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An inequality chain of Seiffert mean,
NS mean and power mean

Abstract

In this paper, we study the inequality relationship between
power mean with Seiffert mean, NS mean, logarithmic mean
and exponential mean. Particularly, we extend a pre-existing
inequality chain in two variables by proving M, <1<M,,
M,,<h<M,, , M,,<P', Z<M,,<P" Additionally, hundreds of
Agarwal inequalities are obtained by using the given lemmas. At
the same time, we point out some wrong conclusions in some
papers about exponential mean and logarithmic mean through
some counter examples.

Key words: Seiffert mean, NS mean, power mean, mean
inequality, Agarwal inequality.
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I. Introduction

During the process of studying Maths in high school, we continually meet a
series of the final questions about power mean in the simulation test of the College
Entrance Examination, which involves the relationship between power mean,
exponential mean and logarithmic mean.

Currently, the exploration of the relationship of these means is a very hot topic,
particularly, power mean’s inequality, which often appears in the College Entrance
Examination and mathematical competitions.

Mean of two positive number is a simple but important mean. Therefore, various
mathematical theory workers and lovers are attempting to do researches on various
kinds of means. Up till now, all have been defined for the means as follow:

a-b
N ——.,a#h,
Definition!! : Logarithmic mean: L(a,b)={Ina—Inb ”
a, a=h.
Exponential mean:  1(a,b), E(a,b)
1 a* =
l(ab)=1{e o) 2P
a, a=h.

a® -
e(—)P2,a=b

E@b = b 87"
a, a=h.

a b
Power-exponential mean: B(a,b)=a"?ha,

b a

Inverse Power-exponential mean: D(a,b) =aa®pba+

-

Symmetric means: Q,(a,b) = %(arbS +a’h") ;

r=2+P)s=20-p)

Holder mean: M (a,b)= ( 2

Jab, p=0
specially, p=3,2,1,0,—1,-2 obtained respectively
cube root mean M, . square root mean M, . arithmetic mean A. geometric

mean G . harmonic mean H . harmonic square root mean M , .

a’+b°
Lemhmer mean: L,(a, b) = W ,
b? —aP #
Stolarsky mean: Sp(a,b)= (p(b—a)) ,a#b,p=0,1

b, a=b
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2, -yyasb,
T a

Toader mean: T(a,b)zgjf\/azcoszﬁ—i-bzsinzﬁd6’= 2—bg( 1—(%)2),a<b,
T r

a, a=h.
in here, g:dmzﬁfm—ﬁgﬁedaremﬂ.
a-b
) , ,a=b
Seiffert first mean: P’ (a,b) =< 4arctan~a/b-r
a, a=b
a-b
- ,a=b
or P'(a,b)=12arcsin[(a—b)/(a+b)]
a, a=b
a-b
: ,a#=h
Seiffert second mean: P"(a,b)={ 2arctan[(a—b)/(a+Db)]
a, a=b
a-b
- ,azb
NS mean: Z(a,b)=<2arsinh[(a—b)/(a+Db)]
a, a=b
Heron mean: h(a,b)= %\/M )
Conjugate Heron mean: ﬁ(a, b) = %\/%er )
2 2
Centroid mean: g¢(a,b)= 22’ +ab+b)
3(a+b)

2 2
Inverse harmonic mean: C(a,b)= a’+b .

a+b

and we know
Theorem O ForO<a<b, then
a<M,<H<G<Q,<L<M,,<M,,<h<M,, <l <A<g<M,<M,<L <b. (1.1)
(see [2]) obtained
D<M,<H<G<L<h<P'<h<l<A<Z<P"<g<M,<B<M,<C. (1.2)

(see[3]) obtained: M, ,, <P'<M,,. (1.3)
In1998, (see[4]), the author Vuorinen gave the following conjecture:

M,,(a,b)<T(a,b). (1.4)
This conjecture is proved in the (see[5]) and (see[6]) . In 2004,(see[7]), the author
proved:  T(a,b) <M 210 (@,0). (1.5)

Main results in this paper are:
Theorem 1.1 ForO<a<b, then
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a2/3+b2/3 1 aa R a.ln2_+_bln2
M2/3 <l< Mlnz = (T)S/Z <E(F)a7b <(T
Theorem 1.2 ForO<a<b, then Z<M,,<P".

