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On the evaluation of some infinite series

Zihong Chen

Abstract

This paper deals with some general methods of evaluating infinite series, among which

the Poisson summation formula and the residue theorem are the main tools. The idea was
initially inspired by the well-known problem of finding the zeta value at even integers using
Fourier series, which reveals a recurrence relation, and the body of this paper focuses on
explicit formulas of the shifted value, a modified form of the famous Dirichlet series. Hence,
the first main result of this paper is evaluating explicitly the shifted zeta function at all even
integers. The rest of the paper seeks a similar formula for a more general type of rational
functions, and illustrates some of its applications.

Keywords: series evaluation, (shifted)zeta function, Poisson summation formula, residue
theorem
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1 Introduction

Tracing back to Basel’s problem of finding the sum of the reciprocal of all perfect squares,
the exact computation of some infinite series have been in itself an appealing topic in math-
ematics.

This paper starts with evaluating the zeta function at even integers by Fourier series,
which reveals a recurrence relation. Motivated towards a more straightforward result, we
define the ‘shifted zeta function’ with a parameter ¢ and turn to Fourier transform, together
with the Poisson summation formula. The immediate goal is to find all even values of shifted
zeta function(and other shifted functions may be computed likewise). However, the fact that
the type two shifted zeta function is not of moderate decrease, a property that excludes itself
from the subject of Fourier analysis, drives us to overcome this challenge by some tricks in
contour integration. Two methods are introduced at this point(the first of which is inspired
by a proof in Professor Elias Stein’s Complex Analysis), and the latter is extended to a
range of rational function whose poles are simple.

After deriving such general formula, we illustrated some applications of the formula by two
examples of summing over points in the complex plane. The latter example is particularly
worth noticing since it deals with irrational functions in general, while avoiding the trouble
involved in defining a non-integral power, i.e. to have a branch cut.

The paper ends with a final section that extends the summation formula to a larger set
of rational functions, posing no restriction on its poles. We represent the values of these
infinite series in terms of the numbers A(n,x), which is defined in analogue to the Bernoulli
numbers.

Some definitions are stated here.

Definition 1.1 The zeta function is defined by

1
¢(s) = ;E7 for s > 1,
the Dirichlet Lambda function is defined by:
A =S for s > 1
s) = @n 1) or s ,
n=1
the Dirichlet eta function is defined by:
_N (=D
n(s) = 7;1 e for s > 0,

and the Dirichlet Beta function is defined by:

n+1

B(s) = Zl 7((2;11 ek for s > 0.

Propsition 1.2 Two basic identities of the Dirichlet functions:
23
(1) ¢(s) = 55— A(s);

2 — 1
(2) C(s) =

23
Proof. For (1),

55 —51(s)-

G =Y = Y e+ e 3 e = A+ ()

n=1 n=1 n=1
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For (2),
B NG VU« SIS SN U o U SRS |
=3 E0 S = )
2% —1
Also, A(s) = ¢(s), hence the result.

28

Definition 1.3 If f is an integrable function given on an interval [a,b] of length L, then
the nt* Fourier coefficient of f is defined by

__ 2minx

. 1 b
fln) = Z_/ f(x)e” "1 dz, neZ.
The Fourier series of f is given by

fla)~ > fm)e™ .

n=—oo

2 A recurrence formula for ((2k)
At the beginning of this section, let us consider a simple function defined on [—m, 7| by

f(6) = |0]. By the Dirichlet condition, the Fourier series of this function converges to itself.
A simple calculation yields:

imy =4 2, 50
{5l

, 14 (=)
Hence, f(0) = geme + Z %emg. Plugging in 6 = 0,

n#0
-1+ (-1" T —4 ™ w2
) i S gl Dl At S O bl
n#0 n>1, odd
s 71_2
By the identity ((s) = 5 1 A(s), we obtain that ¢(2) = 5 An interesting question arises

at this point: as we see that f(6) = |6] yields the value of {(2), how about a more general
function f() = [#?++1| ?

Let f be the function defined on [—m, 7] by f(6) = |62*T1|. The nth Fourier coefficient of
this function is given by

2 1 (7 ) 1 n ] 0 _
f(n) . f(9)€71n0 do = 27 (/ 92k+1671n0 _ / 92k+1671n0 d0> )
s 0 _

2 —r T

Integrate by part and obtain
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. 1 [ g2k+1e—ino Pf;fif —ind 1 | g2k+1p—ind P;,fjfll —inf
fn) = oo | B | | B
—m
1 2§1 P +102k+1—r6—m9]’r 1 2%? Pr +192’“+1_T6_i”9r
= - — + —
PR N1
2m =~ (in)" o 2m = (in)" _
2k+1 - 2k 2k+1 2k+1-r 2k-+1
RN o %L nnt G L 7o U I B 81 . G A 755
2m | = (in)r+1 (in)2k+2 27 ~ (in)r+1 (in)2k+2

PN (<)) 1 &K Py p (1) — (—1)n)

m(—1)kt+1n2k+2 Cor ; (in)rt1 ’

where P™ = n!/(n — m)! stands for permutation. We need to calculate the value of f(0)
separately because the above calculation requires that n # 0,but the process is trivial.
Hence, we have

ﬂ_2k+1

) Sz =0,
f(n) =
P2l (1 (—1yn ok Pl w2 ((—1)n— (1R
% - % Zr:O e ((zn)r‘*'1 ) o 75 0.
Let 6 = 0, then
R a2k+1
FO0) ~ D fn) + 5
n#0
Z P;;frll (1 ( ZZ 2k+17r2k7r((71)n o (71)n+2k77‘) N 71_2k+1
k+1 2k+2 in)r+1
= m(—=1)k+1n n#OT ‘ (in) 2k +2
= 0.

Now, let’s take two steps by order.

2k+1
1) Z P2k+1 (1 (_1)n> 9 p2k+1 Z 2
ﬂ.( 1)k+1n2k+2 2k+1 7r(_1)/!c+1nm!c+2
n#0 n>0, odd

4
— ()P S A2k +2),

2k n n+2k—r n n—r
Z Z P2k+17T ((_.1)7’4_: (_1) 2k ) Zp2k+17r2k r Z ( 1) ._ 5:11) .
n;éOT 0 (’LTL) n#0 (Zn)

4

|
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If r is even, then the latter sum is definitely zero. Therefore, we shall only consider r at
odd integers.

2k

1 — (=)" = (=) 1 2j-1 2(=1)"
- pr 2k—r i P Qk 2j+1 .
D) ; 2k+17T ; (in)TJrl D) ; 2k4+17 = (in)zj
o .
_ 2j—1_2k—2j+1 (="’
=2 Zp2k+1 ’ %
=1 n=1

k
=2 (=1 TP a2 y(2))

" 41 p2j—1_2k—2j+1 227 -2
=2 Zf (= Bl (ﬁ) A2j)-
Summing up the result of 1) and 2), we get

22]’ —_92 7.‘.2k+1

k
4 . .
k+1 p2k+1 _ i+1 p2j—1_2k—2j+1
(CDSPRR Ak +2) =2 3D (CP PP (G ) M) - g

J=1

2k+2 k i ,92i _ 9 (_1)k+1
SA2k+2) = D :(—1)k+fp2,g;1w-2ﬂ( : ))\(2j) S P
2P\ o 227 —1 4k + 4

S

To complete the formula for ((2k), we use the identity ¢(s) = 5 T

for k 4+ 1. This leads to

2k k-1 2j _ _1\k
C(2H) = S s 1<Z eyt (B2 cen - > 2)

j=1

A(s) and substitute k

which is a recurrence formula for zeta function at even integers.

