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Abstract

The subject of counting positive lattice points in n-dimensional simplexes has interested
mathematicians for decades due to its applications in singularity theory and number the-
ory. Enumerating the lattice points in a right-angled simplex is equivalent to determining
the geometric genus of a singularity of a weighted homogeneous complex polynomial. It is
also a method to shed insight into large gaps in the sequence of prime numbers. Seeking
to contribute to these applications, this research project proves the Yau Geometric Con-
jecture in six dimensions, a sharp upper bound for the number of positive lattice points in
a six-dimensional tetrahedron. The main method of proof is summing existing sharp upper
bounds for the number of points in 5-dimensional simplexes over the cross sections of the six-
dimensional simplex. This research project paves the way for the proof of a fully general sharp
upper bound for the number of lattice points in a simplex. It also moves the mathematical
community one step closer towards proving the Yau Geometric and Yau Number-Theoretic

Conjectures in full generality.
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1 Introduction

Let A,, be an n-dimensional real right-angled simplex defined by the inequality

r1 T2 x
—+ =4+ 1<,
ay a2 Qn

where z1,..., 2, > 0 and a; > ay > ... > a, > 1. Define P, to be the number of positive

integral points in A,,, or

Pn:#{<xl,l’2,...7l’n) EZ;L

T z T,
i+3+m+—§%.
ay a9 Ay,

Similarly, we define (), to be the number of non-negative integral points in A,,, or

Qn = # {(ml,xg, cTy) € (Z2U{0})"

T1 T2 Tn
—+—+m+—§%.
aq a9 Ay

According to Granville [3], the numbers P, and @,, are intimately related to a number

theoretic function known as the Dickman—de Bruijn function.

Definition 1.1. The Dickman—de Bruijn function y(z,y) is defined as the number of positive
integers n such that n < x, and all of the prime factors of n are at most y, where x and y

are positive integers.

The connection, described by Luo, et. al. [9], is most readily observed by noting that, if

p1 < po < --- < pg are the primes less than or equal to y, then,
PiDs - Py S,

is equivalent to,

ei1logp; +egxlogps + - +eplogp < logz,
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which can be rewritten as,

€1 €2 €k
log x log © +ot log x S 1’
log p1 log p2 log .

an expression in the format of the condition in the definition of (),,. Hence, enumerating the
Dickman—de Bruijn function is equivalent to calculating @),,.

Granville [3] also describes connections between P, and ), and other areas of number
theory, including primality testing, determining large gaps in the sequence of the primes, and
discovering new algorithms for prime factorization. Furthermore, Lin, et. al. [6] describes how
determining the values of P, and @), leads to insights in singularity theory.

Chen [1] tells us that the numbers P, and @, are intimately linked through the equation

P.(ay,a9,...a,) = Qulai(l —a),a(1 —a),...a,(1 —a)),

where a is defined as al + . +- 4 ai' Hence, we can essentially treat the tasks of finding
P, and @), to be equiV;lent 2in general.n

The quest to find and estimate P, and @),, dates back to 1899, when Pick [11] discovered
the famous Pick’s theorem, or a formula for ()».

0A N Z?|
1

Qs = area(A) 5 ,

where A is a 2-dimensional tetrahedron, or a triangle, 0A represents the boundary of the
triangle, and |0A N Z?| represents the number of integral points on the boundary. Mordell
[10] continued by discovering a formula for @3 using Dedekind sums. Erhart [2] followed
with the discovery of Ehrhart polynomials, which facilitate the calculation of (),,. However,
these polynomials are only useful if every coefficient is known, a condition that is extremely

difficult to meet in the general case.
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The difficulty of this problem eventually led mathematicians to start trying to bound P,

and @, instead of finding precise formulas. Lehmer [5] found that if a = a1 = a3 = -+ - = a,,

0, = (Lajn+ n)

This formula naturally yields a nice definition of sharpness of an estimate R, of @),. We

then

consider the estimate sharp if and only if

a-+n
Rn|a1:a2:---:an:a€Z: .

n

In other words, any upper or lower bound is sharp if and only if its estimate is exact when
ap=ay=---=a, € Z.

Another important estimate is the two-part GLY Conjecture, an upper bound for P,
formulated by Lin, et. al. [8]. However, to state the GLY Conjecture, we need to first introduce
the signed Stirling numbers of the first kind and a notation A} for elementary symmetric

polynomials.

Definition 1.2. The (signed) Stirling numbers of the first kind s(n, k) are defined by the

following property:

1:[(:1: —1i) = Z s(n, k).

Define s(0,0) =1 and s(n,0) = s(0,n) = 0.

Definition 1.3. Let aq,as, .. .a, be positive real numbers. We denote

n - 1
An—k = <11 ai) Z —CL,L- .

Qi Aoy - -
1<iy <ip<--<ip<n ‘172 k

Thus, A, s the elementary symmetric polynomial of ay, as, . ..a, with degree n — k.
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Conjecture 1.4 (GLY Conjecture). Let P, = # {(xl,xQ, cXp) €ZN B4 2 g I L 1} ,

al a2 an

where ay > as > ... > a, > 1 are real numbers. If n > 3, then:

1. Rough (general) upper estimate: For all a, > 1,

n

n!' P, < q, := H(ai —1).

i=1
2. Sharp upper estimate: Forn > 3, ifa; > as > ... > a, > n— 1, then

s(n,n —1) = s(n,m—1-1)
P, < Ay + ———= A7
n ~ 0+ n 1+Z

= (")

n—1
Al

and equality holds if and only if a; = as = -+ =a, € Z,.

The sharp GLY Conjecture has been proven to be true for 3 < n < 6 [15, 4 14} 13} [7].
The rough GLY upper estimate for all n was proven by Yau and Zhang [17].In this paper,

we will use the following theorem (the sharp GLY conjecture for n = 5):

Theorem 1.5 (GLY Conjecture for n = 5). Let ay > as > ag > aq > as > 4 be real numbers

and Ps be the number of positive integral solutions of

s} ) T3 Ty Ty
b S §
aq a9 as ay as

Then,
120P5 S 102030405 — 2(@1(12@3@4 + a1a20305 + 1020405 + A1A30405 + a2a3a4a5)

35
+ Z(alaQag + ajasay + ayazay + asazay)

50
— g(CLlCLQ + aias + a10a4 + ao03 + Aoy + a3a4) + 6((11 + a9 + as + CL4).

The quest to determine the general validity of the sharp GLY Conjecture has led to the

formulation another conjecture, namely the Yau Number-Theoretic Conjecture (Conjecture

1.6).
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Conjecture 1.6 (Yau Number-Theoretic Conjecture). Let n > 3 be a positive integer, and

let ay > as... > a, > 1 be real numbers. If P, > 0, then
n'P, <(a;—1)...(a, —1) = (a, — D" + ay(a, — 1)...(a, — (n — 1)),

and equality holds if and only if a; = --- = a, € Z.

In this paper, we will use the n =5 case of Conjecture [L.6, proven by Chen, et. al. [1],

extensively. We reproduce it as a theorem below for easy reference.

Theorem 1.7 (Yau Number-Theoretic Conjecture for n = 5). Let a3 > ay > ag > a4 >

as > 1 be real numbers. If Ps > 0, then
120Pn S e (CL5 — 1)5 + a5(a5 — 1)((15 — 2)((15 — 3)(@5 — 4),

where = (a; — 1)(az — 1)(az — 1)(aq — 1)(as — 1). Equality holds if and only if a; = ag =

a3 =ay = as € Z.

Similar to the Yau Number-Theoretic Conjecture is Conjecture (1.9} or the Yau Geometric
Conjecture. In order to state the Yau Geometric Conjecture, we must first define a weighted

homogeneous polynomaial:

Definition 1.8. A polynomial f(x1,xs,...x,) is a weighted homogeneous polynomial if

it is a sum of monomials T x} ... x» such that, for some fized positive rational numbers

Wi, W, ... Wy,
1 1
_1_|__2_{_..._|__:1’
w1 Wao Wy,
for every monomial of f. The numbers wy,ws,...w, are known as the weights of the poly-

nomial.
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Conjecture 1.9 (Yau Geometric Conjecture). Let f: (C",0) — (C,0) be a weighted homo-
geneous polynomial with an isolated singularity at the origin. Let u, py, and v be the Milnor

number, geometric genus, and multiplicity of the singularity V- = {z : f(z) = 0}. Then,

p—p(v) = nlp,,
where p(v) = (v—1)"—v(v—1)...(v—n+1). Equality holds if and only if f is a homogeneous
polynomial.

Note that p, counts the number of positive lattice points in the simplex

x x Tn
- SRR
ay  ao an,
where the a; are the weights of the weighted homogeneous polynomial f and a1 > ay, > ... >
a, > 1. Thus, the equality case of Conjecture [1.9|is a; = as = -+ = a,, € Z. Furthermore,

Saeki [12] tells us that v = [a,| and g = (a3 — 1)(ag — 1)...(a, — 1). Chen, et. al [I] also

ap, a a
proved that the fractional part of a, has to be one of —, —,... or —~
ap az an-1

. Finally, we can

also define the polynomial p,(v) = (v —1)" —v(v —1)... (v — n+ 1). Thus, we have

ps(v) = 5vt — 250% + 40v? — 190 — 1 (1)

ps(v) = 1+ 114v — 259v% + 2050° — 700* + 90°. (2)
Conjecture[L.9/has been proven for 3 < n < 5 [I[15,8]. In this paper, we prove Conjecture

for n = 6. Hence, our main theorem is:
Theorem 1.10 (Main Theorem). Let a1 > ay > a3 > ag > a5 > ag > 1 be real numbers

1 Ty T3 Xy Ty T
and let Py be the number of positive integral solutions of L L e
a as as ay as g
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Define pp = (a3 — 1)(az — 1)(az — 1)(ag — 1)(a5 — 1)(ag — 1). If Ps > 0, then

6! Ps < p — (14 114v — 2590% + 2050° — 700* + 90°),

ag Gg Qg Q
where v is calculated asv = [ag]|. Note that the fractional part B of ag is one of —6, —6, —6, —6,
ap Gz G3 a4

or 2. Equality holds if and only if a1 = as = a3 = a4 = a5 = ag € Z.
as

2 Proof of Main Theorem ([1.10))

Note that all computations in this paper were done using Mathematica 10.1 and Maple 2015.
We prove Theorem by estimating Ps on hyperplanes parallel to the zixox31425-
plane. We then sum up these estimates to get an upper bound for 6! Ps. We must then only
show that this upper bound for 6! Pg is less than or equal to the RHS of Theorem [I.10]
In the rest of this paper, we shall refer to the intersection of the simplex in Theorem [1.10
with the hyperplane x4 = k as the level x4 = k. Hence, in our simplex, g = k points are in

the 5-dimensional tetrahedron defined by

T T T T T
1 + 2 + 3 + 4 + 5 <1

w(i-%) w(-2) a(-£) a(-%) e(-x)

We shall break our proof up into cases based on the ceiling of ag:

Case I 1 < ag <2. Thus, [ag] = 2.

Case II 2 < ag < 3. Thus, [ag] = 3.
Case III 3 < ag < 4. Thus, [as] = 4.
Case IV 4 < ag < 5. Thus, [ag] = 5.

Case V 5 < ag < 6. Thus, [ag] = 6.
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Case VI 6 < ag.

All of our cases will eventually reduce to proving some multivariate functions are positive
over some domains. We will show a function is positive using a partial differentiation test,
which involves calculating the partial derivative with respect to all the variables. We show
this partial derivative is positive and then continue to partially differentiate with respect
to one less variable for each consecutive step until only first-order partials remain. If we
show that these are all positive through the domain of the function, and that the function is

positive at the minimum, then we know that the function is positive throughout the domain.

2.1 Casel

In this case, [ag] = 2, so we can plug v = 2 into the statement of Theorem to get the
following theorem, which we prove in this case:

Theorem 2.1. Let a; > ay > a3 > a4 > as > ag > 1 be real numbers and let Pg be the

x x x x x x
number of positive integral solutions of SR L L Y If P > 0 and
aq a9 as a4 as Gg

1 <ag <2, then
6! P6 S (a1 - 1)(&2 - 1)(@3 - 1)(0,4 - 1)((15 — 1)(@6 — 1) — 1.
Proof. In this case, ag € (1, 2], so the only level we have to consider is g = 1. When zg = 1,

Ps > 0 implies that (z1,xe, 3, 24, x5, 26) = (1,1,1,1,1,1) is a solution to the inequality in

Theorem 2.1] If

then o € (0, %} because ag € (1,2]. For simplicity, let A; = a; - o for i = 1, 2, 3, 4, and 5.
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This yields the new inequality

1+1+1+1+1<1
A Ay Ay Ay A T

Thus, by Theorem we have

6! Ps = 6! Ps(zs = 1) < 6[(A1 — 1)(A2 — 1)(A3 — 1)(As — 1)(A5 — 1) — (A5 — 1)+

As(As — 1)(A5 — 2)(A5 — 3) (A5 — 4)].

If we let A; be the difference obtained by subtracting the RHS of the above inequality from
A :

the RHS of Theorem , substituting in a; = —, then we merely have to apply the partial
a

differentiation test for the expression

Al = m (6&5A1A2A3A4A5 - 6@5A1A2A3A4 - 60{5A1A2A3A5 - 6@5A1A2A4A5 -
60° Ay Az Ay As — 60° Ay A3 Ay As — 300° A3 — 60t A Ay A3 Ay As + 60° Ay Ay A + 60° A Ay Ay
+ 60(5141142/15 + 60[5A1A3A4 + 60[5A1A3A5 + 6015A1A4A5 + 60[5A2A3A4 + 6(15A2A3A5 -+
6a5A2A4A5 + 60[5A3A4A5 + 150&5A§ + 60[4A1A2A3A4 + 6@4A1A2A3A5 + 60&4141142144/15
+ 6064A1A3A4A5 + 6Q4A2A3A4A5 + 30@4A§ — 60[5141142 — 60[5141143 - 6065141144 - 6065141145
— 60° Ay Az — 60° Ay Ay — 60° Ay A5 — 60° A3 Ay — 60° A3 A5 — 60° Ay As — 2400° A7 —
60t A1 Ay Ay — 60t Aj Ay Ay — 60 A1 Ay As — 60 Ay A3 Ay — 6 A AsAs — 60t AL AL A5 —
60 Ay AsAy — 60" Ay Az As — 6a* Ay Ay As — 6a* A3 Ay As — 1500 A2 4 60° A| +60° Ay + 60° As
+60° Ay + 1200° A5 + 60" A Ay 4 60" Ay Ag + 60" Ay Ay + 60" A A5 + 60" Ay Az + 60’ Ay Ay
+ 60t Ay Ay + 60t A3 Ay + 60* A3 As + 60 Ay A5 + 240@4A§ —5a*A; — 5atAy — batAs —
50(4144 - 1]_90(4145 - Q3A1A2 - OZ3A1A3 - O[3A1A4 — O[3A1A5 — O./SAQAg — 013A2A4 — &3A2A5
- Oé3A3A4 - O{3A3A5 - Oé3A4A5 + &2A1A2A3 + CY2A1A2A4 + CE2A1A2A5 + CY2A1A3A4 +
042A1A3A5 + 042A1A4A5 + &2A2A3A4 + Oé2A2A3A5 + a2A2A4A5 + a2A3A4A5 - QA1A2A3A4
— Ay Ay Ag Ay — ady Ay Ay Ay — Ay AsAgAs — Ay A Ay As + Ay Ay Ag Ay As — o)

1

= —FAo.
(1—a)at™?

To apply the partial differentiation test, we must determine the domain of As. We note
1 1 3 1 1

1 2
that A_5 < 1 and A_4 < A—4—{—A—5 < 1. Similarly, A_3 < A—3+A—4+A—5 < 1, and a similar
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statement is true involving A, and A;. Hence, we have

Al 25,142 24,143 23,14422, and A5 > 1.

