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Abstract

Iteration is one of the long historic puzzles in Geometry, and the iteration in triangle is the
fundamental question to be solved. In this work, some iterative questions which have not been
studied before were proposed and explored. Firstly, applying coordinate method, the positions of the
limiting points were successfully obtained, which facilitate solving the questions. The questions then
further extended to two aspects for further study: 1) Extension of the medians to vertical lines, and
arbitrary bisector lines. 2) Extension of the triangle to polygons. During the process of the study,
coordinate method and vector method with its linear iterative principle are proposed to solve the
iteration problems. It was found that both coordinate and vector methods can reach good results. It
was found that the key to solve the iteration problems by coordinate method is to find the iteration
points via recursive formula, while it is crucial to directly find out the positions of the iterative
limitation points based on the rules of no change on the linear combination. The coordinate method
is a kind of pervasive method but with complicated calculations, while the vector method is simple
but rather limited to only some special cases. Furthermore, the properties of the interesting spiral

lines, which were obtained by grouping the iteration points, were also subject to investigation.

Key words: iteration, coordinate method, vector method, triangle, polygon
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Introduction

Iteration is one of the long historical puzzles in Geometry, and the iteration in triangle serves as the
most fundamental questions. Iteration is a process that repeating same or similar things with the aim
of approaching a desired goal, target or result. Each repetition of the process is also called iteration
and the result of one iteration is used as the starting point for the next iteration. [1] Combination of
Geometry and Algebra calculations is usually required to solve the iteration problems. Study on the
iteration of the triangle itself is quite common [2], but iteration study on some particular elements of
the triangle is rare.

In this work, preliminary work has been performed on the iteration of the elements in triangle and
polygons. Firstly, starting from the question on the iteration of the medians in triangle, the position of
the limiting points was obtained by coordinate method. The special characters of these limiting
points have been investigated. The questions then further extended to two aspects for further study: 1)
extension of the median to vertical lines and arbitrary bisector lines, and 2) extension of the triangle
to polygons. It was found that both coordinate and vector methods can well resolve the problems.
The key to solve the iteration problems by coordinate method is to find the iteration points via
recursive formula followed by getting the position of the iterative limiting points by taking the limit
of the coordinate data. And based on the rules of no change on the linear combination, the key to
solve the iteration problem by vector method is to directly find out the positions of the iterative
limitation points by undetermined coefficient method. The coordinate method is a kind of pervasive
method but with complicated calculations. The more edges of the target geometry, the more
complicated the calculation is. The vector method is simple but it is rather limited to some special
cases, because a prerequisite of linear relationship is required for calculation.

Furthermore, in the study of the iteration of the equal lines in triangle, it was found that the area of
the triangle could be divided into the parts with the same ratio by a group of spiral lines obtained by
grouping the iteration points. In the study of the iteration problems in polygons, superposition of the

gravity centers between each iterative limiting point and the polygons was found.
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1. Iterations of the medians in triangle

Problem 1: Passing a vertex point A to make the median AD,of AABC; then passing point D;make
the D,;D,median of AACDj; passing D, to make D,D; median of AAD;D,... passing point D,
to makeD,D,,,;median of triangle AD,_,D,_;D, ...... etc. Is there a point P to meet the condition

of lim _,_D,=P ? Ifthere is, then what is the position of the point P in the triangle?

A

B

1.1 Proof of existence of P point.
As can be seen by the iterative process, the lengths of the medianss in iterations {|Ds,Dans11}s

{ID4n+1Dan+21} {IDan+2Dan+3l}s {IDan+3Dansal} are decreasing in the ratio of % and converge to
0, which implies that the lengths of the three sides of the triangles tend to be 0. Accordingly, the

iterated triangles converge to a single point. Because AD, ,D,,D, >AD,,D,D,.; (¥n>3), so

there is only one point P to satisfy (1 AD, ,D, D, ={P}, therefore D, converges at a point P.
n=3

Meanwhile, it can also deduce that P is inside triangle of the N™ iteration.
1.2 Answer for problem 1

Establish coordinate system by taking D—l(f and D;A as axis x and y, respectively.
Given that D,(0, 0), xc = 1,
X1 = Xp; = 0,% = XDyn—s = XDan-3

