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Abstract: The problem we study in this paper originated from a simple high school
math competition (AMC 12) question on a geometric probability model: “A frog
makes 3 jumps, each exactly 1 meter long. The directions of the jumps are chosen
independently at random. What is the probability that the frog’s final position is no
more than 1 meter from its starting position?” ™ From here, we changed the number
of jumps the frog made, the length of each jump and the dimensions of the space.
Using recursion, we obtained the recursive formula of the probability of a frog
landing x meters within its original spot after jumping m 1-meter jumps in an

N -dimension space by integrating the probability distribution of the former step. We
also suggested a concept “the intensity of the probability field” to describe the relative
probability of each spot and gave an expression of the intensity of each spot of a
2-dimensional space when the frog makes m jumps.

Keywords: probability, geometric probability model, function, N -dimensional space

1. Introduction

The problem we study in this paper originated from a simple high school math
competition (AMC 12) question on a geometric probability model: “A frog makes 3
jumps, each exactly 1 meter long. The directions of the jumps are chosen
independently at random. What is the probability that the frog’s final position is no
more than 1 meter from its starting position?” From here, we changed the number of
jumps the frog made, the length of each jump and the dimensions it was in of the
space. We would like to answer the question: what is the probability of a frog landing
X meters within its original spot after jumping m 1-meter jumps in an N-dimension
space?
2. Definitions

We denote the probability of a frog jumping m 1-meter jumps in an
N -dimensional space and landing withinx meters from where it started as Py, () .

(Here, x e [O, m] .) And we call it the probability function of m jumps in

N -dimensional space.

Since the probability of a frog landing at any particular point is 0, it’s rather
difficult for us to compare whether the frog is more likely to land at this point or
another. But regarding P,;,,(x) as a function, we may calculate the probability of the

frog landing on each circle, that is dPnom(X) = P'nom(X) - dx . Thus, we can truthfully
reflect the probability of the frog landing on each particular point using P'nom(X) .

So we call it the intensity of the probability field of the frog jumping m 1-meter
jumps in an n-dimensional space of the points precisely x meters from the starting
point. And we write it as

Puom (X+AX) — B (X) _

QNDm (x) = AIiTo Ax = PNDm'(X)’ xe[0,m].

! The question was from the 18" question of the 2010"" AMC 12B
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3. The mathematic calculation of two jumps in a 2-dimensional space
The first spot the frog landed must be on a circle with the starting spot as the

center and a radius of 1 meter.

Figure 1
As shown in figure 1, we set the starting pointas O and the first landing spot
A. Making a circle with A as its center and 1meter as its radius, set its intersecting
points with the circle with O as its center and a radius of x (the target circle) as

P and Q. The frog would be within the target circle if, and only if ZPAO =«

€ [O, 2arcsinﬂ . So the probability of the frog landing within the target circle

2arcsin5 2arcsin5
is——2 . Thus, P,p,(X)=——2 (x<[0,2]). The plot of this function is as
T T
follows:
[ [ |
] i 2
f/;ll
Figure 2

4. The computer simulation of two jumps in a 2-dimensional space
The greatest advantage of computer simulation is that we can make simulations
of large number. However, the precision of the statistics are not exactly high, however,

the general tendency can be shown.
Here, we used C++ and Excel to simulate. (The program is attached in the
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appendix. Due to the capacity of the computer, this program is accurate to 0.001 and
generates 10000 data each time). The plot is as follows:

12

1
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e R - T T T T e B i R R

Figure 3

We may see that figure 3 fits well with figure 2.
5. The mathematic calculation of m jumps in a 2-dimensional space

We start the discussion from three jumps.
(i) When 0<r,<1,asin figure 4, if the frog started atO and landed at A of c,

after the first two jumps, set OA=r,, here we havel—r, <r, <r, +1.

