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Abstract: This paper estimates the upper bound of the minimum prime quadratic residue 

module a prime and gives the asymptotic formula of

 

1
p x
f p r




 (r is a prime). 
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Introduction：while learning number theory, we discovered the irregulation of the 

distribution of the prime quadratic residue module a prime. Hence we were looking 

forward to the upper bound of the minimum prime quadratic residue module a prime. 

It was the original intention of our research. After several months’ research, we got a 

fairy good upper bound and some related conclusion. 

 

If there is no special explanation，this paper adopts the terminologies and symbols in【1】. 

We use the following definitions： 

Definition 1 For odd prime p, the smallest prime r such that 1
r

p

 
 

 
 is called the minimum 

prime quadratic residue modulo p, written as  f p .Here
r

p

 
 
 

is Legendre Symbol, sic passim. 

Definition 2 For prime r, positive integer k and integer a, for all 1x  ， 

define   1
p x

x


 ;  

 mod

; , 1
p x
p l k

x k l



  ;  

 

1r

p x
f p r

x




  . 

Definition 3 For every positive integer m，we set   2

mg x x x m   . 

 

This paper is going to demonstrate the following theorems： 

Theorem 1 For every prime r,  
 
   ~

2
r r

x
x x




  . 

Theorem 2 For 41n  , there is a integer k,
1

1
2 3

n
k   , and  ng k  is a composite 

number. 

Theorem 3 For prime  163,p f p p  . 



Furthermore，we conjecture that for any    0, f p O p   . 

 

We need the following lemmas： 

Lemma
 1

1 (Law of Quadratic Reciprocity) For different odd primes p and q, 

 
1 1

2 21
p qp q

q p

 
  

   
  

. 

Lemma
 1

2  (Chinese Remainder Theorem) Suppose 1m , 2m  ,... km  are positive integers 

which are pairwise coprime.，then for integers 1a , 2a ,..., ka ，the system of congruences 

 modj jx a m , 1,2, ,j k  , has exactly one solution modulo 1 2 km m m . 

Lemma
 3

3  if 0k  ，  , 1l k  ，then for all 1,x    
 

 
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x
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k


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
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Lemma
 1

4  (Fermat-Euler) For every prime p with the form 4 1k  , p is expressible as 

2 2p x y   with x and y positive integers. 

Lemma
 2

5  (G.Rabinovitch) For 2m and 1,2, , 1x m   ,  mg x are always primes if 

and only if the class number of the imaginary quadratic field  1 4K Q m   is 1. 

Lemma
 2

6  (Baker)there are only 9 imaginary quadratic fields  K Q d   whose class 

number is 1：d＝1，2，3，7，11，19，43，67，163. 

 

The proof of Theorem 1: 

It’s well known that
2

1
p

 
 

 
 if and only if prime  1 mod8p   .  

And by Lemma1，for prime  5 mod8p  and odd prime q, 
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; 

for prime  3 mod8p   and odd prime q，  
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For 2r  ，by Lemma3， 
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For 3r  , suppose 
1p , 2p ,..., np  are the primes smaller than r and with the form 4 1k  , 

1q ,
2q ,..., mq are the primes smaller than r and with the form 4 3k  . 

Define the sets of quadratic nonresidue modulo
ip  as ,

1
: 1,2,

2

i
i d

p
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 
  

 
, 1,2, ,i n  . 

Define the sets of quadratic nonresidue modulo jq  as
,

1
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q
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 
  
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, 1,2, ,j m  . 

Define the set of quadratic residue modulo r as
1

: 1,2,
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Hence  f p r 
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for some  1   ;
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 hold. 

We set 1 2 1 28 n mM p p p q q q r   . 

By Lemma2, the system of congruences 
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has exactly one solution    , , ,i ju v t
x
  modulo M . 

It’s obvious that 
    , , ,
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 .By Lemma3， 
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Therefore, Theorem 1 has been proved. 

The proof of Theorem 2: 

By Lemma 5 and Lemma 6, for 41n  , there is k ,1 1k n   , to make  ng k  composite. 

If 
1

1
2 3

n
k   , we need no further demonstration. 

If 
1

1
2 3

n
k n    ,let r be the smallest prime factor of  ng k ， 

Then 
2r k k n n     and 

2

2 1
3 2 1

2
r k k k k

 
      

 
. 

1  If r k , let k k r   ,thus 1 k k  ,        0 modn n ng k g k r g k r     . 

Also,  ng k n r   , hence  ng k  is a composite number. 

2  If 2 1k r k   , let 1k r k    ,thus 1 k k  , 

         1 1 0 modn n n ng k g r k g k g k r        . 

Also,  ng k n r   , hence is a composite number. 

Therefore, for k with 
1

1
2 3

n
k n     and  ng k  a composite number, we are always 



able to find k，1 k k  ,to make  ng k  also a composite number. Repeat this procedure, 

we can eventually obtain 0k , 
0

1
1

2 3

n
k   , to make  0ng k  a composite number. 

From the above mentioned, Theorem 2 has been proved. 

 

The proof of Theorem 3: 

(1)For  1 mod8p   ,  
2 1

8
2

1 1
p

p

 
   

 
,hence   2f p p  . 

(2)For  5 mod8p  , by Lemma 4, p can be expressed as 
2 2p x y   with x and y positive 

integers.Suppose x is even, y is odd. 

If 1y  , then 

2 1

4 4

x p 
 is an odd number larger than 1. Let prime q divides

2

x
 exactly. 

By Lemma 1，
2 1

1
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x
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If 1y  ，let prime q divides y exactly. 

By Lemma 1，
2 2

1
q p x y

p q q
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      
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.Hence  f p q y p    

(3)For  3 mod8p  , and 163,p  let 
1

4

p
n


 ,then 41n   and n is odd.  

By Theorem 2, we can find 0k  ,
0

1 1
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
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4

pg k  composite.  

Let q be the smallest prime factor of the odd number  1 0

4

pg k , thus q divides
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exactly. 

By Lemma 1，  
 

2
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q kq p p

p q q q

       
                   
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Also, we can obtain 
 

2

0

1
2 1 3

4 4

p
pk p

q p


 

   .Hence  f p q p  . 

From the above mentioned, it completes the proof of Theorem 3. 

 

In the investigating processes, we deeply realized the complexity of prime problems. In the 3000 



years of history, countless predecessors did researches on prime, no matter deep or superficial. 

However, only some scattered and fragmentary results have been achieved. Since 19th Century, a 

lot of burgeoning approaches have made number theory evolved greatly, and a series of problems 

have been tackled in unified methods, nevertheless, little has been in repute about the important 

function 
2x x n   used in this paper. As math lovers in the new century, we are looking 

forward to the unit of number theory.  
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