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Abstract

This paper is inspired by an IMO problem which demonstrates that 2IE1Pi 4 1 has at least

4k positive divisors, where p; is odd prime greater than 3[11. In this paper, we generalized the
conclusion. In this process, we proved a theorem which happens to be a corollary of Zsigmondy
Theorem!2l, Using this theorem we proved that a™ + 1 has atleast d(f(n)) distinct prime

factorswhen 3 4n ,and d(f(n)) — 1 when 3|n, where f(n) stands for the greatest odd

divisor of n, d(n) stands for the number of positive divisors of n. We generalized the result

again by including the irrational numbers. We proved that there exists a constant M such that

n_ pn _am —_ .
t(a™ — ™) has atleast Y M distinct prime factors.

[Keywords]: Zsigmondy Theorem, Mdbius Inversion, prime, divisor, linear recursion sequence
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Section Zero: Notations

In this paper, we used the following notations. We have listed their definitions in the following

chart will use them directly in our paper.

f(n)
d(n)
bi
(a,b)
athb
alb
a || b
[a b]
a
()

a = b (mod p)

k
[ 7
a=1

p(n)

Q(n)

The greatest odd divisor of n.

The number of distinct positive factors of n.
Prime number.

The greatest common divisor of a and b.
b can not be divided by a.

b can be divided by a.

a™ | b while a™*! ¢ b.

The least common multiple of a and b.

a!
bi(a—b)!"

a and b have the same residue modulo p.

The product of py, D2, D3, - P

The sum of py, P2, D3, - Pi-

Exist.

For all.

Euler's function. It stands for the number of positive integers co-prime to
and smaller than n.

The set of all positive integers.

Mébius function. u(n) =1 if nis a square-free positive integer with

an even number of prime factors. (n) = —1 if nis a square-free
positive integer with an odd number of prime factors. u(n) = 0 if nhas
a squared prime factor.

The number of prime factors of n (the number of repetition counts).
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Section One:Lemmas

In order to prove our conclusion, we first need two pertinent lemmas. Following are our
proofs. The first lemma is a conclusion often found in mathematical competitions!3! while the

second is our corollary.

Lemma One

let a > 2, p be anodd prime, a,a, f,n € N,, n is an odd integer, assume p%|la+1, pf |
n, then

pac+ﬁ [| a™ + 1. (1.1.1)

Proof:
Since p%lla+1,let a=kp*—1, (k,p)=1,then

n
./n . .
a"+1=(kp®— 1"+ 1=Z(—1)"‘l(i)k‘p°“. (1.1.2)
i=1

Our main idea is to prove that among the sum of nitems above, the index of p in the first item
is smaller than that in any other item. Since then, the index of first item decides the index of the
whole.

For i =1, p®*F || (=1)" tnkp™.

For i > 2, we are familiar that

O-1(20) (113

Let pY |l i, then
nm-—1 n
B-y _( ) - (M. 1.1.4
PPzl 20) =) 14
Notice that here 8 —y is not necessary to be positive, but this won’t interfere with our proof.
. . —ifn i i - . A
Therefore the index of p in (—1)" l(i)klp"“ is at least ai + 5 — y. We shall prove that it is
greaterthan a + [, which is the index of first item.

Since p? || i, we know that i is very large, specifically we have
i>p¥>3Y=(1+2)Y>1+2y. (1.1.5)
If y#0,then
ai+pB—y=a+pf+@i-1D-y)=za+f+yQRa-1)=a+p+1. (1.1.6)
If y=0,then
ai+p—y=2a+B=>a+p+1. (1.1.7)
Based on what have been argued above, we have

n

. m . .
et 11 ) (~omi (D) kip = an 4 1. (1.1.8)

i=1
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Lemma Two

Let a = 2, pis an odd prime,a € N, then aP + 1 must have a prime divisor that does not

divide a + 1, unless a =2, p = 3.

Proof:

First we can prove that a? + 1 =p(a+ 1),and a? + 1 =p(a+ 1) ifandonlyif a =2, p = 3.
This fact looks trivial atfirst, but it is important to deal with details clearly.

Infact, since p is anodd prime, p = 3.

