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Some New Littlewood-Type Inequalities

Abstract: In 1998, Cheng et al. [On a problem of Littlewood, Math Practice
Theory 28 (1998) 314-319] proved: Let p,¢ > 1,r > O,r(p —1) < 2(¢ — 1), =

[(p=Dla+r)+p*+1]/(p+1),8=Q¢+2r+p—=1)/(p+1),6 = (¢+r=1)/(p+q+7).
For any nonnegative sequence {a,}Y_,, we have for any n > 1,

Za” Z al A7 < 252a%45 (%)

In 2015, Agarwal et al. [Dynamic Littlewood-type inequalities, Proc. Amer. Math.
Soc. 143 (2015) 667-677] and Saker et al. [Littlewood and Bennett Inequalities on Time
Scales, Mediterr. J. Math. 12 (3) (2015) 605-619] gave Littlewood’s inequality and related
results on time scales. In particular, they gave integral Littlewood’s inequality' Let ty € R,
p, ¢ > 1. Assume a : R — [0,00) is continuous and define A(t) := ft s)ds, B(t) =
[ a**P/1(s)ds, then

/ T () AU B (1)dt < <2pq - q)q /t a2 A% ()t (+%)

to p_l_q

But they did not prove that the constant <2p‘iqq) in the above inequality is best possible.

In this paper, firstly, we introduce a new parameter and employ Holder’s inequality
and integration by parts to extend (#x), and use strong skills to prove the best possible
constant. Secondly, by introducing the proper parameters, applying Jensen’s inequality
and Holder’s inequality, we present an improved inequality of (x) and a more general one.
Also, some new inequalities are obtained under the conditions of monotonically nonin-
creasing sequence. Thirdly, we give some analogues of Littlewood’s inequalities. Finally,

further discussions are given for future research.

Keywords: Littlewood’s inequality, Jensen’s inequality, Holder’s inequality, best

possible constant.
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=T H Y Littlewood BIARESR

HE: 1998 4, MALE S7E (6T Littlewood J—MMIERY  ((EC#FHISLE SN
R 55 28 HB5E 4 #1, 314-319 7)) HFIEBAT: % p,q¢ > 1,7 > 0,r(p — 1) < 2(q — 1),
a=I[p—-(g+r)+p*+1]/(p+1), 8 = 2¢+2r+p—1)/(p+1),d = (¢+r—1)/(p+q+T7).
MEZAEAES] {an})r, B n > 1 BH

N

N
Zagzaw 27y " ag Al (%)
n=1

2015 4F, Agarwal Z7E (314 Littlewood EUARZER ) (Proc. Amer. Math. Soc.
143 (2015) 667-677) Fl Saker 7E CHIAR LAY Littlewood ANZEAM Bennett AZEZY
(Mediterr. J. Math. 12 (3) (2015) 605-619) % Hi T Bf#5 L# Littlewood BIARZER 14
FAREA. TRl ﬂﬁﬂ] i Littlewood f INDAER: ®theR, p,g>1. a:R—[0,00)
HHEGEREL, X A(t) = [} a(s)ds, B(t) == [ a*?/1(s)ds, NI

/too aP () AU(t) BY(t)dt < (m;q)q/too A% (1) A% (1) dL. (4)

P+q

TR B AR A S r R B T (250)" mtkny.

p+q
ARRCH, B, FGIA—DHFHSE, 2 H Holder ASEH 3 EBUEHEA
SF (o), FFFARBRAY BT UL H BN TR e . FOR, @ 5IEE L SR, 2
Jensen AFAM Holder A, AT (+) HYBOEM— A —fery AFX. FR, 72
PO AR 250 TR T AR 3 — 2 A FRIR, ATiE4 H Littlewood AFEK
HIZRMIEX. Fa, At —2 B MO RN BT E.