That is

)2 (1.6)

a—b <(a3/2+b3/2 203 a-b
2arsinh[(a—b)/(a+b)] 2 2arctan[(a—b)/(a+b)]
Theorem 1.3 ForO<a<b, thenM, , <P'.
a1/2+b1/2 a_b
’< .
2arcsin[(a—Db)/(a+b)]
Theorem 1.4 ForO<a<b, thenM,, <h<M,,

1/3 1/3 1/2 1/2
Thatis (2 ;b )3sa+4J6%+bs(a ;b ). (1.9

From these we get a lengthened chain of inequalities:
Theorem 1.5 ForO<a<b, then

a<D<M,<H <G<Ql/3<L<M”3<ﬁ<M”2<M
<M,,, <A<Z<M,,<P"<g<T<M

(1.7

That is ( (1.8)

mame <P'<h<M,, <l <M
<M, <B<M,<L,=C<b
(1.10)

In2

(In2)/(Inz/2)

Il. Lemmas
Lemma2.1l: fO<H<fg<a<A, then
0<a-p<af(a-b)/(a+b)]. (2.1)
Proof: from O0<H<B,0<a<A, weget 0<aH <A, thatisa-%—ﬂso,
that is
a-4ab/(a+h)* -~ B<0, a-[l-[(@a-b)/(a+b)]-B<0, thatis
0<a-p<a-[(a-b)/(a+b)].
Lemma2.2: If 0<G<pfg<a<A, then
0<a-p<a-(Na-+b) /(a+h). 2.2)
Proof: from 0<G<f,0<a<A, weget 0<aG<fA, thatisa-%—ﬂﬁo,
that is
a-2\ab/(a+b)- <0, a-[I-(a—-b) (a+b)]-B<0, thatis

0<a-p<a-(Na-+b) /(a+h).
Lemma23: If 0O<HLpg<a<C, then

0<a-pB<a-(a-b)y /(a>+b%). (2.3)
Proof: from 0<H <f,0<a<C,weget0<aH < fC, thatis «-H/C—-£<0,
that is
2 2
a-azz;:bbz—ﬂﬁo, a-[l—%]—ﬂgo, thatisOSa—ﬂSa-(ailbb)z .
Lemma2.4:IfO<H<f<a<g, then
0<a-pB<a-(a-b)’/(a’+ab+b%). (2.4)

7
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Proof: from O0<H < f,0<a<g,wegetO<aH <fg, thatisa-H/g-£<0,
thatis «-3ab/(@*+ab+b’)-B<0, «a-[l-(a-b)’/(a’+ab+b*)]-4<0,
thatis 0<a—fB<a-(a—b)*/(@*+ab+b?).

I11. Proof of Theorems 1.1-1.4

Proof of Theorem1.1: observe and study

1 a* -
a®+b” & ~(5)*",a=b,
M, =( ) and l(a,b)= e(bb)
a, a=bh.
Letx=a/b>1, then a=bx.
. aP+b” -+ 1
Take the natural logarithm, InM  =In( ) =——1In —+Ina,
p 1+x°
@b =——td 121X jq g,
a-b b x—1
Letf(x):ln—x+lln 2 -1, x>1, then

x-1 p 1+x7°

IR CE
(x—=1) X X(xP +1)
(D _XT=2%HL 1y s, g(1)=0,
x(x"+1)  x""4+x  x
(1= p)x"2 =x*P' 4+ 2p-2)x"" +x*P + (1- p)x* + x> =X

x*(x" +1)° '
Leth(x)=(1-p)x"? =x*" +2p-2)x"" +x* + 1= p)X"+X*=x,x>1, h(1)=0,
thenh' (X)=(2—-p—pH)X""' —=p+Dx** +2p° =2)x" +2px’*" + p(1- p)x" " +2x-1,
h(1)=0,
W(X)=2+p-2p’—p’)X" =2p2p+Dx*"" + p(2p* =2)x"" +(4p’ 2 p)x*"*
+H=p’+2p* - p)x"*+2, h'()=—-6p+4.