Now that we have a domain established, we can begin applying the partial differentiation
test to demonstrate that A, is positive.
We see that
DA,

5 4
= — 1
O 0A 0 A0 A 04, 00 ~ b+ 1>0

for all a € (0,1). Thus the partial derivative of A, with respect to Ay, Ay, As, Ay, and As is
positive and minimized at A5 = 1.

A,

—1- .
DA 0404504, |, _, o=l

It follows that the partial of Ay with respect to A;, As, As, and As is positive for all

BA ) .. BA )
m is symmetric in A4 and As. Hence, WA;&% is

an increasing function of Ay, A5 with a minimum at A4, = A5 = 1.

Ay > 1, € (0,1) because

PN,
_vn2 =(1—a)’>0.
0A10A20A3 Ay=As=1 ( )

This is positive, so we know that the partial with respect to A;, A, and Ajz is positive. Since
the partial with respect to A; and A, is symmetric with respect to As, A4, and As, we know
PNy PGS ” e siven domain. H Y
an are positive over the given domain. Hence, is
0410404, " 9A04,04; “ P & 0A;04,

an increasing function of As, A4, and As for all Az, Ay, A5 > 1 and « € (0,1). The minimum

that

iS&tA3:A4:A5:]_.

02N,y

=(1-—a)*>0.
aAlaAQ A3:A4:A5:1 ( )

10
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[oRIAY) D?N\,
0A10A3" 0A10AL

Because this is symmetric with respect to A, A3z, A4, and As, we see that

(AN i . : 0A, . : .
and ———— are positive over the given domain. Hence, ——= is an increasing function of

8A18A5 8141
Ay, Az, Ay, and As that is minimized at Ay = A3 = Ay = A5 = 1.

0A,

== =(1-a)*>0.
OAY | gy g ny— 51

0A
Thus 8_/12 is positive over the given domain. By the symmetry of Ay in Ay, As, Az, and Ay,
0Ay 0A, 0A

we know that ——=, ——=, and ~—2 are positive over the given domain. Therefore, A, is an
04y 9A; 1 9A, P & 2

increasing function of A;, As, A3, and A;. We can hence plug in the minimum values of Aj,

As, Az, and A4 to determine a new polynomial in A5 and « that we want to show is positive.

We define

Az = A2|A1:5,A2:4,A3:3,A4:2
= —300° Af + 1500° A2 + 300" A7 — 2400° A2 — 1500* A2 + 2580° A5 + 240a* A2 — 1380°
— 257a*A; + 151t — 1402 A5 — 7103 + T1a% A5 + 154a? — 154a A5 — 120a + 120 As.

We must show that Ajz is positive over the interval a € (O, %} and A > 1. We split this into

two subcases:
Subcase I (a) A; > 1.73.
Subcase I (b) A5 < 1.73.

We calculated the number 1.73 numerically, by noting that the partial differentiation test
works normally for A; > 1.73 because all the partial derivatives remain positive. When

As < 1.73 some partial derivatives become negative.

11
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2.1.1 Subcase I (a)

In this subcase, we can apply the partial differentiation test normally. We begin by noting

that
oA
A1~ 720a*(1 — a) > 0.
We then consider
SA
8—33 — 345.60'(1 — o) > 0.
aAS As5=1.73
Similarly,
2A
8—;’ = 0.444a*(1 — @) > 0.
aAE) A5=1.73

We continue by considering

"} = 153.078960° — 152.07896a* — 140> + 71a® — 154 + 120 > 0
8A5 As5=1.73

for @ € (0,1). This can also be proven by Lemma 1 in [I6]. Finally, we evaluate Az at its

minimum:
Asz|ps—1.73= 97.9780377a” — 83.2480377a* — 95.22a° + 276.83a* — 386.42a + 207.60 > 0.

This completes this subcase.

2.1.2 Subcase I (b)

For As, the partial derivative test does not work normally for A5 — some of the derivatives
end up becoming negative. However, we can plot the polynomial Ag over the interval As €
[1,1.73) and a € (0,1) using Mathematica and Maple and verify that it is non-negative in
the region we consider. Its minimum value is 120, which occurs at (4;, @) = (1,0).

Hence, Subcase (b), and consequently Case I, is complete. O

12
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2.2 Case Il

In this case, [ag] = 3, so we can plug v = 3 into the statement of Theorem to get the

following theorem, which we prove in this case:
Theorem 2.2. Let a1 > ay > a3z > aq4 > as > ag > 1 be real numbers and let Py be the

x x x x x x
number of positive integral solutions of L T LT If Ps > 0 and
aq a9 as ay as ag

2 < ag <3, then
6! Ps < (a1 — 1)(ag — 1)(ag — 1)(ag — 1)(as — 1)(ag — 1) — 64.
Proof. In this case, ag € (2, 3], so we have to consider two levels — xg = 1 and xg = 2. Since
FPs > 0, there must be solutions at the x4 = 1 level, so our two subcases are:
Subcase II (a) Ps(zg =2) = 0.

Subcase II (b) Ps(xz¢ =2) > 0.

2.2.1 Subcase II (a)

We are guaranteed that (xy, z9, x3, x4, x5, 26) = (1,1,1,1,1,1) is a solution to the inequality

in Theorem [2.2] Thus, if

then o € (2, 2] because ag € (2,3]. For simplicity, let A, = a; - a for i = 1, 2, 3, 4, and 5.
273

This yields the new inequality

1+1+1+1+1<1
A Ay Ay Ay A T

13
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Thus, by Theorem we have

6! Ps(z6 = 2) <6 [(A1 — 1)(Az — 1)(As — 1)(A4
—1)(A5 — 1) = (A5 = 1)° + A5(A5 — 1) (A5 — 2)(As — 3) (A5 — 4)] .

As before, we take the difference obtained by subtracting the RHS of the above inequality
A

from the RHS of Theorem , substituting in a; = —. We observe that this difference is
«

equal to Ay — 63, where A is from Case I above. Since we applied the partial differentiation

test on Ay = A; - a*(1 — a) in Case I, here we need to show that
Ay = Ay — 632t (1 — )

is positive. Since Ay — Ay is a function in « only, we must check that the value of A, at its
minimum is positive (because all of the partial derivatives in the test are the same for A,

and Ay). As in Case I, we have
Ay >5,A2 >4, A3 > 3,44 > 2, and A5 > 1,
so we must only check that
Ayl a,=5A0=a,A5=3 A,=2.A5=1= 630" — 490" — 85a° + 2250% — 274 + 120 > 0.

Since this is true, Ay is always positive, and this subcase is complete.

2.2.2 Subcase II (b)

In this subcase, we know that Ps(zg = 2) > 0, implying that (1,1,1,1,1,2) is a positive

integral solution to the inequality in Theorem Thus, if

1 1 1 1 1 2
—F—+—4+—+—<1—-—:=qay,
aq as as o as Qe

14
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then a; € (0, %] because ag € (2, 3]. For simplicity, let A; = a; -« for i = 1, 2, 3, 4, and 5.

This yields the new inequality

1 n 1 N 1 N 1 n 1 <1
A1 A2 Ag A4 A5 -
Thus, by Theorem (1.7, we have

6! Ps(wg =2) <6 (A —1)(As — 1)(A3 — 1)(As — 1) (A5 — 1)
— (A5 = 1)° + A5(A5 — 1)(A5 — 2)(A5 — 3)(As — 4)]

and,

6! Ps (25 =1) <6

A1.1+061_1 A2'1+a1—1 A3.1+C¥1_1 A4
20(1 20&1 2al
1 1 1 b 1
O ) (4 ) (A M ) (4
200 20 200 20
s S Y N e N O D I O B S
201 201 20 20,

Because 6! Ps = 6! (P5(z¢ = 1) + Ps(xg = 2)), if we let Az be the difference obtained

by subtracting the sum of the right hand sides of the above inequalities from the RHS of

A; . .
Theorem , substituting in a; = —, then we merely have to apply the partial differentiation
aq

test for the expression

1
1—ay)ed (99A1A2A3A4A50¢?—84A1A2A3A4A504?—102A1A2A3A40¢?—102A1A2A3A5a?
— )l

- 102A1A2A4A50&€f - 102A1A3A4A5O./€15 - 102A2A3A4A50¢? - 510A§Oé? + ]_5/11142143‘441450_/11
+ 78A1A2A3A404‘;’ + 78A1A2A3A50&? + ].08141142/4306(13 + 78A1A2A4A50&? + 108A1A2A4Oé(1i

+108A1A2A5Oé?+78141A3A4A5CY?+1O8A1A3A4CY?+1O8A1A3A5CY?—|—1O8A1A4A5@?+78A2A3A4A5C¥?

+ 108A2A3A40¢? + 108A2A3A50{? + 108A2A4A50é? + 108A3A4A50&? + 39014%0[? + 270014%0[?

- 12./411421431440/11 - 1214114.21431450/11 - 72141/421430[? - 1214114214414.50/1]L - 72A1A2A40&?

- 72A1A2A5Cl{i’ - 1201411420((15 — 12A1A3A4A5O/11 - 72A1A3A40é? - 72A1A3A5C¥? — 120A1A30(?
- 72A1A4A50{? - 120A1A40&? - 1201411450[? - ]_2142143144‘450/11 - 72A2A3A40f? - 72A2A3A50¢?
—120A2A4308 —72A, A4 A505—120 A5 A408 —120 A3 A58 —T2 A3 A4 A5} —120 A3 Aya — 120 A3 A5af

Aj =

15
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— 120A4A450% — 60A3a] — 1800A3a% — 48004208 — 154, Ay A3 AgAsal + 12A, Ay AsAyars

+ 12A1A2A3A5C¥? + 12A1A2A4A50&? + 72141142@? + 12A1A3A4A50&? + 72141143@? + 72A1A40&?
—|—72A1Ag,Oéi]—|—144A1CY?—F12A2A3A4A5a:13+72A2A3C¥?+72A2A40{?—|—72A2A5a?+144A20(?+72A3A4O{?
+72A3A505+144A305+72A, A5 +144A405+60A3075+2880 A2 +2880 A5l +4 A1 Ay As Ay Asa
+ 2A1A2A3A40&% + 2A1A2A3A50&% - 8A1A2A306:13 + 2A1A2A4A50&% - 8A1A2A4Oé:13 - 814114214504?
-+ 81411420/1l + 2A1A3A4A50{% - 8A1A3A4CY:1)) - 8A1A3A5OZ§ + 81411430/1’L - 8A1A4A5Oz:1; -+ 81411440/1l
+8A1A5O/11—8014104?+2AQA3A4A5O(§—8A2A3A4Oé:13—8A2A3A5@?+8A2A3a%—8A2A4A5@?+8A2A4O/11
+8AyA501—80A0] —8A3 Ay A5t +8 As Aya ] +8 A3 Asaf —80Asal+8 A4 Asaf —80 Ayl +90 A5 a2
—60014204?—‘—96014%01%—19041450(?+1008O¢?+13A1A2A3A4A5—1OA1A2A3A4O_/1—10A1A2A3A5Oé1

+ 4A1A2A30€% - 10A1A2A4A50é1 + 4A1A2A40é% + 4A1A2A50&% + 814114206:13 - 10A1A3A4A50&1
+4A1A3A4Ck%—|—4A1A3A5&%+8A1A30&?—|—4A1A4A5C¥%+8A1A4C(:13+8A1A504?—321410/11—1OA2A3A4A5041
+4A2A3A4O{%+4A2A3A5Of%+8A2A3Oéi1))+4A2A4A5Q%+8A2A4O&?+8A2A5a?—32A20/11+4A3A4A5Oz%

+8A3A4,05+8A3A503 —32 Aza ] +8 A4 Asa’ —32 A4 +30A501 —300 A2 s +960 A2a —944 Asaf—1040073)

1
L A
(1—a)a™"

Just like in Case I, we are trying to show that Ag is positive for
Ay >5A >4, A3 >3, A, > 2, and A5 > 1.

Although we only need to show this is true for o € (0,1/3], we will demonstrate it true for
the interval a; € (0,1/2] because it will aid us in a later case.
Thus, the first step in the partial differentiation test is determining that

P Ng

= 9908 — 84a° + 15a% — 1502 + 4 13>0
DA 0A,0A0A,04, P00 T otan T Loag — Ivaq + far

for all oy € (0, %] Thus the partial derivative of Ag with respect to Aq, Ag, A3, Ay, and Aj is
positive and minimized at A5 = 1.

' Ag

— 3,5 _ 5 4 12 3 1 2 1 '
OAMDADADA, |, oor T Ot sat Bar— 190r = 0ar+ 13> 0

16
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It follows that the partial of Ag with respect to A;, As, A3, and As is positive for all

PA ) .. PA )
m is symmetric in A4 and As. Hence, WA;&% is

an increasing function of A4 and A5 with a minimum at Ay, = A5 = 1.

Ay > 1,04 € (0, 3] because

I Ng
=0 =3a% — 90t + 1605 — 7Ta? — 16c; + 13 > 0.
0A10A20A3 | 4, _ 4., ! L L L !

This is positive over our domain, so we know that the partial with respect to A;, A, and

Az is positive. Since the partial with respect to A; and A, is symmetric with respect to
D3 Ag DB Ng
————— and ————————
0A10A20A, 0A10A50As5

is an increasing function of Az, A4, and Aj for all A3, Ay, A5 > 1

Az, Ay, and As, we know that
0?N\,
0A10A,
and oy € (0, 3]. The minimum is at Ay = Ay = A5 = 1.

are also positive over the given

domain. Hence,

0?Ag
226 = —3a% 4 605 — 13at 4 2002 4 302 — 26 13 > 0.
8A18A2 Ayt Oll _|_ al Oél + Oll + al o +
02N 0?Ag
81418143, 81418/147

is an increasing function of

Because this is symmetric with respect to Ay, As, A4, and As, we see that

02N 00

———— are positive over the given domain. Hence, ——
04,04, P & 0A,

AQ, Ag, A4 and A5 minimized at AQ = Ag = A4 = A5 =1.

and

00

— = 3a% +4a° — 33a] + 3203 + 1702 — 36a; + 13 > 0.
A Ag=Az=A4=As=1

0A
Thus (‘9_146 is positive over the given domain. By the symmetry of Ag in Ay, As, A3, and Ay,
1
0Ag 0Ag 0A

we know that d S are positive over the given domain. Therefore, Ag is

04, 0A; ¢ B4,

an increasing function of A;, Ay, A3, and Ay. We can hence plug in the minimum values of

Ay, As, Az, and Ay to determine a new polynomial in A5 and «; that we want to show is

17
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positive. We define

A7 = A6|A1 =5,Ap=4,A3=3,A4=2
= —510A3a$ + 390A5a1 + 27004308 — 60A5a1 1800A%a° — 4800A5a1 + 604303
+ 28804205 + 5040A5a1 + 904302 — 600A3a7 + 960A2a — 4076 A5 — 11045
+30A20; — 3004307 + 960A2 — 880A50] + 122403 + 13924505 — 13200}
— 1208A5a1 + 776a1 — 1060 A50; + 85607 + 1560A5 — 12000;.

We must show that A7 is positive over the interval a; € (0,1] and 45 > 1.

We apply the partial differentiation test normally, beginning by noting that

A7

e —12240a8 + 936005 — 14400 + 144007 + 216007 + 720, > 0.

We then consider

PPA
— = 396008 — 14400° — 14400 — 21600 + 36002 + 7200 > 0.
aA5 As=1
Similarly,
9*A
- = 480a% — 3600 4 1200a] — 9600’ — 72007 + 360ay,
3A5 As=1

2

0°Aq
Although
thoug 8A2 s

this ends up being irrelevant because we can verify numerically that

which is positive for a; € (0 ends up becoming negative in the

73]

interval a; € (3, 3],
o2,
0As

over that interval using Math-

A
is still positive. We do this by plotting Q

1
o7TT = 524.281, attained when oy =

As=1

ematica or Maple. Its minimum value is %

We continue by considering

0A;

A = 150008 — 21560 + 8000 + 175202 — 174802 — 9400 + 1560 > 0

As=1

18
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1
for ay € (0, 5) . Finally, we evaluate A; at its minimum:
Ar|a,=1= 132608 — 138207 — 1300a; + 258807 — 56202 — 2230a; + 1560 > 0.