Keywords: Littlewood ANZER;, Jensen A4, Holder ANEER, HAEwEUA T
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§1. Introduction

In 1967, Littlewood [1] presented several remarkable open problems concerning in-
equalities for infinite series which seem to be “very far from simple”. One of his problems
asks whether an absolute constant K exists such that the following inequalities hold for

any non-negative sequence {a,} with A, =>"7_, ai:
[ee] [ee] 2 [ee]
S a2 <Z azﬂ) <K 0
> Yt < K3 2
n=1

As it was pointed out by Littlewood, (1), (2) and related inequalities, have a close
connection to the theory of orthogonal series. The importance of (1) and (2) comes from
the fact that they appear to be new ”elementary inequalities”, and also that they may be
applied to obtain a result on orthogonal functions which is proved in [1]. The theory of
general orthogonal series originated at the turn of the century as a natural generalization,

based on Lebesgue integration, of the theory of trigonometric series.

An answer to Littlewood’s above question was published in 1987 by Bennett [2, 3]
who showed that (1) holds when K = 4 and (2) holds when K = 3/2. Actually, Bennett

proved the following much more general result:

Zag;A;g< ai,f) ( Pla +) _q) 3 (@ an)! (3)

n=1 n=1
where p,q,r > 1 and {a,} are non-negative sequence. The special case p =1,q = r = 2
leads to K =4 of (1), p=2,qg =r = 1leads to K = 3/2 of (2) by interchanging the order

of summation.

It remains an open problem to determine the best possible constants in (1) and (2).
In 1996, Alzer [4] improved (3) for a special case: Let ay,as--- ,any be nonnegative real
numbers such that a; < ay < --- < ay. If p > 1,q,7 > 0 are real numbers such that
d=[p(¢+71)—q]/p >k, where k > 1 is an integer, then

S\ k-l
ZaﬁAq( ifq) <[Jw@- T/’fz (ah A9)*a . (4)
=0

m=n

In 1998, under additional conditions, Cheng et al. [5] discussed (3) with a best
constant: If {a,}"_, is a nondecresing sequence, p,q > 0,0 <r <1 and p(q+71) > p+q,
then
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N N
Y (Zaij ) <1. Z (aP A7)'*5 (5)

n=1 m=n
where the constant 1 is best possible. At the same time, (3) was partially improved by
them: Let p,g > 1,7 > 0,r(p—1) <2(¢—1),a=[p—1)(g+7r)+p*+1]/(p+1),8 =
(2¢+2r+p—1)/(p+1),6 = (¢+r—1)/(p+q+r). For any nonnegative sequence {a,}5_,

we have for any n > 1,

=z

Z ab i alA7 < 2° Z alAb. (6)
n=1 i=1

A special case p=3,q = 2,r =1 of the above 1nequahty reduces to

N n N
ZaiZa?Ai < %Zaifli, (7)
n=1 i=1 n=1

where v/2 = 1.2599... < 3/2.

In 2015, Agarwal et al. [6] and Saker et al. [7] gave Littlewood’s inequality and
related results on time scales. In particular, they gave integral Littlewood’s inequali-
ty: Let to € R, p, ¢ > 1. Assume a : R — [0,00) is continuous and define A(t) :=
fti a(s)ds, B(t) := [ a'*7/9(s)ds, then

/ T () AT Bt < <2pq - q)q / (1) A% (1)t (8)

to p+q to

But they did not prove that the constant <2piqq) in the above inequality is best possible.

For more information about related inequalities of Littlewood, we refer the reader to [8]-
[11].

In this paper, firstly, we introduce a new parameter and employ Hdélder’s inequality
and integration by parts to extend (8), and use strong skills to prove the best possible
constant. Secondly, by introducing the proper parameters, applying Jensen’s inequality
and Holder’s inequality, we present an improved inequality of (6) and a more general
one. Also, some new inequalities are obtained under the conditions of monotonically
nonincreasing sequence. Thirdly, we give some analogues of Littlewood’s inequalities.

Finally, further discussions are given for future research.
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§2. Basic Lemmas

Definition 1 (See [12]) A function f is convex on an interval [a,b] if for any two

points x1 and xo in [a,b] and any A where 0 < A < 1,

Az + (1= Nzo] < Af(z1) + (1= A)f(22).
A function f is said to be concave on an interval [a,b] if the function —f is convex on
that interval.

