9t* +198t> —550t* + 342t +81)

The same time, 9t* +198t% —550t% + 342t + 81

> (24/9x 81 + 24/198x 342 — 550)t?
> (54+520—550)t> >0

So g(t)>0. The proof is finished.

Lemma 3:
Assume 0<x<1,y,21y,>1,8x+y,+Yy,=10,then8f (x)+ f(y,)+ f(y,)=0

Proof: First we prove:

(s—2)§s -s+2) 3)

Assume Y,,Y, >1,s=Yy, +Y,,then f(y,)+ f(y,)>

According our assumption, we have (y, -1)(y;-1)>0,(1<i< j<2).

Now we take t,=vy,Y,,then t,>s-1>1,
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2

1 1
FOy)+ () ==+S-Yr—Ys 2——[(y,+¥,)* =2y, Y,]

1 2 172

~2(4t,) -

12

When t>1, t+% is strictly increasing. So t12+izL+(s—l).

t, (s-1)

_(s-2)(s"-s+2)

, indicating that (3) is
1-s

Then f (y,)+ f(y,)> 2(%+ s-1)-s?
S_

true.

Now if we use (3) to prove 8f(x)+ f(y,)+ f(y,) =0, we only have to prove:

—-S+2)
S

>0, and s=10-8xX.

8f(x)+(s_2)§8_2

Simplifying the above inequality, we have:

_ 8(x=1)°(72x° —81x* +10x+9)

> >0, whichis:
X“(8x—9)

(8x—9)(72x* —81x* +10x+9) <0,
& 72x° —81x* +10x+9>0 (- x(0,1] ..8x-9<0)
Now define g(x) as the above LHS, then g'(x) = 216x* —162x +10

27 /489 . 27 + /489
72 7P

72

g (x) has two roots when xe (0,1]: x, =

Then we can conclude that g(x) is strictly increasing when xe(0, x,]or (x, 1], and is

decreasing when x e (X, X,].
So we only need to prove that g(x,)>0,g(0) >0

4455-163489 S

0 . The proof is
864

Obviously, g(0)=9>0 and g(x,)=

finished.
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Lemma 4:

Assumethat 0<x<1,y,,Y,,¥,21,7X+Yy, +Yy,+Yy, =10

Then 7f(x)+ f(y)+ f(y,)+ f(y;)=0

Proof: First prove:

Assume y,,Y,,Y¥;21,5=Yy,+Y,+Y,,then

20Y,Y, + Yo Ys V1Y) F Yo+ Y, Vst 2 2(25-3) + 4

2s-3

According to our assumption, we can have (y; —=1)(y; -1)>0,(1<i< j<3). Now
we take t; =yy;, then t, >y, +y, -1>1. Let g(t) =2t+%(t21), then obviously

its derivativeg'(t):Z—i2 is greater than 0 when x e (1,+x). Moreover, its 2"
t

derivative g"(x):tz is greater than O when xe (1,+x). So g(t) is a strictly

3

increasing convex function when x e (1,+0). Also,
ViYotYiYs +Y,Ys 2 2y1 -1+ 2y2 -1+ 2y3 -1=25-3

Plus- y, +vy,° +y;° > t .1 , then

Yi¥o Vi¥s  Y2Ys

P 1
200, + VY5 HYoYa) F VY, Y 2 DL ()= D) olty) =

1<i< j<3 ij 1<i<j<3
1 25—3 2 3
39(= t.)>3 =3[=(25-3)+ =2(2s-3)+
0G, 2 423005 = A5 (259 + )= 2259+ 5
Then we’ve proved (4) is true.
As a consequence of
3 3 ) 1 ) 3 1
2 FW) =2 -5=5"-2 2 vy +2. ),
i1 i—1 Yi 1<i<j<3 i1 Yi
3
and by using (4) at the same time, we have —Z f(y,)<S*-4S +6—%.
i=1 -

So in order to prove our lemma, we only need to prove
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7fu)zsz—45+6—§§l— (5).

