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Abstract

The purpose of this paper is to find a good way approximate e.In our research ,we

get some formulas to approximate e by L’Hospital’s rule.

This study has a open vast vistas.We get a kind of functions to approximate
e by Talyor’s theorem.By these functions we can get some numbers which can
replace e in approximate calculation.

Key words.e,approximate
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Lemma

e L’Hospital’s rule

Functions f,F are differentiable on an open interval I except possibly at a point a contained in Lif

— lim f(z) = O,Iiin F(x)=0;

T—ra
— F'(x) #0 for all x in I with z # qg;
_ ;l—lg 1{;'((?) exits(or is 00),
i L@ i, @)
then lim ey = lm 57y

Proof. WLOG,we assume f(a) = F(a) = 0,then by Cauchy mean value theorem® we get
3¢ € (a,x) or(x,a),s.t.

(a) _ I'©)

/
Fla) ~ F(§)
e f@ PO L 1)

oova F(z)  eva F(€)  ava F'(2)

fl@) _ flo) -

SO

e Talyor’s theorem
If function f(z) is (n + 1)** differentiable on (a,b),then Vx € (a,b),we have

fla) = é)f(k) (xo)w + R, (z) and R, (z) = m(a: — xp)" 1.
Proof. Let
Pufe) = 3 10w E 0
we just to prove kzo
Ry (z) = m(aﬁ — o)™

When n = 0,by Cauchy mean value theorem,we know the proposition is true;if the proposition is true for
n,now we prove that it is true for n + 1.

By inductive assumption, R, (z) is (n + 1)** differentiable on (a,b) and

R®) (20) = 0(k € [0,n] N Z).

*Thanks:Xinding Xi,Wenxuan Cui
IThe proof of Cauchy mean value theorem is presented in paper[1]

- 170 -



N10

So by Cauchy mean value theorem,we get

RIPG) RO©) -RP@) R (&)
Ar (& —ao)P T AR [(E —xo)Pt 0] AR (e — o)E

(6o = 2, &kv1 € (&, o) OF (w0,&k), En = §),50
R () I A3

FrD(E)

= = = RTL = — "+1.
@z (m+ D) (ntl) @) =gy @~ %)

By Talyor’s theorem,we have

n -1 k+1,.k

m(l+2)=Y ()Tw + O,
k=1
e lim 71—111(21-44) = %
z—0+t v
. z—In(14+2) L’Hospital’s rule .. 171+% 1

PTOOf. 111>I(I)1+ a? o Il—lgl‘*' R

e 2Forz € Ry, (14 1)* <e< (1+2)" and we have lim (1+ 2)” = lim (1+ )" =e.

T—+00 xr——+00

2 First strengthening

Now we try to strengthen the conclusion to

Proof. Let 1
S0 = D =)
Then ) )
- _ = - 2o+ f(@)
9(x) In(1 + z) xande (1+a?)
We have N .
Jo) = (In(1+2) + \/H—m)(ln(l +7) - A=)
221n*(1 + z)
Let
h(z)=In(1+z)— <
N T+z’
V1 —1)2
W)= —YAEE= DT o0y =,
21+ )2

. when x > 0, ¢'(x) < 0= g(z) is decreasing on Ry = f(z) is increasing on R, .

. o . ERT T z—In(141x) L’Hospit:al’s rule .. f==
We have lim f(z)=0and lim f(z)= lim g(z) = lim 5 Jm o
— 1 . L’Hospital’s rule li 1 1
=, ) W) - s ZTRIED) 2
1 1. 1
f@) € (0,5) = (1+2)" <e < (1+ )=
xr X

By the way,when 2 — oo,(1 + %)z"’% approximate e better than (1+ ).

2The proof of this conclusion is presented in paper[1]
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3 Second strengthening

Now we compare the approximation to e between (1+ 1)® and (14 1)**z.