3 The shifted zeta function
3.1 Some tools

This subsection will provide some preliminaries and tools we will use to pursue our main results.
Let M(R) denote the set of functions of moderate decrease in the sense that f is continuous and
there exists a constant A > 0 so that

|f(@)] <

|_1_’_7$27 for all z € R.

For a function in M(R), we define its Fourier transform by

o= [ st

The Fourier inversion is defined by

v) = [ T fe)ermie de.
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Indeed, for any function in M(IR), its Fourier inversion is the function itself. (More often we allow
Fourier transform and inversion to functions of the Schwartz space,but an extension can be
readily made to functions of moderate decrease. A brief reasoning can be found in [1], Chapter 5.
section 1.7.)

Poisson Summation Formula: If f € M(R), then

S fatn = 3 fm)em

n=-—oo n=-—oo

Proof. Define g(z) = Z f(x 4+ n) and let

n=-—oo

[e']

g(@)= Y §(n)e™",

n=-—oo

which is the Fourier series of g. As g(z) is clearly of period 1,
1 .
i) ~ [ gla)e " do
0
1 o )
/ Z f(.f + k)6727rznz dr
0

k=—o0
oo 1 )
-y / Fl@ + k)e ™ dy
k=—o0 0

/_0:0 f(z)e 2™ dg
f(n)

This completes the proof.

3.2 Definition

In this section, we are going to focus on some types of Dirichlet series with a parameter ¢. Let’s
begin with the definition:

Definition 3.1 For s > 1 and ¢t > 0, the shifted zeta function by ¢ is defined as

Gls) =) o j—tS'

n=1

Define similarly for other Dirichlet L-series.

It seems unclear at present why we need to have this new definition. But observe that once we
add a non-zero parameter ¢, the function 1/2’“, whose pole is of order k, becomes 1/(zk + tk), whose
poles are all simple. This property will make the calculation a lot simpler as we will see later in
this section. Our goal here is to find a formula when s is an even integer and ¢ € R, though our
computation holds in some cases where t isn’t real.

3.3 The shifted values at s =2

To solve the shifted zeta function at s = 2, we shall meet with a special function named the Poisson
kernel, which is given by

Py(z) = #, forz € Rand y > 0.



EO2

Poisson kernel has its significance in physics since it is a solution to the steady-state heat equation
in the upper half plane. However, at this point, we are to explore how this special function relates
to our first shifted zeta function, the (;(2).

We claim that the Fourier transform of Py(z) is:
/ Py (z)e 2™ dp = ¢ 2l

Proof. Firstly, we observe that Py(x) is of moderate decrease,so the Fourier transform make
sense. We now use Fourier inversion to prove this.

/ e 2mlély g2mitz d¢ = Py(x).

Split this integral into —oo to 0 and 0 to co. Then we have

oo

/oo e_zﬂ—,gye%ri{z dé- _ /oo e27-ri(z+iy)§ df _ ezﬂi(z+iy)§ _ 1 .
0 0 2mi(z + iy) . 2mi(z + 1y)
and similarly,
0
; 1
2wy 2mifx de¢ =
[ = gy
Therefore
> ; 1 1
—27|€|ly 2mwikx _ _ Y
e e d€ = —— — + - — = .
/_Oo 2ri(x +1y)  2mi(x —iy)  w(x? +y?)

In order to obtain (+(2), we apply the Poisson summation to the Poisson kernel.

(oo}

o
Y _ —27y|n| 2winz
Z 7r((:c+n)2 +y2) Z € €

n—=—oo n=-—oo
] 0
_ Z e—27ryn627rinac + Z ewaneQWinx 1
n=0 n=-—oo
1 e27ri(:c—iy)
= i 1w

627ri(:1:+iy) _ eQTri(zfiy)

1— (e2ﬂi(z+iy) + e?ﬂi(zfiy)) + edmiz

el 1

et™y — 2 cos(2mx)e2 ™y + 1°

Where we’ve used the usual geometric series sum. Substitute ¢ for y,

- 1 - (™ — 1)
Z (n+2x)2 412 t(ed™t — 2e27t cos(2mz) + 1)

n=-—oo

Let x = 0, we have

i 1 1fa@™+1) 1\ _ tx(4+1) - 41 3)
n2+t2 2 B 2t2(e2mt — 1) '

t(e2mt —1) 2

n=1

Which is the formula for (;(2).
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By a simple observation we have

1
n(2) = G(2) — 3¢, (2)
(@4 1) — e 41 1 tr(e™ +1) — 2e™ + 2
B 2t2(e2t — 1) 2 t2(emt — 1)
¥t —onte™ — 1
2t2(e2t — 1)

In fact, there is another way by which we may directly derive 7,(2). In this case, we return to the
Fourier series for periodic functions. Consider the 2r-periodic even function on the interval [—m, 7]
defined by

et 0,7,
f(0) =
e?  [-m,0).
The Fourier coefficient of this function is

7 _ 1 i —t0 —in6 1 0 t0 —in6
f(n)727r ; e e d€+2ﬂ/_ﬂe e de
67(t+in)0

i 1 e(tfin)ﬂ 0
—(t+1in) . 2w | t—in
B i eftﬂ'efinﬂ' N 1 N i 1 B 67t7re7in7r
T2\ —(t+in)  t+in 2r \ t —in t—in

(1—e " (=1)")t
m(n2? 4 t2)

-1
T o

Fortunately, this holds for each n,so we don’t need to separate the case when n = 0.

fO)~>

(1—e " (-1)")t N 1—e '™

= w(n? + t2) mt

00 (1 _ e—tw(_l)n)t 1— eftrr
= -2 0) + ——.

—  w(n®+1t?) cos(nf) + mt

Let 0 = g,then

N 1—e (=) nmw e 2 l—e '™
2 nm _

7;1 m(n? + t2) cos( 2 ) t mt?

> 1—e 7 -5 1—e 7
2 = —

> e s m ™ == t2

n=1
tmw tm
2m e"z  1l—e '™ 2(e'™ —trez —1)
= e (2) = ( — ) = .
77%( ) 1—etrm t T2 t2(etr — 1)
Substitute ¢ for %, we will obtain the expression for 7:(2):
oo
—nH @2 opge™ — 1
Wt(Q):Z(z) 2y 2(p27t _ ) (4)
— (n? +12) 2t%(e 1)

n=1
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Finally, we come to the shifted value of the Lambda function.

S 1
Ae(2) = HZ:U 7(2’” e EwE
1
= 5(G(2) +m(2))
1 tr(e®™ 4+ 1) —e*™ 4+ 1 2™ —2mte™ — 1
2 2t2(e27t — 1) 2t2(e27t — 1)

_ me?™ — 2pe™ + 1 (5)
T dt(e?mt —1)

3.4 The value of ((2),7(2) and A\(2) as a limit

In fact, the function Z 1/(n® +t°) is continuous on R. Thus, we can check our result by letting

n=1
t — 0, expecting those values tend exactly to the common Dirichlet series. The computation is
rather simple:
Let’s come first with the (;(2).