Then

a?+1>(1+@-1D) +1

(1.2.1)
p p ,
22+(])@=D+(;) (@= 12+ (a- 1P,
Because a >2,wehave a—1>1, (a—1)?2>1, (a—1)? > 1.
Therefore
-1 r-2)(p-3)
ap+123+p(a—1)+%=p(a+l)+%. (1.2.2)
_ a2 @2)(@-3) _ _ . : —
When p = 3, — = 0.We also have a? + 1 =p(a+ 1), ifandonly if a = 2.
When p > 3, w> 0.

2

Therefore, we proved our earlier conclusion.

Suppose lemma 2 is incorrect, then Vq is prime, q | a? +1, we have q | a + 1.

Let g*lla+1, a €N,.

According tolemma 1,

If g#p, q%1la? + 1.

If g =p, g%l a?P + 1.

Therefore, the index of prime g #p in a? + 1 is no more thanthatin a + 1, theindex of p is
no more than thatin a+ 1.

~aP + 1 < p(a+ 1). This contradicts our earlier conclusion.

Therefore, the supposition is fallacious and lemma 2 is correct.
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Section Two: The First Conclusion

Using the two preceding lemmas, we study the problem and guess that a™ + 1 alwayshasa
“unique” prime factor. Hence, when n is odd, we could acquire many different prime factors
considering a™ + 1 has many ways to be factorized. However, only by considering 23 +1 = 32,
we know that the guess is fallacious. Luckily, this is the only exception. Following is our proof.

Theorem One

Va=2,n=>4or a=3,n=2, n isodd, there exists a prime p, such that

pla*+1l,andvm<nmeN,pta™+ 1. (2.1.2)

Proof:
Suppose that the conclusion is fallacious. Then for every prime divisor p of a™ + 1, there exists
meN,, m<n,suchthat pla™+1.
We take the smallest m satisfying the above condition. We shall prove m|n first. It is a
conclusion similar to that of the order, the proof is also similar. Just use the division algorithm and
some idea from infinite descent.
If mtnlet n=sm+r, r,seN,, 0<r <m.Then

0=a"+1=a""" 4+ 1= (a)%a"+ 1= (—-1)%a" + 1 (mod p). (2.1.2)
When 2 ts, a” =1 (mod p), then

0=am™+1=a™"a"+1=a™ "+ 1 (mod p), (2.1.3)

which means p | a™ " + 1.
Since m is the smallest, wehave m—r>m, r <0.
This contradicts with 0 < r < m.
If 2|s,then 0 =a" +1 (mod p).
Since m is the smallest, r = m.
This contradicts 0 <7 <m.
Based on what have been argued above,, m | n.
If n is prime, then for every prime factor p of a™ + 1, have there existed m <n, pla™+ 1
should we have m | n.
Hence m = 1. From lemma 2 we know that theorem 1 is correct.

If n is composite, let the standard factorizationof n be

k
n= ﬂpi"‘i. (2.1.4)

Here k represents the number of distinct prime factors of n.
Let n; =§ , (i=1,23,..., k).
L
From our earlier arguments, we know that for any prime p | a™ + 1,
AmeN, m<n, mIn, pla™+ 1.
Hence, there exists integer i, such that m | n;. For every prime factor g of a™i+ 1
Let g%l a™ +1, a € N. According to lemma 1,
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When q =p;, ¢l a™ + 1.
When q #p;, g% 1l a™ + 1.
Hence we have

at+ 1[a™+1,a%+1,..,a% + 1]

I~

i=1

By observing the above divisibility, we find that (2.1.5) is not likely to be true. In fact, the right

side is a?™ approximately, whereas the left side is greater. Following are detailed analysis on
the scale of each side, especially the right.
We want to prove

k
a*+1>[a™+1,a"+1,..,a% +1] 1_[ Pir (2.1.6)
i=1

which, in another word means

k

a*> [a"+1,a™+1,..,a% + 1] Hpi. (2.1.7)
i=1

However, the least common multiple is not easy to estimate, so we shall use a conclusion to
simplify the right side. That is when u, v are odd, we have
(@ +1,a’+ 1) = a®» + 1. (2.1.8)
We see thatwhen u, v are odd, we have
(a*+1,a"+1) | (@®*—1,a%" — 1) = 20w — 1, (2.1.9)
While
(@@ —1,a* +1) = (a® - 1,a* - 1+2) = (a®” - 1,2). (2.1.10)
Since we have
a® +1]a* +1, a® +1]a* +1. (2.1.11)
We could acquire
a® 411 (a*+1,a” + 1). (2.1.12)
If a iseven, then (a(u'”) - 1,2) =1, (a*+1,a’+1)=a® + 1.
If a is odd, then (a®¥) —1,2) = 2, we can consider the index of 2 in a* +1 and a®) +

1.
Let (u,v) =d, u = ld, such that d is odd, therefore we have

-1
a*+1 = (a + 1)2 as? (—1)s. (2.1.13)
s=0

We notice that this addition consists of an odd number (I) of odd numbers. Hence, the result is
odd.