L _e= (43

lim T z
T—~+00 1‘[(1 + ;)JE+§ _ 6]

o xle — (ll—i-lac)z]
e—0+ (1 + J;)§+§ —e
L’Hospital’s rule 1i € — (1 + I)% - (1 + I)%il + w(l + I)

= m oo 11 1 1_1  In(lta)
=0t S(1+x)z"2 + (14+2)s72 — == (1+2x)

P
2¢(14z) In(1+z)—2? —(142)? In?(1+x)
23

L’Hospiial’s rule

lim (14 2) 5
LLISI_F( + x) 1 + z2(1+z) In(14+2)+(14+2)2 In?(14+2) —22 (1+2x)
4 x4

2x(1+z) In(1+z)—z? —(1+2)% In? (14-x)
3

1+ lim

z—0t
. 2 212 — 2
_i'i_ lim x (1+;c)1n(1+ac)+(1+x2 In?(142)—z2(14+2x)
z—0t x

l(:cf(1+mx)2ln(1+:c) )2

1— lim
z—0+ T

1 . In(1+x) In(1+x) \o In(1+2)—z In(1+x)+x 22 In(1+2)+In?(1+2)—22
—1+ lm [P ()2 42 o+ = ]
z—0+t
L’Hospiial’s rule 1
- K 2 2 2
7% + lim 2 1n(1+:r)+li1 (14z)—=z
z—0t r

2 2 2
lim & 1n(1+:17)+1i1 (1+x)—=
z—0t x

(-2 +54+0@)? —2*+2%@ - 5 +0(%)
4

Taylor’s formula .
= lim
z—0t X
5
. 2ot 4+ 0(25)
= lim -4
z—0t x

2
12

So

So we can use

to approximate e.
62(1+2)" 2 4(14+1)"

Now we prove when z € R+.,e >

6x+1
Proof. Let
fay = 2O Lyz+s 4 (14 1)
) =
6z + 1
T —
Jlim f(z) =e,
.. we just need to prove f(z) is increasing.
Let
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f(x) is increasing <= g(z) is decreasing < ¢'(z) < 0

1+2)r (6+2)6yVI+taz+a). =z 12461+ —3z
((xt—G))z{( +2)( \;2T+ )[1+$—ln(1+x)]+ ha \/:% } <0
— (6+x)(6\x/21+x+x)[1im_ln(1+$)}+12+6\/11:—;c—3x<0

= 1+m(6+x)(6\/1+x+x)[ln(1+x)—H_%]+x2(3x—12—6\/1+x) >0

Let v/1+ = = a,then we have @ > 1,2 = a® — 1.

Use a substitute x,we get

1
(1) <= (2Ina+ == Da(a® 4 6a — 1)(a® + 5) + (a* — 1)*(3a* — 6a — 15) > 0

(a% — 1)(3a® + 5a* — 24a® — 10a® — 15a + 5)

=1
= ha)=ma+ 2a%(a? + 6a — 1)(a? +5)

> 0.
. h(1) = 0,50 we just need to prove

h'(z) >0
2a(a+1)%(a—1)
da*(a® + 6a — 1)2(a2 + 5)2
<= 3a® + 350" + 85a® + 471a® + 195a* — 795> + 139542 — 575a + 50 > 0

(3a® + 350" + 85a8 + 471a® + 195a* — 795a® + 1395a% — 575a + 50) > 0

<= 3a® +35a" + 56a° + 625a* + 50 + 294> (a® — 1) +471a*(a® — 1) + 195a*(a — 1)* + 575a(a — 1) > 0

Now it is obviously. O

4 Third strengthening

1yz+g 1ye
Now we find the best constant A which makes (6x+)‘)(1g;_21+i+(1+2) close to e.