The followings equations can be established based on the given parameters:
X1 + 3%, = 4x3
X, + 3X3 = 4%y
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Xn + 3Xpt1 = 4Xn42(1)
Namely —4(xp42 — Xpt1) = Xn41 — Xp

o 1 1\n—
Multiplication gives X,41 — Xp = 2 (— Z)n 1

1 n-1
. 1 1- (= 1 1 ,-1.p
Then sum of the above formula gives X, = - X — = i (T)n 1

1+~
4

. 1 1 1
Then llmn_moXn=E—EXO=E

Similarly, limp_,o y, = EYA
Answer to problem 1: If we plot parallel lines by passing through point P to three sides of the triangle

respectively, then the ratios of the lengths of parallel lines and the lengths of three sides are in the

ratios of 2:3,2:3,1:4, respectively, which fix the position of point P in the triangle.

1.3 Expression formula of point P.

Make PM // AB and PN // BC by passing point P, it is possible to get the expression formula of point
P by using parallelogram BMPN.
A /’

P 2XA+2Xc+XB 2YA+2YC+YB

1.4 In view of other points.

1.4.1 Different P in same triangle
The model can be readily viewed from different points:
(D Take A as starting point, turn towards AC >P;
(2 Take A as starting point, turn towards AB >P,
(3 Take B as starting point, turn towards AB——>P;
@ Take B as starting point, turn towards BC——>P,
B Take C as starting point, turn towards BC——>P
©® Take C as starting point, turn towards AC——>P,
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ObViOUSIy, Pl = P6J P2 = P3, P4 = P5
We assumeP, = P, =B',P, =P; =C,P, =P, = A’
Then we can get the following formula;
BI(ZXA+2XC+XB’ ZYA+ZYC+YB)
5 5
AI(ZXB+2XC+XA’ 2YB+ZYC+YA)
5 5
CI(ZXA+2XB+XC’ ZYA+ZYB+YC)
5 5
1.4.2 Properties of the triangle A'B'C’
The triangle A'B’C'has the following properties:
1) The triangle A'B'C'would have the same gravity center as that of the triangle ABC.

2) The gravity centers of triangle O, B’, B shares the median of the AC side with OB: O B’'=5:1. If
AC midpoint is taken as E, then BOB'E forms harmonic progression of points. (Similar proposition
is true for the other two points).

3) Triangle A'B'C’ is homothetic to triangle ABC on the gravity center O with the homothetic ratio
of 1:5.

Xar+Xcr+Xgr_1 2XA+2Xc4+XB EkycXA
Proof: 1) ————=— =
3 3ZCYC 5 3
.. Ycyc YA YcycYA
Similarly, Y = y3

The above 2) and 3) can be seen from the following figure.

It can be seen that BO: B'O: B'E=10: 2: 3

In fact, link CA’” and BA’ and extrapolate it to intersect with line AB and AC at points M and N,
respectively. Then AOA’D is a diagonal of complete quadrangle AMNA’BC, and AOA’D is harmonic
progression of points.

OAr OB/ _ OC/ 1

While — =—=—=-andA'B'//AB, B'C'//BC,A'C' //AC.
OA OB ocC 5
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That is, triangle A’B’C’ is homothetic to triangle ABC on the gravity center O with the homothetic
ratio of 1:5.

2. Arbitrary bisector iteration in triangle

Problem 2: Make point D;on AB, so that AD;:AB =@ € (0,1), and connect the points C and Dy;
locate a point D, on BC, so that BD,:BC =, and connect the points D;and D,; locate a point D4
on CD,, so that CD5;:CD;=¢, and connect the points D,and Ds...... locate a point D, on
D,_3D,-,, so that D,_3D,: D,_3D,_, =@, and connect the points D,_;and D,...... etc. Is there a

point P that meets the condition of lim___D_=P ? If there is, then what is the position of the point

Nn—o0 = N

P in the triangle?