Lemma 1 (Jensen’s inequality, see [12]) If Ai,---, A\, are nonnegative real numbers

such that >~ N =1, and [ is convex, then Jensen’s inequality can be stated as

for any x1,--- ,x, in the domain of f. If f is concave, then the inequality reverses,

giving
f (Z A:c) > > Nif (). 9)
i=1 i=1

Lemma 2 (Hélder’s inequality, see [12, 13]) Let %+% =1 with p > 1. Then Holder’s

inequality for integrals states that

[ 1w < ([ i) ” ([ towyar) "

with equality when |g(x)| = c|f(z)|P~t. Similarly, Holder’s inequality for sums states that

R (Z |ak|p) N (Z |bk|q> "

k=1 k=1 k=1

with equality when |by| = clap|P~t. If 0 < p < 1, then the inequality reverses.

In what follows, for convenience, we set A, = > '_| ay.

Lemma 3. (See [14]) Let p < 0. For any non-negative sequence {a,} with a; > 0,

we have for any n > 1,

p

> At < (1 - 1) AP,
k=n

Lemma 4. Let p < 0. For any non-negative sequence {a,} with a, > a,+1 , we

have for any n > 1,

- 11
> Ay < (- — —) AP, (10)
k=n n p
Proof. We start with the inequality 2 — pr +p — 1 > 0. By setting z = Ay_1/Ax
for k > 2, we obtain
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AP — pAk_lAi_l +(p—-1)AF > 0.
Replacing Ai_1 in the middle term of the left-hand side expression above by Ay — ax
and simplifying, we obtain
AP — AP > —pap AP
Upon summing, we obtain

1
> At < ——An,
p

k=n+1

In view of a; > a1, we have a; < %. Hence

S apA = a, A7 Y Al < (- —~ —) A,
k=n k=n+1 n p

The proof is complete. [

Remark 1. Since % <1, we get Lemma 3 from Lemma 4 without the monotonicity
of {a,}.
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63. Integral Case
In this section, we extend (8) and get the best possible constant.

Theorem 1. If a(t) > 0,p > 1,q,7 > 0, (pg+pr—q)/p > 1, A(t) := ftz a(s)ds, A(t) :
[° a'tP/1(s)ds, then the following inequality holds:

/ T () AT () < (w)r / " (@) AI(1) 5 dt, (11)

to p_'_q to

Pq+pr—gq

paws ) in the above inequality is best possible.

where the constant (
Proof. (i) The case p > 1.
The left-hand side of (11) may be rewritten as

L= / TR OAT (1),

where b(t) := a(t)AYP(t). Let v = pp — 1)(¢ +7)/(pq + pr — q),u = (pg + pr —

0)/lalp— 1)}, w = (pg + pr —q)/(pr), (1/u) + (1/w) = 1. Noting u > 1,(p — x)w =
Lxu=np (1 + g) , applying Holder’s inequality with indices v and w, we have

L = / Oobx(t) (P~ ()N (1)) de

to

< (/: bp(1+%)(t)dt) v (/: b(t)A””(t)dt) " . (12)

Since

[ snas = [ ats)argas = [ aropae = Loari),

to to to p+q
integrating by parts gives

/ T b A ()t

to

_ [ T AT < [ t b(s)ds)

p > rw 1+4
= — A () dA TP (t
L [T amaatio)

p 1+4 rw 00 - 1+4 rw—1 1+E
= A p(t A t =+ rw / A p(t A t)a (s dt)
L (Ao e [T AT OA a0

pT'LU o 1+2 rw—1
= b a(t)A t)dt.
p+q[; (A1)
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Let y = p*(¢+7)/ la(pg + pr — q)],a = (pg +pr —q)/p, B = (pg +pr —q)/(pg +pr —p -
0). (1/a)+(1/8) = 1. Noting a > Lya=p (1+), (142-)f = 1,0 = rw = (rw—1)5,
applying Holder’s inequality with indices o and 3, we obtain

/ AT (1) dt

to

prw > 1+2 rw—1
— b e (t)A t)dt
p+q[; (HA™ (1)

_ b / T (b“%—y(t)w—l(t)) dt

p_l_q to

P ( / N bya(t)dt) " ( / sy A(rw—l)ﬁ(t)dt) v
p + q to to
B 00 . 1/a 00 1/8
_ =g ( / y’(”a)(t)dt) ( / b(t)A””(t)dt) .
p + q to to

/ N b(t)A™ (¢)dt < (w)a /t N w0 ().

to p + q
Substituting it into (12) yields

< <pq+pr—q) / (1)
p+q

pPg+pr—gq
p+q

IA

Hence

Thus (11) holds.