This completes this subcase, and hence Case II is complete. O

2.3 Case III

In this case, [ag] = 4, so we can plug v = 4 into the statement of Theorem to get the

following theorem, which we prove in this case:
Theorem 2.3. Let a1 > ay > a3 > aq4 > as > ag > 1 be real numbers and let Py be the

x x x x x T
number of positive integral solutions of s If Ps > 0 and
ai as as ag as Qg

3 < ag <4, then
6' P6 S (CLl - 1)(&2 - 1)(@3 - 1)(@4 - 1)(@5 - 1)(@6 - 1) — 729.

Proof. In this case, ag € (3,4], so we have to consider three levels — xg = 1, zg = 2, and

rg = 3. Since Py > 0, there must be solutions at the xg = 1 level, so our three subcases are:
Subcase III (a) P;(zs = 3) = Ps(x6 = 2) = 0.
Subcase III (b) Ps(z6 =3) =0, Ps(xg = 2) > 0.

Subcase III (c) Ps(xzg =3) > 0, Ps(xg = 2) > 0.

19
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2.3.1 Subcase III (a)

We are guaranteed that (xy, z9, x3, x4, x5, 26) = (1,1,1,1,1,1) is a solution to the inequality

in Theorem Thus, if

then v € (%, ?J because ag € (3,4]. For simplicity, let A; = a; -« for i = 1, 2, 3, 4, and 5.

This yields the new inequality

Thus, by Theorem we have

6! Ps(wg = 1) <6 [(A1 — 1)(Ay — 1)(A3 — 1)(As = 1)(4A5 — 1)
— (A5 —1)° + A5(A5 — 1)(A5 — 2) (A5 — 3)(As — 4)} :

As before, we take the difference obtained by subtracting the RHS of the above inequality
A;

from the RHS of Theorem , substituting in a; = —. We observe that this difference is
Q@

equal to A — 728, where A is from Case I above. Since we applied the partial differentiation

test on Ay = A; - (1 — @) in Case I, here we need to show that
Ag = AQ — 728@4<1 — Oé)

is positive. To apply the partial differentiation test, we must determine the domain of Ag.

By the same logic as in Cases I and II, we have

Az 5,422 4,423 and Ay > Ay > —— > 2,
—

20
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3
because As = a5 - > ag - = 7 a and o € (5’ Z_J . Now that we have a domain
—

established, we can begin applying the partial differentiation test to demonstrate that Ag is

positive.

We see that
0°Ag

5 4
= 6a° — 1
O 0A 0 A0 A 04, 0¥ — b1 >0

for all a € (0,1). Thus the partial derivative of Ag with respect to Ay, Ay, As, Ay, and As is
o)

positive and minimized at As = 1 .
—«

' Ag _a?(120" —180° 4 60% 4 1) -
0A0A0A30A | 5 _ o (a—1) '

It follows that the partial of Ag with respect to A, Ay, A3, and As is positive for all

SA SA
O Ay is symmetric in A4 and As. Hence, #14288143

Ay > a € (0,1) because

«
1— 047 814161428143

is an increasing function of A4, A5 with a minimum at Ay = A5 =

1—a

D3 Ag _ a’(240® — 480® + 30a0 — 5)
004204, | 44 o 1—a)

> 0.

This is positive, so we know that the partial with respect to A;, A, and Ajz is positive. Since

the partial with respect to A; and A, is symmetric with respect to As, A4, and As, we know

93 Ag 93 Ag 0*Ag

that O, 0,0, and OA,OA,0A, are positive over the given domain. Hence, OA,0.4, is
2
an increasing function of As, A4, and As for all Az, Ay, A5 > and o € (5, 2] . The
minimum is at As = Ay = A5 = a .
-«
0?Ag _a’(48at — 120a° 4 10902 — 42 4 6) -0
0A10A, Ag=Ag=Ag=—2 (1 — a)3 .

21
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0*A
Because this is symmetric with respect to A, Az, A4, and As, we see that i ,
0A10A;
aQAg d aQAg it th . d . H AS . . .
————— an are positive over the given domain. Hence, —— is an increasin
9404, 94,04, CP & 'O &
function of A,, Az, A, and As minimized at Ay = A3 = Ay = A5 = 1 .
—«
OAg _a'(960° — 287a" + 3360° — 1920 4 54a — 6)

- > 0.
0A, Ag=Ag=Ay=Az=12 (1—a)?

0A
Thus E)_AS is positive over the given domain. By the symmetry of Ag in Ay, As, Az, and Ay,
1
0Ag 0Ag 0Ag

we know that —— and

0Ay" OA3’ A,

increasing function of A;, As, A3z, and A;. We can hence plug in the minimum values of Aj,

are positive over the given domain. Therefore, Ag is an

As, A3, and A4 to determine a new polynomial in A5 and « that we want to show is positive.
We define

AQ - A8|Al:5,A2:4,Ag:3,A4:2
= —30a° As + 1500° A3 + 300" A5 — 2400° A2 — 1500* A3 + 2580° A5 + 240a* A2 + 590a°
—257a%A; — 5770t — 1402 A5 — 7103 + T1a% A5 + 154a? — 154a A5 — 120a + 120 As.

!
We must show that Ag is positive over the interval a € (%, %] and A; > T o We can apply
-«

the partial differentiation test normally. We begin by noting that

I*Ag
We then consider
DAy
—_— =1 4 - .
RE e 80a (9 —5) >0
Similarly,
D?Ng 60a*(29a% — 31a + 8)
= = > 0.
5~ 1-a

22
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We continue by considering

0Ay B 130807 — 218308 + 1238a° — 158a* — 3100 + 49902 — 394a + 120 -0
0As . B (1—a)? ;
for a € (%, %] Finally, we evaluate Ag at its minimum:

_20%(4408 + 4720° — 12160* 4 898 — 46a* — 197 + 60)
T 1l-a (1 — Oé>3

> 0,

completing this subcase.

2.3.2 Subcase III (b)

In this subcase, we know that Ps(z¢ = 2) > 0, implying that (1,1,1,1,1,2) is a positive

integral solution to the inequality in Theorem Thus, if

then oy € (%, %} because ag € (3,4]. For simplicity, let A; = a; - oy for i =1, 2, 3, 4, and 5.

This yields the new inequality

1+1+1_|_1+1<1
Al AQ A3 A4 AS_.

Thus, by Theorem we have

6! Ps(wg = 2) <6 [(Ar — 1)(Ay — 1)(A3 — 1)(As = 1)(4A5 — 1)
— (A5 — 1)° + A5(As5 — 1)(As — 2)(A5 — 3) (A5 — 4)} ;

and,

23
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1 1 1 1
Al' "—041_1 AQ' +061_1 A3' +C¥1_1 A4- —|—041_
20(1 20&1 20&1 20(1
1 1 b 1
1) (A 9 ) (a2 ) (A ) (a4,
200 200 201
1 1 1 1
) (A o) (4 ) (4 ) |
20[1 2@1 20&1 20[1

Because 6! Py = 6! (P5(x¢ = 1) + Ps(x¢ = 2)), as before, we take the difference obtained

by subtracting the sums of the right hand sides of the above inequalities from the RHS of
A . :

Theorem , substituting in a; = —. We observe that this difference is equal to A5 — 665,
a1

where Aj is from Case Il above. Since we applied the partial differentiation test on Ag =

As - 16a°(1 — ) in Case I, here we need to show that
AIO = AG — 665 - 160&?(1 — Oél)

is positive. Since Ajg — Ag is a function of a; only, we only need to check that the value of
Ajg at its minimum is positive (because all of the partial derivatives in the test are the same

for Ag and Ajg). Recall that we have

2
AIZ57A2247A3237A4227 a‘ndA5> o

I

].—O[l

so we must only check that

_ 8 7
Alo|A1:5,A2:4,A3:3,A4:2,A5:12_021 = m (160{1 (3094@1 — 20930&1

— 12720 + 17700 — 738a] + 351a; — 28a7 — 244, + 120)) > 0.

Since this is true, Ay is always positive, and this subcase is complete.

24
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2.3.3 Subcase III (c)

In this subcase, we know that Ps(z¢ = 3) > 0, implying that (1,1,1,1,1,3) is a positive

integral solution to the inequality in Theorem Thus, if

then ay € (0, ﬂ because ag € (3,4]. For simplicity, let A; = a; - ap for i = 1, 2, 3, 4, and 5.

This yields the new inequality

Thus, by Theorem we have

6! Ps(wg = 3) <6 [(Ar — 1)(Ay — 1)(A3 — 1)(As = 1)(A5 — 1)
— (A5 = 1)° + As5(As — 1)(A5 — 2)(A5 — 3)(A5 — 4)],

as well as

A1'1+2(X2_1 A2'1+2012_1 A3.1+2(1/2_1 A4.1+2062
3o 3ava 3o
142 142 > 142
) (A2 ) (a2 ) (4 1E202) (4,
3ay 3arn 3y
1+2 1+2 1+2 1+2
L+ a4 As - + @, As - + 2 _ 4 As - + @y 7
3an 3as 3as 3ag

2 2 2 2
Al' "—062_1 AQ' +C‘é2_1 Ag' +052_1 A4- —|—C¥2_

30(2 3@2 30&2 30(2

5
1 A5.2+062_1 _ A5.2+042_1 4 A5.2+Oé2 A5
30&2 30&2 30[2
‘2+062_1 A5.2+C¥2_2 A5-2+042_3 A5‘2+042_4 ‘
3062 3042 3062 3062

25
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Because 6! Py = 6! (P5(x¢ = 1) + Ps(x6 = 2) + Ps(x6 = 3)), if we let Ay be the difference

obtained by subtracting the sum of the right hand sides of the above inequalities from the

&%)

A
RHS of Theorem and substituting in a; = —, then we merely have to apply the partial

differentiation test for the expression

Ay =

——————— (—9804505 + 5400A3c; — 10080A2cvs + 324A;105 — 2524, Asa§ + 3244504
27a3(1 — aw)

— 2524, Asa8 + 216 A, Ay Azl — 25245 A305 + 324 A308 — 252A, A,05 4 2164, Ay Ayl
— 252454405 + 216 A, A3 Agal — 196 A1 Ay A3 Ay + 216 Ay A3 Agal — 252 A3 4,05 +

324 A408 — 2524, A5 + 216 A1 Ay Asal — 25245 A505 + 216 A1 A3 Asal — 1964, Ay A3 A5
+ 21645 A3A508 — 252434505 + 21641 A4 Asal — 196 A1 Ay Ay Asal + 216 Ay Ay Asas —
196A; A3 A AsaS + 184A, Ay As Ay Asal — 196 A3 A3 Ay Asal + 216 A3 A Asal — 2524, A58
+ 64804505 + 1965605 + 5804505 — 27004305 + 4320A2a) — 135A4,a5 + 1084, Ayl —
1354205 + 108A; Azay — 108 A1 Ay Azal + 108 A Azay — 135A305 + 1084, Asaf —
1084, Ay Ay + 108 A Aga — 1084, Az Ayal + 116 A; Ay Az Ao — 108 A5 Az Ayal +
108 A3 A4al — 1354405 + 1084, Asay — 1084, Ay Asaly + 10845 As5a5 — 1084, Az Asaly +
1164, Ay Az Asal) — 108 A Az Asay + 108 Az Asaly — 10841 AyAsas + 116 A, Ay Ay Asaly —
108 Ay Ay Asay + 116 A1 A3 Ay Asaly — 12441 Ay Az A Asaly + 116 Ay Az Ay Asaly —
108A43A4A505 + 1084, A5 — 3213 A505 — 197375 — 80A5042 + 2160A50z2 — 108405 +
27 A1 Agay — 108 Ag0i; + 27TA  Asaiy + 27 Ay Asas — 108 Azay + 27T A Ay + 2T Ag Ay —
16A; Ay Az Ay + 27 Az Ay — 108 Agay + 27A  Asaiy + 27 Ay Asay — 16 A1 Ay Az Asary +
27 A3 Asaly — 16A1 Ay Ay Asaly — 16A1 As Ay Asay + 20A1 Ay As Ay Asaiy — 16 Ay As Ay Asaiy +
27 A4 Asa; — 3186 As03 + 80A5a5 — 13504203 + 3600420 + 364, Agas + 36A; Azay —

27 A1 Ay Ay + 36 Ay Azal 4 36 A, Agals — 27TA Ay Ayal + 36 Ax Agad — 27TA AsAyal +
16A; Ay Az Ay — 2T A Az Ayais + 36 A3 Agais + 36 A, Asais — 27A1 Ay Asais + 36 Ay Asas —
27 A Az Asiy + 16 A, Ay Az Asaiy — 2T Ag Az Asy + 36 A3 Asaiy — 27A Ay Asaiy +
16A, Ay Ay Asas — 27A2A4A5a§ +16A; A3 A As08 + 16 A A3 Ay Asad — 27T As A Asal +

364, A5 + 230A3a5 — 1350A305 + 194, Ay Az Agas + 1941 Ay Az Asas + 19A, Ay Ay Asas
+ 194, A3 Ay Asal — 20A1A2A3A4A5a2 + 1945 A3 A, Asa5 + 170A505 — 20A; Ay Az Ay
— 204, Ay Az Asaiy — 204, Ay Ay Asay

— 20A; A3 Ay Az — 11A; Ay A3 Ay Asay — 20As Az Ay Asas + 324, Ap A3 Ay As)

1
= ——Ap.
2705(1 —ay)

Our domain is

A1 >5,A, >4, A3 >3,A,>2, and A5 > 1.

26
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1
Note also that we have ay € (O, Z_l] .

To start the partial differentiation test, we see that

85A12
0A10A20A30A40A5

= 18408 — 12405 + 200 — 2003 — 11ay + 32 > 0
for all a € (0, }l] Thus the partial derivative of A5 with respect to Ay, Ay, A3, Ay, and As
is positive and minimized at A5 = 1.

84A12
040404304, |, _,

= —12a5 — 8aj + 4aj + 1605 — a3 — 3lag + 32 > 0.

It follows that the partial of Ay with respect to A;, Ay, A3z, and As is positive for all

SA SA
#A;Q@Ag is symmetric in A4 and As. Hence, #A;%Ag is

an increasing function of A4 and A5 with a minimum at Ay, = A5 = 1.

Ay > 1,05 € (0, 1] because

S = 8a8 — 1204 + 5a + 18a2 — 51 32 > 0.
9,0 A0, e Qy o, + 00, + 138a; Qg +

This is positive over our domain, so we know that the partial with respect to A;, As, and

Az is positive. Since the partial with respect to A; and A, is symmetric with respect to
oAVAND: d PAy

A. A A k hat ——————— 0A;0A,0A-
3, Ay, and As, we know that 0A,04,04, " 9A,0A,04;

2

are also positive over the given

JAVE:
DA10A,
and s € (0, 1]. The minimum is at Ay = Ay = A5 = 1.

domain. Hence, is an increasing function of As, A4, and Aj for all Az, Ay, A5 > 1

82A12
0A104, As=Ay=As=1

= —8a5 + 8a5 — ay + 3aj + 37a3 — Tlag + 32 > 0.

D?A1s  0*Ayy
0A10A;" 0A10AL

is an increasing function of

Because this is symmetric with respect to Ay, As, A4, and As, we see that

0’A o
8A161/215 are positive over the given domain. Hence, 8A112

and

27
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AQ, A3, A4 and A5 minimized at A2 = Ag = A4 = A5 =1.

0A1,
0A;

= 1205 — 11a5 — 44a; + 4603 + 5603 — 91y + 32 > 0.
Ag=A3=A1=A5=1

[SJAND)
Thus oA,

we know that

is positive over the given domain. By the symmetry of A5 in Ay, Ao, Az, and Ay,

8A12 aAlg aAlQ
, , and

0Ay " 0A3 0A,

an increasing function of A;, Ay, A3, and A4. We can hence plug in the minimum values of

are positive over the given domain. Therefore, A5 is

Ay, Ay, Az, and A4 to determine a new polynomial in A5 and «s that we want to show is
positive. We define

A1z = Aq2|A,25,4y=4,A3=3 A4=2
= —980A5a5 + 580Aza5 + 5400425 — 80A2a; — 2700A3a) — 100804205 + 80Asas
+ 43204205 + 10184 A505 + 230 A2a; — 13504203 + 2160A2a; — 6385 A5a5 + 160440
+ 170A3cy — 1350A302 + 36004203 — 287245053 — 1667105 + 1051 A505 — 151507
+ 526 As503 + 3183 — 4400 As0ry + 228003 + 3840 A5 — 2400cxs.

