Optimal Design for Window Ventilation
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ABSTRACT

This paper discusses the problem that making the air flowing into the room maximized
by rotating the windows. Two models are built for rotary windows with 2 and 3 sashes
respectively. Based on these models and the assumption of wind blowing from different
directions with equal chance, the optimal way of opening windows is calculated by
using Pascal programs on computer. Finally, the optimal design for window ventilation

Is found via comparing maximum value of wind quantity in two situations.

1. Introduction

Along with the improvement of living standard, people give more and more attention to
their own health. Well housing environment is essential to people’s health, as people
spend most of their time indoors. Ventilation condition is a key factor of housing
environment. Undoubtedly, appropriate ventilation through windows is contributive to

clear indoor air condition either in summer or winter. Therefore, how to guarantee well

ventilation condition is a problem which worthy to be discussed.
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Figure 1-1 Figure 1-2

There are mainly two kinds of rotary window styles in common dwellings. One is
the two-sash style, as shown in Figure 1-1; the other is three-sash style, as shown in
Figure 1-2. Both styles have two sashes can be rotated. These sashes revolve around
fixed axes. Each sash has a range of rotation angle from 0 degree to 90 degree, so that
two movable sashes can form different combination modes which have different wind
volume. Two movable sashes block a part of wind blowing into the room. That is why
different combination modes have different wind volume. Appropriate combination
mode can maximize the wind volume, so it is necessary to find this combination mode.

In this paper, we will discuss this problem.

2. Model Assumption
Although different zone have different prevailing wind direction, many other factors
can also affect the directions of wind, such as building, tall tree and facilities around
window. So we can assume that wind blow from different directions with equal chance.
Obviously, a window faced to south can not receive wind blowing from north, so we
only consider wind blowing from window’s obverse side with a range of 180 degree.

To simplify modeling, we ignore subordinate factors and assume that wind blow in
a straight line like sunlight, and only have horizontal velocity. We also ignore the
thickness of glass and assume that glass of sashes does not reflect wind. In this paper,
we only discuss a single window with two or three sashes.

According to actually usage, we assume that the included angle between wind

direction and windowsill has a variation range from 0 degree to 90 degree.



3. Building Model and Solution

We build models for each window styles respectively. We assume that the width of both
kinds of windows is 1. And we use the length of intersecting line (in Figure 3-1, it is
line EF) to represent the volume of wind blowing into the room. The intersecting line is
generated by intersecting windowsill (in Figure 3-1, it is line AB) with parallel airflow
(in Figure 3-1, it is represented by two dashed). Particularly, in three-sash style, the
length of intersecting line should subtract the width of middle sash which can not be

rotated, so that it can represent the wind volume correctly.

3.1 Model for two-sash style window

Figure 3-1
In Figure 3-1, the line AB represents the windowsill, and point O represents the middle
arris of window.

Set AB=1 . then AO=AC=BO=BD=% . Let Z/CAO=q,/DBP=4

Whereae[O,%],ﬂe[%,ﬂ]; and define angle r is the intersect angle between wind

direction and radial AP, where r<[0,7]; then function f(r) represents the length of



intersecting line EF.

We consider two different cases:
(1) When the difference between two sashes’ rotary angle is small, as shown in Figure
3-1-1, we will have ZCAB > ZDAB, ZDBAZ> ZCBA. Under this condition, we
can consider that two sashes have relative small influence on wind volume (in Figure

3-1-1, the red lines represent the critical status of wind direction).

Figure 3-1-1
We further discuss five instances:
A) When 0 <1 < ZDAB , wind is blocked by sash DB, we will have:
f(r)=0
Let ZDAB =1,, which is the critical angle in this instance. Using sine’s law in

AABD , we will have

sin/BDA AB )
sinZDAB BD ’

And ZBDA=/DBP-/ZDAB = -1,
So,

_sin(B-r) sinBcosr, —sinr, cos
sinr sinr, ’
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Deduct that

sinr, (2+cos ) =cosr,sin 5 ;

Notice that & E[%,”] , ~.sinBe[0,1], cospe[-1,0]

. sing 50
T 2+cosf

Then, we can conclude that

sin

I, =arctan
2+COSp

B) When ZDAB <r < «, sash AC has no influence on wind volume blowing into

the room.