f'(x)=

Letg(x):l—l—lnx+
X

theng'(x) =

Let h'(1)>0, thenp S% . If h'(1)<0, then there exists h(x)<0, f(x) will

first increased and then decreased.
(i) If p>In2, because M, ,>1(a,b), we know when p>In2, f(X) is

constant negative.
(i) If 2/3<p<In2, when X—1, there exists f(X)<0; whenx —> o0, there

exists f(X)>0.
(iDIf p<2/3,we unable to determine the monotony. Because M, , <1(a,b),
we know when p<2/3, then f(Xx) is positive forever.
From(i). (ii). (iii),we know when 2/3< p<In2, there does not existl(a,b)’s
indeed circles . So the wupper bound for the I(a,b) is M,, ; and

because M, , < 1(a,b), so the maximum infimum of I(a,b) is M,,,.
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Via this exploration, we obtain M, ,>1(a,b)>M,,, and prove that the range of

p is the most precise.
Ratiocination: Because we can not infinitely narrow | (a,b) indeed the world, it
is speculated that the real p does not exist to make M =1(a,b), whose proof is so

easy that is omitted.
Proof of Theorem1.2: AsforZ <M,,,, we need to prove

. 3/2 3/2
__a-b PSRN (3.1
2arsinh[(a—b)/(a+b)] 2
2
Lett:\/§>1, thena_b:tz_l,
b a+b t +1
t* -1 t'+1

hen ' - . <( ) (3.2)
2arsinh[(t" —1)/(t" +1)] 2

is equivalent to

2
ar sinh[(t* —1) /(t*> +1)] >%, (3.3)

let f (t) = ar sinh[(t* —1) /(t? +1)]—%,t >1,

2t 27°t(t+))
E+t+1 E+DF
we just need to prove:

2%t g 278t (t+1)
@+t el E+DV

2° . (t+1)°
E+D°t +1)° " +D1)"°°
is equivalent to:
22+ >+ D+t +1)°. (3.5)
Letg(t) =10In(t’ +1)=3In(t* +1)—61In(t> +1) - 6In(t + 1)+ 5In 2,
30t 120 12t 6

then f '(t) = t>1,

(3.4

that is:

then g (t):t3 1t 241 t+l
6t =3ttt -t 43t -t 1)
- t +D)(E + D) +1)
C6(t=D(t° 4267t —t + 2t +1)
B t + 1) + 1) +1)
_ 6(t—Dt° +t*' - +t°t° =) +2t+1] 50
t* + ) +D(* +1) ’
sog(t)>g(l)=5In2+10In2-6In2-6In2-3In2=0.
Then prove: M,, <P",
We need to prove:
@A s a-b . (3.6)
2 2arctan[(a—b)/(a+b)]
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— 2_
Lettz\/§>l, thena b:tz 1,
b a+b t°+1

t* -1 t*+1
- - >( )2/3
2arctan[(t” —1)/(t" +1)] 2

is equivalent to

(3.7

-1
arctan[(tz —1) /(t2 + 1)] < W . (3.8)
f 2 2 t2 _1
Let (t):arctan[(t —l)/(t +1)]_W’t >1.
2t 2°Pt(t+1)
So f'(t)= - ,
© th+1 (P +1)°

We just need to prove:
2 273(t+))
<

tt+1 (P +1)°°7
that is:

208 +1)°7 <22t +1)(t* +1) (3.100

is equivalent to

200 +1)° < (t+1)°(t* +1)°. (3.11)
Letg(t)=3In(t* +1)+3In(t+1)=5In(t’ +1)-1n2,

, 20 315t
then g (t)_t4+1+t+1 t'+1

_3(t=DIt’ -1)° -2t°)

t>1.