Therefore, the indexes of 2 in a*+ 1 and a®@? 41 are equal, and we still have
(a*+ 1,a” +1) = a®» +1. (2.1.14)
Then
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Now we will use cross classification to represent the least common multiple:

[a™+1,a™+1,..,a" + 1]

= 1_[ (@™ +1,a™2+1,..,a"%

1<i4<iy,...<ip<k
1<t<k

+1

+ 1) -1 ‘

+1

Notice that for every positive integer m, we have
1
am<am+1<am<1+a).

Hence

+1

1<i4<iq,...,.<i;<k
1st<k

1 t+1 1
< 1_[ a (nignigmig) l_[ (1 +E )

1<i,1<iy,...,<i¢<k 1<i41<iy,...,<i¢<k
1=<t<k 1<t<k
t is odd

We shall now simplify our right side of this inequality.

The first product is a product some power of a.The power is

t+1
D
(nilfnizt 'nis)

10, <ip,n..,<ip<k
1<st<k
Notice that
( )= (n n n ) 3 n
Mgy e i) = Pil'Piz' "”Pis B pilpiz_“__pisl
So the power of a is

t+1
k

n -1 1
) <Pi1Pi2,___,Pis> =nl- 1._[(1 B E))

1i4<izp,...<iz<k i=1
1st<k

=n—q(n).

The second product of the right side is

Zt is odd(ltc)

1 1

(14-)=(1+)

o i a a
1<i41<iyp,...<it<k

1st<k
t is odd

Since
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By (Q+ED) + @+ Dk

5 2k-1, (2.1.22)
t is odd
The right side of (2.1.17) can be written as
1 2k—1 k
- (1 4= ) ﬂpi- (2.1.23)
i=1
Now (2.1.7) is equivalent to
1 2k—1 k
29™ > (1 +E> ﬂpi- (2.1.24)
i=1

From a direct sense, the above inequality is trivial, since in the left side, the power of a is

already ¢(n), which is approximately [[¥_, p;. Following is detailed proof. Basically, we are
2k—1
) 1 )
trying to show how small (1 + ;) is.

First, we have

k k k
1 , 1
p(n) = nn (1 - —) o np["l (1 - —) > 1_[ (p;—1)= 2k (2.1.25)
i=1 P/ g Pl
Therefore
a(p(n) a - 2\/6 on) 3 o(n)
N 2 ( 1)"’ 2 (T) = (E) : (2.1.26)
(1 + a ) 1+ a
In the above inequality, we used that a is not less than 2 and L—l increase monotonously.
1+=
Also, we have
R 1 1 (2.1.27)
— > — — 2 _ 2. .1.27
(2) 21459 +70M)* > 200
Now we only need to prove
k
1 2
7om? = l—[p"' (2.1.28)
i=1
Since n is composite, we have k> 2or a; =2 2, k= 1.
First case: k = 2.
At this time, we acquire
k
p(n)? = ﬂ(pi— 1)2. (2.1.29)
i=1

So

Page - 319



N28

k
pm? TT@=1D_ =12 -1 B-1G-1
M, p i1 pi P2 B 3 5
B 64
15
Hence
k Kk
1 5 16
Z<p(n) > El_[pi > sz
i=1 i=1
Therefore
2k—1 k
a®®™ > (1 +-= ) pi
i=1

Second case: a; = 2, k=1.

At this time, we acquire

So

1 1
Zso(n)z > Zplz(pl —1)2 > p;.

Zk_l

aﬁO(TL) > (1 +l )
- a

k
[ p
i=1

Above all, the inequality (2.1.7) holds, so (2.1.5) cannot be true. Contradiction!

Hence our Theorem 1 is correct.
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Section Three: The Second Conclusion and a Special Case of the Dirichlet’s Theorem

With the preceding theorem, we could easily acquire one of the conclusions of our thesis and
give an estimation of the number of prime factors of a™ + 1. Meanwhile, we notice that theorem
one can help us provide the proof of a special case of the Dirichlet’s Theorem, the case when the
first term is 1.