We must show that Az is positive over the interval as € (0, 7] and A5 > 1.

We apply the partial differentiation test normally, beginning by noting that

84A13
DAL

= —2352005 + 13920a) — 192005 + 192003 + 552003 + 4080cr, > 0.

We then consider

PA
= = 8880aS — 228003 — 192004 — 618003 — 258042 + 4080a:s > 0.
aAS As=1
Similarly,
82N
5 A;?’ — 48008 — 600035 + 336004 + 60a3 — 534002 + 20400,
5 As=1
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which is positive for as € (0, }1] We continue by considering

O0A13
04; |,

= 230405 — 352505 + 1128a; + 4521ai — 2604a; — 3720ar; + 3840 > 0.

5=1

Finally, we evaluate A3 at its minimum:
Ai3|a,—1= 2056805 — 2085605 — 2307a; + 369903 + 16865 — 6630a; + 3840 > 0.

This completes this subcase, and hence Case III is complete. O

2.4 CaselV

In this case, [ag] = 5, so we can plug v = 5 into the statement of Theorem to get the

following theorem, which we prove in this case:
Theorem 2.4. Let a1 > ay > a3 > aq4 > as > ag > 1 be real numbers and let Py be the

T Ty T x x T
number of positive integral solutions of 23 A0 If Ps > 0 and
ax a a3 a4 as  Qag

4 < ag <5, then
6! Pﬁ < (al — 1)(@2 — 1)(&3 — 1)(0,4 — 1)(@5 — 1)(@6 — 1) — 4096.

Proof. In this case, ag € (4,5], so we have to consider four levels — xg = 1, 26 = 2, x5 = 3
and xg = 4. Since Ps > 0, there must be solutions at the xg = 1 level, so our four subcases

are:
Subcase IV (a) P5(.7)6:4) :P5(ZE6:3) :P5(ZL’6:2) = 0.
Subcase IV (b) P5(ZL‘6 = 4) = P5(ZL‘6 = 3) = 07P5(1’6 = 2) > 0.

Subcase IV (C) P5(l’6 = 4) =0, P5(ZE6 = 3) > O,P5(l’6 = 2) > 0.
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Subcase IV (d) Ps(xg =4) > 0, Ps(z¢ = 3) > 0, Ps(z6 = 2) > 0.

2.4.1 Subcase IV (a)

We are guaranteed that (x1, xe, z3, x4, T5,26) = (1,1,1,1,1,1) is a solution to the inequality

in Theorem [2.4] Thus, if

1 1 1 1 1 1
— 4+ —+—+—<1-—=q,
aq a9 as Qy as Qg

then a € (%, %} because ag € (4,5]. For simplicity, let A; = a; -« for i = 1, 2, 3, 4, and 5.

This yields the new inequality

1+1+1+1+1<1
Ay Ay Ay Ay A T

Whereas we previously bounded the number of positive integral solutions to this inequal-
ity using the Yau Number Theoretic Conjecture for n = 5, we will now use the Yau Geometric

Conjecture for n = 5, proven in [I]. This gives us the bound

6! Ps(zg =1) <6[(Ar — 1)(A2 — 1)(A3 — 1)(As — 1)(A5 — 1) — ps([A5])], (3)

where ps is the function defined in (). Note that since ps(v) is increasing for v > 4. Also,
since A5 = a5 - a > % -4 = 3, we note that [A5] > 4. Thus, we maximize the RHS of by
substituting ps(4) = 243 in for p5([ As]). Hence, we have

6! Ps(zg =1) <6[(A; —1)(A2 — 1)(A3 — 1)(As — 1)(A5 — 1) — 243]. (4)

As before, we take the difference obtained by subtracting the RHS of from the RHS
A; 1 -
of Theorem , substituting in a; = and ag = 1o yielding
o —«
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1
Ay = (1 —a) (52620 — 52640 + 120°A; — 100" Ay — 120° A1 Ay + 120 A1 Ay —

2013141/12 + 120[5A1A2A3 — 120[4A1A2A3 + 2042A1A2A3 — 12015A1A2A3A4 +
12&4A1A2A3A4 - 201A1A2A3A4 + 120[5A1A2A3A4A5 - 120&4A1A2A3A4A5 +
2A1A2A3A4A5 - 12@5A1A2A3A5 + 12@4A1A2A3A5 - 20{A1A2A3A5 + 12&5141/12144 -
12&4A1A2A4 + 20(2A1A2A4 - 120&5A1A2A4A5 + 120&4A1A2A4A5 - 2@A1A2A4A5 +
120{5141142145 - 12@4141142145 + 2042141142145 - 12@5141143 + 120&4141143 - 2043A1A3 +
120{5141143144 - 120&4141143144 + 20&2141143144 - 120&5141143144145 + 120&4A1A3A4A5 -
20[14114.3144145 + ].20[5141143145 - 120&4141143145 + 20[2141143145 - 12@5/41144 + 120&4141144 —
20[3141144 + 12@5141144145 — 120[4A1A4A5 + 2@2141144145 — 120[5141145 + 12@4141145 —
203 A1 A5 + 120° Ay — 100 Ay — 120° Ay Ag + 1201 Ay As — 203 Ay As + 120° Ay A3 Ay —
120&4A2A3A4 + 2a2A2A3A4 — 120&5A2A3A4A5 + 120&4A2A3A4A5 — 2(1A2A3A4A5 +
120&5142143145 - 12014A2A3A5 + 20&2/12143145 - 12(1/5142/14 + 120&4142144 - 20&3A2A4 +
120° Ay Ay Ay — 1204 Ay Ay Ay + 202 Ay A As — 120° Ay As + 120t A Ay — 203 Ay A5 +
120° A5 — 100t A3 — 120° A3 Ay + 120 A3 A4 — 203 A3 Ay + 120° A3 A Ay — 120 A3 Ay As
+ 202 A3A4 A5 — 120° A3 As + 1204 A3 A5 — 203 A3 As + 120° Ay — 100 Ay — 1205 Ay A
+ ].2054144145 - 20(3144145 + 120&5145 - 100&4145)

1
= ——Ays5.
2041 —a) "

We now proceed with the partial derivative test on A5 with o € (%, %} and

«

Al 25;142 24;"43 237144 227 and A5 > 1

)
like in previous cases.

85A15
0A1 0A30A30A,0A5

_ 5 4 3 4
=120° — 120" +2 >0, ac (3,1].

Thus the partial derivative of A5 with respect to A, As, Az, Ay, and Aj is positive and

minimized at As = a )
11—«

84A15 N 2 (12046 — 180[5 + 6(1/4 + Oéz) > O

8A16A28A38A4 As=-9_ N l—« ’
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We continue with,

83A15
0A10A20A3

20" (240 — 480* + 300 — 5)

Ay=As=12 (1 —a)?

> 0.

This is positive over our domain, so we know that the partial with respect to A;, As, and

Ajs is positive. Furthermore,

D*Aqs 20t (48a* — 12002 + 10902 — 42ar + 6)
= 3 > 0, and
8A18A2 Az=As=As=r2 (1 - Oé)
0Ay5 20" (960° — 287a* + 3360 — 1920 4 54a — 6) 50
94 Ap=Ag=Ay=As=7 (1—a)t '

3 15
We also observe that A5 = asa > 5 - 1= 1 and since Ay > Ay > A3 > A, > As, our

minimum for Ay is

2646000 — 263368a* — 104600 + 4207502 — 84375 + 67500
A15‘A1:5,A2=4,A3:A4:A5:1T5: 32 |

which is positive over our desired interval, completing this subcase.

2.4.2 Subcase IV (b)

In this subcase, we know that Ps(z¢ = 2) > 0, implying that (1,1,1,1,1,2) is a positive

integral solution to the inequality in Theorem Thus, if

1 1 1 1 1 2
-+ —+—+—<1—-—:=qy,
a1 a2 as ayq as Qe
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then oy € (%, ﬂ because ag € (4,5]. For simplicity, let A; = a; - oy for i =1, 2, 3, 4, and 5.

This yields the new inequality

1+1+1+1+1<1
A1 A2 Ag A4 A5_.

Thus, by Theorem (1.7, we have

6! Ps(z6 = 2) <6 [(A1 — 1)(Az — 1)(As — 1)(Ay — 1)(45 — 1)
— (A5 = 1)° + A5(A5 — 1)(A5 — 2)(A5 — 3)(A5 — 4)] ,

1 1 1 1
A - +a1_1 A, - +a1_1 As - +a1_1 A, +ap
20 20 200 201
1 1 i 1
1) (A 9 ) — (A, 2 ) (A ) (a4,
20{1 20&1 20&1
Ao ) (a4 e o) (4 LR g (4 LR )|
201, 20, 201 20

Because 6! Ps = 6! (P5(xg = 1) + Ps(x¢ = 2)), as before, we take the difference obtained

by subtracting the sums of the right hand sides of the above inequalities from the RHS of

A
Theorem [2.4], substituting in a; = —, yielding
aq

1
~1605(1 — ay)
—120A; A30°+108A4; Ay A3a® —120A45 A3a5+144A305 1204, A4aS+108 A1 Ay Aya—120A5 4408
+ 108141143/440[(13 - 102/411421431440((13 -+ 108142143144@? — 1201431440((13 -+ ].44/440[(13 - 120/411450[(13
+108A; Ay A5a8 —120 A5 A505+108 A, A3 A5ab —102A; Ay A3 A508+108 A3 A3 Asal — 120 A3 A58
+ 108A1A4A5Oé? - 102141f121441450[(1i + ]_0814214414504(1i - 102A1A3A4A50{? + 99141‘/421431441450[613
—102A4,A3A, A5a5+108 A3 A4 A5a8 —120 A, A5a5 +2880 A58 + 6552008 +390 420 — 18004303
128804205 —80A,05 4+ 724, Ay —80 Ay +T2A, Asa —T2A, Ay Asa’ + 72 A5 Aza — 80 Azl
+72A1A4(X?—72A1A2A4C¥?+72A2A40€—72A1A3A4a?+78A1A2A3A404?—72A2A3A40{?+72A3A40€
—80A4a§’+72A1A5Oz?—72A1A2A5a§’—|—72A2A5a§’—72A1A3A5a‘;’+78A1A2A3A5a‘;’—72A2A3A5a§’
+72A3A50fi’—72A1A4A5a?+78A1A2A4A5a‘;’—72A2A4A5a‘;’+78A1A3A4A5a‘;’—84A1A2A3A4A5a§’

16 (=510A45a0+2700A4308 —4800A2aS +144 4,08 — 1204, AyaS +144 4508

33

- 372 -



008

+78 A5 A3 Ay A5 —T2A3 Ay A5l +72 A4 Asa — 1904 A5a5 — 6555205 —60 A5l +960 A2 —32A, o}
+8A; Ayt — 324501 + 8141/430/1l +8Ay A3 — 32430  + 8A1A40/11 + 81421440/1L — 121411421431440/1L
+ 8A3A 0 — 324407 + 8A Asaf + 8AsAsat — 12A1 Ay AsAsaf + 8AsAsat — 12A, Ay Ay Asarf
—124, A3 A Asaij+15A4, Ay Ag Ay Asal —12 A, A3 Ay Asat+8 Ay Asa] —944 Asa ] +60 Asa —600 Ada
+960A203 +8A1 Ay} +8A1 Azt —8A; Ay Azl +8 Ay Az +-8 A1 Aya —8 A Ay Ay} +8 A5 Ayl
—8A A3 A0l +12A1 Ay As Aya® —8 A A3 Ay +8A3A405 +8A1 Asad —8A 1 Ay Asa +8A45A50°
—8A1 A3 A 1241 A A3 At —8Ag A3 A +8 A3 At —8 A1 Ay Asad +12 A1 Ag Ay Aol —8 Ay Ay As i
+124, A3 Ay A5 +12A5 A3 Ay Asa —8 A3 Ay Asad +8 A Asad 4904307 —300 A3 +4 A, Ay Azl
+4A1 Ag Ay +4A Ag A0 +2A, Ay As Ay +4Ag As Ay +4 A1 Ay As 0 +4A Ag Asai +2A, Ay As Asa?
+4 A5 A3 A5 +4 AL AgAs 34241 Ag Ay As 0 +4 A0 Ay A5l +2 A1 As Ay Asat — 15 A, Ay As Ay Asal
+2A45 A3 Ay A5t +4 A3 A4 As0? +30 A% — 104, Ay As Ay, —10A, Ay Az Asa — 104, Ay Ay Asay

1

—1OA1A3A4A5061+4A1A2A3A4A5041—10A2A3A4A5061+13A1A2A3A4A5) = 165—A17.
a? (1 —aq)

We now proceed with the partial derivative test on A7 with a; € (%, g] and

2
Al 257‘42 247A3 237144227 and A5 > 1 o )

like in previous cases.

85A17
0A1 0A30A30A40A5

=990 — 840 + 15a] — 150] +4a; + 13> 0, oy € (3, 2].

Thus the partial derivative of Ay; with respect to A;, As, A3, A4, and Aj is positive and

2
minimized at As = il :
1— (03]
84A17 . 4o (750&? — 87&‘;’ + 30()/11 — 6@? — 504% + bay + 4) -0
0A10A20A30A, Apm 201 a 1— a )
We continue with,
AANT: 1603 (5708 — 8405 + 42af — 1103 + 30 + 1) 0
OA10A20A3 | 4, _ g 200 N (1—ay)? '

Tl-ag
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This is positive over our domain, so we know that the partial with respect to A;, Ay, and

Ajs is positive. Furthermore,

0?Aq7 1603 (17408 — 31205 + 205 — 683 + 1203 + 4ay + 1)
= 3 > 0, and
0A10A, A3:A4:A5:12702 (1 - al)
OA7 1604 (534af — 113303 4 92901 — 38607 + 88aF — oy + 1) -
0A; As=As=Ay=As= {“;1 (1—a)t .

1

Finally, our minimum for A;7 is

16a2 . 6
A17|A1:5,A2:4,A3=A4:A5:12_021 - —(1 — Oél>3 (-2019&1 + 161820[1 -

264850 + 17652a — 42410 — 26207 + T304 + 60)

which is positive over our desired interval, completing this subcase.

2.4.3 Subcase IV (c)

In this subcase, we know that Ps(z¢ = 3) > 0, implying that (1,1,1,1,1,3) is a positive

integral solution to the inequality in Theorem Thus, if

then ay € (4—11, %} because ag € (4,5]. For simplicity, let A; = a; - ag for i = 1, 2, 3, 4, and 5.

This yields the new inequality

Thus, by Theorem we have

6! Ps(z6 = 3) <6 [(A1 — 1)(Az — 1)(As — 1)(Ay — 1)(45 — 1)
— (A5 = 1)° + A5(A5 — 1)(A5 — 2)(A5 — 3)(A45 — 4)] ,
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as well as

6! P; (26 =2) < 6

A1.1+2062_1 A2.1+20é2_1 A3.1+2062_1 A4.1+2062
3ay 3 3y B1a%)
142 1+2 b 1+2
) (A2 g (a2 ) (4 2202 ()
3oy 3ag 3

1+2062_1 A5.1+2062_2 A5.1+2062_3 A5‘1+2042_4 ,
3y 3 3ag 3o

2 2 2 2
Al' +CM2_1 AQ' +CM2_1 Ag' —|-Oé2_1 A4~ +Oé2_
3as 3an 3 3y
2 2 > 2
1) (A 2592 g} — (4, 2022 ) 4 (4,292 (4,
3042 30&2 30&2
2 2 2 2
2R ) (4, 202 o) (4, 22 ) (4, 22y |
3y 3y 3oy 3an

Because 6! Py = 6! (Ps(z¢ = 1) + P5(xg = 2) + Ps(xg = 3)), if we let Ay; be the difference

and

obtained by subtracting the sum of the right hand sides of the above inequalities from the
A; .

