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Abstract

Pell equation is an important research object in elementary number theory of indefinite equation.
its form is simple, but it is rich in nature. Many number theory problems can be transformed into
the problem of Pell equation’s solvability. However, the previous methods in determining the Pell
equation’s solvability are sophisticated for calculation, which leads to the lack of efficiency. This
paper gives new and more widely used methods to determine the solvability of Pell equation,
including several necessary conditions, sufficient conditions and necessary and sufficient
conditions.
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1. Introduction

1.1 Background and Motivation

In studying the theory of continued fraction expansions, we noticed the expansion

of\/B-type of irrational numbers were periodic, with its parity of period closely related to the
solvability of negative Pell equation. Its period is odd if and only if negative Pell equation
Dx* — y? =1is solvable.

It is well known that the positive Pell equation,

(1.1) x> —Dy’ =1,
has infinitely many solutions (X, y) whereas the negative Pell equation,
(1.2) Dx* —y* =1,

does not always have a solution.

Henceforth, D will denote a positive square-free integer, and solution refer to a positive
integral solution.

The Pell equation is one of the oldest Diophantine equation that has interested
mathematicians all over the world for more than 1000 years. The most essential problem of these
two Pell equations is determining their solvability and how to find out the solution to the Pell
equations as quickly and concisely as possible. Archimedes’ famous “cattle problem” was actually
a problem about the solvability of the positive Pell equation.

The solution to positive Pell equation is said to be given by the Indian mathematician
Braghmagupta in 6th century. Then, in the 17th century, Lagrange advanced his predecessor’s
theorem and gave the solution to positive Pell equation by continued fraction expansion theory.
His result was that the positive Pell equation is solvable for any given D, and, the solvability of

the negative Pell equation is determined by the parity of the period of«/ﬁ ’s continued fraction
expansion. The equation is solvable if and only if the period is an odd number. The continued
fraction expansion is a way to construct solutions.

Not only for huge D may it becomes extremely time consuming, even for some small Ds, the

solution to the Pell equation is huge. For example, for D=61, we have (X, y) = (29718, 3805) for
negative Pell equation. The solutions of which would have huge time expense. According to [10]

and [11], its running time is approachingO(«/B). Besides Lagrange, as [7] shows, many other

mathematicians have made minor contributions to the problem relating the solvability of the Pell
equation.

The most popular method that has made great progress today is relating the solvability of
negative Pell equation to the solvability of other Diophantine equations.

In 1986, Kenneth Hardy and Kenneth.S.Williams proved that Dx? —y2 =1is solvable if
and only if D is the sum of a’and b? ,wherea,b e N",and a is an odd number such that the

Diophantine equation bV ?* —2aVW —bW? =1of V,W is solvable.
The method above is put into use on [15], which means that for any given D we can
determine whether Dx* — y2 =1is solvable or not. Of course, the calculation must be within the

limitation of computational power.
A.Grytczuk, F. Luca and M. WTjtowicz [1] proved that the negative Pell equation

Dx* —y? =1is solvable if and only if there exist a primitive Pythagorean triple (A, B,C)(i.e.
A B,C are positive integers satisfying A’+B”=C? andgcd (A, B)=1) and positive
integers a@,bsuchthat D=a”+b* and |aA—bB|=1.
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Of greatest value here is the reduction of the coefficient of the negative Pell equation, which
may reduce the time complexity in determining the solvability.

Another approach to this problem involves placing conditions on the modular residues of D
which guarantee that (1.2) is solvable or unsolvable. This approach was initiated by Legendre in

1785.  Dirichlet[13] observed that if D=pg with p=q=1(mod4) and

(Ej :(gj =—1(where(£j means that p is the power 4 residue moduloq), then (1.2) is
a), \PJ, q/,

solvable. For D = p,p, P, -+ Py , Tano[8] obtained quadratic residue criteria among the p,, which

when they held would guarantee (1.2) is solvable. Explicit modular residue conditions for
particular classes of D are still being found, e.g. Kaplan[6], PumplUn[14].

However, for some huge D s, the previous results are lack of efficiency.

This motivates us to promote the previous results and give a quicker algorithm to determine
the solvability of (1.2).

All the methods discussed in this essay are not only capable of determining the solvability of

negative Pell equation Dx* — y? =1, but can also be used to solve many problems relevant to the
general Pell equation. For instance, they can be used to determine the parity of the period of the

continued fraction expansion of the irrational number\/B etc.

1.2 The content

In section 2, we give the preliminaries, including several important Lemmas in Pell equation
and the properties of quadratic residue. We also give some notations that are used in the proof.

In section 3.1, we give a necessary condition for Dx? — y? =1to be solvable.

In section 3.2, we give some sufficient conditions for the solvability of Dx* —y* =1. We
give an algorithm to determine the solvability of Dx?* — y2 =1for some particular D s. Then, we
define a function, which can be used to present a sufficient condition to the solvability
of Dx* — y2 =1base on the algorithm. We also give a series of corollaries.

In section 3.3, we first arrive at a necessary and sufficient condition for determining the
solvability of Dx* —y? =1and we give several D's by the condition for which Dx? — y2 =1is

solvable. It forms theorem 6. By theorem 6, we give out several examples to show that there are
many types of solvable negative Pell equation with quadratic form D.
Secondly, theorem 7 gives a sufficient and necessary condition for determining the solvability

of Dx*—y?=1whenDeY .