Here we just see that the constant ( ) is best possible in the case of p =

2,q = r = 1. In other words, (11) reduces to

/: a2 (t) < /t t a(s)ds) < /t h a3(s)ds) dt

<1- /: a*(t) (/t:a(s)ds)zdt. (13)

Taking a(t) = t7279( > 0) and ¢, = 1, elementary calculating gives

/: a2(1) ( /t: a(s)ds) ( /t N a3(s)ds) at
_ /1°° 2(=%-0) (/j S—%—eds) </t°° 33<—%—9>ds) dt

2
36(1 + 166 + 6062)’

) t 2 00 t ) 2
/ a*(t) </ a(s)ds) dt = / $4(=2-0) (/ s‘?‘eds) dt
to to 1 1
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7
B 2
30 + 4262 + 12063
; : 2 2 — iy 140 _ : : :
Since 011)r(1)1+ 39(1+169+6092)/39+4292+12093 = gll,%l+m =1, the constant 1 in (13) is best possi-
ble.

(ii) The case p = 1. Its proof is similar to that of (i) by applying Hélder’s inequality

only once, hence we omit the details. [J

Remark 2. (11) degenerates into (8) when r = g. Therefore we generalize (8)
o (11) by introducing a new parameter r. Furthermore, we prove that the constant

(%)T in (11) is best possible.
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64. Series Case

In this section, by introducing the proper parameters, applying Jensen’s inequality
and Holder’s inequality, we present an improved inequality of (6) and a more general
one. Also, some new inequalities are obtained under the conditions of monotonically

nonincreasing sequence.

Theorem 2. Let p,g > 1,r > (¢—1)/(p—1),a=p+q—1,0=1+4+r =
(¢g—1)/(p+q—2). For any non-negative sequence {a,}, we have for any n > 1,

N n 6§ N

q r p/r - ’I“ @ B
Sardoanr < (L) Y aa (14
n=1 =1 n=1

Proof. Set z = (p—1)/(p+q¢—2),y=r(p+q—2)/(q—1),z=-2+p+q¢g =
(pr—q—r+1)/(¢g—1). It is obvious that 0 < § < l,ax +d =p,fr — A0 =1,20 +1 =
¢y =rx+d=1,14z2=a,y— A= (. Using Jensen’s inequality gives

N n N 5 n
Sar> o = 3 () (AA) S’
n=1 =1

LIS S TN
() ()

IN
(1=
Q
o
3
/_\
|8
>4

_ 2 ( (a2 A8 ant; " A7
ntin JEES) :
n=1 i=1 n

Applying Holder’s inequality gives

n=1 i n
N T /N n 4
< (;am5> (;A“};A;ay%g) . (15)

On the other hand, interchanging the order of summation, by Lemma 3, we get

N n
Z 1+>\ Zal—i-sz — Zal—i-sz A{i)\
= = 1 N
14z py—A
(1 + X) Z altz Ay

n=1

pr—r
— a AB
= a .

IN

Hence
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N n or—r N
e a?AZ*S(pT_T_qH) >l

The proof is complete. [J

Remark 3. (i) In particular, setting p = 3,¢ =2 and r = 1 in Theorem 2 gives

N n N
n=1 i=1 n=1
which is (7).

(ii) (14) and (6) have the same constant 2(0~1/(P+1=2) when (pr—r)/(pr—r—q+1) = 2.
2(¢ —1)/(p—1) from (pr —r)/(pr —r —q+ 1) = 2, then the
5

In fact, we get r

constant of (14) is (;nr o) = 2(a=1)/(r+a=2) ' At the same time, the constant of (6) is
olat+r=1)/(p+a+r) — 9(a—1)/(p+q-2)

5
(iii) If p = 3, = 2,7 = 3/2, then the constant of (14) is (prf::;—i-l) = {/3/2 =

1.1447 . .., the constant of (6) is 2@+ —1/(pra+r) = 25/13 = 1.3055... > {/3/2. Hence, to

some extent, (14) is an improvement of (6).