1°¢ i B
2.1 Proof of the existence of the limit point in problem 2
In triangle D,,_,D,,_1 Dy, by Stewart Theorem, we have
|DnDn+1|2 =(1- (P)|Dn—2Dn|2 + (P|Dn—1Dn|2 + o(p — 1)|Dp_2Dp—4 [
By Cosine Theorem, we have
|Dp_2Dpl? = (1 - (P)2|Dn—3Dn—2|2
Where|D,Dy11| < max {|Dy_;Dyls |Dy_1Dyl}-
Thus, |D,Dp4q]| is decreasing. Since |D,D,41| > 0, By Monotone Bounded Principle, the limit
lim,_,|D,Dy4q| exists.
Letlim,_.|D,Dpsq] = t.

Then t2 = (1 — ¢)3t? + ot + (o — Dt?
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Factorization to give:

t?(1 - @)(3— @) = 0.
Since 1—¢# 0 and(1 —@)(3— @) # 0,
We have lim,_,|D,Dy4+1] =t =0.

The circumference of the triangle A D,_¢D,_3D,_,converges to 0 and D, e AD,_sD,_3D,_4.

Because AD, ,D, D, 5AD,,D,D,., (¥n>3), so there is only one point P to satisfy
N AD, ,D, D, ={P}, therefore D, converges at a point P.
n=3

2.2 Answer for problem 2:
Taking Djas the origin point, and D;B and D,C as axis x and y to establish coordinate system,

Let x(D,)=0, x(B)=1, mzi (geometric meaning of m is the mth equal diversion point )

According to definite proportion formula, we can get x(DZ)- x(D3) 0 x(D4)—

Then we assume a(n)=x(Dp 1), a(l):m?_l’a(z)zo’ a(3)= nrln_zl

And a(n+3) = mT_la(n) + ia(n +1)

Corresponding characteristic equation and characteristic roots are x3 = m?_l + ix
= —v4m - 3m? —m + V4m — 3m?
& 2m ’ 2m }
Leta(n) = A x (&)n + B x (CRtAmoSmt, o
After putting into the former parameters, it can be worked out that: C = __11:3[;

w

N

- -m+v4m-3m?2 1 f1
Characteristic roots: X, 3 = mEvAim—Sm ——+t |=—-=
’ 2m 27 \m
4
@ Where me (1,5]
Becausei— — > € [0, l)
m 4 4
1 1
ThenXZ € (_1’ _E] ’ X3 € [_E’ O)
SOllmn_,+oo in = limn_,+oo X3n = O

-1+m
—-1+4+3m

Namely:lim,,_,, a(n) = C =

8/24

- 185 -



N12

n
. . . 1
So:limp 4, X, = lim,_,, X" = lim ( 1- ;) =0

-1+m
-14+3m

Namely:lim,_, .. a(n) = C =

2.3 Further discussion on the problem 2

2.3.1 The extreme case
If we make@ — 0F in problem 2, namely m — +oo
-1+m 1

We can get: lim
n—+oo —14+3m 3

Namely, point P tends to reach the gravity center of triangle ABC.
What we take here is the repeated limit

lim lim a,
m-—+o00 n—»>+oo

Rather than its double limit
nl—l>IPOO a(m' I’l)
m-—+oo
(Its repeated limit lim,_, lim,_,, a, does not exist; this will be further discussed in the following
sections)
2.3.2 Expression of the position of point P

It is known that% = m, following the above solution, we can get:

AG CH -14m
AB CB —-1+43m
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: . _ BR +1
And the following equations can be derived on BC: — = =
CR 2m-—2

Use Menelaus Law on triangle BCD

Followed by applying the proportion relation on AC, the above formula can be solved to

AD
reach— =1
CD

. A BP 2
Namely, D is the midpoint of AC, and because — = el
DP m-—1

BP = BA +-——BC
~3m-1 3m —

Then the coordinate of point P :

b (m — 1xg + mxy + mxc (m — 1)yg + my, + myc
S3m—1 ’ S3m—1

2.4 An alternative idea to the solutions of problem 2

2.4.1 Answer for problem 2

It can be found out that the position of P can be determined by linear combination of a group of sides
of triangle. And in any cases of iteration, this linear relation remains unchanged. So the following
very simple solution can be acquired:

c

A D B
Assuming that AP = aAC + Bﬁ

Then on the basis of the above mentioned assumption, we can get: BP = aBD + BBC

Taking point A as the origin point, planimetric rectangular coordinate system can be established.
Assuming A (0,0) ,D (k,0) ,B (a, 0), C (b, ¢), P (m, n)

e (%) =e(%) <53

m-—a\y_ (k—a b—a
and (77) = (5 ) + 8L
Taking aand B as unknown numbers, calculate the above formula, we can get:
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a