In section 4, we look back on our research, do some numerical experiments and give several
types of solvable negative Pell equations.

In the end, we give several comparisons with the previous results.

In section 5, we give the conclusion.

In section 6, we give our plans for future work.

2. Preliminary

Lemmal.Assume that p is an odd prime number, -1 is the quadratic residue of p if and only
if p=1 (mod4).
Take an odd prime p , we define the function with the integer variable d
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g 1, when d is the quadratic residue modulo p,
(—j =<-1, when d isn't the quadratic residue modulo p,
0, whend]|p.

d
We call [—j the Legendre symbol of d modulo p .
p

Therefore, Lemmal can be rewritten as
-1
p=1(mod4) < (—] =1.
p

Lemma2.Assume that D is a positive square-free integer, N— Dy2 =1is solvable. Its general
solution (X, Y,,) can be given by its least positive solution (X,, Y,) through

(2.1) X +y D =(%+Y,WD)",neN".
The following recursion formula can be proven by (2.1)

Xnso = 2Xp0 %X = X, neN

x, =2x2 -1 =

Lemma3.Assume that D is a positive square-free integer, if Dx* —y® =1is solvable, then its
general solution (X, Y,)can be given by its least positive solution (X,, Y,) through

JDx, +y, =(/Dx,+Yy,)*"neN".

m
Lemmad.Assume that p is an odd prime number, If(—} =1, r>=m (mod p) has only two
p

solutionsr;, I, (O<r, <r,<p),withr,+r,=p.
Lemmabs.Assume thatm,n,z e N (m,n) =1, mn = 2, then there existU,V € Z, such that
m=u?,
{n =V,
where (u,v) =1.

The proof of the above lemmas is available in [2].

3. Main Work

3.1 Necessary conditions

Theorem 1.If Dx*—y? =1is solvable, then Dis not divisible by 4 and D doesnt have a
prime factor congruent to 3modulo 4.

Proof. If 3 prime p suchthat p=3 (mod4) and p| D, taking Dx* — y* =1modulo p gives
y>*=-1 (mod p).
This means that—1 is the quadratic residue of p , contradicting lemma 1.
If4| D, taking Dx* — y* =1modulo 4 gives
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y>=-1 (mod4).
However, y* =0,1 (mod4), leading to a contradiction.

To conclude, it is a necessary condition for D if Dx* — y? =1is solvable.

We give the following definition of three sets for simplicity

Definition 1
Y, ={p|p=1 (mod4), pis a prime number}, we call it set of excellent prime numbers.

Y ::{Xl X:ﬁ pr,p; eY,,a,n eN*,lel[(ai +1)} , we call it set of excellent odd
numbers. " a
U= {x |X= 2~ﬁ pi,peY,aeN,ne N} , we call it set of excellent even numbers.
By definitionlzll, theorem 1 can be rewritten as
If Dx*—y? =1lissolvable,thenDeY orDeU .
Remark. The necessary condition on D given in [12] is equivalent to theorem 1, by Fermat’s

theorem on sum of two squares.

3.2 Sufficient conditions

Theorem 2.1f D eY or D €U , then the general solution (X, , Y, ) to X* — Dy® =1satisfies

21%,,2]Y,.
Proof. Because (X, Y. )is asolution to X* — Dy* =1, we obtain
3.1) x? —Dy? =1.

If DeY, taking(3.1) modulo 4 gives
X —Dy’=x>—y>=1 (mod4).

Since for any integer m , m? = 0,1(mod 4) , we obtain

21 x.,2]y,.
If D eU taking (3.1) modulo 4 gives

X’ —Dy? =x* -2y’ =1 (mod4)

Since for any integerm , m* = 0,1(mod 4) , we obtain

21x,2]Y,.

Theorem 3. Dx* —y® =1 is solvable if
i) D=2;
(i)D=p*, peY,,2}a;

(i) D = p*q”, p,q eYS,Zfa,(Ej:—l;
q
(ivyD=2p* p=5 (mod8),aecN", where p is a prime.

Proof. (i)For the Pell equation 2x* — y* =1, it’s easy to verify that (X, y) = (1,1) is a solution to
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the equation.
(ii) Applying Theorem2, we obtain the least positive solution (X,, Y, ) to — Dy2 =1satisfying
2] %:2] Yy -
Assuming y, = 2K,k e N", we rewrite x° — Dy; =1as

(3.2) [fii}J[fi:}J::Dk?
2 2

-1 1x-1 .
n=2 ,from2}{x0,weobtainXO—JF,X0 eN".
2 2 2

X, +1
Letm =

X, +1 -1
BecauseOT = X°2 +1, we obtain

+1 x,-1
(Gt %7y
2 2
Namely,
(m,n)=1.
Then (3.2)is equivalent to
mn = p°k>.
Since(m,n) =1, p is a prime number, by lemma 5, we can get two possible cases for m, n

m=u?, m = p®u?,
@) ., @ ,
n=p%?% |n=V’

In both cases, (U,v) =1. Incase (1), p | U. Incase (2), p | V.
X +1 X, -1
2 2

u? —pv? =1.
Namely, (U,V) is a solution to X* — p*y* =1.