Theorem 3. Let p,g > 1,r > (¢—1)/(p—1),a =p+q—1,=1+r =
(g —1)/(p+ q—2). For any non-negative sequence {a,} with a1 > ay > az > -+, we
have for any n > 1,

N n N =0 r N 1 1 s
D q AT < a AB - q9— apB 1
D apd alA] < <;an,4n> [Z (n+pr_q_r+1) a® AP (16)

n=1 i=1

Proof. Set v = (p—1)/(p+q¢—2),y =r(p+q—2)/(¢—1), 2 =p+qg—2,A =
(pr—q—r1)/(qg—1). It is obvious that az+d =p, fxr—Nd = 1,20 +1 =q,yd =r,x+d =
1,14+ z=a,y — A= (. Using Jensen’s inequality gives

N

N n 5 n
S > aar = (Al () S
n=1 i=1 n=1
x n ' & 11+ZA?ZJ ’
() 5 (52)

i=1

N . n . 1+ZAy
= > (a347) Z(CLA?) :

n=1 =1

A
WE
=
3

In view of x + 6 = 1,0 < § < 1, applying Holder’s inequality gives
N n l+sz
a AB\% anQ
S )y (e )
n=1 i=1 n
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(2&3/15) (Z AH/\ZaHZAy) ) (17)

On the other hand, interchanging the order of summation and by Lemma 4, we get

n

N N N
ZAHAZ A = Za,lsz%Z AIT)\

i=1 n=1 m=n M
N N
g a1+ZAy am
Z n “in Z JiES)
n=1 n M

IA

Hence

which concludes the proof. [

Remark 4. (i) Since + < 1, we get Theorem 2 from Theorem 3 without the

n

monotonicity of {a,}.

(i) In particular, setting p = 3,¢ =2 and r = 1 in Theorem 3 gives

Z 2“2‘4 = (Z“4A2>2/3 [i (% - 1) atA?

n=1

1/3

Next we extend Theorem 2 as follows.

Theorem 4. Let 0 <r <1,q>1-r,p>q/(¢q+r—1),a=plq+7)/q,=q+1,0 =
(pg +pr —p—q)/(pqg + pr — q). For any non-negative sequence {a,}, we have for any
n>1,

N N 1 r p(q+r—1) or N .
> ab Al am | < {#} > (anAf) T (19)
m=n n=1

Proof. Set v =p/(pq+pr—q),y=(qa+r—1)(pg+pr—q)/(pg+pr—p—q),z =
(pg+pr—q)/g,\ = q/(pq + pr — p — q). It is obvious that az +0 = 1+ L Br— A =
1,20+1=plg+r—1)/qyd =r,z+5 =1,142z = a,y — A = . Using Jensen’s inequality
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and interchanging the order of summation, we have

1+P T »
P A4 N 142
E aPl A <§ am ) p Aq\IHE N a
n=1"n""n m=n . Z a A E m:na'm
1+

T

N 14+Z N D
>in (ay Af) i i=1 pAq) an A,

N g N 1+2

< (3l M DN

B n=1 £V1 (CLPA;])H—E a,‘{An

1 p g+r—1\ T

Eg 1 n+q Zm 1 (amA )

- S (A

Applying Theorem 2 gives
ai—i_% (aéAm>fI+7‘ 1
n= m=1

5 N
< |ip q _'_ r— :| Z pAq 1+— (20)
Thus (19) is valid. O
Remark 5. For p=2,¢=r =11n (19), we also get (7).

Theorem 5. Let 0 < r < 1l,g>1—rp>q/lg+r—1),a =plq+71)/q,5 =
q+16 = (pg+pr—p-—q)/(pqg+ pr— q). For any non-negative sequence {a,} with

a; > as > ag > -+, we have for any n > 1,

N N Lep r N
ZaﬁAﬁ( am+ ) [Z (a? Aq

n=1
<1+pq+pr—p—q) (a7 A1)
n q

or

(21)

n=1

Proof. Set v = p/(pq+pr—q),y=(q¢+r—1)(pg+pr—q)/(pg+pr—p—q),z =
(pg+pr—q)/g,\ = q/(pg+ pr —p — q). It is obvious that ax + 9 =1+ p/q, fx — N0 =
L,z0+1=plg+r—1)/q,y6 =r,x+6 =1,142 = a,y — A = . Using Jensen’s inequality

and interchanging the order of summation, we have

1+p " P\ T
P A4 N 1 N 1+2
Zn 1 n A <Zm n dm > o apAq + <Zm:nam q)
o : : 1+—

S, (ab Al N: al A?) aiA
N 147 N 1+p
< (T (ah A7) Dme O )
= N 14z
nm Doim (@ A]) T a,ZAn