Let I, = & which is the critical angle in this instance.

____________________

Figure 3-1-2
As shown in Figure 3-1-2, we will have
f(r)=AE=AB-BE.
Using sine’s law in AEDB , we will have

:sin(,B—r)

sinr

BE 'BD



Using given data in this formula, we will have
sin(f—r
f (r)= AB—BE —1- Lo SNA=T)
2 sinr

Rearranging this formula, we will have

f (r)=—%sinﬁcotr+%cosﬂ+1;

C)Whena <r<f let r,=/ isthe critical angle in this instance.

Figure 3-1-3
In Figure 3-1-3, we will have
f (r): EF = AB—- AE -BF .

Using sine’s law in ACAE and ADFB , we will have

ag = SN0=a) 50 |
sinr

pr - SM=0) gy
sInr

Using given data in this formula, then

1., sin(r-a) sin(B-r)
f(r)= 2[[2 sinr sinr ]

Rearranging this formula, we will have



f(r) =%[(sina—sin B)cotr+(2—cosa +cos S)] ;

D) When g<a < 2CBP, sash BD has no influence on wind volume blowing into

the room.

Figure 3-1-4
In Figure 3-1-4, f(r)=BE=AB-AE,
Using sine’s law in AACE , we will have

A :sin(r—a)

AC
sin(z—r) !

Using given data in this formula, then
sin(r—
f(r)=AB—AE _y Lsin(r-a)
2 sinr

Rearranging this formula, we will have

f (r)zésinacotr—%cosaﬂ;

E) Whenr > ~CBE, wind is blocked by sash AC, just like A), we will have

f(r)=0



Let ZCBE =r, is the critical angle in this instance.

In Figure 3-1-1, using sine’s law in AABC , we have

sin /ACB _ AB _ 5
sin Z/CBA AC ’

And ZACB= /CBE - /CAB=t, —a, Z/CBA=7—r,.

Then

,_ sin(r,—a) _sinr, cosa —cosr,sina
sin(z—r,) sinr, !

We can conclude that
sinr, (cosa—2)=sinacosr,;

sinx

stanr, =—
cosa -2’

and &€ [0%} . sinae[0l], cosael0]]

tanr, = <0
CoSa —2
Sina
- =arctan ———+7_
CoOSa —2
To sum up, we will have
O,re[O,rl)

—%sinﬂcotw%cosﬂﬂ,r e[n.n,)
f(r)= %[(sina—sin ,B)cotr+(2—005a+cos,8)], rer,n)

%sinacotr—%comﬂ,[g, r,)

0,[I’4,7z]



We use F(a,B) to denote the mean volume of wind blowing into the room,

and let's = 77 . Then we will have

4 4

i+1 i+l
ZOJ-r, r ZOJ.H
F(c, = ==
Because of
ICOt xdx = In|sin x|+ ¢ (¢ is a constant),
So

[* 8 (ryr :——S| Bln

(%cos,bwljo(rz -r)

sin I

[sinr] r3|

Ir3f(r)dr—;(3'”“ smﬂ)ln (2 COSO{+COS,3)[( r2)

|sin r2|

sin I,
sin I

I:A (r)dr = %sm aln

(1—%c035jo(r4—r3)

We use PASCAL program to assign different value to «,4 and calculate the

value of integral expressions.

T
a=—
) 2
p=—
L 2
4
ZJ' i+1
= Jy has maximum value, itis 0.4487.
1=

24: J‘rlml

-0
Thatistosay & (a.8)=" . has maximum 0.4487.




(2) When one sash’s rotary angle is obviously bigger than the other, as shown in Figure
3-1-5, we assume that sash AC has a smaller rotary angle. According to symmetry, this
assumption is same as sash BD has a smaller rotary angle. So ~CAB < #DQB, and two
sashes have relative great influence on blow volume blowing into the room. In Figure

3-1-5, we use red lines to denote the critical angle.