(g) — Si;k

3a—-k

To solve the problem 2, k:% is brought into the above formula, then: a = [ = Fm—f which is

completely identical with our previous result.
2.4.2Extension of the vector method

We can obtain a more general conclusion than the vector method in problem 2.
Linear Iteration Principle in triangles:

In the triangleD; D, D3, the point D,, is uniquely determined by

Dp-3Dy = aDp_3Dy—2 + BDy-3Dp-1.

If there exists unique limit lim,_, D, = P, thenfor vne N,, D,P=A-D,D,4; + B-D,Dp2,

1-B 1
3—a-2p’ 3—a-2p

where A =

Proof by Mathematical Induction method:
Firstly, for n=1, divide D, to three sequences {Dsr}> {Dsx+1}> {D3k+2} DYy congruence module 3.

Sum the iterated formulas in three sequences to give,

n n
DiD3piq = O(Z D3x—2D3k—1 + BZ D3x—2D3x

k=1 k=1
n n
_ _ -
DyD3pyn = az D3x—1D3x + Bz D3x—1D3k41
k=1 k=1

n n
D3D3py3 = O(Z D3xDspy1 + Bz D3k Dsky2
k=1 k=1

As n — +oo, we get

D3x_2D3k—1 + BZ D3y_2D3x

0
k=1 k=1
1)

D3x_1D3k + BZ D3x—1D3k41
k=1

=1
DsP = O(Z D3xDsxy1 + B D3xD3kq2
k=1 k=1

Furthermore,
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(1 —a—B)D;P + (1 — B)D,P + D;P

=(1-a-p) (az D3x—2D3x—1 + BZ D3k—2D3k>
k=1 k=1

+(1-p) (az D3x—1D3x + 62 D3k—1D3k+1> + az D3k Dsksq
k=1 k=1 k=1

+ BZ D3k D342
k=1

3 0 3 oo
= O(Z Z D3xDsxyu + BZ Z D3xDsk42u
u=1k=1 u=1k=1
- (az Z D3k_2D3k—1 + Z(XBZ D3k—2D3x + B z D3k—1D3k)
k=1 k=1 k=1
i (O‘Z D3k-2D3k-1 + BZ D3k—2D3k> + B(az D3k—2D3x + BZ D3k—1D3k>
k=1 k=1 k=1 k=1
= _az D3k—2D3k41 — Bz D3x_3D3x =0
k=1 k=1
D,P 178 5504 D,D
L) =
o3 _aq—2 %2 3—a-2p 3

Thus, when n=1, the conclusion holds right.

Now suppose that the conclusion also holds right when n=k(k € N, ), i.e. DyP = A-DyDy,; + B~
DDy 2-
For n=k+1,

Dis+1P = (A Diy1Dis2 + B Dy 1Dicy3)

= Dy41Dk + DP — A+ (Dy4 1Dy + DiDyy2) — B (Dis 1D + DyDiy3)

= Di+1Dx + DiP — A Dyy1Dic — A DiDiy, — B+ Dyy1 D — B+ (aDp D1 + BDyDnsz)

=D Dys; - (2A+B—1-Bp) + DDy, - (B—A— Bp)

Il
(=1

which means that the conclusion is also correct.
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N 1-B

Therefore, for vneN,, D,P = 3a—2p

1 —_
DyDn4s + 3—a—2pB *DnDp+o.

Specifically, regarding to problem 2, it suffices to take o = ¢, B = 0.

2.4.3 Applications of the vector method in the iterations of figures
It is worth to note that the vector method applied here is not limited to the problems of the iterations

of triangle. For example, it also applies to the following problem 3.

A
F
F>
FS F4 E4 E3
E,
E,
D
D, °
B~ D,

Problem 3: Intriangle ABC, take BD,:BC=CE;:CA=AF;:AB=k, then perform iteration in the
following sequences: D,D,;; : D,E, = ELEq4q ¢ EqFy = FyFp4q ¢t FyD, = k. Let limy, ., D, =

lim,_, E, = lim,_, F, = P. How to find the position of point P?