Incase (1),asm—n= =1, we obtain

Recalling x> —DyZ =1, we obtain X, = Dy +1>1, therefore X, >1.Because 2 | X,, we

obtain X, > 3.
Therefore,

+1 +
T Y

. . 2 a,,2
Hence, (u,V)isasolutionto X°—p®y°=land u<X,.

However, (XO, yO) is the least positive solution to X — p""y2 =1, leading to a contradiction.
a2

m= p°u

) " then
n=v-,

Therefore, case (2) holds, which means that{

pu’—vi=m-n=1.

It shows we find a solution (U, V) to p*x* —y® =1, here,

X, +1
u= ,
2p°
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(iii)Applying Theorem2, we obtain the least positive solution (X,, Y,) to N— Dy2 = 1satisfying

2] %:2] Yy -
Assume that y, = 2k, k € N, we rewrite X — Dy =1as

(3.3) (X°+1J[X°_1J::Dk?
2 2

Letm= % +1, n= %1 ,from 2 x,, we obtainXO—+l, %1 eN".
2 2 2
Because X°—+l = XO—_l +1, we obtain
2 2
Kotl %-1,

2 2
Namely,

(m,n)=1.
Then (3.3)is equivalent to

mn = p?q°k°>.

Because (m,n) =1, p,qare prime numbers, by lemma 5we can get 4 possible cases

form,n
m = paqbu21 m = pauz’ m=qbu2, m:uz’
(1){ ) (2){ - (3){ W, 4 ab 2 "
n=v-, n=qv, n=p°v°, n=pqve,

(u,v)=1 holds in all cases. pfV,qfV holds in case (1); P|V,q|U holds in case (2);

plu,q|Vv holdsincase (3); Pfu,q)u holds in case(4).

Since 2 | a, we obtain

a+l
2

pa+1u — (pTu)Z .
In case (2), from pau2 —qbv2 =m-n=1, we obtain

(3.4) p*u? — pg°Vv? = p.
Taking (3.4) moduloq gives (Bj =1. However, (Bj = -1, leading to a contradiction.
q q
Incase (3), q°u® — p?v> =m—n =1, we obtain
(3.5) pg°u’® — p*v? = p.

Since 2 | &, we obtain
a+l

pa+1v2 — (pTV)Z .

Taking (3.5) modulo q gives (_—pj =1.
q

R grens
q q q
leading to a contradiction.

In case (4), u>—p®g°v® =1 .Namely, we obtain a solution (u,v) to x*—p?q°y> =1,
8/24
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X, +1
and U :ﬁ: 02 <X, , Wwhich means that (u,v) is a smaller solution
than (X,, Y, ) -However, (X,, Y,) is the least positive solution to X* — Dy? =1, contradiction.
_ paqb 2
In conclusion, case(1) holds, which means that{ ) . Therefore,
n=v-,
paqbu2 _V _1

So we have found a solution (u, V) to pg°x

(u,v) =(

)= (\/2X°j1b,\/

(iv)Applying Theorem2, we obtain the least positive solution (X,, Y,) to — Dy2 =1satisfying

2] %,2] Yo
Assume that y, = 2k, k € N”, we rewrite X, —Dy; =1 as

(3.6) [X"—H](X"—_l] = Dk?.
2 2

Letm = 2 +1, n= X°2_1 ,from 2} x,, we obtainxO—+l, X°2_1 eN".
1 -1
Because Y2 K%y , We obtain
2 2
Namely
(m,n)=1.
Then (3.6) is equivalent to
mn =2p3k?.

Because (M, =1, by lemma 5, we obtain four possible cases

T URELER @ m=pu () M2, fm=y
n=v2, =2V, =p®2, " |n=2p2,

In all cases, (U,v)=1.Incase(l)p}V,2)V.Incase),pfVv,2}u.Incase3),p|u,2fVv.In
case (4), pJu,2}u.

The same procedure in the proof of theorem 1.3 can be adapted to eliminate case
(2),(3),(4).To conclude, case (1) holds, namely

m=2p2u?
n=v?,
2p*u? —v* =1.
So we have a solution (u,V)to2p*x* —y® =1, and

m fx0+1 X, —1
(U,V)I( 2pa,Jﬁ):( 4pa! 2 )

We hope to generalize Theorem 3 to case in which D has more prime factors. By considering
the similarities in the treatment of different cases in theorem 3, we look for a function to determine

Therefore,
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the solvability of Dx*> —y? =1, whereD €Y .

For example, let D=5x13’ ><172, we first break D into A, B such that
(AB)=1LAB=D,A%D,B=D

Case (1): A=5,B =13*x172,
5 13 3
Weknowthat | — |=| — [=]| = |=-1
13 5 5

Implying for case
m =5u?,
n=13*.17%v?,’

5u® -137-17%v* =1.
Multiplying the above equation by 5, we obtain
5%u® -5-13*-17°v* =5.

Taking the previous equation modulo 13 gives,

&)

. There are the following three cases totally.

we have

However,

leading to a contradiction.

Case (2): A=17?B=5x13?