Figure 3-1-5

We further discuss four instances:

A) Wheno<r<~«DQB, wind is blocked by sash BD. Let ~DQB=r, is the critical

angle under this condition, we will have
f(r)=0.
And AB = AQ+BQ. Using sine’s law in AACQ and ABDQ, then

_sin(n-a)

AQ= sin(z-r,)

o AC
=sin(ﬂ—r1)

BQ .
sinr,

e BD

Using given data in these formula, we will have

l.sin(rl—a)+1.sin(,8—rl)
2 sinr 2 sinr,

=1

Solving this formula, the result is

sin f—sina
2+c0s f—cosa

tanr, =



According to Figure 3-1-5, r, is an acute angle, so sinr, >0

sin f—sina
2+C0S f—CcoSa

r, =arctan

B) When #«DQB <r < 3, as shown in Figure 3-1-6, let g=r, is the critical angle

under this condition.

Figure 3-1-6

This instance is same as the instance C) in case (1). So we will have
f(r) :%[(sina—sin B)cotr+(2—cosa +cos B) |
C) When B <r < ZCBP, as shown in Figure 3-1-7, the instance is same as the

instance D) in casel.

Figure 3-1-7



So we will have
f (r):%sinacotr—%cowﬂ

D) When ZCBP <r < 7, wind is blocked by sash AC. So we will have
f(r)=0.
And let «CBP=r, is the critical angle under this condition. This instance is like

the instance E) in casel. So we will have

sina

r, =arctan
cosa —2

+

To sum up, we will have

0,re[0,r)

%[(sina—sin B)cotr +(2—-cosa+cos B) |,r[r,r,)

f(r)=

%sinacotr—%cosaﬂ,[rz,r3)

0,[r3,7r]

So the mean volume of wind blowing into the room is (F(Ol,ﬁ) denotes to

mean volume of wind, andr, =)

IM1f(r)dr

f

J?“f(r)dr z:

F(Ol,ﬂ)Z i=0 — =0

7—0 T

We use PASCAL program to assign different value to «,4 and calculate the
value of integral expressions.

a=0
o=

When ,B:Z (or symmetrical condition

2 =

N NN



r-i+1
.[r- f (I’)dl’ has maximum value, itis 0.3079.

3
i=0

jrr”l f(r)dr

3
_i=0""
Thatistosay F (0" ,B) =- . has maximum 0.3079.

To sum up two cases, we draw a conclusion that when two sash both have a 90
degree included angle with windowsill, we will get the maximum wind volume. The

maximum volume is 0.4487

3.2 Model for three-sash style window
The model for three-sash style window is alike as two-sash model. Because of the
middle non-moveable sash, there are more types of critical status in this model. And the

deduction is more complex.

Figure 3-2
1
In Figure 3-2, let AB =1, then AC =AM =MN =BN =BD =3 (the explanation is in
section 5).

As the first model, let ZCAO =a,ZDBP = S, where a e [O,%],ﬁ € [%,7[] :



Figure 3-2-1

In Figure 3-2, we use red lines to denote eight critical angles, they are:

/DAB = arctan ﬂ

3+cos
/DMB :arctanﬂ
2+cospf
/DNE :é
2
/CAE =«
/CME =27
/ZDBE =f
Z/CNE = 7 +arctan na
cosa —2
na

/CBE = 7 +arctan ———
cosa —3

We use r(i=12..8) to denote these critical angles respectively, and

r<r(i,j=12..,8i<j). Thatis to say,
sin g

I, = arctan ,
3+cosf

sin g

r, =arctan ,
2+cosf



sinax

I, = 7 +arctan ,
cCoSa —2

sina
cosa—3’

{r3,r4}:{§,a},
(rn {227}

(a,p) has many kinds of combinations, we divide these combinations into four

I, = 7 +arctan

categories:
&Zg azg a<§ a<§
(%) (2) (3) (4)
a+rx ’ a+r ’ a+r ’ a+r
2> >
p 2 p< 2 p 2 p< 2

Because of the symmetry, (1)is equivalent to(4), and (2) is equivalentto (3), so

we only need to take combinations (1) and (2) into consideration.