Answer: Let B be the origin point. Denote C(c, 0), A(a, b), BP = aBA + BBC.

According to the Linear Iteration Principle, we have D;P = aD,F; + BD;E; .

Then, we get:

o =

| _, W[~

B=3
The result implies that the point P is the gravity center of the triangle ABC.
Furthermore, we can obtain a similar conclusion as Triangles Linear Iteration Principle:

In the triangleA; B, C;, the iterative triangleA,B,C, is uniquely determined by

Ap_1Ap = a;Ap_1Bp_q1 + B1AN-1Chog Bh_1Bn = 03By-1Choq1 + B2Bn-1An-1 Ch-1Ch =
13/24
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a3Ch_1An_1 + B3Ch_1Bh_7. If there exists unique limit rlli_r&AnB“C“ = P, then for vn e N,

a-A,P+b-B,P+c-C,P=0

azozt+asPBa+B2B3 b = ogoz3+aB3+B1B3 c = o0 +0;B1+B2B1
’ - M - b

p p p
p=0ay03 + o3P, + B2B3 + gz + oy B3 + B1B3 + a0y + By + PPy

where a =

Specifically, when oy = a, = a3, B; = B, = B3,P is the gravity center of the triangle.

2.5Study on the trajectory of points

2.5.1 The equation of the curve

When we draw the following graph (a proportion that is limit iteration was performed), we can
intuitively see the distribution of the points are divided into three groups {Dsx}, {Dsk+1} and
{D3k+2}, inwhichk € Z.

C

A B
It can be seen that all points in the three groups gradually approach point P. However, as the points

are discrete, it is impossible to form a continuous curve.
If we assume that m — +o0, then

hma(n)——Z 1- n(2”“+( 1-iV3)(- 1+1\/_) +i(-1-1iV3) (1+\/_))

n—-oo

=—(1—Cos +\/_Sln
(a(n) in the above formula is the a(n) assumed in “answer for problem 2”, which was used for the
measurement of component of AP on AB).

We found that repeated limit lim,,_,, lim,,_,. a, does not exist. In other words, if we take the limit
directly on a(n), it will cause focusing of all points on three points A, B and C, therefore, we cannot
take limit like the two previous problems. But it is sure that there must be one curve that may enable
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all points in one of the three groups mentioned above to fall on it. But searching of such kind of
curve is challenging, because taking limit directly as we discussed before is impossible.
In fact, we can also acquire n=g(x, m) from x=f (n, m), then bring into y=u(n, m) to acquire y=w(Xx,
m), then assume m — +oco to acquire equation meeting x and y. It is impossible to acquire analytic
solution, so this method cannot be applied. On the other hand, we can consider polar coordinate
system, but it was found that tan ® = 0 when limit is taken in calculation results.
Furthermore, we have compared this spiral with other known spirals (such as Archimedes spiral and
equiangular spiral), but these spirals does not meet the properties of the spiral examined in this work.
In summary of the above mentioned, we cannot acquire accurate equation of the spiral yet, and
cannot determine the specific type of the spiral.
However, it is not too hard to solve a special condition. When the triangle is an isosceles right
triangle, and the median iteration is from the right angle vertex, there is a spiral equation passing all
the iterative points:

(Take the limiting point P as the pole, the line parallel to the hypotenuse as the polar axis.)

- 10
gl 4(tan 1(3_g>+tan g) +kn) )
" T
p= : , kEZ, S€ [kn+tan_1(3),kn+z+tan‘1 <§>]

Obviously, the equation above is a combination of a series of equations, but the whole curve is
continuous and smooth. To simplify the equation, it can be written as:
10

(R —
3 +tan6

9 5,
= tan(znlogg <§p >)

N

In the case of n bisector, the subject is the same. for the oblique coordinate system, the results can
also be a similar formula.
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This formula is obtained by changing the horizontal and vertical coordinates into triangular form,
with trigonometric identities and inverse trigonometric functions n is eliminated. But for the more
general case, polar coordinate method is much more complicated.

It is not hard not find that for the general equation we can get two center symmetrical spirals, which
we call conjugate spirals.

Though it is not the spiral we want, it is still meaningful as a spiral passing all iterative points.