When x =1, we can prove that (5) is true easily, so we assume 0<x<1

Also S-3=7(1-X),so

2,3 2

(5)<:>1+X+)§ + X 228 58+9:S—1+ 6
X 2S5 -3 2S5 -3

& (L+x-8x% +8x°)(17 —14x) > 6x°

& (x—1)(=112x° +136x° —20x—17) > 0

< 112x% —136x? +20x+17>0 (6)
Take h(x)=112x% -136x* + 20x +17
Then we only need to prove that h(x) >0 when xe[0,].

As a consequence of h (x) = 4(84x* —68x+5) =0, we have

L _17-246 _17+2V46
' 42 42

Then we can conclude that h(x) is strictly increasing when xe (0, x,]or (x,,1], and is
decreasing when x e (x;,X,].

So we only need to prove that h(x,) >0,h(0) >0

Obviously, h(0) =17 > 0,h(x,) = 135491—312272\/E >0, then the proof is finished.

Lemma 5:

Assume that 0<x<1,y,,¥,,Y5, ¥, 21,6Xx+Yy, +Y, + Y, +Y, =10 then

6100+ T(y)+ F(y,)+ F(¥s)+ T(y,)20
Proof: First prove:
Assume that vy,,Y,,Y; Y, 21,s=Yy,+VY,+Y,+Y,, then
4

_ 8
2 Z yiyj+zyi226(s_2)+§ @)

1<i<j<4 i=1
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According to our assumption, we have (y,-1)(y;-1)>0, (1<i< j<4).

Take t;=Vy;,then t; >y +y, -1>1.
Let g(t)=2t +%(t >1), then we find g'(t) and g"(t) are all greater than O when

Xe (1,+), s0 g(t) isastrictly increasing convex function when xe (1,+).

Plus > t, >3y, +3y,+3y,+3y,-6=35-6 and

I<i<j<4

1

Y, Y Y, > =
VY, Y Y 3.1,

223, +Zy > (2, +—)— > 9(.,)>6g(— D)

Ki<j<4 KKi<j<4 i' i< j<4 1<I<j<4

4 j—
3(s—2)

Then we can say (7) is true.
According to (7), in order to prove:

6F0)+ f(y)+ F(y)+ fys)+f(y,)=0
we only need to prove that:
6f(x)+6(s—2)+i—s2 >0,

s—2
Simplifying the above inequality, we have:

61721 -28X" +5x+4) o
x> (3x—4) 0 -

(3x—4)(21x° = 28x* +5x+4) <0, -~ xe(0,1]..3x-4<0

<213 —-28X° +5x+4>0

Let the above LHS=h(x), then its derivative h'(x) =63x* —56x+5has two roots

28—+/469 « 28++/469

when xe (01]: x, = y Xy =
€(0]] 1 63 2 63

Then we can conclude that h(x) is strictly increasing when xe (0, x,] or (x,,1], and is
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decreasing when x e (x;,X,].

So we only need to prove that h(x,) >0,h(0) >0

4312 -134v469

> 0. The proof is finished.
1701

Obviously, h(0)=4>0 and h(x,)=

Lemma6: P(10)=1

Proof:

First prove thatif a+b <2, then f(a)+ f(b)>2f (aTer) 8)

a+b

Because +/ab < <1 and f(x) is strictly decreasing, then we have

a+b
2

So we only need to prove that f (a)+ f (b) > 2f (+/ab) (9)

f (Vab) > f (=)

1-a’b?
a’b?
1-a’b?_,a’ +b?
a’b? X ab —2)20

So (9) is true, which means (8) is true as well.