Let )
(6z+1)e — (1+ 1)* —6z(1+ )" T2
(L+3)7rs —e ’

Az) =

then we have .
(62 +A@) 1+ )" "2 + (1+5)"

6z + 1+ \(z) - ¢
(6 +1)e— (14 1) —6x(1+ L)rts
lim <
z—+00 (1_’_%)%—5 —e
i e(6+2)— (1+z)stz —z(l+2)=
= 11m
z—0t x((]_ + 1')%"‘% — e)
L’Hospiial’s rule lim 6—(1"'15)% +(1n(1x+l) _H%)(l—f—x)% +3[%(@ _H%)_ %H](1+l’)%+% (2)
- z 141 141 In(1+=z 141
=0+ sy (L +2)5 4+ (14 2)3ts — ¢ — (B — )14 2)7+3
2 In(1 1 1 2(1 In(1 — 2% — 22 L’Hospital’s rule 2In(1 -2
< lim [ n(l+ax) - ~ lim (1+=x) ng +z)—x T L’Hospital’s rule |. n(l+zx) :13207
z—0t T x 1+z” z+1° a0t z2(1 4 x) =0+ 2z
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*. the numerator and denominator of (2) both are approximate to 0 when x — 07,

2 2
(2)L’Hospiial’s rule | 1 /71+x(%+ 12;02-',-6 6(1+a:) 1n(1+a:) _ 6(1+w) Tln (1+gc))Jrl w
= et Tz Boftdotd _ (:v+2)(w+1) (1 +2) + (1+x) In 2(1+ 2)
_ (42)?In*(14a)
T3

2 2 2 2
lim [\/m(% + 12;924_6 _ 6(1+x):bl2n(1+z) _ 6(14x) ml4n (1+w)) + 1— l + 2(1+x):612n(1+m) _ (1+x) 11;’1 (1+;E)]

_ xz—0t
lim 3x2z4m+4 _ (x+2)gr+1)1 (1+4x) + (H—@) In 2(1—|—m)
z—0t x r
_ (3)
(4)
19 12¢+6 6In(1 6(2z 4+ 1) In%(1 12 6zIn(1
(3) - lim VI a(—o + 2 ( 3+x)— Qe DA +2)y | m(——w
z—0+ 2x T T x° z—0+ T T
62 . 1 Vi4z . 1 20+z)n(l+2z) (1+z)2n*1+2)
—?) + lim (- — )+ lim (—— + 3 - 1 )
=0t X xT z—0t xT xT X

(5) 4 (6) + (7) + (8).
—192* + 1222 (22 + 1) — 1222 In(1 + z) — 12(22 + 1) In*(1 + )

— li
®) R 207
Taylor's formuta | — 192" + 242 + 1202 — 122%(x — S L 0@h) - 1220+ 1)z - & + L — 2 4 0(z5))>
N $LI{J1+ 215
. —13z% 4+ 1223 + 1222 — 42° + O(2%) — (22 + 1)(1222 — 1223 + 112* — 1025 + O(29))
= im
z—0t 225
7 i —132* + 1223 + 1222 — 425 4+ O(2%) — (1222 + 1223 — 132* + 122° + O(25)
N xi%l* 215
_ lim —162° + O(2°)
z—0t 25
= -8
(©) _ 6 Tim z—In(l+z) 2z+In(l+x)
z—0+ x? x
= 9
1-+vV1+2 -
7 - im — Y- g T
@ v x =0t (1 ++/1+ x)
1
B 2
[z — (1 +2)In(1 + 2)]?
8 = -1
® A v
B (i :c—(1—1—9L‘)ln(1—|—9ﬁ))2
N z—0t x2
L’Hospital’s rule . 1-— 11’1(1 + 1’) -1 2
= —(1
_ 1
B 4
1 1 1
) 3 2’ln(1+2 22In*(1+x . orx—In(l+2) 22+2—-2z+1)In(1+=z
S L B BN ER s N (B2} 2o+ 1) n(1 £
z—0+ 4 T x z—0F T T
1 . 22+ 2 —(2x+1)In(1l +z)
= -+ = lim
4 2az-0t x?
3 1 22 —-2zln(l+2) z—In(l+2)
= — — 1.
4 + 2 mg{)l+( x? + x? )
1
B 2
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So
A= lim A(z) =

z—0t

[SIEISE
DO | =

In summary,we can use
1
(6z+ )1+ L)*Fz 4 (14 1)
6x + %

to approximate e.
1
6z+1)(1+2)" 2 +(1+1)"
By the way,is there exist a strict inequality between e and ( 2)( GZ)Jr 3 (+3) = f(x)?
2

The verification indicates that f(1) < e < f(0.1),actually,the root of the equation f(x) is in the interval
(0.4919825571,0.4919825575).So the strict inequality is complex,we won’t discuss it below.