When n is even, let n = 2¥n,, where n, is the greatest odd factor of n.Then we havea™ + 1 =

n
(azk) ! + 1. Therefore, we can convert this case to the case when n is odd. Therefore, in

theorem 2 we only discuss the case when n is odd.

Theorem Two

Let a=> 2, n be an odd positive number. Then when 3| n or 34n, a® +1 has at least

d(n) — 1 or d(n) prime factors, respectively.

Proof:
For any divisor m of n(m # 3), from theorem 1 we know that there exists a prime p such that

pla™+1,andVk € N, ,k <m,pt a* + 1. (3.1.1)
Let p = p(m). Since n is an odd positive number, we have

a™+1]|a™+1. (3.1.2)

Hence, all p(m) divide a™ + 1.
Next we prove p(i) # p(j) (i #)).
In fact, had there existed i # j, while i, j areboth positive divisors of n, such that p(i) = p(j),

we could assume i < j.

From the definition of p(j), we have
vk € N,k <j,ptak+1. (3.1.3)
However, p(i) = p(j), from the definition of p(i), we have
p() | a+ 1. (3.1.4)
This is a contradiction.

Hence, when 3| n, we acquire d(n) — 1 different prime factors.
When 3 t n, we acquire d(n) different prime factors.
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Theorem Three

Let n € N, then the sequence {tn + 1};Z; includes an infinite number of prime terms.

Proof:
Let n = 2¥n,, such that n, is odd. Now we take {a;}y, inthat

m 2k
al = 32k,am+1 = (n(a:l + 1)) . (321)
k=1

We know then that a?l +1, a;“ +1, a;“ + 1, ... areall respectively co-prime.
From Theorem 1, we know that
For any positive integer i, there exists a prime p; | a?l + 1, such that

vm<nméeN,,pta" +1. (3.2.2)

From the definition of {tn + 1}{2;, we know thatthese exists b; € N, such that ai=bi2k.

2k+1n

2n
Hence, we have p;| a;™" —1 = b; t—-1.

Let the order of b; modulo p; be t: t is the smallest integer that satisfy

p; | bt —1. (3.2.3)
From the properties of order, we have
t|2k+1n,. (3.2.4)
k.
Since we obviously also have p; t bi2 " —1, we have
t+2kn,. (3.2.5)
Therefore
2K+ || ¢, (3.2.6)
As aresult, let t = 2k*1n,, such that
n, | ny. (3.2.7)

t t
We also have bf—1 = (bf - 1) <bf + 1>,

t
~ t z _
Butsince < t,wehave p; t b? —1.

Hence, p; | b% +1= bizkn2 +1=a?+1.
According to (3.2.2), n, = ny, but from (3.2.7), n; = n,.
Therefore, n; = n,, t = 2K1n, = 2n
According to the Fermat’s Little Theorem, we know
p; | P — 1. (3.2.8)
Asaresult, 2n|p;—1, p; € {tn + 1}2,.
Since a7111+ 1, agl +1, agl + 1, .. are all respectively co-prime, we know that p; (i =
1,2,3...) are all different.
Hence, we have found an infinite number of prime terms in {tn+ 1}2;., and the proof is
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complete.
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Section Four: A Second Thought of Theorem One

Considering the preceding proof, we can see that we almost only used the property of
sequence {a™ + 1};_; that every two items of this sequence have their greatest common

divisor in this sequence. In another word, (a*+ 1,a” +1) = a®® 41,
Using the equation from Mobius inversion, we can prove a generalized conclusion.

Theorem Four

If a sequence of positive integers {x,}n=1 satisfies the following property:
vm,n € Ny, (XpmXn) = X(mn), (4.1.1)
then there exists a sequence of positive integers {y, }n=1, such that

Xn = Hyd. (4.1.2)

din

Proof:
First, let’s analyze what should {y, }n-; satisfy. According to M&bius inversion, (4.1.2) can be
transformed to

_ (g
Yn Xq @, (4.1.3)

d|n
where u(n) denotes Mébius Function.
Hence, we only need to prove thatthe right side of (4.1.3) is a positive integer.

Itis clear that d needs to be concerned only when ,u(%) # 0.In another word, we only consider

such d that g is square-free.