5 17 2
We knowthat | — |=| — |=]| = |=-1;
17 5 5

Case (3): A=13%B=5x17°

We know that | — |=| — |=| = |=-1;
13 5 5

In case (2) and (3), we can adapt the same procedure in case (1).
Therefore, 5x13°x17°x*—y?=1 is solvable, we check D on [15], it
shows 5x13% x17°x* — y* =1is solvable.

Definition 2. g:N\{0,1} >N, vx>1xeN, x:H p .

i=1

[Ip* if there exists an i such that2 | a;,
a(x) =1 213 .
1 ifx isasquare,

Theorem 4. Forany X in N\{0,1}, g(x)xis a square.

10/24

Page - 247



NO6

Proof. IfX isasquare, then
g(X)Xx =1ex =X.
Therefore, g(X)Xis a square.
m k
If x is not a square, assuming that X = H P ~Hq?i ,

i=1 j=1

wherea;,b; e N" meN",keN,2/a,2|b;. Then

m m k m K
gx=[Tp*-Tp*-[Ta=T]r" [Ta;
i=1 i=1 j=1 i=1 j=1

Since forany 1, 2aisan even integer, g(X)Xisa square.

ForD €Y, we can try to determine the solvability of Dx? — y? =1by the following algorithm

Definition 3. f :N\{0,1} —{0,1}, f(D)is the output of W.C.J algorithm.

W.C.J algorithm

1: InputDeY ; f(D)=0;
2: foreach (A,B)=1,AB=D,A=D,B=D{
3: possible = true;
4: for each prime factor p of B {
: if[g(A)j:_l{
p
6: possible = false;
7 break;
8: }
9: }
10: If possible == true
11: Return;
12 }

13:  return f(D) =1;

Expressing the result by the function, we obtain theorem 5.

Theorem 5. If D eY and f (D) =1, then Dx* — y* =1is solvable.

n
Proof. ForD eY , assume that its prime factorization is D = H p*.

i=1
Therefore, there are 2"—2 kinds of ways to break
that(A,B)=1, AB=D, A=D,B=D.
For every (A, B), examine indefinite equation
Ax* —By’ =1.
Multiplying the above equation by g(A) , we obtain

(9(A)A)X* By’ =g(A).

D into A B , such

By Theorem 4, we obtain g (A) Ais a square. Therefore, for any prime factor p of D, we obtain
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(9(A)A)X* =g(A) (mod p).

p

A A
For every prime factor p of B, we calculate the value of[&j. If one of the [Mjs equals
P

Namely,

p
to—1, then Ax? — By’ =1is unsolvable.
Since f (D) =1means that all the 2" —2kinds of ways to break D into A,B,(A,B)=1,

A#D,B=D, Ax*—By?=1isunsolvable.
If (A,B)=(1, D), adapt the same procedure in the proof of theorem 3, we will find

contradiction. Therefore, the final case holds, it derives that Dx* — y* =1is solvable.

Remarkl. This method may not eliminate some cases foragivenD €Y .

E.g.D=5%.13%.17, we get three possible cases

2
Case (1) A=13°, B=52x17, (Ej{i):(ij 1
13) \13) |13

Case (2) A=17,B =5 x13%;
Case (3) A=5%,B=13"x17;
In case (1), none of the value of the Legendre symbols is —1. Therefore, f(D)=0.

However, we can check D =5%.13%.17 on [15] and actually 5°x13°x17x*—y?=1Iis

solvable.
Remark?2. The parity of the power of each prime factor P of D is the only important factor in the

algorithm. Therefore, we can reduce the power of enormous D to 1or2. This means that we can
construct huge possible D fromsmall D with f(D)=1.

By the main idea of the algorithm, we can give the following corollaries:

m kK
Corollary 1. Given D=H P 'qu;" ,wherea;,b, eN" meN",keN,2/4a,2|b;, and

i=1 j=1
m k
f(D):l,thenforany Ci,dj EN*amEN*,kEN,Z*Ci,ZldJ, EZHpiCi Hq;jj we
1 L
have f(E)=1.Namely, Ex’—y”=1 issolvable.

Corollary 2.Assume that p,q €Y, [apj =-1. A={X|x=qg(mod4p),xisa prime}.

VP, P €A, ppp, - PX — Y2 =1is solvable.
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Corollary 3.Assume that p,, p,,--+, P, are primes which congruent to 13 modulo 20, a is an odd

n
number, then 5% p,p, - p,X* —y* =1 is solvable.
Corollary 4.Assume that p,, p,,---, p, are primes which congruent to 17 modulo 20, a is an odd
number, then 5% p,p, --- p,X° —y* =1 is solvable.
Corollary 5.Assume that p,, p,,---, P, are primes which congruent to 5 modulo 52, a is an odd
number, then 5% p,p, --- p,X° —y* =1 is solvable.
Corollary 6.Assume that p,, p,,---, p, are primes which congruent to 21 modulo 52, a is an odd
number, then 5% p,p, --- p, x> —y* =1 is solvable.
Corollary 7.Assume that p,, p,,---, p, are primes which congruent to 33 modulo 52, a is an odd
number, then 5% p,p, --- p, x> —y* =1 is solvable.
Corollary 8.Assume that p,, p,,---, p, are primes which congruent to 37 modulo 52, a is an odd
number, then 5% p,p, --- p,X° —y* =1 is solvable.
Corollary 9.Assume that p,, p,,---, p, are primes which congruent to 41 modulo 52, a is an odd
number, then 5% p,p, --- p, x> —y* =1 is solvable.
Corollary 10.Assume that p,, p,,--, P, are primes which congruent to 45 modulo52, a is an odd

number, then 5% p,p, --- p,X° —y* =1 is solvable.