) ) tﬂ_(627rt + 1) _ 627rt + 1
fim G(2) = B = =
B hm 7r(627rt + 1) + 27T2t627rt _ 27T627rt
T 150 4t(e2mt — 1) 4 4mt2e2mt
) 47T3t627rt
= lim
t—0 4(e?™ — 1) 4 167te?t + 8n2t2e27t
47r3627rt + 87T4t627rt

50 24me2mt + 48mw2te2™t 4 167w3t2e27t

Where we have used the L’Hospital’s rule three times. Similarly,

27t Tt
. . et —271te™ — 1
i (@) = 1 e 1y

o 2me®™t — 21e™t — 272 te™
= lim
t—0 4t(e?mt — 1) + 4mt2e?mt
_ hm 47r2627rt _ 471'267Tt _ 27T3te7rt
10 4(e2™ — 1) 4 167mte2 ™t + 8r2¢2e2nt
87r3€21rt _ 671'367rt _ 27T4te27rt
I
150 247 e2nt + 4872te2™t + 1673t2e27t

E?
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and

27t mt
. . omeTt = 2me™ + 7
i) = e )

27T2€277t _ 27r2€7rt

m

t—0 4(e?™t — 1) + 8mte?™
471_3 27t 27T3e7rt

im

t—0 16me2™t + 16m2te27t

7T2

3
All these limits agree to the original Dirichlet series. From another point of view, we have found
a new way to evaluate the Dirichlet series at 2,that is, by seeing them as the limits of the shifted

values.

3.5 The shifted zeta function at 2*

In this subsection, we are going to present a method to calculate the shifted zeta function at natural
powers of 2 and t € R. In fact, we extend our definition of the shifted value as followed.

Definition 3.2 For s > 1 and t € C, the type 1 shifted zeta function by ¢ is defined as

oo

1
)= i

n=1

and the type 2 shifted zeta function by ¢ is defined as

Z _ts'

n=1

For convenience, we may omit the 4 in ¢;"(s).

Our first step forward is to extend our previous formula

7% 1 w4 1) — e+ 1 £ >0
- n2+12 2t2(e27t — 1) ’

to t € C. However, viewed as a function in ¢ for ¢ € C, the right hand side above is a meromorphic
function except for poles at +i, £2i, - - -. Since the series on the left also converges absolutely except
at these points, it follows immediately from analytic continuation that the equation hold for all t € C
which is not a nonzero multiple of 7. Substitute it for ¢ where ¢ is not a nonzero integer in the above

equation, we obtain
1 m

()= — 57—
% 2= 3% ~ Sannt
Now, we are able to obtain a recurrence formula for ¢; (2%).

(6)

oo

1
— (k41
G (2 FZm

n=1

= 1
= 2t2 Z (nzk _ T2k +t2k)

- (- g,k(t)@’“)). (")

where wg(t) = ¢"27)¢ and t is not a nonzero multiple of any number in the set {e!2™ | n =
0,1,2,--- ,k}. We’ve also used the simple fact that
G2 =¢, n(2"), for keN.

10

- 10 -
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In fact, the recurrence formula

— iak 1 — 0k — k
L. G (2 +1) = 92" (Ct (2 )_(wk<t)(2 ))
2. G@) =55~ m (initial condition) y (8)
holds for all complex ¢ that is not a nonzero multiple of any number in the set {e'2" | n =
0,1,2,--- ,k}. Hence, we may compute the value of ¢; (2¥) for all real numbers ¢ that is not a

nonzero integer(notice that the poles of the shifted zeta function of type 2 are exactly the nonzero
integers). To compute ((2%),use the identity ¢;(2¥) = ¢ ,,(2F).

wi (t)

3.6 The shifted zeta function at even integers

Now, we are heading for our mission stated at the beginning of this section, to find the shifted zeta
function at s = 2k and t € R. Previously, we used Fourier series to evaluate the shifted eta function
at s = 2; however, for s > 2, the Fourier series is no longer useful. In the general case, we turn to
the application of the Poisson summation formula, which requires us to know at first the Fourier
transform of a function. A simple yet powerful tool we will use throughout the rest of this paper,
and in particular, to compute a wide range of Fourier transform at this moment, is the residue
theorem stated as follows:

N
/ f(z)dz = 2mi Z resz, f, when the orientation of v is positive;
R k=1

N
/ f(z)dz = —2mi Zreszk f,  when the orientation of v is negative.
v k=1
Here, positive means counterclockwise and negative means clockwise.
Now, we’ll move on to the calculation of

o 1 —2mix
[ W62 5da:, y, £ € R.

1 —2miz€
ZZk' + 2k
semicircle in the upper half plane for £ < 0.

Consider the function f(z) = and choose the contour consisting of an oriented

TR

-R R

The oriented semicircle in the upper half plane

Figure 1

11

- 11 -
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Denote the half circle by yr, and we will find that in the upper half plane, the poles of f are

(2n—1) . (2n—1) ,
z=ye 2t " ne{l,2,--- k}. Let wp, =ye 2& ‘7. By the residue formula:

R
1 727r7,z§
/R 22k 1 g2k dx +/ f(z)dz = 2mi Z resy,, f

(1). Consider the second integral on the left:

72772(Rc059+1Rsm9)§ .
’/ (2 dz ‘/ (iRe”)de‘

Reze 2k y?k
< /
0

27ER sin 6
S 2k—1 1y°

€ o

(%)

Let R tend to infinity, then this integral clearly tends to zero.

(2). To calculate the residue, note that:

_ Z — Wn —2miz€
(Z - w”)f(z) - 22k ygk €
and
—27miz€ 2 —27riz§( ) —2miwn €
i 2 Wn 2mize _ o © —2mile Z—wn) €
2k 2k - 2k—1 - 2k—1 "
z—wn 22K 4y z—wn 2kz 2kwn,

In fact, f have poles of order 1 (simple poles):

—2miwn €

resw, f = PR
n

Therefore,

o 1 —2mixé . - i —2miwnt
[ g e =i e s = Z

n=1
as the radius R tends to infinity.
For £ > 0, we use the negatively oriented semicircle in the lower half plane. The calculation is
similar and the trivial differences are that:
(1). z() = Re™* with regard to the negative orientation.
(2). The poles of f become wW,. So we jump to conclusion that:

& _
oo —27iw,
/ 1 o 2miTE g0 _im e nt
2k 2k k-1 *
o T +y k wn

Let’s see what can be done further. Denote w,, by a, — b,i. Take the complex conjugate of the
right hand side of the above equation.