We use the same notation in theorem 1 and recollect the following two definitions:

_n
n; = E (4.1.4)
k stands for the number of distinct prime factors of n.
Since we know that
n n n n
—pilpiz‘___‘pis = (p—il,p—iz, ,p—ls> = (nil,niz, . Tlis), (4.1.5)
we canrepresent y, as
t
Yn = Xn X 1_[ X(nipniy..ni) “o (4.1.6)
1<i4<iy,...,<it<k
1=<t<k
We notice that
X (nimiymi) = (xnil,xniz,...,xnit). (4.1.7)

Considering the formula of cross classification or exclusion and inclusion theorem, we can find
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that the above equation can be simplified to be
xn

[Xn X, s X ]

Yn (4.1.8)

Since (xnl,xn) = X(n,n) = Xn, Weget x, |x,. Inotherword, x, isamultiple of every x,,,
so it has to be the multiple of their least common multiple, [x, ,X;,,...,xy,]. Therefore, we
have y, isaninteger.

We notice thatsince every x,, is positive, y, isalso positive.

Hence, y, is a positive integerand the proof of theorem 4 is complete.
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From the representation of x,, we have enough confidence to find many prime divisors of

X,. At least we have already proven that it contains many divisors. A direct thought is to prove

that y, is greaterthan 1 and co-prime to each other. However, this guess is not totally true;

following is a correct and close statement.

Theorem Five

Inthe sequence {y, }n=1 from theorem four, we have the following property: if mtn and n t

m, then

(:Vm' Yn) =1

Proof:
We mentioned that the sequence {x,};=; hasa property that (x;,,X,) = X(nn)-

( Xm  Xn >_ )
X(mn) X(mn) .

From the representation of x,, X, and X5, we have

]
X (mn) @

dlm
di(mn)

== ]|y
X (mn) @

din
dt(mn)

Hence, we have

Since m tn and n tm, we know that (m,n) < m, n.
So, we could acquire

xm
Yml Ya=
dlm (mn)
dr(m,n)
_ X
Yal Ya =7
dim (m,n)
dr(m,n)
Therefore, we know that
(ym' Yn) =1,

and the proof is complete.
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Section Five: Preparation for the Final Conclusion

Next we will choose a specific sequence {x,}n-; and consider the number of prime factors
of each term. In order to meet the requirement that (x,,,x,) = X (mn), We consider a familiar

sequence {t(a™ — B™)}—,, Where a, B,and t arereal numbers.

Theorem Six

Let x, = t(a™ — B™) (n € N), where a >, aand B are the roots of the equation x? —

ux + v =0, inwhich u and v areco-prime positive integers, u? > 4v,and u > v. Here t =
akT[? in whichk € N, (k,v) = 1.

Then we have

vm,n € Ny, (xpXn) = X(mn)- (5.1.1)

Proof:
First, we can prove that

x, (n#0) EN,. (5.1.2)
We see that x, =0, x; = k.
From the definition of the sequence, we know that
Xpp1 = UXy — VXp_q- (5.1.3)
Therefore, using mathematicalinduction, we can easily prove (5.1.2).

Next, we use Euclidean Algorithm to calculate (x,,, X;,).

Since m,n € N,, we canassume m <n, then

Xp — X (@™ + ) = —t(af)™ (a2 — pro2m)
= t(aﬁ)n—m(aZm—n _ BZm—n).

We notice that a™ ™ 4 ™™™ is symmetrical about @ and f, hence it can be writtenasa

(5.1.4)

polynomial of o+ B and of}. Therefore, a™™ ™ 4+ ™™™ isan integer.

Hence

(o) = (o, —t (@)™ (a™=2m — pn-2m))
= (s t(af) - (q2mn — grm-ny), 513
Because we have (5.1.3), we can acquire
Xm = UX 1 (Modv). (5.1.6)
We know that u,v are co-prime positive integers,and x; = k, which is also co-prime to v, so
vme N, (x,,v) = 1. (5.1.7)
In other word,

vme N, (X, aB) = 1. (5.1.8)

Then from (5.1.5), we have:
When —2m > 0, (X, %) = (X Xn—2m);
When —2m < 0, (X, X)) = (X X2men)-

In either case, the superscripts have the same greatest common divisor. In other word, we know
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(m,n) = (mn—2m) = (m2m — n). (5.1.9)
Since the smaller one of the superscript always decrease, this calculation must end in finite steps.
At this time, we can suppose we have
(X Xy) = (xi,xj), (5.1.10)
In which either i = 0 orj = 0. Ineither case, i or j = (i,j) = (m,n).
Also, we know (xi,xj) = x; or x; (because x, = 0).
So we have
(X X)) = (xl-,xj) = X; OF Xj = X(j) = X(mpn)» (5.1.11)

and the proof is complete.
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Although we already proved that the sequence {t(a™ — B™)}n-, satisfies our conditions in

theorem four, we still need to prove that the corresponding sequence {y,}n-; satisfies the

condition that y, > 1, otherwise we will not find many prime factorseven though we have

represented t(a™ — B™) as the product of many positive integers.