If © — +o0,f(x) will approximate e well;if 2 approaching the root before, f(z) will approximate e well,too.

In special,let x = %,we get

1. 2143
1) = %f ~ 2.71823351,

the deviation between f (%) and e is less than 5 - 107°,we can use it in some approximate calculation.

5 Table
Now we show the table about the approximation between e and the four function before(round it to four significant
digits).
1 10 100
e—(1+1) 7.182-107" | 1.245-107" | 1.347-1072
(14 )7+ —¢ 1.101-1071 | 2.058 - 1073 | 2.243-107°
1 L 1\z
e— St 2R 182011073 | 1.716-107° | 1.870- 10~
o+ L x
o — Ot E )T 2RO | 31171074 | 2.837-1077 | 3.668 - 10711
2
6 Vista

6.1 Generalization

Let’s consider the formula

(L4 2)7 + (6 + 3 %)(1+2)"Fs
k=0

n
6z + > ok +1
k=0

which aj is the best constant to let formula approximate e.

Let

e— (14 1) 6w
T+ ’

then we have )
(4 D)7+ (62 + f(2)(1 4 1)mz

6z + f(x)+1

by reciprocal substitution,we have
1 e—(1+x)x
(=)=

e-dtz)z 6 _ (z)
x (1+az)stz —e I\
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After expand this formula at x = 0 by Talyor’s formula,we get

x) = Za;cxk + O(x™ ),

k=0
we also have
—+o0
) = arT ) = Vk € N,ay, = a;
> o= Zk b =ap
k=0 k=0

so we just need to expand g(z) to get the approximant:

1 1 27 5 18233 25 5179 o 352741 5 10908403 6 218799997903

7

28155913529 ¢

g(x) =

530510007035063 29 13037704174051
348713164800000" 8856207360000
So ag = §(thls data agree well with our computing result),a; =

$10+O(1’11).
10° 160
The comparison between the formula and e is complex,we won’t discuss it here.

ag = —

6.2 Change templet

2 + 107 160" 100800 " 28800 2016000 64512000 " 1341204480000

T 178827264000

All above is the consideration about the weighted average of (1 + %)”3 and (1+ %)I"'%,we can consider the better

one.
First we consider B
1=+ > Tk

1 — k=0 "
(1+-)

(ay is the best constant which makes the formula approximate e).

Let ) )

J@) = In(1+z)

then we have
1
=(1 - I+f($)'
(1+2)
Similarly,after expand f(z) at = 0 by Talyor’s formula,we get

faym bl Lo 19 50 3, 863 5 275, 33953 o 8183, 325033

9

4671

5 12 21" 720" T160" 0480”7 241027  3628800° T 1036800° 47900600

So ag = %, as = 12,@3 214 --we also have the recurrence relation:
1 n+1 n 1 n
R ) DI =
2 n+3 —n+2- B

Second we consider the weighted average.Consider

1

(1+§)z+%—e N (L z)stz —¢]

im = lm I 1_=
T—+00 13(6—(1+ )"E+2 12:) w%O*( (1—|—x)m 2 12)

by calculate,we know this limit equal to 2,

SO we can use

to approximate e.

Similarly we can use

to approximate e.

788480

2040(z).
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Let’s show the result by table(round it to four significant digits):

1 10 100
1 erl,ﬁ 1 o+ 1
o) 2 Ul P e | 4.314-107 | 12831070 | 14841071
1yeti- = 1ot i
o~ G P2 BA0E)TE | 59721070 | 5.889- 1070 | 7.860 - 101
15
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