Figure 4
Here we see the probability of the frog landing at Ais Q,p,(r,)-dr,. So using the

cosine law, we have:

1417 1!
1+r} —2r,cosa =} = a = arccos —2—=-
2r,
1+17 -1}
arccos —=——>-
- . I r
Thus, we get the probability of landing with inc,: Q,,,(r,)-dr, - 2 ,
T
and so we have:
1+17 -1}
arccos —=——-
2r,

+l
Pps(l3) = .Lr3 Qup2 (1) dr,, (0<r,<1)

(i) When 1<r, <3,

(1) if r,—1<r,<2,asshown in figure 5. Using similar methods, we may get
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the probability of the frog landing withinc,:

2

1+r,
arccos ————=
2r,

2
P2 () = Llezoz(rz) dr,, 1< <3)

Figure 5
Using similar methods, we may get the probability of the frog landing withinc,:
22
arccolerrzir3

2r,

2
P2D2(r3) = IrrleDz(rz) dr21 (1S I < 3)

(2) if 0<r,<r,—1, asshown in figure 6, no matter with direction the third jump

took, the frog must land within c,:

™

Figure 6
Thus, the probability of the frog landing within ¢, equals the probability of the

frog jumping to c,:

1+17 -1}
arccos —2—=-

2r,

2
P2D3(r3) = LglezDz(rz) drz + P2D2(r3 _1)’ (1S < 3)

In summary, the probability of landing within r, from where the frog started

after three jumps is:
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d:lrf.' EI:EETF {1}

arccos —Z“l o dki
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s
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-1

dry + Foge iy — Ll 2y = 3)

g

In addition, the intensity of the probability field is:

Degelrs)= %PEEF )

Similarly, we may get the probability of landing within r4 from where the frog
started after 4 jumps:

§_ 8
o+l arcces - +T_r L
[ @) .0 <D)
H"r EF' :[‘ = 1—‘F‘g =
Fa RULER 1+'F'E_'F'E

& drocos TE:

. P agelrs) = dry + Pogelily —10(1 =0y = 4)
|

and the probability of landing within rp, from where the frog started after m

jumps:
L g e =73
Pt e ,
L . Czpm- 1 Fin-et T Bh iy 0 £ 1 = 1]
Bapu (e = T 5 _.%
m=1 ﬁﬁgp‘g“‘ﬂr&ﬁ—rﬂ
Jf I‘?:m-:.':'i"m-ﬂ+ﬁf?’m-:.+ Bip 3= 11.(L S 1 £ W}
T !

In addition, the intensity of probability field when making m jumps is:

d
Qaom int = Z Pam )

f O I Ml
g fr=tl areres—s - 1
P
E - ) 'E‘i"w_l} - CE S IS Fig & 1}
= Lebrs g =75
& -1 RIEFOS=—g ==
% = A= -
F . Q[E.D‘qf.--:l ﬁrw—if - @ F'!-.hf.'-lﬁ_w - l:[' L E Ty Wl
m | = ¥

5

6. Higher dimensions

We start the discussion here with 2 jumps in 3-dimensional space.To start with, it
doesn’t matter where the frog landed the first jump so we presume it landed at A;, so
the frog must have landed on the sphere A; as shown in figure 7:
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Figure 7
As where on the sphere the frog may land is random,
P _ Sblue spherical cap A-BOC
3D2 S '
sphere A

If the frog landed x meters from O, we may have:

S

blue spherical cap A-BOC

=27zRh=2x (1+ cos(z arccos%D .

Thus, the probability function here is:

27 (1+ cos [2 arccos ;D 1+cos (2 arccos ;(j

Pip2 (X) = =
3D2( ) 4 2

X
2cos? (arccos j ,
2

X
= =2 (0<x<2
2 el )

Next, we’ll discuss the conditions when dimension is bigger than 3.
Lemma 1:

s . T .
.ﬂf”ﬁ"'ﬁ xrﬁ;{ﬁ i - 1} cogd -am™4§ Zin
S e | e e
¢ f stn—fxdx 4L W
f s xdy =1 e
o & o
I smm™fxdx o rreed o g fmd 3 2t
(Wsmr—txan 42047 '