RHS of Theorem and substituting in a; = —, then we merely have to apply the partial
&%)

differentiation test for the expression

1
- 2703(1 — an)
—252A; A3a5+216 A, Ay Azas—252 A5 A3a§+324 A3a§—252A, AyaS+216A; Ay AyaS—252 A5 Asa
+216A; A3 Agal — 196 A; Ay A3 Agal + 216 Ay A3 Agal — 252A3A,05 + 324 A,05 — 2524, Asa
+216A; Ay A5 —252 45 Asa5+216 A, A3 Asa§—196 A1 Ay Az Asas +216 A5 A3 Asa§ —252 A3 Asad
+216A4; Ay Asal — 196 A1 Ay Ay AsaS 4216 A3 Ay Asaly — 196 A Az Ay AsaS + 1844, Ay A3 Ay Asal

—196 A3 A3 A4 A5a5+216 A3 A4 Asa§—252 A, Asa5+6480 A5a5+11056505+580 A5a5 — 2700 A3 a)
+4320A205—135A,a54+1084; Ayl —135A2a5+108 41 Az —108 A1 Ay Azas +108 Ay Az —135 Az
+1084; Agas —108 A1 Ay Ay +108 Ay Ayas — 1084y Az Aoy +116 A1 Ay A3 Ayals — 108 Ay Az Ayal
+108A3A4,05—135A4,05+108 A1 Asa5—1084; Ay Asa5+108 Ag A5y —108 A1 A3 A5y +116 A1 Ay A3 Asa
—108A45A3A505+108 A3 A505—108 A1 Ay A5y +116 A1 Ay Ay Asay—108 Ay Ay Asaly +116 A1 Az Ay Asal

—124 A, Ay A3 Ay Asas +116 A A3 Ay Asay — 108 A3 Ay Asaly +108 A4 Asa — 3213 Asas — 11064605
—80A3a; 4+ 21604205 — 108 A0 + 27 Ay Agary — 108 Agary + 27 A1 Azaiy + 27 Ay Az — 108 Azary

Ag (—980A3a5+5400A20a5 — 10080 AZas+324 A a5 —252 A, AyaS+324 4508
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+27TA  Ayay + 2T Ay Ayay — 16 A1 Ay Ag Agay + 2T A3 Agay — 108 Ay + 27 A  Asaiy + 27 Ay Asa

— 164, Ay A3 Asay 4+ 2T A3 Asay — 16A; Ay Ay Asaly — 16A1 AsAyAsa + 204, Ay As Ay Asais
—16A3A3 Ay A5 +27 Ay Asaiy—3186 Asa54+-80Asas — 1350 A3 a3 +3600A203+36 A, Asas+36 A1 Asas
—27A 1 Ay A3 +36 Ay Azai3+36 A1 Ayais—27A; Ay Ayaig+36 Ay Ayaiy —27 Ay A3 Ayais+16 A1 Ay As Ay
—27 Ay A3 Ayais+36 A3 Agais+36 A1 Asais—27 Ay Ay Asais+36 Ay Asaiy —27 A As Asaia+16 Ay Ay Az Asais
—27 A As A5 + 36 Ag Asas — 2T AL Ay Asas +16 A1 Ay Ay Asas — 2T Ay Ay Asais +16 A, As Ay Asal

+ 1645 A3 A, Asaiy — 2T A3 Ay Asiy + 36 A4 Asai + 230A3a5 — 1350A3a5 + 194, Ay Az Ay
+19A4, Ag As A5 34194, Ag Ay As 34194, A3 Ay A5 —20A, Ay As Ay Asa+19A5 As Ay Asaa+170 Ad oy
—20A, Ay Ag Ayary — 20A; Ay Ag Asary — 20A; Ay Ay Asary — 20A, A Ay Asary — 11A; Ay Ag Ay Asay

1

— Ay
2703(1 —ay)

— 20A2A3A4A50&2 + 32A1A2A3A4A5) =

Our domain is

Al 25,142 24,143 23,A422, and A5 > 1.

12
Note also that we have ay € (Z’ 5} . We begin with

85A19
0A1 0A3 0A30A40A;

12
= 184a§ — 12405 + 200 — 2003 — 11ag +32 >0, ay € (Z’ g}

Thus the partial derivative of A9 with respect to A, As, A3, Ay, and As is positive and

minimized at As = 1.

84A19
= —12a8 — 805 + 4ai + 1605 — a2 — 31 32 > 0.
DA, 0A,0A,04, s 0y a5 + 4oy + 1005 — a5 o +
We continue with,
agAlg
— = —4a8 — 8a5 — 8at + 21a2 + 1702 — 82c5 + 64 > 0.
0A10A204s | 4,y 4sy 2 2 2 2 2 2
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This is positive over our domain, so we know that the partial with respect to A;, Ay, and

Ajs is positive. Furthermore,

A
1 = —8a$ — 8a5 — 294 + 500 4 8902 — 2860, + 192 > 0, and
04104, A3=3,A,=2 A5=1
A
1 — —2008 — 1103 — 1580 + 21503 4 47002 — 1264, + 768 > 0.
0A; Ao=4,A3=3 A4=2 As=1

Finally, our minimum for Ayg is

A19|A,=5,40=4,45=3,43=2,45=1 = 3 (37159043 — 3725505 —
76903 + 123303 + 56205 — 22100, + 1280) ,

which is positive over our desired interval, completing this subcase.

2.4.4 Subcase IV (d)

In this subcase, we know that Ps(zg = 4) > 0, implying that (1,1,1,1,1,4) is a positive

Y e )

integral solution to the inequality in Theorem [2.4] Thus, if

then a3 € (0, %] because ag € (4,5]. For simplicity, let A; = a; - a3 for i = 1, 2, 3, 4, and 5.

This yields the new inequality

Thus, by Theorem we have

6! Ps(wg =4) <6 (A — 1)(As — 1)(A3 — 1)(As — 1)(A45 — 1)
— (A5 = 1)° + A5(A5 — 1)(A5 — 2)(A5 — 3)(A5 — 4)] ,
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as well as

- 4
1 1 > 1
_1 A5' +30Z3 _1) — A5' +3043 1 + A5' +3Cl/3 A5
40./3 40[3 4043

249 249 g 249
) (AT ) A 22 ) (a2 (4,
40./3 4&3 4043

and

Because 6! Py = 6! (Ps(zg = 1) + Ps(xg = 2) + Ps(xzg = 3) + Ps(xg = 4)), if we let
Agy be the difference obtained by subtracting the sum of the right hand sides of the above

A;

inequalities from the RHS of Theorem and substituting in a; = —, then we merely have
as

to apply the partial differentiation test for the expression

Ay (—=5310A43a5 + 30000A2a5 — 576004205 + 19204, a5 — 14404, Asal

" 128a3(1 — as)
119204505 —1440 A, A3aS+1200A4, Ay Azl —1440 Ay AzaS+1920 Asas—1440A; A,a5+1200A, Ay Ayl
—1440A5A,05+12004; A3 A4S —1062A; A A3 A4a§+1200A, A3 Aya—1440 A3 Aya§+1920 A4

—1440A1A5(1§+1200A1A2A5ag—1440A2A5C¥2+1200A1A3A504g—1062141A2A3A50ég+12OOA2A3A50ég
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— 1440A3A505 + 12004, A4 Asa§ — 10624, Ay Ay Asal + 12004, A4 Asal — 10624, Az Ay Asal
+975A41 Ay A3 Ay A5a§—1062 A2 A3 Ay A5a§+1200A3 A4 A5 —1440 Ay A5a§+38400 A5 +5241600
+2550 A3 —12000A205+19200A205—640 4, a3+480A; Ayay —640 Ay +480 A, Aza—480A; Ay Azal
+480 A5 A305—640A305+480A; Ayl —480A1 Ay Ay +480 A Ay —480 A1 A3 Ay +510A, Ay Az Ayal
—480A5 A3 Ay +480 A3 Agal—640A405+480 A1 Asay—480 A1 Ay Asas +480 Ay Asa —480 A, A3 Asal
+510A4; Ay Az A5 —480 Ay Az A5y +480 A3 Asas —480A; Ay Asa3+510 A4, Ay Ay Asay—480 Ay Ay Asal
+5104, A3 A4 A5 —540A; Ay A3 Ay Asai+510 Ay A3 Ay Asay —480 A3 Ay A5 +480 Ay A5 — 15232 A0
—52467205—300A505-+11520 4203 —T68 A1 a3+160A4; Ay — 768 Ayas +160 A4, Azas+160 4, Azas
— 768 Az03+160A; Aya;+160A5Ag0; —60A; Ay Az Ayas +160A3 As05 — 768 Ay +160A; Asas
+160A5A505—60A; Ay Az A5z +160 A3 Asa3—60A; Ay Ay Asas—60A; A3 Ay Asay+75 A Ay Az Ay Asag
—60A45A3 A4 A3 +160A4 Asa;—22656 Asas +300Asas — 7200 A2 s +26880 A2 s +288 A1 Ay
+288 41 Az —160 A4, Ay A3y +288 Ay Azas +288 A1 Ayais — 16041 Ag Ay +288 Ay Ayais — 160 A1 Az Ayl
+60A; Ay Az Ay — 160 A3 Az Ay + 288 A3 Ayl + 288 A1 Asas — 1604, A A5 + 288 Ay Az
—160A; A3 A503+60A4, Ay Az A5y —160 A3 A3 Asa3+288 Az Az — 160 A1 Ay A5y +60 A4, Ay Ay Asais
— 160424, A505 +60A; A3 Ay Asaiy +60A5 A3 Ay Asas — 160 A3 Ay Asay +288 A4 Asas +1290 4303
— 108004303 — 4841 Ay Az — 48 A1 Ag Agal — 48A, A3 Ay + 13041 Ag Az Ayal — 48 Ax A3 Ayl
—48A, Ay Asa3—48 A A3 A5 +130A, Ay Az Asa3 —48 Ay A3 Asa3—48 Ay Ay Asa+130 A, Ay Ay Asal
—48 A5 Ay A5z +130A, A3 Ay Asas—T5 A1 Ay A3 Ay Asa3+130 A, As Ay Asas —48 A3 Ay Asa3+14T0 Az as
—90A4; Ay Az Agas —90A; Ay Az Asrs — 904 Ay Ay Asas — 904, Ag Ay Asais — 100 A, Ay As Ay Asaus

1

- 90A2A3A4A50./3 + 177A1A2A3A4A5) = mAgl‘
3 — @3

Once again, our domain is

Al > 5,142 > 4,143 > 3,A4 > 2, and A5 > 1.
1 o
Note also that we have a3 € (0, 5] . We begin with

85A21
0A10A30A30A,0A5

= 975a5 — 54003 + 7505 — T5a3 — 100 + 177 > 0, a3 € (0, %} :
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Thus the partial derivative of Ay with respect to Aj, Ao, Az, Ay, and Aj is positive and

minimized at A5 = 1.

= — _ 1 3 2 1 1 .
0A10A0A50A, |, _, 8Ta; — 30az + 150 + 603 + 5503 — 190as + 177 > 0
We continue with,
63A21
94,04,045 = —36a§ — 3005 — 300 + 2003 + 19203 — 4700 + 354 > 0.
8A13A28A3 Ag=2 As—1 3 3 3 3 3 3

This is positive over our domain, so we know that the partial with respect to A;, As, and

Ajs is positive. Furthermore,

A
21 = —2 (360§ + 1503 + 2505 + 6a; — 34603 + 79503 — 531) > 0, and
04104, Az=3,A4=2,A5=1
A
21 = —4 (4508 + 2505 + 9203 — 7003 — 75503 + 172503 — 1062) > 0.
aAl Ap=4,A3=3,A4=2,A5=1

Finally, our minimum for Ay is

Aot Ay=5 Ay—t Ay=3.As=2.4s=1 = 53014205 — 53137403
— 16028a; + 249000 + 631003 — 35190cxs + 21240,

which is positive over our desired interval, completing this subcase, and thus completing

Case IV. 0

2.5 CaseV

In this case, [ag] = 6, so we can plug v = 6 into the statement of Theorem to get the

following theorem, which we prove in this case:

Theorem 2.5. Let a1 > ay > a3z > aq4 > as > ag > 1 be real numbers and let Fg be the

x x x x x x
number of positive integral solutions of L T e If Ps > 0 and
aq a9 as ay as ag

41
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5 < ag <6, then
6' PG S ((11 - 1)(0/2 - 1)(@3 - 1)(@4 - 1)(@5 - 1)(&6 - 1) — 14905.

Proof. In this case, ag € (5, 6], so we have to consider five levels — xg = 1, xg = 2, g = 3,
re¢ = 4, and xg = 5. Since Pz > 0, there must be solutions at the xg = 1 level, so our five

subcases are:

Subcase V (a) Ps(z¢ =5) = Ps(xg =4) = Ps(z6 = 3) = Ps(x¢ =2) = 0.
Subcase V (b) Ps(zg =5) = Ps(x¢ =4) = Ps(xg = 3) =0, Ps(zg = 2) > 0.
Subcase V (c¢) Ps(zg =5) = Ps(x¢ =4) =0, Ps(z¢ = 3) > 0, Ps(z6 = 2) > 0.
Subcase V (d) Ps(zg =5) =0, Ps(zg =4) > 0, Ps(xz6 = 3) > 0, Ps(z6 = 2) > 0.

Subcase V (e) Ps(zg =5) > 0, Ps(zg =4) > 0, Ps(zg = 3) > 0, Ps(x6 = 2) > 0.

2.5.1 Subcase V (a)

We are guaranteed that (x1, xe, z3, x4, 75, 26) = (1,1,1,1,1,1) is a solution to the inequality

in Theorem [2.5] Thus, if

1 1 1 1 1 1
-+ —+—+—<1—-—:=q,
a1 ag as Qaq as Qg

then a € (%, %} because ag € (5, 6]. For simplicity, let A; = a; -« for i = 1, 2, 3, 4, and 5.

This yields the new inequality

1+1+1+1+1<1
A1 A2 Ag A4 A5_.

Just like in Subcase IV (a), we will now use the Yau Geometric Conjecture for n = 5,

42
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proven in [I]. This gives us the bound

6! Ps(zg = 1) <6[(Ar —1)(A2 — 1)(As — 1)(As — 1)(A5 — 1) — ps([As5])], (5)

where ps is the function defined in (). Note that since ps(v) is increasing for v > 4. Also,
since A5 = a5 - a > % -5 =4, we note that [As] > 5. Thus, we maximize the RHS of by

substituting ps(5) = 904 in for ps([As]). Hence, we have
61 Py = 1) < 6 [(Ay — 1)(As — 1)(A3 — 1)(As — 1)(As — 1) — 904]. (6)

As before, we take the difference obtained by subtracting the RHS of @ from the RHS

A; 1
of Theorem , substituting in a; = — and ag = T—o yielding
o —«

Agy = ) (18948a° — 18950a* + 120° Ay — 10a* 4y — 12a° A1 Ay + 12a* A1 As —

204(1 — «
20[3A1A2 + 12&5A1A2A3 - 120[4A1A2A3 + 20&2141142143 - 120[5A1A2A3A4 +
120{4A1A2A3A4 - 2CYA1A2A3A4 + 12045A1A2A3A4A5 - 12&4A1A2A3A4A5 +
2A1A2A3A4A5 - 120&5141142143145 + 120&4A1A2A3A5 - 20{A1A2A3A5 + 120&5141142144 -
120{4141142144 + 2062141142144 - 120&5A1A2A4A5 + 120&4A1A2A4A5 - 206141142144145 +
12&5A1A2A5 — 120&4141142145 + 2&2A1A2A5 - 120&5141143 + 12@4A1A3 - 2@3141143 +
12@5/41143144 — 120[4141143144 + 20(2141143144 — 120[5A1A3A4A5 + 120[4A1A3A4A5 —
2OZA1A3A4A5 + 120[5141143145 — 120&4A1A3A5 + 20[2A1A3A5 - 12@5141144 + 12@4A1A4 —
2013141/14 + 12Q5A1A4A5 — 120[4A1A4A5 + 2042A1A4A5 — 12015A1A5 + 120&4A1A5 —
2013A1A5 + ]_2055142 - ]_0054142 - ]_2055142143 + 12014A2A3 - 2013A2A3 + 120&5A2A3A4 —
120{4142143144 + 2a2A2A3A4 - 12(15A2A3A4A5 + 12Q4A2A3A4A5 - 2@A2A3A4A5 +
120[5A2A3A5 - 12@4A2A3A5 + 20[2A2A3A5 - 12045A2A4 + 120[4142144 - 20&3142144 +
120{5142144145 - 12@4142144145 + 2042142144145 - 12@5142145 + 120&4142145 - 2043142145 +
120{5143 — 100{4143 — 120{5143144 + 12064143144 — 2063143144 + 120[5143144145 — 120&4143144145
+ 20[214314414.5 - 120(514.3145 + 120[4143./45 - 20[3143145 + 120&5./44 - 100(4./44 - 120&5./44145
+ 120" Ay A5 — 20° Ay A5 + 120° A5 — 100 As)

1
= il —a) o

We now proceed with the partial derivative test on Asg with o € (%, %} and

«

)

Al 257142 247‘43 237A4227 and A5 >

like in previous cases.