=27 @nE i o—27i(an—bni)E

_im e _my e
k —~ w%k—l - k —~ wik—l
i e27‘ri(an+bni)§
= & — w2k
T k e2miwné

2k—1 °
k n=1 Wn

12
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And we also known that the Fourier transform of a real function is real. Hence,

. k —omiw . k i

i e 2miwn € _ i eszwnf

k —2k—1 - k 2k—1 °
n=1 Wn n=1 Wn

To sum up with,
o 1 —2mixé _ i 627‘-“}”&‘ _ 27;__17271'
——— € dr = — ——5—— where w, =ye 2¢F . 9)
2k + 2k k 2k—1

n=1

Indeed, the validity of the above result can also be checked by an elementary way using the
Fourier inversion. Let’s see how this can be done.

S k 2miwn €| . k oo 2mi(z+wn)E 0 2mi(z—wn )€
1T e 2mixé T e e
Y €T dE = (/ 75154—/ 7dg>
/ & W2k T k 2=\, w2h—1 o2k—1

—0o0 n

n=1 —o0 n
in k 1 e2mi(@Etwn)t oo e2mi(z—wn)é (o
Sk ot wakt (27ri(m + wn)lo + 2mi(x — wn) ﬂx,)
ime~ 1 ( 1 . 1 )
- k n=1 wikil 27TZ($ + wn) 271'7,(11 — Wn)
_1y 1
k = w%k72(x2 _ wnz)‘
1 k 1 _ 1 k 1
ke w7 (a2 — wh) ok wpF T — wik
k
1 1
=7 nz::l xze(k_1)§c2n—1>my2k—2 — e(@n—1)imy 2k
k
1 1
= kygk—Q nz::l y2 _ xQel—k%L i
k
1 1
ky2k—2 nz::l Y — xzewiﬂ
k

1 1
Y

nm1 Y2 —ale R
k

1 1
= fex2y2k—2 Z o2 i1, *

n=1 4,2 —€ k

2
Substitute s for 2= in the sum part,

3:2
- S (s — €77
1 Z 1 _ 1 r=1 n#r
k$2y2k_2 — 5 — 62"]:11'7( kaka_Q HI:LZI(S _ eanfliW) .

Assume

2n—1

(s—e i”):Alsk+A25k71+---+Aks+Ak+17

3
feup
i

2n—1,
Z H(S —e k “T) = B1Sk_1 + stk_z +---+ Bi_15+ Bg.

13

- 13 -
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A careful observation of their binomial expansions will tell:

Bn=—tLl A, =(k—n+1)A,, ne{l,2-- k}

2n—1 .
Also notice that e” ® *™ is the root of unity of ¥ + 1 = 0. Hence,

£ n—lir k k—1 k
H(s—e 2 ) = A1s" + Ass 4+ Apgs+ A1 =s +1

n=1
= B = ]{,‘, B Bs =Br,=0
Therefore,
k k _ = lin
1 Z 1 _ 1 Z’V‘:l Hn;ﬁr(s € )
e R | M CE o o))
_ 1 ksk!
T ka2y2h2 gk 4 1
B 1
- 2k + ka :

Which completes the proof.
Apply the Poisson summation formula to (9). Then,

oo . k o] 27”“,“‘ |
1 s
Z n2k+y2k:?22 Tk
n=—oo n=1r=—oo
k
i 2 1
~ES ()
B Ei 1+627‘riwn
- k = (1 _ eQmen) 3k_1 !
Therefore,
> 1 1y e 1+ e2mivn 1 .
; n2k 4 y2k 7(?2 — e2mivn )y 2k—1 - yﬁ) (10)

This is our formula for the type 1 shifted zeta function at even integers.
Indeed, from (9) we may derive that for 0 < a < 1,

— o i k o,
/oo e 2mwiax 672771‘15 dr — E 627”w”|£+a‘
2k 2k - 2 : :
oo T+ y k
Applying the Poisson summation formula yields
el e—27‘riam 27mwn\m+a| 2Tiwn a +e—27‘rzwna 2wy,

k o k
> W:%ZZ T :%Ze 17e2mwn)wgk€1 - (1

m=—0oo —

cos(2man) 1

+ —-. Setting a = 1/q, we will obtain a shifted

Since the leftmost term equals 2
a Z n2k  y2k y2k

=1
zeta function modulo gq.

The value of the type 2 shifted zeta function follows from analytic continuation. However, we
want to derive these values directly, which in fact require some more effort. The difficulty lies in
the fact that g(z) = 1/(z®* — y**) is not of moderate decrease, and hence, using Fourier transform

14
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and Poisson summation is questionable. However, by applying a few tricks in contour integration,
we are able to overcome these problems.

Figure 2

Let f(z) = e ™% /(2** —4®*) .For ¢ < 0, integrate this function along the contour in figure 2,
which consists of a big semicircle yg with radius R, centered at origin; two small semicircles -,
and 7e,, with radius €; and €2, centered at —y and y, respectively; and finally, three line segments
along the real axis.

Hence

Yy—e€1 y—e2 7277115
/ / / T T dx+/ f(z dz—|—/ f(z) dz—|—/ f(z)dz = 2mi Z resw, f.
yter Jytea /T Yeg TR

Where w, = ye%i”, n € {1,2,--- ,k — 1}. The residue can be computed as before. Thus,

k-
27F’LZ7’€Swﬂf = % Z

7271'7,wn§

Also,
‘/ f(z)dz.%O as R — oo.

What’s new about the contour is the two small semicircles v., and 7.,. First look at the inte-
gration alone ., , which is parametrized by z = —y + e;e™.

—2mi(—ytere’?)

0
€ .0
z dzz/ . iere’” df.
Ve f( ) ™ (_y + 61619)2]C —y2k '

Let €1 tends to 0, then the above integral tends to

—2mi(—y+eret?)

0
. . € . 6
I§ dz =1 - db
ellino [/61 f(Z) z 61l£>n0/7r (_y + 61616)21@ _ y2k we1e

0 2miyg 616“9
_ Ty li ; ) a0
Z[r ¢ (61190 (7y + 61610)2k _ yzk

‘/7r eQﬂ'iy§ 20
=1 _
0 Qkkafl

_ ime2mvE
T kg1
We may exchange the limit with the integration since the integrand is bounded and integrable for
. —2miy€
small €;. Similarly, the integral along 7., tends to fZ;:yﬁ.

15
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Therefore, for £ <0

PV/ ¢ At g dr = QWineswnf - (/ f(z)dz +/ f(z) dz—l—/ f(z)dz)

i e 7 sin(2myé)

k W'r%k 1 kkafl

n=1

—2miwn

Note that in the above equation, PV stands for Cauchy principal value, and is defined by

727”15 —y—€1 7271'215
PV / dm = lim / / / dx.
2k _ .2k
1620t —ytea Jyte /T Y

A similar approach for £ > 0, except that we use the contour in the lower plane by symmetry, yields
that:

Pv/ o—2mizé e i B2 emimng 7 sin(27y€)
T = —— —2k—1 2k—1  °
k= o ky
To sum up, for all £ € R
o—2ming i k-1 e2miwn €] 7rsin(27l'y|§|)
. d _ i _ ) 12
[ TR L AT R N

These integrals converge in terms of their Cauchy principal values. But neither could be identified as
a ‘Fourier transform’ because the integrand is not of moderate decrease(they are not even Riemann
integrable). Indeed, neither Fourier inversion nor Poisson summation formula holds in this case,
which is an evident fact since the sin z function oscillates rapidly when z tends to infinity along the
real axis. So our next mission is to find a summation formula that works.