(The figure is the formula obtained when k take 0-12)

2.5.2 Properties of the spiral
In summary of the above mentioned, we cannot acquire accurate equation of the spiral yet, and
cannot determine the specific type of the spiral. But it is possible to get several properties of the
broken line which is close to the spiral as follows:
(1) Where the iterative triangle is acute triangle, for each group of points, with the increase of n,
decrease of|D,P]|.

This can be proved with the fact that the result of the partial derivative of n for |D,P| is more than 0.
However, a simple proof method is proposed which applies the conclusion in “alternative idea” and
the induction principle.
According to the following lemma:

The median of acute triangle is longer than half of its segment.
Proving of the lemma:

As in the following figure, AD in the acute triangle ABC bisects BC, what shall be proved is
AD>CD only.

A

B D C

ABZ4B(C?

From pappus theorem AD? = — CD?

The triangle ABC is acute triangle < AB? + BC? > AC?

2 2 2
22 - (p? > £ - Cp? = (D?

Bring into the above formula to get: AD? =
That is: AD>CD
C




N12

Proof of the original problem:

As shown in the figure, triangle ABC and triangle BCD are acute triangles.

P is a limit point, A isD,, D isD, 4, according to the raised problem, what shall be proved is AP>DP
only in the figure.

“"PEAgcp, P is on AE, which is serve as the median of the triangle constantly.

~.DP<max {AP, PG} <AP

By using the induction principle, the original proposition is proved to be true.

It is noteworthy that the condition in property | is sufficient but not necessary.

(2) Spiral cuts the original triangle into three parts, set their areas as Si, S, and Ss, respectively. The
original triangle area is set as S.
S1S S .
Then values ofgl,?z and ?3 are only related to m (unrelated to the shape of triangle)

And S;, S, and S5 are of geometric progression (this is unrelated to either m nor shape of triangle)

As for the polygonal line{D3,,}, we firstly consider the area enclosed by broken lines where t=1 and
t=2.

o0
S, = SBDDz + Z SD31-1D3i+1D31+2
i=1

In which SBDDZ =1 =905, SD3i—1Dsi+1Dsi+2 =1~ ¢)3i+1¢ *S

SZ — Z(l _ ¢)3i+1¢ - S
i=0

And = ¢ € (0,1)

A-9)¢-S _ (¢-1S
1-(1-9¢)® ¢*+3¢-3

= the series converge at

imi . _ S _ (¢-1)3S
Similarly, we can get: S; = oS T Traens
Obviously,

Si__ 1 S_ =1 Ss_ (=S
S —¢7-3¢+3’ S ¢743¢-3" S  —¢°-3¢+3

And S;-S; =S,?

That is, S1, S2 and S3 form geometric relationship.

At the extreme situation, the effect of polygonal line is identical with the spiral, and it can be
concluded that: spiral will divide triangle into three equivalent parts.

And at more ordinary situation, if we let increment between spiral and polygonal line equivalent,
the above mentioned conclusion is still true. (This property provides another feature for the spiral.)

(3) About the length of the broken lines
Similar to (2), we can take limit from polygonal line, but the function we get is so complicated that it
is difficult for us to determine convergence and divergence of its series.
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If we assume |D,_;Dp| = Lp

Then Stewart law gives recursion Ly 3* = ¢Lyiz° + (1 — ¢)3Ly% — (1 — §)Lpys?

It is possible to determineL,,, but we could not get the process the series so far, therefore, the length
of the spiral needs to be further studied (see specific value as per attachment).

(1=$)°L *+(1-9)Ly +Ls? 2
1-¢)2¢ ’ bUt Z LP < Z LP)
However, it can be proved that the length of the spiral passing all iterative points is convergent.

(As verified,Y. Lp* converges at

n—tan~1(3) 9p\2 (\/2%(5“”‘) — \/2%_43_]()\/5(97r2 + 4Log[2]?)

20 Log[32]

—tan—1(3)

_ 2“’: (\/ 25540 _ J zé‘%)\/scanz +4Log[2]?)  2V/6,/5(9n% + 4Log[2]?)