Proof:

fsm“xi#= —I:m“'ﬂmfﬂﬁ-:x = —CoEx -:m“4x+[ﬂmx deg™*x

[ s xdx = —JF si™ xdoosx = —cosx -am™ix [§ +[ cosx dafm™x
g g ]
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J‘ s xdx + coax sy g =f r:a-:x-ﬁf:m“‘“x=f e —1lcos*x s x-dx
g g a
3
=f (m=2A1WL —amx)-am™ 45 - dx
g

= {1 —ﬂj;ﬁ:m“'fxtfx— fﬂ—l}fsm“mﬁx

0 . cosx-sin"t x|’
IO sin" xdx + ! N1
Thus, - L =—.
s on-2 n
. sin"™ xdx

(1) When n is even,
cosx st x |5
1

d

fsm“xi#+

g

g cosE s g |8 & I

Ji s x dx + =1 I jf:m'*'fmtx _i_f:m"‘*'mix
jf:mr.-:sxm j_f:mﬁ-fmtx _i_f:mﬁ“‘-mix

Tomtxdx | smExdxr
g g f O xdx
" " " 273

fj smExdx [ smdxdx _—

& -
J, st™¥xdx g—1 m—3 31 "
i Cn llIIIEIEl’[‘ jmaxix_}
g

T amrexds m m—2
z
_J s Exdax ﬁﬁzg_j_}
j_f:mﬁ'fmtxf L 4 If

Zf } i
(i) When n is odd,
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& . i T
_ ceax «afe™ x
fsm"xix+ i
A T
g cogx sin"3x | . .
j_;, st xdx + —) j sin™ % x dx _f sbn™% x dx

j_f:mn-fmm j st xdm _f st -txdr

J amixdr [ smtrer
LsmExdx | smixdx o

nimde dy

_f:mﬁ‘fmﬁ -1 m—3
T smrixdr m m—1

4 7
—— 1
Egﬂsmxiﬁ}

=i

= —r—

j s xdx 1—[

f.;. shET RdE 4

=

. .IF st xdx 17 2 cosx - s x |8
sfr"xdy = - ¥ -
B |y stan-g xdx L 12i+1 W

.IF sie"E xdx 7 o cogx afn™ "% |§

ghen—< pdx L

"’ el Iz~
=1
_-Fﬂ?ﬁw%tﬁ? 5 _cosd -sm" 0@
- .::Ijmﬁ-fxig{z‘-ﬁ 2i+1 b
Proof completed!

Lemma 2:

fﬂ:T _ iy i ) E'IE
L amtEdE . : SETVTE g —m,ne.

Proof:
Inlemma 1, put €=, we have,

F
2t
m [Ty 2o
f:m“xix=* e
d ¥

2i—1
nﬂ—zs 2k

& [l
Thus, if n is even,
5y iy %
smg-dr | sm™Hy.dyr=n -2
s [ =a] [t [ T
Page 8

Page - 292



N15

& —-1 s
T 1U i HZE—'l n+1
imil ;
if nis odd,
L—ﬂ
i —
[:m Eeodx - [ﬂﬂi‘“} i}—ZﬂzH_i 1_[ ai—1

n-a n=a
T U ﬁzsﬂ_ Zn
T+l LT+ i m+l
] m .

b

Proof completed!
Lemma 3:

The surface area of an N-dimensional sphere (N >2) is

z rh—E 2 i )
()T 1;[25 Zar 2
sﬁi‘r}=

=
n-s 1
— . ]
ﬂZ::EfrE} ];[2}_4_1 g Z2tn

Proof:
When N=2, S,(r)=2zr,lemma 3 holds true;
when N=3, S,(r)=4zr?, lemma 3 holds true as well;

when N>3, as shown is figure 8:

=
Figure 8

Cutting the sphere with an (N-1)-dimensional space « , we may get an
(N-1)-dimensional sphere (the part between AB in figure 8). And setting the
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corresponding angle of that sphere as x, we may get the radius of that sphere: r-sinx.

And so the surface area of the little part (AC the figure 8) is S, ,(r-sinx)-rdx.