We will use a similar approach to that in the proof of the Poisson summation formula demon-
strated in Book [2], page 118 — 119.

Construct a function h(z) = 1/((z** — y**)(e*™* — 1)) , y € R. The poles of this function in the
complex plane consists of all integers and the zeros of 2%* — y**. Choose the rectangle contour vy
shown in figure 3, of length 2V + 1 and width 2b.

“N-Lqib w N+L4ib

oIy TS T oy TNVt

-N-1-4 N+1-ib
Figure 3

Let b arbitrarily small so that the contour doesn’t contain any other zeros of 22 — y** beside y
and —y, which are on the real axis. First, let’s compute the residue.

1) h— i z—n . 1
e e 22k — g2y (e2mir — 1) 2mi(n2* 1_y2k) X
2) resyh = lim EY = - and res_yh =

2y (Z2k' _ ka:)(eQTrlz _ 1) zkka:—l(e%rzy _ 1)

1 T 1 h
Z n2k — y2k + ky2k—1 (627riy —1 e—27‘rzy _ 1

[n|<N

—2ky?h—1(e=2miy — 1)
Hence,

16
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oo

Let N tends to infinity, the first sum on the left hand side becomes Z g(n), where g(z) =

n=-—oo

1/(2** — y?*). Consider the integral along the left vertical side,

N-—1—ib b 1
]/ h(z)dz)g/ R
N-L4ib —b [(=N — & —it)2k — y2k| . |2 =N =3

b
< / A dt,
T g vy

from the fact that 1/(e*™** — 1) is bounded for Re(z) = n + 1. The integral tends to zero as N
tends to infinity, so does that along the right side. Therefore,

oo

3 o)+ ky?,:_l (62“3 — - e_mly —) :/L h(z) dz—/L h(z) dz. (13)

n=-—oo

Where L;1 and L2 represent the real line shifted by —b and b respectively, both oriented from left
to right.

Notice that h(z) = ﬂ On Ly, as [e*™%] > 1,

627r7lz -1
1 —2miz = —2minz
o2z 1 © Z € )
n=0
and on L, as ™| < 1,
1 _ - 2minz
ezmiz —1 . 2u€ :
n=0
So that
h(z)dz — h(z)dz = / g(z)e ™ Z e dy / g(2) Z 2™ dz
L1 Lz L1 n=0 Lz n=0
_ Z/ g(z)e 2min Dz g | Z/ ()™ . (14)
n=0" L1 n=0" L2
672Triz§
To simplify the above, we need another observation. Integrate f(z) = m , € > 0 over the
contour shown below.
-R —y Y R
N I
761 762
“R—ib R—1ib
Figure 4
17
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The integral over the vertical sides tend to 0 as R tends to infinity. And the integral over the
two semicircles sum up to 7Tsin(27ry£)/ky%_1 as €1 and €2 tend to 0. So we conclude that

. f(z)dz:PV/j:O fz)dx + %

For ¢ < 0, integrate along the rectangle in the upper half plane by symmetry and we yield:

f(z)dz:PV/_ f(x)daz—%zzr?g).

Combining this with (12) and (14), we find that the unpleasant ‘sine’s are cancelled.

h(zydz— | h(z)dz= / g(2)e=2m % g +Z / J2minz g,

Ly Lo =0/ L1

= Z (PV (m)6727ri(n+l)cc dz + M)

Ly

Q

2k—1
n=0 —o ky
oo 0o .
TinT sin(2 —-n
+ Z (PV/ g(x)62 dr — %)
n=0 —o Y

_ i (iw kil e2miwm (i) rgin(2my(n + 1)) n msin(2my(n + 1))>
- 7. 2k—1 - 2k—1 2k—1

n=0 k m=1 Wm ky ky

= (in Ca 2iomn msin(2ryn)  wsin(2wy(—n))

+ T;) f —~ 2k 1 ky2h—1 - ky2k—1

s k—1 2 207 e27r1wmn 1
B ? m=1 "Qf_l
B ﬂ k—1 1+627”w"

k — (1 _ e2mwn)w2k—l
By (13),
0 y k—1 2miw
T 1 1 i 1+e n
n;wg(n) * ky?k—1 (le”'y —1  e2miy — 1) k nz::l 1 — e2micn )2k 1" (15)
But
T 1 1 _ s
ky2k—1 (e2m‘y 1 e—2miy _ 1) = ky2k—1 - cot(my)
im 142w

k- (1 — e2mi(=u))(—y)2k-1"

Hence we may conclude that

oo i k 1+627r7,wn
Z *;Z (1 — e2miwn )2k =17

n=-—oo

where w, = ye®*™. If we plug in y = ye%, the above formula clearly agrees with the formula of

CU(Qk)7

e}

. k
T 1+ e2™iwn
Z n2k + y2k k 2 : 627”“1" 2k: 1’

n=-—oo n=1

2n—1 i
where w, = ye 2k .

18
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4 A summation formula for functions in R

We define R to be the set of rational functions

where P and @ are polynomials with no common zeros such that (Degree Q) > ((Degree P) + 2,
and Q’s zeros are all distinct. Obviously,
g(z) T L2k — 2k € R
In this section, we seek a general summation formula for R(z) € R. Such formula can be obtained
through a similar argument in the previous section. However, we now present a simpler alternative.

TR

z+N+1

Figure 5

For R € R, construct a function g(z) = R(z)/(*™* — ¢*™) where 0 < = < 1 is a real number
such that R(z) has no pole of the form n+z , n € Z.

Integrate g(z) along the positive big circle ygr. Choose an R so large that the contour contains
all zeros of Q(recall that R(z) = P(z)/Q(z)) and does not pass through any point of {n +z : n €
Z} Note that the poles of g in the complex plane are {n + = : n € Z} and the zeros of Q(z).

(1). The residue of g at {n+z: n € Z} is:

(z—(n+x)R(z) R(n+x)

= 1 - - = — .
reS(nta)d zﬁgg}kx) e2miz _ p2mix Ariemiz
(2). The residue of g at Q’s zeros is:
PE)(z=0  _ P(C)

res¢g = lim =

z2—C Q(Z) (627riz _ e?m’z) Q'(C)(GQMC — 627’“)'

19
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(3). Also, by analogue to the previous cases that

’[mg(z)dz‘ SCI/«,R‘gEi;)d
SC2/027T %

—0 as R — oo.

R( do
Hence, by the residue formula:

_ Pn+x)
= -2 .
Z Q n 4+ .’L’ 627rzz /YR ﬂlz Q e??‘rzC _ 6271'7,1)

In+z|<R

The right hand sum is taken over all zeros of @), denoted by ¢ . Let R tend to infinity,
P(n —|— x) ©)
Z Q = 2mi Z Q/ 627” ¢— z)) ) (16)

Which is our desired result.

We’ve seen that to apply this summation formula to some function in R, it’s not even necessary to
compute its Fourier transform. This convenience was facilitated by the use of an auxiliary function
whose poles are some(infinite) equidistant points on the real axis.