Corollary  11.Assume that p,q,n,0, -+ 1,,S,S,,---,S, are all excellent prime

numbers,{ap]:—l ,(ij:—l,(sﬂj:—li:1,2,---,m,j:1,2,---,k, a and b are both
i i

odd numbers, then p*g°rr, --- 1SS, --- S, X> — y* =1is solvable.

Corollary 12 Assume that Py, Py Prs Pugs Pror Py s Pogs Poost Poym, oo

Pris Pros Pom are all excellent prime numbers,
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(_iJ:_l,i,je{Lz,;;,...,n, i¢j(ﬁ}[ﬂ}:...:£i}:_1, i212.n.
P; Pi1 Pi. Pim

n m, m, m,
| 2 2
a,a,,---a are odd numbers, then I I p,* I I Poi I I Py I I P,iXx —y =1
) ) ) )

is solvable.

3.3 Sufficient and necessary conditions

We observe that for a given solution (X, Y)to negative Pell equation, we can finda D for
which Dx? — y2 =1 is solvable. Therefore, by going through all solutions (X,Y)
to Dx? —y? =1, we can obtain every D that for which Dx? — y? =1is solvable.

Assume that Xis an integer and for any prime factor P of X, p €Y, .The solutions to the

congruence equation  r’>=-1 (modx®) are

F=r,,hoh, (Modx?) (0<n, <h,.<r, <X°).
. r’+1 :
By lemma 4, we can obtain N, =2 .Denote 2= by M,;,i=12---,n , then
X

Theorem6. Dx? — y2 =1is solvable if and only if (3x e N*, such that for any prime factor P

of X, we have p=1(mod4) , and D = x’k*+2r,k+M,, is suitable for

an 1e{l,2,---,n} and a natural number Kk ) or (there is a Kk , such

thatk e N"and D = k? +1).

Proof. Because Dx*—y*=L1is solvable, assume that(X,,Y,)is a solution to Dx* —y* =1,
then
Dx; — ¥, =1.

2

: +1 . :
It can be rewritten as D = 2 —SinceD e N, x] | y; +1, by lemma, all prime factors of
XO

X congruent to 1 modulo 4.

If X, #1, assume that the solutions to the congruence equation are

r=r (modx;),0<r,, <T,..<f,, <X

ol

XO,Z’“" rXO’nXO
By lemma 4 and the Chinese remainder theorem, we can obtain n, = 2.

Then there existi € {1,2,---,n,}, andk € N, such that r,_, +kx; =y,. Denote X): -
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by M, ;
Then
o Yo +1_ 1 +hkx)* +1
X X'

IfX, =1, thenD = yZ +1. Thereisak € N', such that D =k* +1.

X =
Conversely, when D =x,°k*+2r,_ k+M, ;, denote {

into Dx* —y® =1. Then
Dx? — y?=Dx? — (kx; + rXOYi)2

= (%, °k* + 2r, k+ MXU,i)xj — (kxS + rXOYi)2

2
ro.+1

_ 2_ 2 _ D 2 2

- Mxo,iXO _rxo,i - 2 XO _rXO,I
XO

=1

Hence, Dx*—y? =1is solvable.
x=1

" and substitute it to Dx* — y* =1,

When D = k? +1, Iet{

Dx*> —y®*=D?*-k*=k*+1-k*=1.

Therefore, Dx* — y? =1is solvable.

2

y=Kkx, +r,

=X k*+2r k+M, ;.

Xg.i

and substitute

it

By theorem 6, we can construct infinite sequences of numbers such that all terms, represents

a D for which Dx* — y* =1 solvable.

For example,

x? n,r M, M,

52 | 718 |213

132 | 70,99 | 29,58

172 38,251 | 5,218

20?2 41,800 | 2,701

Table 1. the quadratic form D by theorem 6
G(5%,7;k) = 25k* +14k + 2 ,G(5°;18; k) = 25k * + 36k +13,

G(13%70;k) =169k? +140k + 29, G(13%:99; k) =169k +198K + 58,

G(17%;38;k) =289k’ + 76k +5,G(17%; 251; k) = 361k” + 502k + 218,

G(29%;41;k) =841k* +82k +2,G(29%;800; k) =841k* +1600k +701.

In the above formulae, when ke N, we can find infinitely many D such that

Dx? —y? =1 is solvable.
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Namely,
(25k* +14k +2)x* —y* =1,  (25k*+36k +13)x* —y? =1,
(169k* +140k +29)x* — y* =1, (169k? +198k +58)x* — y* =1,
(289k? + 76k +5)x* —y* =1, (361k* + 502k + 218)x* —y* =1,
(841k? +82k +2)x* — y* =1, (841k?* +1600k + 701)x* — y* =1,
are solvable for any natural number k.