Thus, integrating these little parts, we get the surface area of a spherical cap:
E,\;{T.'g} = ’{‘ 5,\;_| {T 'Efﬁﬁ:* s redx
3
Putting @ =, we have the surface area of an N-dimensional sphere:

=
'SR'E?}=’[ Sp_afr - 80K} -7 - &%
g
Presuming Sy.g () = gy _gmlv-sri-¥

e iy iy
.Eh-{'.t‘}=[ g br-amexlr -dx =[ {f Sl afux - sty - St -y -dx
] ] g
& iy
=wf[ RFF'E.%‘--I Sty -2inyldx - dy
g g
& iy
=1r"5[ :m-[ g B3 - afny )} S dx - dy
g g
iy iy
=pi-l.q, mbir-z [ alrr‘*‘*'x-( [ gl }’-i}’):ﬁ;
x -
=pi-tg, . mlr-a( [ e =¥ x - [ a2 - ey}
g a

Using lemma 2, we have,

ZH

i i
./[‘ jmﬁ.‘—fx_m_v[‘ :mﬁr—ﬁ'}r_#}r=ﬁ
i i S

. e Imrf
55 ) = @ gmiw-api=d W —2 =m3ﬁ—fﬁ'}

And so when N is even:

Zn Zar® Zur® Zmr®

S 1) = apgmia-spt = "W —2 =m3ﬂ-¢'@}=m'm'iﬂc-¢@}='" =
: )
_ o=y 1 _ (B2 1
= (Zaral T HE S0 = T 1_[3 . 7mr
il il
when N is odd:
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In yis 4 o Emt*f Zaes

3, ()= gy gRtw-pi. F—3=F—3 A_Ei}-:[- E.m.j*,;_*@:p:...
= -5
ey (T 2 I (25 fTT 2
= Zar) l:[m; Splr) = Zarii T l:[zm

Proof completed!
Thus, if

By (r) = G PGP

we have

& &
Exlr.) ='( (g B4 (- SEAD 2 -6 = Qpy '.:E”ﬁ‘-w“‘“[ sl x dx
o 0

iy iy
3*.‘@«:[. =[ 3*,_:_!{?« .jm}r oy = Bprn ﬂ:'sa.-ann-clf - x de
2 a
And because the frog jumps one meter a time,
r=1,

S0 =By (L)
Buoa () ==k

Er"\—ﬂnbh 1.r:\—ﬂj Emh—Exm = peaa na?‘ 1T*“'"j Sm*"fx:fx
;. 'I[h-i'l‘*‘i'uj Simi =& g g

j;:m*“"f xdx — jf:m*"‘-ﬁ % s j_f:m*“"*'x dx
v ] = - -
" a2 g dx I sm-fxdx
k ,]‘

Using lemmas 1 and 2,
(1) When N is even,
J'-.—E
.Ii sm* xdr 1—[25—1} cosd - :.-m*‘--**ﬁ
N —2

&
smitxdy = _ﬂl—
I; Jy ¥4 xdx

jfsm*“'“‘x dx

—=Fun 4
.fﬂ aipi =4y dy (x-gms ()

R—E

¢ n-z
af— coad = sfEt 4
g E¥rdy = Py T I
J: tw—glas (XN 1} N =2
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H=F "
S (ﬁ .2 ZEZE 1) _ Eﬂﬂ'lﬁir;:jfaz\-lf 8
Fogalaf =1 Jy sen™—¥ xix
H=Z .
—&i—1% cosd -am T
pﬂ*\—sﬁfﬂx} ('FE II.-EI T ) - =2
=1- H“g 2£—1

(i) When N is odd, similarly, we may have:

£E o9 comd « gin-E 8
Biy-gms (MILE b — =
Popalx =1 —— =“ZE’+§5 il
2Ll e

In summary, the probability function of 2 jumps in an N-dimensional space is

B e
Pﬂrﬂ:—f”ﬁsﬂ'ﬁ}( “.-Eu ZEZE 1) - ﬂﬂ'ﬂ'i::?fz g
1_ F .l-ﬁl‘: =2RJE&IE.&+'JEEZ}

&

Pz (5} =

*“4 2 | _ cosdam”Fd
Pq,\_mfﬂx}(zn tes TTFI N—2
1- T K=k +Ak Nt k2 2)
x 2L 7

Here,
0= arccosg, xe[0,2].