Translation and dilation

By this, we mean the sum of the form:

5n—|—:c
, ford,zeC.
> G

9(2) = 5z 5y ford, zeC.
e § —e &
and integrate
P(z)
f(Z) = 2riz 2miz
Qlz)(e”s” —e"5)
along the previous contour. A similar manipulation yields
- 5 2mi(C—x)
nEZQ 5”” P QOO

The sum on the right is taken over all zeros of Q(z), denoted by ¢, which we assume is not of the
form dn + x.

Transformations with respect to polynomials

Here we examine a more general summation:

Z Q , where F' is a polynomial.
nezZ
P(F(z))

Q(F(2))(e2m= — 1) Since F' tends

The proceedings are very straightforward, though. Let f(z) =
to infinity with |z| at least as fast as G(z) = z,

/ f(z)dz‘—>0 as R — oo.

20
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And by some simple computation on its residues, we find

) _ P(F()
X Qi) ~ L Fare i e "

neZ

{w} denotes the sets of points such that F(w) = ¢, where {(} are the zeros of Q. We should also
assume that F’(w) # 0. In fact, the translation and dilation is a special case of such transformation,
where we've let F(z) =6z + x.

Summation modulo q

The identity (11), which is an example of the shifted zeta function modulo ¢ reminded us with
a simple question given a sequence {an}ne_o, such that am = a, if m = n(mod q), is there a

formula for Z anP(n)/Q(n)?

n=1
We say a sequence {an }ne_o to be odd if a_p, = —aym, for m € Z, and it’s even if a_,, = am.
The answer is, there is a formula if the sequence {a, }nz_ o, and the function P(z)/Q(z) are both
odd or even. In fact, if both the sequence and the function are odd or even, then we have (if assume

Q(0) is nonzero.)
%) anP(n o 1 >0 anP(n) CEOP(O)
2 5(200 am ~ ao )

Then,we have

qn—|—z
nZ ;nzw Olan 7 (19)

which could be summed using the translation and dilation formula (17).

5 Two special summations in the complex plane

This section provides some insight into the applications of the results we have obtained, i.e., the
translation and dilation formula and the idea of auxiliary function.

5.1 Gradation

The title ‘gradation’ is not an intimidating mathematics terminology but merely a literal description
of the pattern of the set of points:

A ={nitr+logm:ne€Z, meN}

Figure 6
21
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In fact, A1 is the set of points z such that e® is an integer. A figure of this lattice is given above
and, hence its name.
Now, we are going to seek a formula for the sum

_ P
Z P(z) e~ %, where cis an integer > 1 and P(z) eR.
z€EN Z Q(Z)

We restrict the order of summation to first vertically, then horizontally; this is important since the
series itself doesn’t converge absolutely. First we shall see that

o P(imn + logm —1)"
Z _ Z (imn +1logm) (-1)

- C
2EM1 nezZ,meN* Q(imn +logm) m

Z C’“‘P (irn + logm)

me = (imn + logm)

Then, we separate two cases in terms of the parity of c.
1. If ¢ is even, then (—1)°" = 1. Hence

z —cz
> o

1 i g(iﬂnJrlogm)

oo
= —me (irn 4 logm)
-y Ly P
— me i — Q/(w)(l _ eZ'mr(wi:rlog 'm.))

I
o

= 1  Plw)
mZ:I me "(w)(1 - ezw)

o @
P o0
Z Q/L:) Z me — e2wmc 2°

w m=1

Il
S

where we have applied the translation and dilation formula, and {w} denotes the zeros of Q.

(1). If ¢ =2, we find the sum is simply 2 Z % Recall that ¢; (2) is the type two shifted

zeta function.

1

oo
(2). If ¢ > 2, let’s first consider the sum Z —
mC —e WmC7

m=1
1
Let f(Z) = (Zc — 62w2072)(62wiz — 1) )
but we should be careful with the residue since this time, Q(z) = 2° — ¢2*2°~2 whose zeros are not
all simple.
The function f has simple poles at z = n,n € Z — {0} with residue

Integrate this function over the big circle yr as before,

=1 ('Z - n) _ 1
Tes";ﬁof - zgl;ll (ZC _ eszc—Q)(e%riz _ 1) - 27T’i(nc _ eanc—Z) )

“ with residue

1 1

rese f = 2elc—Dw (e2rie” _ 1) and  res—ev f = T Qele—Dw(g—2mie® _ 1)’

and at z = ¢e% or e”

It also has a pole at z = 0 of order ¢ — 1 because z¢ — €272 and e

¢ — 2 and 1 respectively. By the general residue formula,

2miz _ 1 has zero at 0 of order

1 d \c—2 z
ress=of = l~>0 (c—2)! (%) (22 — e2w)(e2mz — 1)’

22
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However, calculating the ¢ — 2 th derivative could be a lot of work; so we think of simplifying the
residue through some other approach. An important tool we will use is the generating function for

Bernoulli numbers,
o o]

Bn n
ezz_ 1= ;::OFZ ,  where |z| < 27.
For z in a neighborhood of zero,
1 1 2miz

f(z) =

271-7: Zc+1 _ eszc—l 627”'2 _ 1

1 1 ~Bn .. . \n
=— —(2
oImie2w (1 — 22 )ZC 1 nz:;) n ( 7T’LZ)

T 2miew — e2w o n!
B 1 > (27i))" B,
__271'7:62“) Z Z nle2mw Z -

r=1—c 2m+4n=r+c—1
We’ve used the Cauchy product of the two series since they converge absolutely. The residue is now
equivalent to the coefficient of the term r = —1 multiplies ~omice’ which is
e

e2w

Z 271'7, n- 1B
- nle(c n)jw
By the residue theorem,

c—2

(2m)" 1
———— 2 - — -
TLZ#O (n — e2wnc 2 7;) le(c n)w + ﬂ-Z(Ze(C71>w(e2ﬂ'l€w _ 1) Qe(cfl)w(ef%me“’ _ 1)

even

Since c is even, we have

i _ Z (2m))"Bn,  mcot(me”)
me — emec 2 2 n'e<c n)w 2elc—1w °

m=1

€U€7L

Therefore

Z —cz UL) (27TZ)an Wcot(ﬂ'e“’)
Z Q(Z) Z w <ZO nle(c—n)w - elc—Dw ) (20)

P(z) _.. S P(irn + log m)
ZGZAI Q'(z) ¢ mZ:1 me :Z_ Q(imn + logm)’

‘We observe that

nP(on+z) P(2dn+z) P(én + )
> (=1 Obnta) 2;6; Q260 + ) Z; Q(on + =)
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1 = n Plitn +logm) o= 1 2w P(w)
Z me :Z (=1) Q(imn +logm) Z me (2 %; Q' (w)(1 — GW)

2im P(w) )
)

2in(w—log m)
i

s
3
o~
£
-
|
®

o 1 P(w) 1 1
‘@m@@'(@(l—: 1 m)
_ P(w) > e

- 2%: Q/(w) 72::1 mcfl(m2 _ eQw)'

We find that the result is so similar to the case when c is even.
P “Cw(2
(1). If ¢ =1, then the sum is 2 g M.