(3.9

t* + )€ +1)
O 3(t=D(E +42t=D(t* =2t -1
t*+ 1)t +1)
3(t—1)(t2+\Et—1)(t—*/€;‘/5)(t+\/g;‘/§)

o t + D) +1)
When1<t<\/g;\/§,theng'(t)>0,.g(t)>g(l):31n2+3ln2—51n2—1n2:();
Whent>‘/€;ﬁ, theng'(t)<0. g(t)>limg(t)>0
We conclude that g(t) > 0.

1/2 1/2
Proof of Theorem1.3: M, , <P' < (2 +h ) < . a-b
2 2arcsin[(a—Db)/(a+b)]
172 _
<:>[(a/b) +12< . a/b-1 ' (3.12)
2 2arcsin[(a—b)/(a+Db)]
Let a and b be two positives, anda/b >1, lett:a_b:a/b_le(o,l),
a+b a/b+1
and%:1+t, then
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(a/bW2+12< a/b-1
2 2arcsin[(a—b)/(a+Db)]
K1+t)«1—tﬂ”2+4]2<(1+t)«1—ty—1Cj t >14«J1—t2.

2 2 arcsint arcsint 2
t >1+J1—ﬁ
2

arcsint

[

is equivalent to

[

(3.13)

. T . .
Letu =arcsint (0,5) ,» then is equivalent to

sinu l+cosu
>

5 & 2sinu>U+UcosU . (3.14)
u
Let f(u)=2sinu—u—ucosu, u E(O,%) , then

f'(U)=2cosu—1—cosU+Usinu=cosUu—1+usinu,
f'(u) = —sinu +sinu+ucosu = ucosu >0,

We conclude that f (u) is monotone increasing in (0,5) » SO

f'(uy>f(0)=0, so f(u) is monotone increasing in (0,%) ;SO

f(u)>f(0)=0, thatis 2sinu>uU+UcosuU.
Proof of Theorem1.4: we first prove the left part of the inequality

_ 1/3 1/3
M1/3<h<:>(a erb )3£a+4\/6£+b.

Let a=x°,b=y°, the original inequality can be equivalent to

(xz + y2)3 < X +AX’y +y°

2 6

< X —ox Y +16X°Y’ —9x* Yy +y° >0

S (X +H4xy+yH)(x-Yy)' >0.

Then we prove the right part of inequality:

a+4+ab+b < a’”?+b'"?
6

(3.15)

h< M,, e

(=)

Let a=x°,b=y°, the original inequality can be equivalent to

6 3,,3 6 3 3

X" +4xXy +y S(x +y
6 2

SX -2y +y >0 (X -y) >0.

)? (3.16)

IVV. The application of various binary means

(i) some new Agarwal type inequalities
During the study, we also found a kind of interesting inequality--Agarwal
inequality. In 1996, Agarwal put forward this interesting inequality

0<L-H <L[(a-b)/(a+b)]*, which is called Agarwal inequality.
In 2011, Yan-Li Bi obtained three similar Agarwal inequalities:
(1) 0<E-H<E[(a-b)/(a+b)]’,

11
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(2) 0<E'-L<E'[(a-b)/(a+b)]*,
(3) 0<L-G<L[(a-b)/(a+b)].
Among them, (2) is proved incorrect while only (1) ,(3) are correct. In fact, with

the support of following simple lemmas and obtained conclusions, we can quickly
prove Agarwal inequality.

(1) 0<I-L<I[(a-b)/(a+b)].

(2) 0<1-M,,<I[(a-b)/(a+b)].

(3) 0<M,,,—h<M, [(a-b)/(a+b)].

(4) 0<M,,,—M,, <M, [(a-b)/(a+b)].

(5) 0<l-L<la-+b)*/(a+b).

(6) 0<L-H<L(a-h)*/(a’+b%).

(7) 0<M,-M, <M, (a-b)*/(a’ +b?).

(8) 0<L-H<L(a-b)*/(a’+ab+b*).
Proof: according to lemma2.1-2.4and obtained conclusions :

a<D<M_,<H<G<Q,<L<M,,<h<M, ,<P' <h<M,,<I<M_,<M,,

<A<Z<P"<g<M,<B<M,<L,=C<b,then the above chain of inequality is
established. Some interested colleagues can continue to explore.