£ Log[32] Log[32]

3. Further Extension

Further extension of the iteration problems has been also performed and the results can be
summarized as follows:

3.1 Extension on perpendicular line direction

Problem 4:For a triangle ABC, passing a vertex point A to make the perpendicular line AD,of
AABC, then passing pointD,, make the perpendicular line D;D,0of AACD,,...... passing point D,
make the perpendicular line D,D,,;0fAD,_,D,_1Dy ...... etc. If there is a point P that meets the

condition of lim D, =P ? If there is, what is the position of the point P in the triangle?

n—o n

A
Db D2

.

D3 a
D8

D /ARD|10
609 |27
D4

-

B D c
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(The proof of the existence of point P is similar to that in Problem 2, which is not shown here)
Establish Cartesian coordinate system by taking D as the origin point,

_ AD1 " SinO( _ ADZ _ AD3 _ D2D4 _ D2D5 _

k = = = = =
AD1 AC AD D1D2 D3D2
sina

_ DomDom+2  DomDomys

= = (meN,)
DZm—lDZm DZmDZm+1 *

Let b, = Y(D,,) (neN,),b; = (1 —k)h,b, = (1 —k)?h,
We get: bynyr =K by + (1 —K)byy boyy =k byy_3+ (1 —K)byy_q
If we assume sub — series {c,}: ¢, = by,—; of {b,}
Thenwe get ¢; = (1 —k)h,c, = k(1 —k)h+ (1 —k)3h
And cpyq = banpr = K-bayg + (1 —K)byy
=k byn_1+ (1 —K)[k-byp_3+ (1 —k)by,_4]
=k(1—-K)cpp + (k*> —k+ 1)c,_4
As per difference equation, it can be worked out that:
h(=1+Kk)(-1+ ((-1+Kkk)")
=T “1-k+ K2

And =~k =sinfa € (0,1),(—1+kk e (_i’ 0)

L RO -R(-1+(C1+ kM h(A - Im[(C1+ k)]
* mm, Cn = i, “1-k+ k2 B “1-k+ K2
h(1 - k)
T T+k-K2

In iterated triangleAD; D, £C =2 —aandk’ = cos?a=1-k

Then the distance from point P to AC

d(1-k') _ dk
1+k’—k'? ~ 1+k-k2’

dP—AC =

And consequently, the projection of P to DC is

((1 _ dp_AC) 1k )a _ k(1—k)a.
d 1+k—k?2 1+k—k?
In summary, we can get the position of point P:
— k—k? _, 1-k
P et e
It is easy to see that if directly applied vector method is not possible, it is because of the
condition unable to meet the premise, the linear relationship. But we can separate the iteration to use

the vector method. The conclusion is the same as the above.

DA, In which k = sin? 2C

19/24

- 196 -



N12

3.2 Extension in convex polygon

Problem5:Take one point A; of convex polygon A;A, ...Ay and connect it with midpoint B; of
line A,A; , then connect point B; with midpoint B,of line A3A, ...... connect point By_; with
midpoint By of lineA;B;...... (repeat sequentially)...... If there is a point P that meets the condition

of lim D, =P 7 If there is, what is the position of the point P in the triangle? (Similarly, it is

allowed to generalize the above contents in polygon)

If the above coordinate method can still be adopted for solving the problems of polygon, then
n-polygon requires resolving N™ algebraic equation. However, similar to the method for solving the
Problem 2, we can also utilize iterative principle and undetermined coefficients to work out the
coordinates of the limit points.

3.2.1 Lemma:

For the point K of a convex polygon A;A, ...A,, there is a group of non-negative real numbers
{ag, ags e , o}, whereXr_, aqc = 1 ,then  Y_; oy KAy = 0.

Proof of lemma:

If n=3

As shown in the above figure, 3m,n € R*, KD = mKA + nKB

And °."D,K,C are collinear,
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~.3p,q € R*,0 = pKD + qKC = p(mKA + nKB) + qKC = pmKA + pnKB + qKC

Where pm+pn+q=1
In the case that the K is on triangle side, it is still true.
If n>3, it is surely that, K is inside at least one triangle which takes three vertexes on the polygon , it

is known from the above that:
Ja,b,c € R*,aKB + bKB + cKC = 0,anda+b+c=1
Take the coefficient of the other vectors as 0, then a group of non-negative real

numbers {ay s 0ps o , ) can be obtained, where Y7_; oy = 1, then Y7_; oy KA = 0.