85A23
0A1 0A30A30A,0A5

_ 5 4 4 5
=120 — 122" +2 >0, a€ (2]

43
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Thus the partial derivative of As3 with respect to A, Ao, Az, Ay, and Aj is positive and

minimized at A5 = e
-«
0 A3 ~ 2(12a° — 18a” + 6ot + o?) -0
8141(914281438144 A5=% N l—« '
We continue with,
03 A3 20" (240 — 480” + 30 — 5) -0
0A0A0As | 4y o (1-a) '

This is positive over our domain, so we know that the partial with respect to A;, As, and

Ajs is positive. Furthermore,

02 Ag3 20t (48a* — 12002 + 10902 — 42a + 6)
—_— = 3 > 0, and
8A18A2 Az=As=As=r (1 - Oé)
03 20" (960 — 287’ + 3360° — 192a° + 54a — 6) =0
0A; Ap=Az=Ay=As=1 (1—a)t '

We must now only test Ass at its minimum. We observe that if A5 >= 5, then we have
N3] ay=5, A= As—As=a5= 2= 2(5 — 6a)? (4340” + 2900” 4+ 175 + 125) ,

which is positive over our desired interval. We must now only consider the minimum of Ay
when we have 4 < 2~ < A5 < 5. We observe that since the partial differentiation test told
us that all the partial derivatives of Ays are positive, indicating that to minimize A3, we

1 4
set Ay = A3 = Ay = A5 = z for some x € (4,5]. Thus, we have < <1-— —, or that
1 Xz

44
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Hence, we consider

Aoy = Agsfa,= 2 Ay=Ay=As=As=z

1 (=757920° 4 758000 — 2az® + 22° + 48a°x* — 48’z 4 8ot — 1920°2° +
— X

1920'2” — 120’2 — 20a°z® + 288a°2* — 280a* s + 400’ z* + 187680 x — 188000 x) .

4 5
It can easily be numerically verified that Ay > 0 over the interval x € (4,5),«a € (5, 6) ,

completing this subcase.

2.5.2 Subcase V (b)

In this subcase, we know that Ps(zg = 2) > 0, implying that (1,1,1,1,1,2) is a positive

integral solution to the inequality in Theorem Thus, if

1 1 1 1 1 2
— =t =+ — <1 ==y,
aq as as Qy as Qe
then oy € (%, %} because ag € (5,6]. For simplicity, let A; = a; - oy for i =1, 2, 3, 4, and 5.
This yields the new inequality
1 n 1 n 1 . 1 n 1 <1
A DAy Ay A AT
Thus, by Theorem we have

6! Ps(g =2) <6 (A —1)(Ay — 1)(As — 1)(As — 1) (A5 — 1)
— (A5 —1)° + As5(A5 — 1) (A5 — 2)(45 — 3)(45 — 4)],

1 1 1 1
Al' +C¥1_1 AQ' +Oél_1 Ag' +CK1_1 A4- +C¥1_
20(1 20[1 20&1 2041
1 1 b 1
1) (A 9 ) (A, ) (A ) (a4,
20, 204 20
1 1 1
1) (A o) (A 2 g (4 2 )|
20 20 20 20

45
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Because 6! Py = 6! (P5(z¢ = 1) + Ps(x¢ = 2)), as before, we take the difference obtained

by subtracting the sums of the right hand sides of the above inequalities from the RHS of

A
Theorem [2.5| substituting in a; = —, yielding
aq

Ags

We

1
- 1603(1 — ay)
— 1204, Azal + 108A; Ay Aza® — 120A5A3a$ + 144 A3a8 — 1204, A4ab + 1084, Ay Ayal —
120A5A4a8 4+ 1084, A3 Az — 102A, Ay A3 Agal + 10845 A5 A4ab — 120A3A44a8 + 1444468
— 1204, As5a8 + 108A; Ay A5a® — 120A5A5a8 + 1084, A3 Asal — 1024, Ay A3 Asab +
108142/43145@? - 1201431450/? + 108141144145@(13 - ].02141142144145@(13 + 108142144145@(13 —
102A1A3A4A5G? + 99A1A2A3A4A5a? - 102A2A3A4A5a? + 108143144145@(13 - 120A4A5G? +
2880 A5a5 + 238464a8 + 390A2a; — 1800A3aT + 2880A2a; — 80A,a} + T2A, Aya’ — 80Aza]
+ 72A1A36L? - 72A1A2A36L? + 72142143&? - 80143@? + 72A1A46L§ — 72A1A2A4a? + 72142144&?
- 72A1A3A46LE{ + 78A1A2A3A4CL? - 72A2A3A40JE{ + 72A3A46L? - 80144(151) + 72141145@? —
72A1A2A5&? + 72142145&? - 72A1A3A5CL? + 78A1A2A3A5a‘;’ — 72A2A3A5G? + 72A3A5G? —
72A1A4A5a? + 78A1A2A4A56L? - 72A2A4A5(L? + 78A1A3A4A56L? - 84A1A2A3A4A5a? +
T8 Ay A3 A Asal — T2A3A4A5a5 + T2A4Asal — 19044505 — 23849645 — 60A3a] + 960A2a]
— 321410/411 + 8A1A2a‘11 — 321420/411 + 8A1A36LA11 + 8142143&411 — 32143&411 + 8141144(1/11L + 8142./44(1111L —
12141142143144(]&l -+ 8143144(111 - 32144&41L —+ 8141145(11l -+ 8142145@11 - 12141142143145(111 + 8143145&111L
— :I_2141142‘44145(1,11L - ]_2141‘/43‘44145@41L + 15A1A2A3A4A5a‘11 - ]_2/12143_/44‘45&411 + 8144145@41L -
944 Asa} +60A5a3 —600A3a} +960A2a} + 8A; Aga’ +8A, Azal —8A; Ay Aza’ +8Ay Azal +
8141144@? — 8A1A2A4CL? —+ 81421440,? — 8A1A3A4CL? + 12A1A2A3A4a:{’ - 8A2A3A4a‘% -+ 8A3A4CL?
-+ 8A1A5(Ii{) — 8A1A2A5a‘;’ + 8A2A5CL? — 8A1A3A5a‘;’ + 12A1A2A3A5a§’ - 8A2A3A5(I§ +
8A3A5CL? - 8A1A4A56L? + 12A1A2A4A50,§ - 8A2A4A5a§ + 12A1A3A4A5a§’ + 12A2A3A4A5ai1)’
- 8A3A4A5a5{’ + 8A4A5(l? + 90A§a% - 30014?(1% + 4A1A2A30€ + 4A1A2A4CL% + 4A1A3A4(l%
+ 2A1A2A3A4a% + 41421431440,? + 4A1A2A5a% + 4A1A3A5CL% -+ 2A1A2A3A5CL% -+ 4142143145&%
+ 4A1 Ay Asal 4+ 2A1 Ay Ay Asa® + 443 A4 Asa® + 241 AsAyAsal — 15A1 Ay Az Ay Asal +
2A2A3A4A5CL% + 4A3A4A5CL% + 30A§a1 — ]_0A1A2A3A46L1 — 10A1A2A3A56L1 —
10A1A2A4A56L1 - 10A1A3A4A5a1 + 4A1A2A3A4A5CL1 - 10A2A3A4A5(l1 + 13A1A2A3A4A5)

1
~16a5(1 — ay)

(—510A43a$ 4 2700A2aS — 4800A2a$ + 144A,a§ — 1204, Asa + 1444549

26-
now proceed with the partial derivative test on Asg with oy € (%, %} and

20(1

Al 2 57A2 247A3 237*44 2 27 and A5 >

Y

1—061

46
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like in previous cases.

85A26
0A; 0A3 0A30A40A;

=990 — 840 + 150] — 15af +4a; + 13> 0, ay € (2,2].

Thus the partial derivative of Agg with respect to A, As, Az, Ay, and As is positive and

2
minimized at As = & .
11— (075}
0* Aog Aoy (7508 — 870} + 30a — 603 — 503 + Say + 4) 0
8A18A28A38A4 A5:2°‘71 o 1— o .
1—aq
We continue with,
0 A _ 1603 (57af — 840} + 420} — 1af 4+ 300 +1)
(9A1(9A28A3 A4:A5:2a71 (1 _ 041)2 .

1—aq

This is positive over our domain, so we know that the partial with respect to A;, As, and

Ajs is positive. Furthermore,

02 Agg 1603 (174085 — 31203 + 2050t — 683 + 1202 + 4y + 1)
- T2 = 5 > 0, and
81418142 A3:A4:A5: 20 (1 - al)
l1—aq
0 1604 (534a$ — 113308 4 9290 — 38607 + 88aF — ay + 1) -
8141 Ap=Az=A,=As= 20 (1 - Oél>4 '

1—aq
We must now only test Asg at its minimum. We observe that if A5 >= 3.9, then we have

Aog| A, =5, 49=4 A= A= As—3.0 = 24671400 — 24522207 — 1692.76a]
+ 5984.03a% — 9061.53a% — 2778.87a; + 15422.9,

which is positive over our desired interval. We must now only consider the minimum of Agg
when we have 3 < % < A5 < 3.9.
If A5 < 3.9, we have
1 1 1 1 29

T T T i
A, A A S5y

47
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39 39
which must have positive integral solutions. Thus, A; > 4 - 29 and Ay > 3 - 29° with

Az > Ay > A; > 24 > 3 still true from before, and A5 < 3.9 by assumption.

l—ap —

With these new bounds on Ay, Ay, A3, A4, and As, we can use the Yau Geometric Con-
jecture for n = 5 to bound Py = Ps(xg = 1) + Ps(x¢ = 2), like in Subcase V (a). Thus, we
get

61 Ps(z6 = 2) < 6[(Ar — 1)(A2 — 1)(As — 1)(As — 1)(As — 1) — ps([A5])]

6! Ps (25 = 1) < 6 I R Y e R N (/I G
2&1 20[1 20[1
A4.1+061_1 A5.1+061_1 — s A5.1+051 .
2@1 2061 2@1

2 1
Note that [A5] = . 4, s0 ps([As]) = ps(4) = 243. Similarly, | A - ran]
1-— aq 20&1
2 1 1 1
M) LY 5, 80 ps | | As- o = p5(5) = 904. Hence, our
1—a; 204 1—oy 20

bounds are actually

6! P5(we = 2) <6[(Ar — 1)(Az — 1)(As — 1)(As — 1)(As — 1) — 243],

and,

26(1 20&1
1 1
A ) (A 2 ) Zgod]
20{1 20&1

Because 6! Py = 6! (Ps(xg = 1) + Ps(xg = 2)), as before, we take the difference obtained

1 1 1
6!P5(3:6:1)§6KA1- ;0‘1—1) (A2- +O‘1—1) (Ag- +O‘1—1>

by subtracting the sums of the right hand sides of the above inequalities from the RHS of

A;
Theorem , substituting in a; = —, yielding
a7

48
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m (—510A§0/15 + 2700Ag 4800A5Oél + ]_441410[1 — 120A AQOél —|— 1441420{?

— 120A; 4308 + 1084, Ay A0l — 120454308 + 1444308 — 1204, 4,08 + 1084, Ay Ay
— 12044408 + 1084, A3 A 08 — 1024, A3 A3 Aol + 108 A3 A3 Ay — 120434408 +
144A4085 — 120A; A58 4+ 1084, A3 Asa — 120454505 4+ 1084, A3 As5a8 — 1024, Ay Az Azl
+ 10845454508 — 120434505 4+ 1084, A4 A508 — 1024, Ay Ay Asab + 108 A3 A4 Asab —
102A; A3 A Asa8 + 994, Ay As A Asal — 10245 A3 A, A508 + 108A3A, 4508 — 1204, A508
+ 28804508 + 23846408 + 390A3a] — 18004203 + 28804207 — 80A ) + T2A4; Az —
804507 + T2A; Azl — T2A1 Ay Azal + T2A3 4307 — 80A3a8 + T2A, Ayal — T2A, Ay Ayl
+ 72454405 — T2A, A3 Ayal 4+ T8A 1 Ay As Ayal — T2A5 A3 Aga + T2A3A405 — 804,405 +
T2A1 A5 — 241 As A5l + T2A2 A5 — T2A1 A3 Asal + T8A1 Ay Az Asal — T2A5 A3 Asal
+ T2A3A4505 — T2A1 AgAsal 4+ T8A1 Ay Ay Asal) — T2A5A4 A5l + T8 A1 A3 Ay Asal —
844, Ay As Ay A5l + T8 Ay A3 AyAsa — T2A3A A5 + T2A4 A5 — 1904 A505 — 23849607
— 604307 +960A2a] — 324,07 + 8A; Ayat — 324501 + 84, Asa} + 8AyAza] — 32430
+ 8A1 Agat + 8AxA 0] — 1241 A As Ayt 4+ 8AsAsa] — 3244071 + 8A  Asaf + 8ArAsa)
— 124, Ay AsAsat + 8AsAsaf — 1241 Ay Ay Asa — 12A1A3A4A5a;* + 154, Ay A3 Ay Asal)
— 124, A3A, Asa} + 84, Asaf — 944 A5a7 + 604307 — 6004303 + 9604203 + 8A; Ay +
8A AgO./l —8A A2A3a1 + 8A2A3a1 +8A A4a1 —8A A2A4Oz1 + 8A2A40z1 8A A3A4a1
+ 124, Ay A3 Agaid — 8Ax Az A 0l + 8A3A 0 + 8A  Asall — 8A 1 Ay Asad + 8 Ay Asary —

8A| A3 Asad + 1241 Ay A3 Asa — 8Ay A3 Asa® + 8A3Asa8 — 8A 1 AyAsal + 12A, Ay Ay Asal®
- 8A2A4A5a1 + 124, A3 Ay Asad + 124, A3 Ay Asa® — 8A3AyAsa + 8A,Asal + 90A5a2
— 3004307 + 4A, Ay Asad + 4A1 Ay Agad + 4A Az Agad + 2A1 Ay As Ayl + 4A, A3 Ayl
+4A A2A5a1 +4A1 A3 Asa] + 2A, Ag A3 Al + 445 A3Asad + 4A1 AgAsad +

2A1 Ag Ay As? + 443 AgAs0? + 241 As Ay Asal — 15A1 Ay As Ay Asal + 2A5 As Ay Asa? +
4A3ALAs07 + 30A50; — 104, Ay AsAgary — 104, Ay Az Asay — 104 Ay AgAsay —
1041 A3 AgAsan + 4A; As As Ay Asany — 10A Ag Ay Asany + 1341 Ay A3 Ay As)

1
S N
1605(1 — ) °

We note that Ags and Asg are defined similarly, with their only difference being an

ay polynomial that is subtracted. Since Ay — Agg is a function of «y only, all the partial

derivatives have already been shown positive. Hence, we only need to deal with showing that

the

minimum value of Asg is non-negative. We note that
A 20 (4383555908 — 9501456607
T T VT i a

488380160 — 1306940 + 246307302 — 437892, — 1788696) ,
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3 2 7
which is non-negative for a; € (5, 5] . Thus, we need only consider when A; < 3" This

leaves us with,
1 1 1 10

9
Lot 102
R W T

125
273’

273 273
which must have positive integral solutions, implying that A; > 3 - To% and Ay > 2 To5

Thus, Asg is minimized at

1603

A 273 273 20 -
28|A1=3-ﬁ,A2=2-ﬁ,A3=A4:A5=1,(111 15625(&1 _ 1)3

690459330a; — 4793684180 + 121590162a; — 1618071 — 447174) ,

(7599047408 — 411281087¢] +

which is zero over our desired interval, completing this subcase.