g

o> —
2

(1) When a+m o We will have

p=

p a+r
L="—,L=a=——1I=
3 2 4 5 2 6 ﬂ

Alike as the first model, we divide angle into nine ranges, they are listed

below(f, =0, =7):

Range [royr]_) [rl’rz)

1. 1
f(r 0 —=sin Bcotr+=cos f+1
(r) Jsin fcotr +2cos g




fin 1. sin,| (1 B
-[ri f(r)dr 0 3smﬂln sint +(3005,B+1](r2 r,)
Range [r,.1,) [r,.r,)
1. 1 2
f(r) X —§SInﬂcotr+§coslB+§
ot 1. sinr, 1 2
f(r)d - _= alyl = “l(r -
Jri (r)dr - 3smﬂln Sint. +(3cos,6’+3j(r4 )
Range [r4, r5) [r5’ re)
2B oy 2 14 Lo gl
f(l’) sin > cotr + 3S|n,8cotr+3cos,8+3
i 2 . f—a, |SInr| 2 2 . sinr, 1 1
-[n f(r)dr —5sin——1In—" rj +§(r5—r4) ~3sin = Fz +(§cosﬁ+§j(r6—r5)
Range [I‘G, I‘7) :I‘7, I’8)
f (r) X %sinﬂcotr—%cosﬂﬂ
i : sinr, 1
qu f(r)dr L —r sinaIn o rj +(1—§cosaj(r8—r7)
Range [r8’ rg]
f (r) 0
J.r”l f(r)dr 0

So

. under these conditions, we will have




(2) When

azﬁ
2

a + 7 » we will have
2

p

L=—=—L=alL=81=

2

a+rw
2 ’

Alike as(1), the ranges are listed below(r, =0, 1, = ﬂ) ;

(1)

1)

f(r) 0 —%sinﬂcotw%cosﬁﬂ
J-r”l f(r)dr 0 —lsinﬂln sin +(Ecos,8+1j(r -1)
i 3 sinr,| \3 2t
Range [rz, r3) [r3, r4)
1. 1 2
f(r X —= tr+= =
(r) Jsin Beotr+2cos B+
i 1. sinr,| (1 2y
jﬁ f (r)dr I’3 — r2 —ésmﬂln St +(3cos,8+3](r4 r)
Range [r4, r5) [r5, r6)
- 1 . 1 2
f(r) _2sinP =% cotr+ 2 —Zsinacotr—=cosa +—
2 3 3 3




fia 2 . p-a |sinr| 2 1. sinr,] (2 1
.[ri f(r)dr —gsm’B2 In o rj +§(r5—r4) Zsinaln o rz +(§—§cosaj(r6—r5)
Range [r6, r7) [r7, r8)
f (r) X Esin,b’cotr—lcos,BJrl
3 3
i1 B : sinr 1 B
-[n f(r)dr r—r, sineIn St +(1 3coswj(r8 r,)
Range [r8, r9]
f (I’) 0
J':”lf(r)dr 0

So, under these conditions, we will have

Zglj‘:“ f (r)dr
F(a,p)="2°

7T

To sum up(1)(2), we use PASCAL program to assign different value to «,4 and

calculate the value of integral expressions. When & =1.5708 and £ =3.0348  we

get the maximum value of F (0!, ﬂ), which is 0.5956.

4. Conclusion and Application




___________________

Figure 4-1

Figure 4-2
Referring to the anterior sections, we draw a conclusion that for two-sash windows,
making both sashes perpendicular to windowsill can get maximum wind volume. And
for three-sash windows, we should choose the combination mode as shown in Figure
4-1 and Figure 4-2. In this mode, one sash is perpendicular to windowsill, and the other

has a 6.12 degree intersect angle with windowsill.
By comparing two styles of windows, we also find that three-sash windows can
make more wind flow into the room. So we conclude that three-sash windows have

better applying prospect than two-sash windows.