A5

A6

A?

In fact, similar to the discussions of vector method in triangles, one can prove the invariance of the
coefficients in above Lemma under iterations. Thus, we could call it Linear Iteration Principle In

Polygon.
3.2.2 Answer of original problem:
Take O (0, 0) asthe original point to establish the coordinate system,

And suppose A, coordinate is (pp,q,) ,POXY), By(ry, tn)
From the lemma, we suppose

From the induction principle, there is

_—  —

OP = 0(10B1 + 0(20A3 + -+ O(M_10An + (XMOAl

_— —

OP = 0(10B2 + 0(20A4 + -+ O(M_ZOAH + (XM—IOAI + O(MOBl

—

OP = a;0By_, + 0,0Ay + a30A; + 040B4 + -+ + ayOBy_3

[ P1 Pn ][al
'm—2 -+ Tm-3ll0ym
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[ di  *  Un ”%] Y

tv—2 0 tm-zllam Y

Combines Yp_;ar =1

By Cramer's Rule{a;, oy .. .. , an} can be worked out, then point P position can be established.

In fact, we could obtain more equations. However, it is unnecessary to list all equations for reasons

as follows. For p, n € N, we have

t+M—1 t+M-1
ey OB (n-1) M+p + OB(H—I)M+p+1
Z Op-t+10Bnm+p = Z Op—t41 " >
p=t p=t
+M- t+M-1
1 I | x X
E Z Op—t+1° OB (n-1) M+p + E z Op—t+1" 0B(n—1)M+p+1 = E + E =X
= =

Then, by the Inductlve Prmciple, the remaining equations are linearly dependent on the equations
listed.

As for more general conditions, taking m points of equal parts only changes the coordinate of B,.
Because the limited numbers of points for coordinates is available in the method mentioned above,
its process for the solution of the problem is easy.

3.2.3 A derived conclusion

Wonderful results for polygon could be derived.

From analysis of problem 1, it is known that the limit point positions are different if the initial
iteration is started from the different fixing points. Suppose that it is Py, the graph formed with P,
would have the same gravity center with the original polygon.

Proof of the above assumption:

It is known that %, ockP—Ak’ =0
As for different P superposition there is

M
Z 2 Ok PrAktr-1modm) = Z (akz PrAk+r—1mod(M)) =0

r=1k= r=1

M
Z P Ak+r 1mod(M) — Z P Ak+r 1mod(M) + Z Ak+r 1mod(M)Ak+r+1 1mod(M)

r=1

= Z l:)rAk+r+1—1mod(M) Z PA,

r=1

And . agis not always 0

M M
Z l:,rAk+r—1mod(M) = Z PA. =0
r=1 r=1

Suppose the gravity center of the original polygon is O, and the gravity center of the graph formed
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withP, is O’ [3]
Then

Take the difference to give
M M M
G=> 08— > 0P = » (A +00') =M-00

So O and O’ are coincident.
The derived conclusion: the graph formed with P, has the same gravity center with the original

polygon.
3.3 Extension to angular bisector direction

For a triangle ABC, passing a vertex A, make AABC angular bisector AD;;then passing D, make
AACD; angular bisector D,D,; passing D,, make AAD,D, angular bisector D,Ds...... passing
point D,, make AD,_,D,_;D, angular bisector D,,D;;...... If there is a point P hat meets the

condition of lim_ D, =P ? If there is, what is the position of the point P in the triangle?

(Not solved yet)
It can be concluded at present that: similar to the above contents, firstly we establish coordinate
system by taking D; as the original point, and let DC=1, x, = x(D,)
Then
_ Xn-3dn-2 + Xn—an—l-

Xn
ap_» + bn—l

In which a,, and b,, are determined as per the following recursion: (In which preceding finite term
of {a,} and {b,} can be resolved)

1
a=a_-a_b_.-<1— )
n n-1 \/ n-2%n-1 (an—2+bn—1)2

_ dn-2an-1-
dp-2 + bn—l

n

The major difficulty of this problem is that the iterated formulas are not linear. So we cannot use the

vector method and complexity of the nonlinear iterated formulas is too large.
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