(if)  find some mistakes in the former paper
Meanwhile, we found some mistakes in the former paper.
obtained this conclusion(see [1]):

H<E<L'<G<Q,<L<E'<A.
In fact , this chain of inequality is incorrect
E'<A is incorrect, such as, a=1b=2 , E'=2/e<3/2=A ; but
a=0.b=0.2,
E"'=20/e>3/20=A.

L<E™" is also incorrect , that means E <L 1S incorrect, such as,
a=1Lb=2,

L=1/In2~1.44>2/e=E";but a=0.1,b=0.2,

L=0.1/In2~0.144<20/e=E™". L<E™ isincorrect, which is equivalent to

L' <E isincorrect. But this chain of inequality can be correct to
Theorem1.6 H<E<G<Q,,;<L<A.

Because H<E<L'<G<Q,,<L<E™ <Ais incorrect , paper[11]’s Agarwal
inequality is also incorrect, which means Agarwal
inequality:0< E™' —L < E™'[(a—b)/(a+Db)]*is incorrect. We also can find something
is incorrect in the process of proof. When (see[11])
proved 0<D'—L<D'[(a=b)/(a+b)], let x=b/a>1, it tried to transform

incorrectly to [(X+1)>(x=D]/(x* P Inx)>4/e In
fact: 0<D'-L<D'[(a=b)/(a+b)]’ can’t be equivalent to
[(X+1)*(x=D]/(x*"Inx)>4/e  ,but should be equivalent to
[a’(Xx+1)>(X=D]/(xX* " Inx)>4/e . Therefore, Bi proved an incorrect
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conclusion :0< D' —L <D '[(a=b)/(a+Db)].
(see[12]) put forward M,,, <L, when M, <L is incorrect. That means

3/10 3/10 3/10
(ﬁ 1073 <a—bis incorrect, and (X 4_1)10/3 Xl w2800 s
2 Ina—-Inb 2 In X b
incorrect. With the support of maple, we find when a=600,b=1 ,
(a3/10 L p3o )10/3 N a—b
2 Ina—Inb’

(iii) The application of mean inequality in the College Entrance Examination

Recently, questions about two positives’ mean inequality especially about the
arithmetic geometric mean inequality and logarithmic mean inequality are common in
the College Entrance Examination.

1. The application of the arithmetic geometric mean inequality in the College
Entrance Examination

The inequality between arithmetic mean and geometric mean is applied in
function, derivative, trigonometric function, sequence , inequality, solid geometry as
well as analytic geometry and so on, such as the sixteenth question in 2014 Zhejiang
version, the sixteenth question in 2014 national version, the ninth question in 2014
Hubei version and the sixteenth question in 2014 Hubei version etc.

2. The application of the logarithmic mean inequality in the College Entrance

Examination

Logarithmic mean inequality, in the College Entrance Examination, often
appears in function inequality proving, permanent inequality establishment and
functional solution problem.

The above inequalities are common in the College Entrance Examination, such
as 2014 national version , 2014 Shandong version and 2013 Shanxi version.

ForO<a<b, then

Jab < a-b <a+b <:>\/;<X—_1<X—+1.

Ina—Inb 2 In x 2
Specially, when X>1, the above one can be transformed into
2(x-1) X—1
<Inhx<———.

X+1 N

Because, +/X>1, sowhen x>1, Inx<x-1.

Let x=x-1, then

when X>-1, In(x+1)<Xx.

The above examples all are based on the inequality of logarithmic mean, which
are easily solved by using the inequality of logarithmic mean.