5. Further Optimization for Model
We have resolved an elementary model in this paper. Reviewing anterior sections, our
models tally with practical situation very well. In the model, we ignore subordinate

factors to simplify the real problem. But we clearly know that our research has some



points need improving, so that the model can fulfill more complex cases. We list these
points below, and will go further into these points.
(1) Asymmetry three-sash window

The first one is what the wind volume of asymmetry three-sash window is. In our
current model, we assume that three sashes have a same size. We draw this assumption
according to the investigation from our daily life that most windows have sashes with
the same size. And we also take factors of aesthetics into consideration. But asymmetry
three-sash windows whose sashes have different sizes may have more wind volume
blowing to the room. To affirm or overthrow our assumption that asymmetry styles are
less likely to let more wind in, we should assign different sizes to sashes in our model
so as to find the extremum by calculating partial derivative, and get the maximum by

comparing them.

(2) The case that a room has several windows

The second one is that how to calculate wind volume when there are several windows
in a wall. In our model, we only consider the case that a wall has a single window. In
fact, a wall may have several windows, such as those of balconies, kitchens, and etc.
The number of windows can influent the wind volume blowing into the room. So it is a
valuable problem to research. The increase of windows’ number will generate more
complex cases. Critical conditions will increase with the number of walls in a wall, and
need to be classified more systematically in detail. To resolve this problem, we could
consider these windows as a whole. That is a window of n sashes. We have resolved the
cases when n=2 and 3. As for the next step, we will consider how to deduce this

problem to n dimensionalities.



(3) Perpendicular velocity of airflow

The third one is that how to calculate wind volume when wind can blow in the vertical
direction. To resolve this problem, firstly, we should investigate the changes of wind
direction in the area nearing buildings. Then we should use aerodynamics knowledge to
build a rational model. This is a very complex problem, and we spare no effort to

resolve this problem in our next step of work.
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Appendix: Pascal Program Code

(1) First Model

Casel:

program ss;

const
pi=3.141592653589793238462643383279;

var
r1,r2,r3,r4,r5,a,b,re,max,max1,max2,aa,bb,c:double;
I,j:longint;

begin

assign(output,'qct.out’);

rewrite(output);

aa:=0;

bb:=pi/2;

c:=pi/2/100;

for i:=0to 100 do

for j:=0 to 100 do begin
a:=aati*c;

b:=bb+j*c;

give

us



rl:=arctan ( sin(b) / (2+cos(b)) );
r4.=arctan ( sin(a) / (cos(a)-2) )+pi;
r2:=a,;

r3:=b;

If (@>=r1)and(b<=r2) then begin

re:=

-1/2*sin(b)*In(abs(sin(r2)/sin(rl)))+(1/2*cos(b)+1)*(r2-r1)+

1/2*(sin(a)-sin(b))*(In(abs(sin(r3)))-In(abs(sin(r2))))+1/2*(2-cos(a)+cos(b))*(r3

-12)+

1/2*sin(a)*In(abs(sin(r4)/sin(r3)))+(1-1/2*cos(a))*(r4-r3);
writeln(a/pi*180:4:4," 'b/pi*180:4:4," ' re:4:4);
end;

if re>max then begin

max:=re;
max1:=a;
max2:=b;
end,;
end,;
writeln;
writeln;

writeln(max1:4:4,' ',\max2:4:4," ', max:4:4);



writeln(max1/pi*180:4:4," ',max2/pi*180:4:4,' ',max:4:4);

close(output);

end.

Case2:

program ss;

const
pi=3.141592653589793238462643383279;

var
rl1,r2,r3,r4,r5,a,b,re,max,max1,max2,aa,bb,c:double;
I,j:longint;

begin

assign(output,'qct3.out’);

rewrite(output);

aa:=0;

bb:=pi/2;

c:=pi/2/100;

for i:=0to 100 do

for j:=0 to 100 do if (i<>0)and(j<>100) then begin
a:=aa+i*c,
b:=bb+j*c;

rl:=arctan ( (sin(b) - sin(a) )/ (2+cos(b)-cos(a)) );



r2:=b;
r3:=arctan(sin(a)/(cos(a)-2))+pi;
iIf a<arctan(sin(b)/(2+cos(b))) then begin

re:=

1/2*(sin(a)-sin(b))*(In(abs(sin(r2)))-In(abs(sin(rl))))+1/2*(2-cos(a)+cos(b))*(r2