Q' (w)
(2). Ife¢> 1,
P(z) _.. P(w) = (2mi)"B,,  mcot(mwe®)
ZA Q)¢ :;Q'(m( Pt~ el ) 1)

n=0
€ n

[~
Q

Now, consider the lattice given by:

Ay ={nim —logm:n€Z, meN"}

P —Ccz
which is symmetric to the previous one along the imagery axis. We may proceed the sum Z (2)

z€No Q(Z)

by a similar approach. But an interesting fact is that this sum converges (when first summed in n,
then in m) for ¢ > 0. And the lower-bound case as ¢ = 0 is:

P(z) _ N~ N~ Plimn —logm)
Z Qlz) Z :Z Q(imn — logm)
_ N 2im P(w)
Zi ;Q'(w)(l—CW)
o P(w)
=22 2 G- )

5.2 Radiation

In this subsection, we will explore a new type of auxiliary function. Consider the set of points given
by:

mim

As={z=¢e* n

Bl

:m=1,2,---,2k, n € N},

which are the poles of the function g(z) = 1/(ezmzk —1),k €Z and k > 1(we will assume k > 1
later since k = 1 was already discussed in the previous section). The pattern gives the sense of
particles illuminating from the origin, but what is unlike a normal radiation, on each ray, points
get denser when they are more distant from the center.

24
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TN

The lattice A3 when k =2
Figure 7
For P(z)/Q(z) € R whose zeros or poles are not in A3, construct the function f(z) = P(z)/[Q(z)(eZMZk —

1)]. Integrate this function along the circle yn centered at the origin with radius [V 4 (N+ 1)%] /2
where N is an integer so large that yn contains all the zeros of @ , denoted by {¢}. (Here we also

assume that Q’s zeros do not coincide with those of izt _ 1.) Let’s first compute the residue of
f.
(1). resecf = lim P(Z)(Z_k 3) = P(Ok .
SQEE —1) T @O 1)
P(z)(z—20) 1 P(z0)

2). res, _ = lim ———~~ _—2 = . 7
- resoens 0 f = I Gy e 1) T B ke Q)

(3). The pole of f at 0 is of order k as we observe the first derivative of ¢2™*" — 1, which is
QWikzkflezﬂizk, has a zero at 0 of order k — 1. Hence,

. 1 /d\+1  P(z)*
resz=of = ili% &—1)! (a) Q(z)(e2mi=* — 1)

Indeed, we may simplify this result to a much nicer form. First, let’s come back to the definition of
residue and prove that

res (%) R, (M)
QG (e 1)) T 2m T\Q)ER )
Here, we invoke again the Bernoulli numbers given by

o0

z Bn

P EOHZ ,  where |z| < 2,
n=

25
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and obtain

Q(2) \2mizk —~ !
_ 1 P(2) P(2) o~ (270)" Bnt1 _n
2mi Q(z)zF + Q(z) Z (n+1)!

Where |z| < 1 and we’ve used the fact that Bo = 1. Since the last sum denotes a meromorphic
function whose poles are non-zero, we may conclude that

P(z) P(z)
resz—o (W) - %m_reszzo (W)

Next, we prove a lemma:

Lemma 5.1 Let A denote the set of zeros of Q(z). Then, for z ¢ A,

P(Z) — Z Q/ P(C) (22)

whenever P(z)/Q(z) is a proper rational function and @ has distinct zeros.

Proof. Let f(z) = P(2)/Q(z)(z — x), where z is a complex number not in A. Hence, f(z) € R.
Integrate f(z) along g, the circle centered at the origin with radius R that contains z. Obviously,

/ f(z)dz‘—>0 as R —0.
R

P(x)
Q)

Also, res;—x f = by definition, and

P()(z =) PC)

res,—¢f = lim =

= Q(2)(z—x) QO —z)

Hence,

Pl@) _ P(Q)
Q@) ~ 2 T

by the residue theorem and our lemma is proved.

Therefore,
27i - resz=0f = res.=o (Q]zijik)
-t ()R
~ i () S ety
G g,(é.)) (-t ((f:g));
- ; Qiég)ck
26
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Now, we shall move on to the integration over vn. Intuitively we would think this integral tends
to zero, but the reasoning is a little trickier. Since we find that on each branch, the circle yn
always goes in between two adjacent poles. Our concern is, as N tends infinitely large, the distance
between adjacent poles becomes infinitely small, and hence the contour gets infinitely close to some
poles. So it is necessary to examine the value(or growth, if no value at all) at the intersection of
v~ with each branch. But it suffices to compute the limit of g(z) at z = [N% + (N + 1)%]/2 as N
tends to infinity.

Sk CLY/NI(N + 1)k
2k

i S CLA/NF 1 (k—i)NF=1T + O(NF-2)
1m

N—o0 2k

. ySugen {“/(N + Boiyk 4 O(Nk-2)
B Nl—I>noo Qk

_ Ef:l Cli(N+ 1- %)

= 5

(N +1)2F -2kt

- 2k

lim 2" = lim
N — o0 N—oc0

=N+

N | =

k
where we’ve used two basic combinatoric identities Z Ck =2 and C’k = C . Thus,
i=1

1 1

1 S E—
Nm_g(2) = 2m(NtL) _ 1 2

which means that g is bounded. Now that we may easily conclude that
‘/ f(z)dz’ =0 as N — oc.
N

By the residue theorem,
P(z0) P P
E — 127 E _— E =0.
k—1 27rzCk / k
rvea oy k20 ' Q(20) Q'(O)(e —~ Q)¢
which is equivalent to

i k n%)
Z Z (k 1)m”r 1 min

m=1n= 1 n _EQ(e k n%)

= 27722 eszk Z Q Ck (23)

This formula enables us to evaluate explicitly a range of infinite series containing non-integral powers
without having trouble with the definition of complex powers(i.e. to have a branch cut).

6 Extending the summation formula to R*

In the previous section, we have encountered several occasions where computing the residue of a
higher-order pole is required; they are solved with the help of Bernoulli numbers. In light of those
results, we extend our summation formula in 4.3 to functions with arbitrary poles.

Let R* denotes the set of rational function with real coefficients
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such that (Degree Q) > (Degree Q) + 2 and P, @ have no common zeros. These functions differ
from those from R only by the absence of restriction on the zeros of (). However, this, as we will
see later, could make the calculation of

a lot more complicated.
Let f(z) = — &)
Q(z)(eF =75 — 1)

circle centered at the origin of radius R, denoted by yr. Obviously, we can argue as before that

where ¢ and = are complex constants. Integrate f along the the

’/ f(Z)dZ‘—>0 as R — cc.