2.5.3 Subcase V (c)

In this subcase, we know that Ps(zg = 3) > 0, implying that (1,1,1,1,1,3) is a positive

integral solution to the inequality in Theorem [2.5] Thus, if

1 1 1 1 1 3
—F—+—+—+—<1—-— = ay,
aq a9 as Qy as Qe

then ay € (%, %} because ag € (5,6]. For simplicity, let A; = a; - ag for i = 1, 2, 3, 4, and 5.

This yields the new inequality

1+1+1+1+1<1
A1 A2 Ag A4 A5_.

Thus, by Theorem we have

6! Ps(w =3) <6 (A —1)(As — 1)(A3 — 1)(As — 1)(A5 — 1)
— (A5 —1)" + As5(A5 — 1) (A5 — 2)(45 — 3)(45 — 4)],

20
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as well as

6! P; (26 =2) < 6

A1.1+2062_1 A2.1+20é2_1 A3.1+2062_1 A4.1+2062
3ay 3 3y B1a%)
142 1+2 b 1+2
) (A2 g (a2 ) (4 2202 ()
3oy 3ag 3

1+2062_1 A5.1+2062_2 A5.1+2062_3 A5‘1+2042_4 ,
3y 3 3ag 3o

2 2 2 2
Al' +CM2_1 AQ' +CM2_1 Ag' —|-Oé2_1 A4~ +Oé2_
3as 3an 3 3y
2 2 > 2
1) (A 2592 g} — (4, 2022 ) 4 (4,292 (4,
3042 30&2 30&2
2 2 2 2
2R ) (4, 202 o) (4, 22 ) (4, 22y |
3y 3y 3oy 3an

Because 6! Py = 6! (Ps(z¢ = 1) + P5(xg = 2) + Ps(xg = 3)), if we let Ayg be the difference

and

obtained by subtracting the sum of the right hand sides of the above inequalities from the
A; .

RHS of Theorem and substituting in a; = —, then we merely have to apply the partial
&%)

differentiation test for the expression

1
- 2703(1 — an)
—252A; A3a5+216 A, Ay Azas—252 A5 A3a§+324 A3a§—252A, AyaS+216A; Ay AyaS—252 A5 Asa
+216A; A3 Agal — 196 A; Ay A3 Agal + 216 Ay A3 Agal — 252A3A,05 + 324 A,05 — 2524, Asa
+216A; Ay A5 —252 45 Asa5+216 A, A3 Asa§—196 A1 Ay Az Asas +216 A5 A3 Asa§ —252 A3 Asad
+216A4; Ay Asal — 196 A1 Ay Ay AsaS 4216 A3 Ay Asaly — 196 A Az Ay AsaS + 1844, Ay A3 Ay Asal

—196 A3 A3 A4 A5a5+216 A3 A Asa§—252 A, Asa5+6480 Asas+402408a5+580 A5a5 — 2700 A3 a)
+4320A205—135A,a54+1084; Ayl —135A2a5+108 41 Az —108 A1 Ay Azas +108 Ay Az —135 Az
+1084; Agas —108 A1 Ay Ay +108 Ay Ayas — 1084y Az Aoy +116 A1 Ay A3 Ayals — 108 Ay Az Ayal
+108A3A4,05—135A4,05+108 A1 Asa5—1084; Ay Asa5+108 Ag A5y —108 A1 A3 A5y +116 A1 Ay A3 Asa
—108A45A3A505+108 A3 A505—108 A1 Ay A5y +116 A1 Ay Ay Asay—108 Ay Ay Asaly +116 A1 Az Ay Asal

—124 A, Ay A3 Ay Asas +116 A3 A3 Ay Asay — 108 A3 Ay Asaly +108 Ay Asa — 3213 Asay — 4024890
—80A2a;5+2160A205—108 4,05 4+27A; Ayai—108 Agay +27A; Azais+27 Ay Azay— 108 A3y +27A; Ay

Agg (—980A3a5+5400A20a5 — 10080 AZas+324 A a5 —252 A, AyaS+324 4508

o1
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+27 Ay Agais—16 A1 Ay Az Ayaiy+27 Az Ayaiy— 108 Ay0+27A; Asaig+27 Ay Asais—16 A1 Ay Az Asary
+27A3As05—16A41 Ay Ay Asay—16 A1 Az Ay Asay+20A1 Ay A3 Ay Asaiy—16 Ay A3 Ay Asaig+-27 Ay Asaiy
—3186A505+80 A5 —1350 A3 +3600A2a5+36 A1 Agais+36 A1 Az —27A; Ay Azais+36 Ay Az
+36 A4, Agay—27 A Ag Ay +36 Ay Ay —2T A Ag Agaig+16 Ay Ag As Ayaiy—27 Ay As Ayais +36 Az Ay
+36A; Asais—27 A1 Ay Asais+36 Ay Asaiy—27 A1 Az Asais+16 Ay Ay Az Asais—27 Ay A3 Asais+36 A3 As iy
—27A A A5 +16A1 Ay Ay A5l —2T Ay Ay A5 +16 A1 Ag Ay A5 +16 Ay As Ay Asas — 2T As Ay As i
+ 364, A50i + 230A3a5 — 1350A305 + 194, Ay Az Agal + 194, Ay Az Asal + 19A, Ay Ay Asas
+19A4, A3 A A5 —20A1 Ay As Ay Asaa+19A5 As Ay Asa+1T0 As iy —20 A Ay Ag Ay —20A1 Ay A As iy
— 204, Ay Ay Asay —20A1 A3 Ay Asay — 11 A Ay Az Ay Asaiy — 20 Ag A3 Ay Asin + 3241 Ay A3 Ay As)
1

S E— -
2705(1 — ay) "

Our domain is
30&2

Ay >25,A > 4,A3 >3, A4 > A5 >

_a2.

21
Note also that we have ay € (g, 5] . We begin with

0A;1 0A2 0A3 0A4 0A;

21
= 184043 — 1240&; + 200/2l — 200&% —1las+32>0, as € <g, 51 .

Thus the partial derivative of Asy with respect to A, As, A3, A4, and Aj is positive and

minimized at As = 1.

= —12a8 — 845 + 404 + 1605 — a2 — 31 32 > 0.
DA, A,04,04, s 0y sy + 4oy + 10605 — @ Qg +
We continue with,
— = = —4a8 — 8a5 — 8at + 21a2 + 17a2 — 82a5 + 64 > 0.
0A10A20A3 | 4,y 4.y 2 2 2 2 2 2

52

- 391 -



008

This is positive over our domain, so we know that the partial with respect to A;, Ay, and

Ajs is positive. Furthermore,

9*A
0 = —8a$ — 8a5 — 294 + 500 4 8902 — 2860, + 192 > 0, and
9A104, Ag=3,4,=2,A5=1
OA
— = —20a5 — 11aj — 158a; + 21503 + 47003 — 1264a, + 768 > 0.
0A; Ao=4,A3=3 A4=2 As=1

Finally, our minimum for Agq is

2
905

A30‘A1:5,A2:4,A3:3,A4:A5:13_“32 - (a2 — 1)3

27249303 — 1826730 + 4409903 + 97203 + 11520 — 1120) ,

(1515605 — 17194905 +

which is positive over our desired interval, completing this subcase.

2.5.4 Subcase V (d)

In this subcase, we know that Ps(zg = 4) > 0, implying that (1,1,1,1,1,4) is a positive

integral solution to the inequality in Theorem Thus, if

then a3 € (%, %} because ag € (5,6]. For simplicity, let A; = a; - ag for i = 1, 2, 3, 4, and 5.

This yields the new inequality

Thus, by Theorem we have

6! Ps(wg =4) <6 (A —1)(As — 1)(A3 — 1)(As — 1) (A5 — 1)
— (A5 = 1)° + A5(A5 — 1)(A5 — 2)(A5 — 3)(A5 — 4)]

93
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as well as

1+3 1+3 1+3 1+3
A1‘ +Oé3_1 A2. +Oé3_1 A3' +CY3_1 A4- + o0
40&3 4@3 40(3 40(3
143 143 ° 1+3
1) (A 2N ) (a2 ) (4298 (4,
4@3 4063 40&3
1+3 1+3 1+3 1+3
) +C¥3_1 A5' +CK3_2 A5' +063_3 A5- +Oég_4 ’
40{3 40_/3 40./3 40(3

and

= 4
242 242 b 242

) (A5 22 ) (a2 ) (42208 (4,
4o dag dag

and

3+C¥3 3+063 3+043 3+C¥3
A - —1) (A, 1) (A, 1) (A, -
(1 Aoy )(2 Ao )(3 Ao )(4 Aoy

5
1 A5.3+C¥3_1 _ A5.3+C¥3_1 I A5‘3+O{3 A5
40{3 40&3 4043

‘3+043_1 A5.3+C¥3_2 A5'3+&3—3 A5‘3+043_4 ‘
dag 4oy 4o da

Because 6'P6 = 6'(P5(I6 = 1) + P5([E6 = 2) + P5(ZE6 = 3) + P5<C(I6 = 4)), if we let

Ay be the difference obtained by subtracting the sum of the right hand sides of the above

A
inequalities from the RHS of Theorem and substituting in a; = — then we merely have
as
to apply the partial differentiation test for the expression

o4
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1
©128a3(1 — as)
19204505 — 1440A; A3a§ + 1200A; Ay Aza§ — 1440 A5 A3a§ + 1920 A305 — 1440A, Aya§ +
1200A; Ay Ay — 1440 A5 A4l + 12004, A3 Aol — 1062A; A Az Aga§ + 1200A3 A3 Aga
— 1440 A3A405 + 19204405 — 1440A; Asa§ 4 12004, Ay Asaf — 1440 A5 Asal +
12004, Az Asal — 10624, Ay A3 Asa§ + 120045 A3 Asad — 1440 A3 A5a8 + 12004, A4 A5
— 10624, Ay Ay Asa§ + 1200424, A508 — 10624, A3 Ay Asal + 97541 Ay A3 Ay Asa§ —
10624 A3 A4 A0S + 1200A3 A4 Asaf — 14404, A508 + 384004505 + 190771205 + 2550 A5
— 120004303 + 192004205 — 640405 + 480A; Asaf) — 6404505 + 480A; Azal) —
480A; Ay Azaly + 480 A, Azaf — 640 A3 + 4804, Agal — 4804, Ay Ayal + 480 A5 A0 —
480A; A3 Ayl + 5104, Ay Az Ayal — 480 Ay Az Ayaly + 480 A3 4408 — 640 A4 + 4804, A5l
— 4804, Ay Asal + 480 A A5y — 480A; A3 Asal + 510A; Ay Az Asal — 480A5 A3 Asaf +
480 A3 Asal — 480A; Ay Asaly + 5104, Ay Ay Asal — 480 A, A4 Asaly + 5104, A3 Ay Asal —
540A; Ay A3 Ay Asaly + 51045 A3 Ay Asal — 480A3 A4 Asaly + 4804, Asal — 152324505 —
190822405 — 3004503 + 11520A205 — 768 A a3 + 1604, Ayas — 768 Ay + 160A; Azas
+ 16045 A305 — 768 Aza + 160A; Ajaz + 1604, Aga; — 604, Ay Az Aya + 160A3 A0 —
768 A5 + 160A; Asas + 1604y Asa — 60A; Ay Az Asas + 160A3Asa5 — 60A; Ay AgAsas
— 604, A3 A Asas + T5 A1 Ay Az Ay Asas — 6045 A3 Ay Asai + 160A4Asas — 22656 A5z +
300A503 — T200A%03 + 26880 A2 + 288 A1 Ayl + 28841 Az — 1604, Ay Az
+ 288 Ay Azas + 288 A1 Agay — 1604, Ay Ayas + 288 Ay Agaiy — 1604, Az Ayais +
604, Ay AsAyal — 160A3 A5 A0l + 288 A3A405 + 288A, Asal — 160A, Ay Asad +
288 Ay Asas — 160A; A3 Asaiy + 604, Ay Az Asais — 16045 A3 Asas + 288 Az Asais —
160A4; Ay Asa + 60A; Ag Ay Asaiy — 160A3 Ay Asals + 604, Az Ay Asais + 60A5A3 A4 A —
16043 A, A5y + 288 A, A5y + 1290 Asa3 — 108004303 — 484, Ay Azas — 484, Ay Ay —
48 A1 As Ay 4 13041 Ay A Aga — 48 Ay As Ay — 48A 1 AsAsa? — 48 A1 AsAsa +
1304, Ay Az Asas — 48Ay Az Asal — 48 A1 AyAsal + 130A; Ay Ay Asas — 48 Ax Ay Asas +
1304, A3 AgAsa; — T5A1 Ay A3 Ay Asal + 13049 A3 A4 Asay — 48 A3 Ay Asal + 14704503 —
90A4; Ay Az Asaz — 90A; Ay Az Asa; — 9041 Ay Ay Asas
— 90A; A3 Ay Asas — 10041 Ay Az Ay Az — 90 A0 Az Ay Asas + 17T A Ay A3 Ay As)

1
"~ 128a3(1 — as)

Az (—5310A505 + 30000430 — 576004205 + 192045 — 1440A; Ay +

32-

Our domain is

Al 25,142 24,143 23,14422, and A5 > 1.

95
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11
Note also that we have ag € (g, 5] . We begin with

0A1 0Ay0A30A,0A;5

11
= 97508 — 54004 + 7505 — T5a2 — 100as + 177 > 0, a3 € (g’ ﬂ :

Thus the partial derivative of Az, with respect to Aj, As, A3, A4, and Aj is positive and

minimized at As = 1.

84A32
= —87a% — 3005 + 15a2 + 60a2 + 5502 — 190 177 > 0.
DA, 04,0 A,0A, s (7 a3 + loas + 60ag + 9das a3+
We continue with,
83A32 6 5 4 3 2
S = —36a% — 3002 — 300 + 2003 + 19202 — 47003 + 354 > 0.
0A10A0A5 | 4,y 4iy 3 : & e e 3

This is positive over our domain, so we know that the partial with respect to A;, As, and

Ajz is positive. Furthermore,

A
32 = —2 (3605 + 1503 + 2505 + 603 — 34603 + 795a3 — 531) > 0, and
04104, A3=3,A4=2,A5=1
OA
2 = —4 (4508 + 2503 + 920 — 7003 — 75503 + 172503 — 1062) > 0.
A Ao=4,A3=3,A4=2,A5=1

Finally, our minimum for Az, is

Aso|ay=5,4y-14,43=3,41=2,45=1 = 2 (95684Taj — 9574630 —
8014ar; + 1245003 + 315505 — 1759503 + 10620)

which is positive over our desired interval, completing this subcase.

o6

- 395 -



008

2.5.5 Subcase V (e)

In this subcase, we know that Ps(z¢ = 5) > 0, implying that (1,1,1,1,1,5) is a positive

integral solution to the inequality in Theorem Thus, if

then oy € (0, %] because ag € (5,6]. For simplicity, let A; = a; - oy for i = 1, 2, 3, 4, and 5.