When X is a positive odd integer containing a prime factor P which belongs to Y,
or X =1, by going through the domain of k , we obtain the union of infinite sequences. For every
term in the sequences, the Pell equation Dx*—y* =1is solvable and all solvable D are
contained in these sequences. That is why this theorem is a necessary and sufficient condition for
determining the solvability of Dx* —y? =1. It also gives a way to construct D in quadratic

form.

Theorem?7. Assume that D €Y , the least positive solution to x> —Dy? =1 is (X,, Y,) , then
Dx? —y? =lissolvable <> VpeY,andp|D,p/x,—1

Proof. (proof by contradiction) If 3pe€Y, and p|D,suchthat p|x,—1.
Since Dx*— y2 =1is solvable, suppose (X', Y/ ) is a solution to it, note that
(2(y;)° +1)° -4Dx?y;?
=(Dx” +y;°)" —4Dx "y’
=D+ Y, - 2Dy,
= (DX - y;7)’
-1

Then (2(y)? +1,2xy’) isasolution tox* — Dy? =1.

By lemma 3, for the solutions of Dx? — y® =1, we have

{sz = 2Xn+lxo =X,

x =2x; -1
Because dp eYS and p | D, such that p | Xy —1, according to our recursion formula, we can

obtain

X, =1 (modp),neN.

Denote 2y'*+1 by X, , then X, =1 (modp) , which means that p|x,—1 .
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X, —1

Because Y/ = =0 (mod p), we obtain

Dx'?—y'>=0 (mod p).

However, Dx'? —y'* =1=1 (mod p), leading to a contradiction.

Conversely, If YpeY.,and p|D, p | X, —1.Then, by theorem 2, 2| X,,2]Y,, so

SeiCR)

We obtain
X, +1
pl——.
2
X, +1 X, -1 _
Because (T , T) =1, by lemma 5, there are two integers U,V such that (u,v) =1,
and
X, +1 _ Du?.
2
Xy -1 2
2 )
Therefore,
Duz vz =Xt %=l g
2
It means that (U, V) is a solution to Dx* — y* =1. O

By theorem 1, if Dx*—y?=1is solvable, then DeY or DeU .when DU , the
solvability of sz—y2 =1 s still unknown. Theorem7 gives a sufficient and necessary
condition for Dx* —y? =1 to be solvablewhenD e .

However, this theorem is not suitable for determining the solvability, if Dx? — y2 =1is

solvable, assume that the least positive solution to Dx*—y?=1is (Xy,Ys)and the least
positive solution to x> — Dy® =1is (X,, ¥,) . They satisfy the inequalities
X <% Yo < Yo

(We will give further illustration in the proof of theorem 8).
If we use this theorem for determining the solvability, we have to find the least positive

solution to x* — Dy? =1. However, as the least positive solution to x> — Dy =1is greater than
the least positive solution to Dx* —y? =1, time complexity of solving x* — Dy? =1is greater

than solving Dx* — y® =1directly.

Despite this, the theorem actually serves as a bridge between the two problems herein,
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namely the solvability of Dx? —y? =1and the determination of a solution of x> — Dy* =1. It is
also a practical method if the least positive solution (X,, Y,) to X% — Dy2 =1is obvious since one

merely needs to verify whether P | X, —1to determine whether or not the negative Pell equation

is solvable.

Theorem 8.Assume thatD €Y , and Dx* —y® =1 is solvable, by lemma 3 its general solution
(x], y,)can be given by its least positive solution (Xy, Y,) through

VDX, +y! = (DX, +y,)* neN".

Let N, be the set of these solutions (X, Y, ). Similarly, by lemma2, letP, be the set of
general evenly indexed solutions (X, ¥,,)t0 x> —Dy® =1.

We can obtain a one-to-one mapping g : Py — N .Namely,

X, +1
"=\"2p
r_ y2i +1
i 2 '
Proof. Assume that D €Y , the least positive solution to X* —Dy® =1 is(X,, Y,) , then
(3.14) X, — Dy, =1.
Assume that p is a prime factor of D . Taking (3.14) modulo p , we obtain
(3.15) x,> =1 (mod p).

(3.15) is equivalent to
X, =11 (mod p).

Ifx, =1 (mod p) , apply the recurrence relation of the solution to x> — Dy* =1by
lemma 2, we obtain
(3.16) X, =1 (mod p),neN".
If Dx*—y®=1 issolvable, assume that (X', y’ ) is a solution. Note that
(2(y;)* +* - 4Dx "y,
= (Dx* +y;")" —4Dxy?
=D+ Y, 2Dy,
=(Dx)* = y,*)’
=1
Then (2(y)? +1,2x"y’) isasolution tox* — Dy? =1.
Denote 2y'? +1byX_ , then by (3.16), X, =1 (mod p).
Therefore,
2(y’)? +1=1(mod p).
Hence,
y, =0 (mod p).
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Taking DX/*—y'?> =1 modulo P, we obtain

1=Dx/*-y/?*=0xx/>~0?=0(mod p).
Contradiction.
Therefore, for any prime factor P of D, we have, X, =—1 (mod p).