Now we only need to concern its residue. Denote the zeros of Q by S = {(1,(2,- -+ ,(q} and their
order by ai,as,--- ,aq, respectively.
(1). f has simple poles at the on + = if on+x ¢ S, n € Z. Hence,

i P(z)(,zz - on —x)
zdnte (z)(e 5 *7%) — 1)
_ 0 POn+taz)

T 21 Q(0n + 1)

T686n+x¢5f =

(2). f also has poles at the zeros of @ with corresponding order. The residue formula tells us

1L dyert PGE)E-G)
resCfleincl (a; 1)'(@) Q(2) (=2 — 1)

for ¢; not of the form én + x. For a; > 1 in general, we have little idea about this higher-derivative.
Therefore, we seek f’s residue at (m, m € {1,2,---, ¢} in a different approach, in analogue to the
cases in section 5, though the details are more delicate.

q

Write 1/Q(2) in the form ¢; " H(z —¢)™* , where ¢y is the leading coefficient. We first expand
i=1
each of its factor (z — ¢;) ™% , i # m to power series around (p,. Since

(5)" =67 = (- (@nle = ),

where (a)y is the shifted factorial:(a), = a(a +1)---(a +n — 1), we have its Taylor expansion as

LS D
G 2 Al — G =)

&)

= (2 — Cm)"
nz:;) (Cm - Cl) it
for z near (,,. Also,
> pk) -
P =Y Tl g,
k=0

which is actually a finite sum. Next, we want to expand around (,,. In order to do

so, we define A(n,z) by the generating function

:iAnx

n=0

(Z - x)n7
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where z € C and = # 2mwin , n € Z. For z in a neighborhood of z,

= n!
= e” m = A(n,z
= (X e ) (X e )
> A(n,x . o= A(n, n
:; P é!m!)(z 2) *EO (n! z—a)
= e® r = Aln, n
:;F OA(n,x)(ﬂ)(z—x) —;} (n' )(z—x)

We’ve proceeded the Cauchy product of two series despite the uncertainty about the convergence
of the series involving A(n, x); but we will prove it later. Equating the coefficients leads to

1
et —1

A(n, z) = % T (Z) Ak, ). (24)

k=0

1. A0, z) =

o

if x # 2min. We also define A(—1,z) = 0 in this case. Regarding the problem of convergence of
> %(z—m)", we only prove, though something quite intuitive, that its radius of convergence
is larger than zero for = # 2min, i.e. the series doesn’t diverge everywhere. By the ratio test,

lim An+1,2)(z — x)

<1,

and from the observation that

Aln+15) _ Ty () Al 2
A(n, z) k=0 (k)A (k,z)
B (n+1AMn,z)+> 0 n-l ("H)A(m,x)
- (A2
e Lnco(n+ D () Am.2) + 302 (*) Alm )
(") (k,x)
(li—;+1)(n+1)2 = (1) Alm, z)
ioo (R)A(k,2)

n+1
1—e=’

because (") < (n+ 1)("), we may conclude that the radius of convergence is at least [1 — e”|.

Hence it converges absolutely for z in a neighborhood of x if x # 2win.

On the other hand, if z = 27wim ,m € Z,

1 Bn n—1 = Bn+1 n
S s 8 Been

—~

by the definition of Bernoulli numbers. Its radius of convergence is 27, which is a well known fact.
Therefore, if x is an integral multiple of 27i, we define

A(n,z) = % for n>0 and A(-1,z)=1 (25)
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(24) and (25) together completes our definition for A(n,z),n > —1 and « € C. Now, the generating
function can be expressed as

1 — A(n,z) n
T T e
Let z = 25 (2 — z) and z = 27*((m — @), We obtain

>~ A(n, 2 (Cm — x)) 270
m Z T( 5 (z—Cm))"

= (2m)" A(n, 2’” (Cm — )

Z |n|!5” (z = Gm)"™

We need to decide the definition of A(n, ) in terms of whether 23 ((,, — ) is a multiple of 2mi, or
equivalently, whether (,, is in the form of én +z,n € Z.
Summing up the above results gives

1 0 P(’“)(Cm - m( .
= e (o) )gl(mz_o—”"““*m) )
( ; o =)
@mi)" A(n, 25 (G — 2)) PP (Cn) p D™ (57) .
= Z _ am Z Z %nln‘lkl H (C’m _ Ci)ai+mi (Z - Cm)

=0 n+k+> m;=r i#Em

T n, 22 (¢ — (k) - _1)™i ai;r.wiifl )
COZ< y, Al ) p G A)>(z—<m>*“m.

1! — G)eitmg
=0 \ ki mier o™ |n|!k! Fotd (Cm — Ci)uitm

By its definition, the residue of f at (., is the coefficient of (z — ()™ '. In the present case, it’s the
coefficient of the term with r = a,,, — 1, which is
(ai+m7~,71)

a;—
Gm — Gi)™i’
(26)

with k£ > 0,n > —1 and m; > 0. It’s indeed complicated! In particular, if we let (, be simple, i.e
am = 1 for all m, and require that (,, is not of the form dn + x, which implies the n = —1 term

1 (—1)=" (2mi)" A(n, 22 (G — 2)) PM (Gm)
> : IT,

0 [Ligm (Gm =)0 o= 5 nllk! _—

vanishes, (26) becomes
1 2ri P(Cm)
P(Cm)A0, —(Cm — =
co H’L#m(gm _ Ci)ai (C ) ( 5 (C $)) Q’(Cm)( 7r1 (Cm—z) _ 1)

by definition of A(n,z) in (24). This is identical to the result we obtained in 4.3. The general
formula in terms of residue is

(6n + 2
I P

nez ces
én+axgS
Where S is the set of zeros of @, and the residue can be computed through (26). To end this
paper, we illustrate its application by a simple case of finding the value of ((2s)(s is an integer)
using complex analysis.
Let f(z) = 1/[z°(e*™* — 1)]. Its residue at z = n, n # 0 is 1/2win®. Since the zero of z°
coincides with that of 1/(e*™** — 1) at 0, we use the definition of A(n,z) in (25). Also, P(z) = 1
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and thus P(k)(z) vanishes for k£ > 0. Finally, 1/z° has only one pole so there is no ¢; with ¢ # m.
So (26) reduces to one term:
(2mi)°A(s — 1,0)
(s—1)! ’

because co = 1, § = 1 and = = 0. By the residue theorem,

Z i _ (QWZ)QA(S - 1, 0)
o (s—1)! '
Substitute 2s for s, we obtain
(_1)s+122s—1ﬂ_2sBQS

((25) = T

using A(2s — 1,0) = Bz, /2s in (25), a beautiful formula first obtained by Euler almost three cen-
turies ago.

Acknowledgements

I would thank Ms. Wen for her valuable suggestions on this paper as well as her commitment in
guiding me through the study in mathematics beyond. I would also thank Mr. Wang Jieliang for
instructing me in mathematical writing last term.

References
[1] Elias M.Stein & Rami Shakarchi, Fourier Analysis An introduction, page 150 — 154, 278, Prince-
ton University Press, 2003.

[2] Elias M.Stein & Rami Shakarchi, Complex Analysis, page 114 —120, Princeton University Press,
2003.

[3] Anthony Sofo, Summing Series Using Residues, http://vuir.vu.edu.au/15695/1/Sofo_1998compressed.pdf,
page 16 — 20

[4] Adrian Down, Summation of Series, http://people.duke.edu/~ad159/files/m185/23.pdf

[5] George E.Andrews & Richard Askey & Ranjan Roy, Special Functions, Cambridge University
Press, 2000.

[6] Robin Chapmam, Evaluatuing ¢(2) , University of Exeter, 30 April 1999.

[7] Roman J.Dwilewicz & Jan Minac, Values of the Riemann zeta function at integers, Universitat
Autonoma de Barcelona, Volumn 2009, treball no.6,26 pp.

31

- 31 -