Besides (9) < (

)m2+w)za§%—mn

< (

10 10
Now according to our assumption: Y x; =10, leto =Y f(x;)
i=1 i=1

Divide X;,X,,...X,, into 2 parts, without losses of generality .We assume that

X;, X,,...X, 1S N0 more than 1, and we denote the other elements, which are greater

than 1, to bey,,Vy,,.y,(k+1=10). If =0, then it’s easy to conclude that

X, =X, =...X,, =1, indicating that the above conclusion is true. Also, since k >1, so

if 1>k,let mdenotel—-k,meN,.

k m k k
Since 10=2 (X +Y)+ D Vi, > D (X +y)+m , D (x+y;)<10-m=2k ,
i-1 =1 i-1 i-1
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there exists an integer t in the range [1,k], so that x, +y, <2. In this case, we replace

X, Yy withLZy‘(sl). From (8) we can infer that o is not increasing. After this

substitution, the sum of the 10 figures is still 10, but there’s one more figure which is less
than 1. After several arrangements like this, o is non-decreasing, and the sum of the

k
10 figures is still 10, but k>1>0. Now we denote x=%2xi , and substitute

i=1

X with x;, X,,...x, . According to the convexity of f(x), o is non-decreasing, so we

|
only need to prove kf (x)+Zf(yj) >0. Also, since k+1=10,0<1<k, so the only
i=1

possible value for lis 1,2,3,4.

According to lemma 2 and 5, we can conclude that lemma 6 is true. According to
lemma 1 and 6, we can conclude that proposition 1 is true. The proof is finished.

Now we can extend proposition 1:

n
Proposition 2: Assume that x, R, (i=12,..,n), in =a (a is a positive

x=1

constant), then:

1)when a<n<10, ), f(x)=0,

i=1

n
2).when a>n>11, Z f(x)=0 isnot always true.
i=1
Now we give the proof:
1).We only need to discuss such circumstances thatn =10 and a <10.

Let b=10—a , then be(01) . Take vy, =x, +b,(i=12,...10) . Obviously,
a

10 10
y;eR, and Zyi :10b+ZXi =10 | According to proposition 1, we
i=1 i=1

n
have :Z f(y;)=0. Also, since y, =X +b>Xx;, and f(x) is strictly decreasing, so
i=1
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f(y,) < f(x),then Y. f(X) =0 The proofis finished.

i=1

2).We only need to give proof when n=11

i=1 i=1

11
Take yi=131xi, then y >x >0 and Zyi=a. Also, since f(y,)<f(x), so

i=1

11 n
Z f(y;) <0.Asaconsequence, when a>n>11, Z f (%) =0 isnot always true.
i=1 i=1

When n=11 and a=10, there must be one figure among Xx;,X,...X;;, Which is

117

less than 1. We can call it x,, then f(x,)>0. Since f(x) is strictly decreasing, we

11 9
have f(x,)2 f(Xo+X,), then D, F(x) =D F(x)+ f(xo+X,)>0

i=1 i=1

Therefore: b e[10,11) such that :
11 9
Z f(x)= Z f(x)+ (X +X4) >0.
i=1 i=1
From the above proof, there exists b e[10,11), such that
11 11
VX € R+ (l =1,2,...,11), ZXi =h , andz f (Xi) >0 .
i=1 i=1

Part 2 Generalized proposition to high-degree cases

Consider the more general problem and denote the following proposition as P(n,k).

n n
Assume thatx e R_,n ke N, D X =N f (x)=x*—x then Y T, (x)=0,
= =)

Similarly, we use P(n,k)=1 to denote that for (nk), P(n,k) is true. Otherwise,

P(n,k)=0
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According to part one, we can conclude that when P(n,k) =1, for Yme N, ,m<n, we
have P(m,k)=1, and when P(n,k)=0, for YvmeN,,m>n, we also have

P(m,k) =0. Furthermore, we can infer from the first and second derivatives of f(x),

k(k +1)

f (x)=—k(x™ " +x*" and f (x)= —k(k-1)x**, that f (x) is a decreasing

functionon R, and is a convex function on (0,1].
Now we give such following:
Lemma 7. P(5,3)=P(4,4) = P(4,5)=P(3,6)=0
Proof:

Take (x, ) =(%,1—51), then 4x+y=>5, and by directly calculating, we can see that

41,(x)+ f,(y) <0, so we’ve proved P(5,3) =0.