V. Project prospect

Different kinds of means between two positives are the most basic but important
among all means. The means human studied date back to BC 500 years of Pythagoras
era, which had the concepts of two positives’ arithmetic mean and geometric mean. In
the twentieth century, many branches of mathematics appeared gradually, leading to
the discovery of different kinds of means, and were widely applied in practice. Hence,
studying binary means or even multiple means has broad prospects, especially the
research of the relationship between various kinds of the means as well as the

13
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practical application, including the College Entrance Examination and the maths
competition.
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Appendix: Elementary Proof of Theorem1.2

AsforZ <M,,, weneed to prove

a—b <(a3/2+b3/2 )2/3 .
2arsinh[(a—b)/(a+b)] 2
a-b a/b-1

a+b a/b+1

Let a>b, then%>1, let t= , then we easily getO<t<I,

and % = Lt » then original inequality can be equivalent to
3/2 _1)\3/2
arsinht 2
Let u=arsinht, thent=sinhu,
then the above can be equivalent to
sinh u 1+sinhu)’? +(1-sinhu)*?
< [( ) ( ) ]2/3 . (2)
u 2
We recognize sinhU = € - , soletv=e"¢e (1,\/§+1) , U=Inv,
. v-1/v .
thensinhu = » the above can be equivalent to
V-l (2v+Vi =12+ (u-V +1)?
< ( ) ( ) ]2/3 . (3)
2Ilnv 2
Let p=2v+Vvi—1, q=2v-V’+1,
s v—1 v+l .
from the logarithmic mean we know: 1—<—(V> 1), so for proving the
nv
above , we need to prove:
3/2 3/2
(V;1)2<(p ;q )2/3<:> 4(p3/2+q3/2)>(V+1)3- (4)
Let f(V)=4(p*? +q**)—(v+1)’,ve (1,1+2),
then f (V)= 6[p"*(2+2v)+q"*(2-2v)]-3(v+1)’
2 2 4 2
_ p(v+1)"—q(v-1) 3 24V +4v- -1) 31y

v+1)? > - -
Jp+ [V +1)? +(v—1)]
V=4V +26VF —4v -9

) pl/Z(V+1)+ql/2(V_1)
4 2
>3 (V' +4v. -1

- -(v+1)°’] =3- -
2V+ (VT +1) 2V+(V+1)
>3).4v3(v—1)+4v(v—1)+92(v+1)(v—1) 50,
2V+(V+1)

We conclude that f (V) is monotone increasing in (1,1+ NG) ),
sof(v)>f(1)=0.
Then prove: M,, <P",
ad? 1 p*? s a—-b

2 2arctan[(a—b)/(a+b)]
The original inequality can be equivalent to

We need to prove: (
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(1+1)"% +(1-1)"? 20 t

2 2arctant

[ )

Letu =arctant , thent=tanu . UE(O,%),

3/2 3/2

(1+tanu)™” +(1—tanu) 12 < tanu
2 u
o 3/2 :
er(cosu sinU) 15 < 51:1u . (©)

sinu S 1+2cosu

the above can be equivalent to [

. 3/2
cosu+sinu
= [( )

According to paper[10],

» we just need to prove
2+cosu

(cosu+sinu)*? + (cosu—sinu)*’? 15 < I1+2cosu

[

2 2+cosu
172 1+2cosU_ 3,

2+cosu

& (cosu+sinu)*’? +(cosu—sinu)*’? < 2(

(7)

2 2

X +Yy

1/2
! , then cosu= )

Let X =(cosu-+sinu) 12

,Y=(cosu—sinu)

X' +yt=2,0<y<l<x<3i2.

24+2x3 42y 5,

S (X +HY)V @+ +Y) <320+ X +y?) . (8)
According to cauchy inequality, (x> +y*)> < (x> + y*)(x* + y*),
that is (X* + y*)(4+X* +y*)’ <16(1+ x> + y*)’. 9)
Let m=(x>+y?),for (xX’+Yy*)=2cosu,then me (\/5,2) .

The old one is equivalent to

(4+m)’ <16(1+m)’, < m'—4m’+16m-16<0 (10)
Let f(m)=m*—4m* +16m-16,me (+/2,2), f(2)=0,

then f (m)=4m’-12m*+16, f'(2)=0,

f'(m)y=12m>-24m, f'(2)=0, f'(m)=24m-24>0,

so f'(m)< f'(2)=0;f(m)>f'(2)=0;f(m)< f(2)=0.

We conclude that whenm e (\/5 ,2), f(m)<O0.

The original one obtains a proof.

Then X’ +y° < 2(
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