By lemma2, we obtain
X, ==1 (mod p),X,;,,, =1 (mod p), VieN
Vi e N, we have x5, — Dy> =1, by theorem 2, we have 2 | X,;, 2| Y,; -

Therefore
2
X +1) (X -1 D Yai .
2 2 2

Since X,; =—1(mod p), 2} X,;, (p,2) =1, we obtain
X, +1
Pl —

holds for any prime factor p of D.
Therefore, by lemma 5, 3u.,V, € N', such that
Xy +1

Du?,
2
X2i _1 Viz’
2
Implying
Du’ —v? =1.
Namely, (u;,V;)is a solution to Dx* —y® =1.
Here,
X, +1
V2D
Yai+1
i 2 !

We obtain a mapping g from P, to N, namely,

) X, +1 X, +1
g-(XZi,yZi)H(\/ D ,\/—2 )

Note that, Vi < j € N, by lemma2, we obtain

X0 < X0 Yoi < Yyj-

X +1 X, +1< X,; +1
2D ’V 2 V 2

Vi e N, assume that (X!, y/) is a solution to Dx* — y* =1.Note that

Therefore

This shows that g is an injection.
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(2y;* +1)* - D(2xy))*
= (DXiIZ + Yilz)2 _4DXi’2yi’2
= D2Xi,4 + Yi'4 - ZDXi’Zy;2
= (DX - ¥7°)’

=1.
Therefore

(2(y))* +1.2xy)
is a solution to x* — Dy =1.

Since
JKWY+1+1_Jyf+1_JDﬂ2_X,{u—l_ 2y7
2D D D N 2 2 '

holds for every (X, y;)belonging to N, there is an inverse image belonging to P, .
Therefore, g is a surjection.
To conclude, g is a one-to-one mapping.

4. Related work and experiments

[3]1[4][5] proved that the following negative Pell equations are solvable:

(4.1) X* —5(5n+2)y* = ~1(n = -1(mod 4)) , where 5n =+ 2is a prime number;
(4.2) x> =5py® = —1, where P is a Fermat prime and p # 3,5

(4.3)x* — p(pn+2)y* =—1, where n=-1(mod4) is a prime, p =—-3(mMod8) s a prime.

Actually, the solvability of these three negative Pell equations are straightforward from

theorem 3, because the given D in the three papers follows from theorem 3. The proofs are shown
below.

For x*—5(Bn+2)y*=—1(n=-1(mod4)) , where 5n+2 is a prime number,
sincen=-1(mod4), we obtaindn+2=n+2=1(mod4). Since 5n+2is a prime number,
5n+ 2belongs toY, . Because 5 belongs to Y, substitute P into 5,0 into5n+2, we obtain

Pl [ 3 _5niz_i_2_g__1
q 5n+2 5 5 5 '
Applying theorem 3(ii), the above negative Pell equation (4.1) is solvable.
For x> —5py? =—1, where p is a Fermat prime and p=3,5. Denote 2% +1by p .

Because p # 3,5, N>2. Therefore, p =22 +1=1(mod4), namely, p belongs toY, . Also,
p=22 +1=4"" +1=(-1)?" +1=2(mod5).

HEE

Applying theorem3(iii), the above negative Pell equation(4.2)is solvable.
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Forx? — p(pn+2)y® =—1, where n=-1(mod4)is a prime, p=-3(mod8)is a prime.
Denote pn+2byd, because N =—-1(mod4) , p =—-3(mod8), we obtain
g=pn+t2=(-3)(-1)+2=1(mod4).

GG
p p p) \p)
Since p =—-3(mMod8), we obtain
3
p p

Applying theorem 3(iv), the above negative Pell equation (4.3) is solvable.
[9] discussed the solvability of

Implying ¢ belongs to'Y, .
Therefore,

X2 —(4n+2)y* =-1.
Actually, the theorems in the paper are straightforward from Theorem 1, Theorem 3 etc.
For x> —(4n+2)y? = —1in paper [9], the theorem 1 of the paper showed that when n s an

odd number and 2n+1is a prime, the above negative Pell equation is unsolvable.
Here, D=2(2n+1)and2n+1=3(mod4). Applying theoreml, the above negative Pell

equation is unsolvable.

In [12], the theorem revealed that D is solvable if and only if it’s the sum of two squares.
However, applying Fermat’s theorem on sums of two squares, we obtain that the above condition
is equivalent to,

DeYorDeU.

When using the continued fraction expansion to calculate the parity of the period, we cannot
reduce the power of the prime factors of D to a smaller one, because it may change the parity of its
continued fraction expansion, which will affect the solvability. However, our method can reduce
the power of each prime factor to 1 or 2. This means that the result can be generalized.