Take (x,y)= (E E) then 3x+y=4, and we’ve found that 3f,(x)+ f,(y) <0,

3f,(x)+ f;(y) <0, so we’ve proved P(4,4) =P(4,5)=0.
Take (x, y)=(g,g), then 2x+y=3, and we’ve found that 2f,(x)+ fs(y)<O,

so we’ve proved P(3,6)=0.

Lemma 8:Assume that a,beR,, a+b<2, then f (a)+ f (b)>2f, (aLb)>O

Proof: We can easily prove by the assumption that Jab < aTb <1.

a+b

So f(x/7)>f(—)>f(1) 0.
f () + f, (b) > 21, (Vab)

k k

<@ +b™)—(a" +b*)>2(ab) 2 —2(ab)?

*2[(Ja)* —(Vb)'P

1
TN~ (f ik

k

k
kokoogq
= (a2 —bz)z(w—l)ZO
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From +/ab <1we can know that a*b* <1, so Lemma 8 is proved.

From the convexity of f,(x), which is mentioned above, and Lemma 8, quite similar

to the proof in lemma 6 in part one, we need to prove the proposition P(n,k) =1 only in

the following case:

k>1 and those x; which are not greater than 1 can be replaced by their average

value.
Lemma9. P(4,3)=1

Proof:

We only need to prove that 3f,(x)+ f,(y)>0,when 0<x<1<y3x+y=4.

Assume that t = l(t >1), then we can conclude that
X

4
X=—
{3x+y=4:{ 3+t
Y=t _at
3+t
-3 +yl-y®
3(t —1)?

in which g(t)=972+ 2106t +53t* —497t° +174t* + 20t° +t°
> (24/972 + 242106 % 20 + 2/53x174 — 497)t?

>167t°

>0

So 3f,(x)+ f,(y) =0. The proof is finished.
Lemma 10: P(35) =1

Proof:

We only need to prove that 2f,(x)+ f;(y) >0, when 0<x<l<y,2x+y=3.
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Assume that t = X(t >1), then we can conclude that
X

3
X=——0o0
{2x+y=3:{ 2+t
y=1x y= 3t
2+t

2X°=2x°+y°—y°

2(t-1)

:w(g(t)'“r2 )

In which g(t) =

3584 +12416t + 28928t +52160t° +21399t* — 2562t° —14523t° —11034t" +5905t° +1384t° + 223" + 22" +t*

> 21300t — 25621 +(2\ 3584+ 2/12416x 22+ 2/ 28028 223+ 2,/52160x1384 —14523)t° —11034t -+59061°

> 21390t —25621° +(324/14 + 3241067 +32/25199 + 32,/281990 —14523)t° —11034t” -+5905t°
> 21399t* — 2562t° + 8712t° —11034t" + 5905t°
= (21399t* — 2562t° +3556t°) + (5156t° —11034t” +5905t°)
>0
So 2f,(x)+ f,(y) = 0. The proof is finished.
Lemma 11:

Assume that O<a<b, 2a+b=3, and 2f, (a)+ f,(b) <0, then3 a,,b,, so that

O<a, <b, 2a,+b =3,and 2f ,(a,)+ f.,(b) <0,

Proof:
We can easily tell from the assumption that

O<a<l<b, ik+bik<2a"+bk. (10)
a
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Take r :%, then0<r<land 0<a" <1<b" <h. Using power-mean inequality
+

we can conclude that:

2a" +b" % 2a%+b* L

r< ;, r<
( 3 )r<( 3 )“.(r<a)
r r 1
Take o =1, and consider a <b, we have (2a ;b ) <1
So 2a"+b" <3 12
Since (a")*** =a*, (b")*** =b*, (10) is equivalent to
2 1

+ <2 a.I’ k+1+ br k+1 12
(ar)k+l (br)k+l ( ) ( ) ( )
Also, from inequality (11) we can conclude that
5:1—2"";b >0.