-rl)+

1/2*sin(a)*In(abs(sin(r3)/sin(r2)))+(1-1/2*cos(a))*(r3-r2);
writeln(a/pi*180:4:4,' 'b/pi*180:4:4, ' re:4:4);
end;

if re>max then begin

max:=re;
max1:.=a,;
max2:=b;
end,;
end,;
writeln;
writeln;

writeln(max1:4:4," ', max2:4:4,' ',;max:4:4);
writeln(max1/pi*180:4:4," ',max2/pi*180:4:4," ',max:4:4);

close(output);



end.

(2) Second Model
program ss;
const

pi=3.141592653589793238462643383279;

var
a,b,re,max,max1,max2,aa,bb,c:double;
I,j:longint;
r1,r2,r3,r4,r5,r6,r7,r8:double;
rel2,re23,re34,re45,re56,re67,re78:double;
begin

assign(output,'qct2.out’);

rewrite(output);

aa:=0;

bb:=pi/2;

c:=pi/2/500;

for j:=0 to 500 do

for i:=0 to 500 do begin
a:=aa+i*c,
b:=bb+j*c;

If a>=b/2 then begin



rl:=arctan (sin(b) / (3+cos(b)) );
r2:=arctan (sin(b) / (2+cos(b)) );
r7:=pi+arctan (sin(a) / (cos(a)-2) );
r8:=pi+arctan (sin(a) / (cos(a)-3) );
if b>=(a+pi)/2 then begin

r3:=b/2;

rd:=a;

r5:=(a+pi)/2;

ré:=b;

rel12:=-1/3*sin(b)*In(abs(sin(r2)/sin(rl)))+(1/3*cos(b)+1)*(r2-rl);

re23:=r3-r2;

re34:=-1/3*sin(b)*In(abs(sin(r4)/sin(r3)))+(1/3*cos(b)+2/3)*(r4-r3);

re45:=-2/3*(b-a)/2*In(abs(sin(r5)/sin(r4)))+2/3*(r5-r4);

re56:=-1/3*sin(b)*In(abs(sin(r6)/sin(r5)))+(1/3*cos(b)+1/3)*(r6-r5);

re67:=r7-r6;

re78:=1/3*sin(a)*In(abs(sin(r8)/sin(r7)))+(1-1/3*cos(a))*(r8-r7);



re:=rel2+re23+re34+re45+re56+re67+re78;

writeln(a/pi*180:8:4,b/pi*180:8:4,re:8:4);

iIf re>max then begin

maxl:=a;
max2:=b;
max:=re;

end;

end else begin

r3:=b/2;

r4:=a;

r6:=(a+pi)/2;

r5:=b;

re12:=-1/3*sin(b)*In(abs(sin(r2)/sin(rl1)))+(1/3*cos(b)+1)*(r2-rl);

re23:=r3-r2;

re34:=-1/3*sin(b)*In(abs(sin(r4)/sin(r3)))+(1/3*cos(b)+2/3)*(r4-r3);

re45:=-2/3*(b-a)/2*In(abs(sin(r5)/sin(r4)))+2/3*(r5-r4);



re56:=1/3*sin(a)*In(abs(sin(r6)/sin(r5)))+(2/3-1/3*cos(a))*(r6-r5);

re67:=r7-ro;

re78:=1/3*sin(a)*In(abs(sin(r8)/sin(r7)))+(1-1/3*cos(a))*(r8-r7);

re:=rel2+re23+re34+re45+re56+re67+re78;

writeln(a/pi*180:8:4,b/pi*180:8:4,re:8:4);

if re>max then begin

max1:.=a,;
max2:=b;
max:=re;
end;
end;
end;

end;

writeln;

writeln;

writeln(max1:10:4,' ',max2:10:4," ',max:10:4);
writeln(max1/pi*180:4:4," ',max2/pi*180:4:4," ',max:4.4);

close(output);

end.