Using similar methods as that in 2-dimensional space, we may deduce the
probability function of m jumps in an N-dimensional space.

If the frog is y meters from where it started after m-1 jumps, the probability of
that frog jumping precisely onto that sphere is:

dFegm-a{F — Plgm-a (¥l - dx

Thus, the probability of it landing within x meters from its starting point is:

ﬂ“nﬂi‘:’++. :-ﬁ-:
) = 'ie " Spoqlamez) -dz
- I Spoq (aiaz)- dz

Knowing thatmax{x — 1,0} = v = mie{x +L,m — 13 , we have the probability

function of m jumps in an N-dimensional space:

41
GPogm-a (¥ ply). (0 £x £ 1)

1=

Pﬁﬁmﬂ’*} - =1
I FPogm o (¥ -BO0 + Bogrm Jx— 10 <xam)

x=1
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that is,
L.[EL_tli
i T sy (atn) da . )
I [I_-S 2t "I'FEE: I%-Lﬁjﬂzﬁgjgij
l:r"-_ =z . B .PF—L':- el
J}m.:.& s = ME K&
Iﬁ-j_.[:ﬁi = EJF—LI;QWI'E?I#E. % 1."‘I:+$l,_::.m |::'— 11 f;j_;g;r £
-2 [y Siy—yfstmiz} - dz e -t a ‘
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Appendix

Programl: Generating 10000 data at random
#include <iostream>
#include <math.h>
#include <time.h>
#include <stdlib.h>
#include <stdio.h>
const long int TIME=10000;
const int STEP=2;
using namespace std;
double dis[TIME];
int count1=0,count2=0;
Int main()
{
freopen(“data.txt","w" stdout);
double angle,x,y;
long int i,j;
srand(time(0));
for (i=0;i<TIME;i++)
{

x=0;y=0;

for (j=0;J<STEP;j++)

{
angle=(rand()%6283)/pow(10,3);
x+=cos(angle);
y+=sin(angle);
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dis[i]=sqrt(x*x+y*y);
printf("%.3If", dis[i]);
cout<<endl;

}

fclose(stdout);

return O;

Program 2: on the probability of 2 jumps in 2-D spaces
#include <iostream>
#include <stdio.h>

#include <map>

using namespace std;
const long int TIME=10000;
map<float,int> a;

int main()

{

¥

freopen(“data.txt","r",stdin);
freopen("result.txt","w" stdout);
inti};
float temp;
a.clear();
for (i=0;i<TIME;i++)
{
cin>>temp;
for (j=0;j<=int(temp*1000);j++)
afil--;
}
for (i=0;i<2000;i++)
{
cout<<float(TIME+a[i])/float(TIME)<<endl;
}
fclose(stdin);
fclose(stdout);
return O;

Program 3: on the probability of 2 jumps in 3-D spaces
#include <iostream>

Page 14

Page - 298



N15

#include <math.h>

#include <time.h>

#include <stdlib.h>

#include <stdio.h>

const long int TIME=10000;

const int STEP=2;

using namespace std;

double dis[TIME];

int count1=0,count2=0;

int main()

{
freopen(“data.txt","w" stdout);
double angle,x,y,z;
long int i,j;
srand(time(0));
for (i=0;i<TIME;i++)

{
x=0;y=0;z=0;
for (j=0;J<STEP;j++)
{
angle=(rand()%6283)/pow(10,3);
/lcout<<angle<<'";
double a;
a=sin(angle);
X+=a;
angle=(rand()%6283)/pow(10,3);
/lcout<<angle<<'";
z+=sin(angle)*sqrt(1-a*a);
y+=cos(angle)*sqgrt(1-a*a);
}
dis[i]=sqrt(x*x+y*y+z*z);
printf("%.3If", dis[i]);
cout<<endl;
}

fclose(stdout);
return O;
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