The prime numbers which congruent to 1 modulo4 and smaller than 100 are listed below
5,13,17,29,37,41,53,61,73,89,97
The values of Legendre symbols for all possible pairing of these numbers are listed below.

p

P

[e]
q

5 |13 |17 |29 |37 |41 |53 |61 | 73|89 |97

5 0
13 -1 0
17 1] 1] 0
29 1] 1|-1] 0
37 1) -1]-1]-1] 0
41 1|1-1|-1|-1| 1| 0
53 1) 1) 1| 1| 1|-1] 0
61 1] 1|-1|-1|-1| 1| -1
73 111 -1] 1 1
89 1|]-1) 1|-1|-1]-1] 1] -1
97 1(-1}-1|-1|-1|-1] 1| 1| 1] 1] 0

Table 2. the values of Legendre symbols

Here are all the D's by (iii) of theorem 3 which have two distinct prime factors and both
prime factor congruent to 1 modulo 4.(and smaller than 100)

There is at least one odd positive integerin a and b.
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52.13* | 5%.17° | 5%.37°

52.53* | 5.73° | 5%.97°

13*.37° | 13%.41° | 13*.73°
13%.89° | 132.97° | 17%.29°
172.37° | 17°-41° | 17%-62°
172.73° | 172.97° | 292.37°
29%.41° | 29°.61° | 29°.73°
29%.89° | 292.97° | 37%.61°
372.89° | 372.97° | 417.53°
417.89° | 417.97° | 53*.61°
53*.73° | 53%.97° | 61*-89°

Table 3. all the Ds by (iii) of theorem 3 which have two distinct prime factors and both prime factor congruent to
1 modulo 4.(and smaller than 100)

Here are all the Ds by (iv) of theorem3 which have two distinct prime factors where one of
the factor is 2 and another prime number congruent to 1 modulo 4 (and smaller than 250).

Here, @ is a positive integer.

2-5° 2:13* | 2:29°
2-37% | 2.53* | 2-61°
2-101° | 2-109% | 2-149°
2-157% | 2.173* | 2-181°
2-197° | 2-229°

Table 4. all the Ds by (iv) of theorem3 which have two distinct prime factors where one of the factor is 2 and
another prime number congruent to 1 modulo 4 (and smaller than 250)

Here are some Ds by theorem 4 with more than two distinct prime factors where the prime
factors of these Ds congruent to 1 modulo 4.

Here, @ isan odd positive integer.

52.13°.17° 52.13°.37° 52.13".53°

52.13°.73° 52.13°.97° 52.17°.37°

5%.17°.53° 5%.17°.73° 52.17°.97°

13*.37°.41° 13*.37°.73° 13*.37°.89°
52.13.17¢.37° 52.13°.17¢.53¢ 52.13°.17¢.73"
52.13°.17¢.37¢ .53 52.13°.17¢.37%.73° 52.13°.17¢.37°.97°
52.13°.17¢.37¢.53°.73" | 5°.13°.17°.37°.53°.97" | 5%.13".17°.37%.73°.97'
5%13"17°37953°73'97°¢ 17229°37°4161°73'89¢ | 17°29°37°4161°73'89997"

Table 5. Ds by theorem 4 with more than two distinct prime factors where the prime factors of these Ds
congruent to 1 modulo 4.

All the numbers in the above 4 tables are D s for which Dx* — y? =1is solvable.
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5. Conclusion

In section 3.1, by observing the residue of D , we give a necessary condition
for Dx* — y? =1to be solvable.

Therefore, in section 3.2 we aim to find the prime factorization of D . Probing deeper, we
continued our research and proved theorem 3 and theorem 5. In the procedure, we used lemma 5
to sort out the finite cases, and then we used the properties of quadratic residue to eliminate all the

cases except two cases. Moreover, we used the minimality of the solutions (X,, Y, ) to the positive

Pell equation to eliminate one of two cases remaining. Finally, we construct the solution to the
negative Pell equation in the last remaining case.

In section 3.3, we firstly show that for a given solution (X, y)to negative Pell equation, we
can find a D for which Dx* —y? =1is solvable. Therefore, by going through all solutions
(X,y) toDx*—y? =1, we can obtain every D that for which Dx* — y* =1is solvable. First,
with the property of quadratic residue, we obtain x is an odd number without the prime factors
congruent to 3 modulo 4; secondly, when X =1, we obtain D = k®+1; thirdly, we can use the
quadratic congruence equation to find the least positive integer Yy for every given X such
that (X, y) satisfy Dx* — y? =1; finally, we determine all possible D for which Dx* — y* =1is
solvable.

When D €Y , we have the least positive solution (X,, Y,) to X* — Dy? =1, namely

(5.1) x; — Dy =1.
Assuming p is a prime factor of D , taking (5.1) modulo p , gives
x2 =1 (mod p).
Namely,

p|X +1 or p|x,—1.
By lemma 2, we obtain a residue property for every solution to N— Dy2 =1. This leads to
contradiction when p | X, —1. Therefore, we obtain Theorem 7.

In theorem 8, we build a one-to-one mapping from a subset of the set of solutions of positive
Pell equation to the set of solutions of negative Pell equation.

6. Future work

When D eU , the solvability of Dx* — y* =1is not completely work out. However, we’ve
got results. Such as, theorem3 indicate that, whenDeU , ifD=2p? peY,,aeN, then
D=2p?% peY,,aeNissolvable.

On the basis of these results, we hope to find a concise theorem to determine the solvability
of Dx® —y? =1, which is a sufficient and necessary condition for Dx* —y* =1to be solvable.
Because the solvability of Dx? — y2 =1can be used to determine the parity of the continued

fraction expansion cycle of \/B type, we plan to find out a method to determine the parity of the

period of the continued fraction expansion for the positive integer D ’s n times square root.
Also, we plan to write a program of W.C.J algorithm to determine the solvability of negative
Pell equation automatically.
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