Now we take a, =a" +d,b, =b" +5.From 0<a’' <b" we have 0<a, <b, and 2a, +b, =3.
Noticing that & = (a" +8)“"* > (@")*"",b**" = (b" +&)*** > (b")**"*, we can conclude that
2 1 2 1

281k+1+b1k+1 >2(ar)k+1+(br)k+1’ - + - < — + —
alkl blkl (a)kl (b)kl

Also, considering (12) ,we can know that 2 1. 2a, "+ b,

a1|<+1 b1k+1
which is exactly 2f, ,(a,)+ f, ,(b) <0,

The proof of Lemma 11 is finished.
At the end, we give two following corollaries:
Corollary 1:

Assume that P(3,k) =0,(k e N, ,k > 2), thenwe have a,beR,.

O<a<b,2a+b=3,and 2f (a)+ f, (b) <0

Proof:
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From the assumption we can know that x;, X,,X; € R,
3

X +% +% =3and > f,(x)<0.
i=1

So we can conclude that at least one of x, X,, X, is greater than 1.
And let's just take x, >1, then x, +x, <2.

meLﬁmma8weamcmdeemmfA&)+fd@)ZZfdé%;iy
Take az%,bz X5, then

3
O<a<h, 2a+b=3, and 2f (a)+ f (b) <D f (x)<0.

i=1

Corollary 2:
Assume that P(3,k)=0, then for vk >k,k €N,, we have P(3,k)=0. Assume

that P(3,k) =1, then for vk <k,k €N, we have P(3,k,)=1.

Proof:

Assume that P(3,k) =0, from the results of Corollary 1 and Lemma 11 we can
conclude that P(3,k +1) =0, and by using this result repeatedly we can conclude that
P(3,k,)=0. And if P(3,k) =1, using proof of contradiction and the former result we
can know that P(3,k-1)=1. Using this result repeatedly, we can conclude

that P(3,k,) =1.

Now by summarizing the whole dissertation, we can conclude that:
Theorem 3:

1).P(Lk) = P(n,1) = P(2,k) =1(¥n,k e N,)
2).P(n,2) =1 n<10

3.P(n3)=1<n<4
4).P(nd)=P(n5)=1<n<3
5.P(nk)=L(k>6)<=>n<2

Proof:
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1)We can easily prove that P(1,k) = P(n,1) =1.Also,from Lemma 8, we have P(2,k) =1.
2)From Theorem 1, we can conclude that P(n,2) =1<n <10

3)From Lemma 9 and the properties of P(n, k), we have P(n,3) =0(n>5),
and from the convexity of f,(x) on (0,1] and Lemma 8, we know that
Lemma 9 proved P(4,3) =1, so P(n,3)=1<n<4.

4)From Lemma 7 we can know that P(4,4) =0, so P(n,4) =0(n > 4),
and Lemma 10 proved that P(3,5) =1. From Corollary 2, we can conclude that
P@3,4)=1 soP(n,4)=1<n<3.
Similarly, from P(3,5) =1, we can conclude that P(n,5) =1< n<3.
From Lemma 7, we have P(4,5) =0, and then P(n,5) =0(n>4),so P(n,5) =1<n<3

5)When n <2,P(n,k) =1, assume that k > 6,n >3. From Lemma 7 P(3,6)=0
and Corollary 2, we can conclude that P(3,k) =0(k > 6).
Also, from the properties of the proposition, we have P(n, k) =0(n > 3).
Sowhenk >6, P(n,k)=1<n<2.

In summary, we’ve finished the proof.

According to Theorem 3, we can get the truth table of P(n,k) as following:

‘\\i‘ 1] 2] 3] 4|56 7]8]9]10]nu
K

At the end, we indicate that, we may extend Theorem 3 the way we’ve extended
Theorem 1 to Theorem 2.
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Summary:

During our research, we are deeply amazed by the beauty and complexity of algebra,
as we can produce a series of worth-thinking and in-depth extensions from a simple
inequality. What we’ve done is extending the original inequality to higher-order ones, but
we also think it’s possible to extend it to real inequalities. As math enthusiasts in the new
century, we hope that one day, this extension will be proved.
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