N 4+ "

P g+r—1
an"q2m1<amA>
Zizil (ang)H;
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Applying Theorem 3 gives

=0 r N
r L pg+pr—p—q\, p g14-
E - > A9
4 [ <Z+ (al Z) 1

q

Then (21) holds. O
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65. Analogues of Littlewood’s Inequalities

In this section, we give some analogues of Littlewood’s inequalities.

Theorem 6. Let p,g > 1,7 > 0,7(p—1) < 2(¢—1),a=[(p—1)(¢g+7)+p*+
1/(p+1),8=2q+2r+p—1)/(p+1),0 =(q+r—1)/(p+q+r). For any non-negative
sequence {ay, fnen and ag = Ag > 0,a; > 0, A, = >,_, ax, we have for any n > 1,

N

> ah AA qA;“ < Z a®Al (23)

n=1
Proof. Set z = (p+1)/(p+q+7“),y = (p+q+r)r/(g+r—1),z2 = (g—1)(p+q+7)/(q+
—1). It is obvious that az+6 = p,fz—0 = 1,20+1 =q,yd =r,z+d=1,z—a = f—y.
Using Jensen’s inequality gives

E p”1§ qgr _
Qy, iAi—l_

n=1 =1 n

WE

(wa0) (325) 3 e
1 n= i=1 "

) () (£5)
1 n—1 i1 n
n P d
() 3 ()

1 i=1

WE

n

Mz

S
I

In view of x +90 = 1,0 < 0 < 1, applying Holder’s inequality gives
N n 142z 7Y 4
x a A
aAﬁ ) n
% lei) 3 (T-w )

On the other hand, interchanging the order of summation, we get

N n N
At Ay = al+s A Am
= -1
Zl Y Z Z Z D
N
_ 142 y
= a,* A}
2 Z e
N
1+ -1
S an ZA?rJL—l‘
n=1

Since l+z—a=0—-—y+1>0fromr(p—1) <2(q—1), it follows that

N N
§ 1+2z qy—1 2 a 2B
ap, An—l S anAn 1
n=1 n=1

The proof is complete. [J
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§6. Further Discussions

In this paper, we've extended or improved some discrete inequalities formulated by
Littlewood. The integral case with best possible constant and related inequalities are
presented. The methods include Holder’s inequality, integration by parts and Jensen’s

inequality, and the skills are very strong.

In this section, we list some problems for further research.

(I) Numerical calculations indicate that the constant factor (ﬁ)é in Theorem
2 is not best possible (see [2]). Is it possible to replace the constant with a smaller one?
Maybe we can try to modify Lemmas 3 and 4 to get a more accurate estimate. Noting
inequality (5), Theorem 3, and combining with mathematical software, a monotonically
decreasing sequence {a,} will reflect the best of the constant factor. As to what form of

{a,} taken, the constant factor is the best possible? we will focus on it in the future.

(IT) We can discuss the reverse inequalities, high dimensional inequalities and others.

Holder’s inequality and Jensen’s inequality remain fundamental tools.

(IIT) We have not discussed the improvements of inequality (1) in this article. Gao
[14] has done some work on it. We expect to get some beautiful and simple inequalities

by improving it or doing some related work.

(IV) We can discuss Littlewood-type inequalities on time scales. The theory of time
scales was introduced by Hilger [15] in 1988 in order to unify continuous and discrete
analysis (see also [16]). The study of dynamic inequalities on time scales has received a

lot of attention in the literature.

(V) Littlewood’s inequality has applications on the general theory of orthogonal

series. We will seek more applications of the Littlewood-type inequalities.
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