Theorem Seven

Let {x,} be the same sequence mentioned in the theorem six and let y,, be its corresponding

sequence as described in theorem four. Then there exists a positive integer M, such that once

n > M, we have

Vp>1

Proof:
First, we observe that there exists two constants c;,c, such that

a< x,=tla"—p") < ca™,
because |(§)"| is sufficiently small when n is sufficiently big.

Now we recall the representation of y,, from theorem four:

N
=x., X -
Yn n x(nilrnizy---.nis)
1<i,<iy,... <is<k
1<s<k

When s is odd, we use the right side of (5.2.2) to estimate.

When s is even, we use the left side of (5.2.2) to estimate.

Then we have

Clzk—l

Yn >’__EE:I X Xy X
c

2 1<i4<ig,., <ig<k
1<s<k

S
D
a (ni1!nizl""nis) "

In other word, there exists a constant ¢ such that

+1

S
Yo > € X X, X )y (D = ca™

1<i41<iy,...,.<ig<k
1s<s<k

a (nillniz,---,nis

Sincea > B, and aff = v € N, we have a > 1.

Hence when n is sufficiently big, ¢ (n) is sufficiently big. Then we have
y, > ca?™ > 1,

and the proof is complete.
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Section Six: The Final Theorem

Now, it is time to estimate the number of distinct prime factors of x,, and get the result.

Theorem Eight

Using all the same notations and definitions as mentioned in section four and five, we consider

the sequence {x,}n=1 = {t(a™ — ™) }nso. There exists a constant M such that x,, has at least

am)

Yy M distinct prime factors.

Proof:

Our main idea is to find many divisors of n, such that anyone of them do not divide any other

Xn = nyd- (6.1.1)

different items from the right side of (6.1.1), with every two of

one. Consider the representation of x,,,

d(n)
Q(n)+1

In fact, once we find

d(n)

them co-prime, we can find
Q(n)+1

— M items greaterthan 1 and co-prime to each other. Hence

d(n)

we can find at least YA

— M prime factors.

We use the following method to find these divisors.

We choose all the divisors of n such that Q(n) = e, where e is an temporarily undetermined
constant.

This method of choosing can guarantee that anyone of them do not divide any other one. In fact
if flg, then Q(f) < Q(g), the equality is true only when f = g.

am)

Now we will prove that there exists a value of e such that we can choose atleast PYSYe]

divisors.

Let the standard factorizationof n be

k
n= l_[piai' (612)

Then consider the polynomial

L(x) = ﬁ i xt. (6.1.3)

i=1 j=0
The degree of this polynomial is (n),and the sum of all the coefficients is L(1) = d(n).
We can choose the term with the greatest coefficient. Suppose this termis x", thenits

am)
Qm)+1’

coefficient is greater thanthe average value
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Consider the meaning of the exponent of each term, we know that its coefficient represents how
many divisors we can choose using our method.

We now choose e = r, and the proof is complete.
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Section Seven: Conclusion

In this paper, we mainly discussed the number of distinct prime factors of one specific kind
of sequence {t(a™ — f™)}r=,- FOr amore concrete example, we gave an estimation of distinct
prime factors of sequence {a™ + 1};_;. Asa by-product, we proved a special case of the
Dirichlet’s Theorem. Following are our main results:

1. Va=2,n=4 or a=3,n=2, nisodd, there exists a prime p, such that

pla®*+1l,andvm<n,meN,,pta™ +1.

2. Let a = 2, n bean odd positive number. Then when 3 |n or 34n, a® +1 has at

least d(n) — 1 or d(n) prime factors, respectively.

3. Let n € N,, then the sequence {tn+ 1}, includes an infinite number of prime

terms.

4. Consider the sequence {x,}n=1 = {t(a™ — B™)}r=o- There exists a constant M such

dn)

Q)+l M distinct prime factors.

that x, has atleast
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