This yields the new inequality

Thus, by Theorem we have

6! Ps(2g = 5) <6 [(Ar — 1)(Ay — 1)(A3 — 1)(As = 1)(4A5 — 1)
— (A5 = 1)° + A5(A5 — 1)(A5 — 2)(A5 — 3)(A5 — 4)]

as well as

- 5 5
144 144 > 144
1) (4 +a4_1 — (4, +oz4_1 4 (A + 4oy As
5o Sovy o0y

2 2 2 2
Al' +3Oé4_1 Ag' +3Oé4_1 Ag' +3Oé4_1 A4' +30(4
50&4 50&4 50(4 5&4
5
1 A5.2—|—3Oé4_1 _ A5.2+3044_1 4 A5.2+3Oé4 A5
Doy Doy By
.2+3Oé4_1 A5.2+3064_2 A5.2+3064_3 A5-2+3044_4 ’
50&4 5(1/4 5064 5054

57

- 396 -




008

2 2 b 2
1 A5-3+ 064_1 _ A5-3+ 054_1 I A5-3+ Oy A5
5oy Souy Sy

and finally,

6! P; (25 =1) <6

A1‘4+0z4_1 A2.4+a4_1 A3.4+a4_1 A4‘4+a4_
Say Sy Say Savy
5
1 A5.4+C¥4_1 _ A5.4+Oé4_1 4 A5‘4+O£4 A5
Yo Sory D0y
.4+Oé4_1 A5.4+C¥4_2 A5.4+Oé4_3 A5.4+Oé4_4 '
DYy Doy Doy D0l

Because 6! Ps = 6! (Ps(xg = 1) + Ps(zg = 2) + Ps(xg = 3) + Ps(xg = 4) + Ps(zg = 5)),

if we let Ass be the difference obtained by subtracting the sum of the right hand sides of

A
the above inequalities from the RHS of Theorem and substituting in a; = —, then we
o7}

merely have to apply the partial differentiation test for the expression

1
T 3125051 — )
4562504508 —41250A; Az + 337504, Ay Azal — 41250 A5 A0S 4 56250 Az — 41250 A, A4af
+33750A; Ay Agal — 41250 A5 A48 + 33750 A, A3 Agal — 29370 A1 Ay A3 Ay + 33750 A5 Az Ay
—41250A3A4,05+56250 4405 —41250 A, A5a5+33750 A1 Ay Asal—41250 A5 A5a5+33750 A1 Az A5
—29370A; Ay A3 AsaS§+33750 A5 A3 AsaS —41250 A3 AsaS+33750 A, Ay A5a§—29370A; Ay Ay Asaf
+33750 A2 A4, A5a§—29370A4, A3 Ay A5a§+26550 A1 Ay A3 Ay A5 —29370 Ay A3 Ay Asa§+33750 A3 Ay Asal
—412504, A5a5+1125000 A505+4657500005+59250 A2 —281250 A0 +450000 A2 — 156254, o
+11250A4; Ayar} — 15625 Al + 11250 A1 Azay — 11250 A; Ay Azl + 11250 Ay Azay — 15625 Azar;
+ 112504, Ay — 11250 A, Ay Agal + 11250 A5 A0 — 11250 A, Az Agal + 118504, Ay Az Ay
—11250A45 A3 A405+11250 A3 Ay —15625 A0 +11250 A1 Aoy — 112504, Ay Asal+11250 A5 Asar)
— 112504, A3 Asa’ +11850A, Ay Az Asal — 11250 A5 A3 Asay + 11250 A3 Aol — 11250 A, Ay Asal

+ 118504, Ay Ay A — 1125045 A4 Asa + 118504, A3 Ay Asal) — 124504, A Az Ay Asall

ABS

(—146850A3a5+843750 A2 —1650000A42a5+56250 4,05 —41250A; Axa§

o8
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+11850 A5 A3 Ay A — 11250 A3 Ay Asai+11250 A4 Asa — 371875 Asa — 46590625 —6000 Az oy
+300000A20;—25000A; a3 +4375A; Aya'i—25000 Ao +4375 A1 Azai +4375 A5 Az —25000 A
+4375A; Aya +4375Ar Ay — 120041 Ay Az Ayaf +4375 A3 Ay — 25000 A0 +4375 A, Asary
+ 4375 Ay Asay — 1200A; Ay Az Asary + 4375 A3 A5 — 1200A; Ay Ay Asaly — 12004, Az Ay Asar)
+15004; A Az Ay Asa—1200 Ay A3 Ay Asarj +4375 A, Asa; — 737500 A5 +6000 Asar — 187500 A2
+900000 A2 4100004, Ay +10000A4; Az} —4375A; Ay Azaii+10000 A Az +10000 A, Agars
—4375A1 Ay Ay +10000 Ay Agas —4375 A1 Az Agad +1200 A1 Ay Az Ayas —4375 Ay A3 Ayaii+10000 A3 Ay
+10000A; A5} —4375 A Ay A5 +10000 Ay Asay —4375 A1 A3 As i +1200 A1 Ay Az Asay —4375 Ay A3 As i
+ 10000A3 507 — 43754, AgAsais + 12004, Ay Ay Asais — 4375 A5 Ay Asa’s 4+ 12004, Az Ay Asadl
+1200A45 A3 Ay A5y —4375 A3 Ay Asaii+10000 Ay Asari+34500 Aga —375000 A2 —2500 4, Ay Asa;

— 25004, Ay Ay — 25004, Az Ayal + 3775 A1 Ag Az Ayl — 25004 A3 Agad — 250041 Ag Asar)

— 250041 A3 Asal + 37754, Ay Az Asal — 2500 Ay Az Asa — 2500 A1 Ay Asal +3775A, Ay Ay Asar;
—2500A45 A4 A3 +3775 A1 Az Ay A5 —1500 A1 Ay Az Ay A5y +3T75 Ay Az Ay Asaf —2500 A3 Ay As)
+53100 A2 0y — 18804, Ay Az Agory — 18804, Ay Az Asry — 188041 Ay Ay Ascry — 1880 A, Az Ay Asay

1

— 3175A1A2A3A4A50&4 — 1880A2A3A4A50[4 -+ 4700A1A2A3A4A5) == 3125&5(1 o )A34.
4 — G4

Our domain is

Al 25,142 24,143 23,14422, and A5 > 1.

1
Note also that we have oy € (0, 6] . We begin with

0 Asy
0A; 0A3 0A30A,0A;

1
= 25 (10620 — 4980/ 4 600y — 60a — 127y + 188) > 0, ay € (0, 6}

Thus the partial derivative of Asy with respect to A, As, Az, Ay, and Aj is positive and

minimized at As = 1.

84A34
= —5 (564a% + 1200 — 60t — 24003 — 45502 + 1011y — 940) > 0.
DA, 0A,0A,04, s ( oy + ay oy oy oy + Oy )
We continue with,
DB Asy
S = —5(252a8 + 12002 + 1200t + 15503 — 116502 + 2398a, — 1880) > 0.
DA10A204 | 4y 4y (26204 4 I 1 1 1 )

29
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This is positive over our domain, so we know that the partial with respect to A;, Ay, and

Ajs is positive. Furthermore,

A
e = —5 (5040§ + 12005 — 3507 + 61002 — 350503 + 79460, — 5640) > 0, and
04104, A3=3,4,=2,A5=1
OA
e = —25 (2520 + 1270} + 2100} — 275a7 — 261003 + 6808y — 4512) > 0.
04, Ao=4,A3=3 A4=2 As=1

Finally, our minimum for Agy is

Asa|a,=5,45-4,45—3,44=2,45=1 = D (93521040 — 93550700 —
1140850 + 1825850 — 9730a; — 168604, + 112800) ,

which is positive over our desired interval, completing this subcase, and concluding Case

V. ]

2.6 Case VI

In this case, we are trying to prove:

Theorem 2.6. Let a1 > ay > asz > a4 > as > ag > 6 be real numbers and let Py be

x x x x x x
the number of positive integral solutions of 2B A8 g Define
ai as as ay as Qg

w=(a; —1)(as — 1)(ag — 1)(ay — 1)(as — 1)(ag — 1). If Ps > 0, then
6! Ps < p — (14 114v — 2590° + 2050° — 700" 4+ 90°)|y—ag—p41,

where v = [ag]| and [ is the fractional part of ag. Note that the fractional part B of ag is one

g Ag Qg Qg ag . . .
of —, —,—, —, or —. Equality holds if and only if ay = as = a3 = a4 = a5 = ag € Z.
ap Gz asz Qa4 as

Proof. Before we begin the proof, it will be beneficial to explicitly write out the sharp GLY

Conjecture for n = 6, which was proven in [13].

60
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Theorem 2.7 (Sharp GLY Conjecture for n = 6). Let a1 > as > a3 > ag > a5 > ag >=5
be real numbers. Then,

720P6 S 10203040506
5

— §(a1a2a3a4a5 + a1a2a30406 + 4102030506 + 0102040506 + 0103040506 + A203040506)

— 24(&1 + ao +a3+a4+a5)

137
+ T(alag + ajaz + ajaq + ara5 + asas + asayq + asas + azay + azas + agas)

45

- ?(a1a2a3 + a1a2a4 + a10265 + a1a3a4 + 10305 + G10405 + Q20304 + A2G305

+ asagas + agagas) + 17(a1aza3a4 + ajasasas + ajasagas + a1azasas + asa3a4as).

Equality holds if and only if a1 = as = a3 = a4 = a5 = ag € Z.

To prove Theorem [2.6] we want to show that the RHS of its inequality is greater than the
RHS of the inequality in Theorem . Taking their difference and substituting in A; = g
Qe

forv =1, 2, 3, 4, and 5, we get

1
A35 = E (15A1A2A3A4A5a2 -+ 15A1A2A3A4a2 — 160A1A2A3A4aé + 15A1A2A3A5G2

— 1604, Ay A3 Asag + 104, Ay Azag + 215A, Ay Azal + 154, Ay Ay Asal — 1604, Ay Ay Asag
+ 104, Ay Agag + 21541 Ay Agal + 10A; As Asag + 2154, A Asai — 10A; Agal — 264A; Asa
+ 15A; A3 Ay Asal — 1604, Az Ay Asag + 104, AsAgag + 2154, Az Agal + 104, Az Asag +
21541 A3 Asay — 104, Azal — 2644, Azag + 104, Ay Asag + 215A, AyAsal — 104, Agal —
264A, Asai — 10A; Asal — 264A, Asal + 10A a3 + 230A1a6 + 1545 A3 A, Asal

— 16045 A3 A4 Asag + 1049 A3 Agag + 21545 A3 Agag + 10A2 A3 Asag + 215A2 A3 Asay

— 10AyA3a} — 264 Ay Azal + 1042 A, Asag + 21545 A4 Asal — 10A,A a8 — 264A,A,a% —
10A,A5a3 — 264 A5 Asa2 + 10Aza2 + 230 Agas + 10A3 A4 Asag + 21543 A4 Asal — 10A3A a8
— 264A3A4,4a% — 10A3Asa3 — 264A3A5a2 + 10Azag + 230Azas — 104, Asap — 2644, Asal
+ 10A4ag + 2304406 + 10A5a; + 230Asas — 90ag + 450ag3 + 250ag — 900ai 3> — 1000ai3
— 150aj + 900a3 3® + 1500a3 3 + 450a23 — 260ai — 450a63*

— 1000a63* — 450a63> + 520a68 + 230ag + 908° + 2508* + 1508° — 2603% — 240 + 10) ,

a
which is symmetric in Aq, Ay, A3, Ay, andAs. Thus, without loss of generality, let 5 = -
as

and substitute it into Ags, yielding

61
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We

008

1
~ 10A3 (15A1 A Azag AS + 15 A1 Ay Ayag AS + 1541 A3 Ayag AS + 154, Ay Az Asag AS +
5

15A5A3A4ag AS + 10A; Agag AS + 104, AzagAS — 160A; Ay Azag AS + 10 A5 Azag AS +

10A; Agag A — 1604, Ay Ayag AS 4 1045 A4ag AS — 160A, As Agag AS — 16045 A3 Asag AS +
10A3A4a5AS — 104,63 AS + 2154, Agal AS — 10403 AS + 215A, Azai AS + 2154, Aza3 AS
— 10A3a3 A% + 215A; Ayag AL + 215A9 A4ag AS + 215A3 4403 AS — 10Aa AS — 264A,ag AS
— 264 Asa5 AS — 264 Asa5 AS — 264 A4a5 AS + 10ag AL + 230as A3 + 15A; Ay A3 Ayal A} —
90ag A% + 10A; Ay Asag A + 10A; Ay Agag AS + 10A; AsAyag A3 — 160A, Ay As Agag AL +
104, A3 Ayag AS + 250ag A2 — 10A; Agaj A2 — 10A; Azaj A2 + 2154, Ay Azai A3 — 1045 Azal A2
— 104, A4a AZ + 2154, Ay Agal A2 — 1045 Agal A3 + 2154, A3 Ayag A + 215A3 A3 Agal A2
— 10434403 A2 — 150a3 A2 4+ 10A1a5 A2 — 264 A, Agai A + 10A9ai A2 — 2644, Azai AL —
264 A, Azag A2 + 10Aza5 A2 — 264A; Agai AL — 264 A5 Agag AS — 264 A3 A0 A3 + 104403 A3
— 260ag A% + 230A,a6 A2 + 230A5a6 A3 + 230A3a6 A3 + 230A4a6 A% + 230a6 A3 + 10A2 +
450ag A3 — 1000ag A3 + 450ag A3 + 520ag A5 — 240A2 — 900ai A3 + 1500a3 A3 —

450ag A3 — 260 A3 + 900ag A2 — 1000ag A7 + 15042 — 450a A5 + 25045 + 90)

_ LA

T 10437

We apply the partial differentiation test to As; over the interval A; > Ay > A3 > Ay >

> 1 and ag > 6. We begin with,

810A37

= 10800a? > 0.
0A,0A,0A50A,0 A8 e

continue:
04, 8A28A38A48A§ A1

= 600ag(21ag — 32) > 0,

68A37
0A0A,0A30A,0A8 |, _,

= 2400ag(3ag — 8) > 0,

04040430042 |, _,

= 300ag(9as — 32) > 0,

(96A37

= 50ag(15a¢ — 64) > 0,
0A10A20A50A0A2 |, _, o150 — 64)

4
= ~1
0A0A,0A50A,0AL |, _, bag(33ag — 160) > 0,

62
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84A37 4
= 10a:(3ag — 16) > 0
OADADADA, |y, o0 10) =0
83A37 3 2
T Ter = bag (9a; — 62a¢ + 43) ,
0A10A20A3 | 4, p4,—a,—1 o (90 ' )

which briefly dips under zero (for ag < 6.15), but this is a non-issue because:

82A37

DADA; = ag (60ag — 450ag + 635a6 — 264) ,

Az=As=A5=1

is always positive. We continue, noting that,

0A,

= ag (75ag — 580ag + 1250ag — 1046as + 230) > 0.
Ag=Az=A4=A5=1

Thus, we must only test the minimum value of As7, which is:

As7] A= Ay=As—A4=a5-1= 0,

indicating that As; is non-negative, and that this case is complete. O]

3 Conclusion

We have thus proven the six-dimensional case of the Yau Geometric Conjecture. The state-
ment of the Conjecture contains a condition that Fs > 0 for it to hold. However, Yau and
Zuo [18] proved a similar statement in the case that p, = 0 (the geometric genus of the
singularity is zero). Thus, this paper completely solves the problem of finding a sharp upper
bound in the six-dimensional case.

This research project raises a number of interesting questions regarding further study of
P, and @),. For instance, can the Yau Geometric Conjecture be proven in general using the

methods outlined in this paper (splitting the simplex into smaller levels and summing upper

63
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estimates)? Can the general case of the Yau Number-Theoretic Conjecture be approached
similarly? Can these methods be extended to shed some insight into the validity of the Rough
GLY Upper Estimate?

It is also important to consider lower bounds of P, and @,. Currently, upper bounds
have been extensively studied (as evidenced by the number of conjectures and theorems on
the topic), but relatively little is known about lower bounds. A lower bound for P, and @,
is still interesting for the applications outlined in the Introduction of this paper.

The author of this project plans to continue pursuing research in the topics and areas

mentioned above.
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