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ABSTRACT: Characterization of homogeneous polynomials with isolated critical point at the
origin follows from a study of complex geometry. Yau previously proposed a Numerical Charac-
terization Conjecture. A step forward in solving this Conjecture, the Granville-Lin-Yau Conjecture
was formulated, with a sharp estimate that counts the number of positive integral points in n-
dimensional (n > 3) real right-angled simplices with vertices whose distance to the origin are at
least n — 1. The estimate was proven for n < 6 but has a counterexample for n = 7. In this
project we come up with an idea of forming a new sharp estimate conjecture where we need the
distances of the vertices to be n. We have proved this new sharp estimate conjecture for n < 7
and are in the process of proving the general n case.

1. INTRODUCTION

Let A(aq,ag,...,a,) be an n-dimensional simplex described by

(1.1) ﬂ+2+...+@§1, 1,29y .y Ty >0
al a9 Qp,

where a1 > a2 > ... > a, > 1 are positive real numbers. Let P(a17a27m7an) be
defined as the number of positive integral solutions of (1.1) and Q(q, as.....a,)
be defined as the number of nonnegative integral solutions of (1.1). It is
known that the study of Pg, 4. a,) a0d Q(a; ao,....a,,) ar€ equivalent. If we
let a = % + % + ..+ é, the relation is given by the following formulas:

(12) Q(al,ag,...,an) = P(a1(1+a),a2(1+a),...,an(l—i—a))

(1'3) P(al,ag,.l.,an) = Q(al(l—a),ag(l—a),...,an(l—a))

The computation of Q (4, qs,....a,,) has generated interest among leading math-
ematicians for decades. Hardy and Littlewood wrote several papers that
have applications to problems of Diophantine approximation ([9], [10], [11]).
The effort was carried on by D. C. Spencer who subsequently wrote on
the problem of estimating Q(q, a,,..,) ([23],[24]). The general problem of
counting Py, a,.....an) 804 Q(qy as,....an) Where a1, ag, ..., an are positive inte-
gers continues to be a challenge in recent years, and tremendous research
is being put into developing an exact formula (see [4],[3],[6],[12]). Mordell
gave a formula for Q (4, a,.44), €xpressed in terms of three Dedekind sums, in
the case that a1, ag, and a3 are pairwise relatively prime [19]. Pommersheim
extended the formula for ¢ ) to arbitrary aj,az, and ag using toric
varieties [20].

The earliest results to approximate Py, ay...a,) OF Q(ay,az,....an) WETE as-
ymptotic in nature. Because of this, they are short of practical applications
in number theory and geometry. Recent efforts are also restricted in applica-
tion as they are limited to integral simplices. Furthermore, the involvement
of generalized Dedekind sums or other complicated terms [1] makes it diffi-
cult to determine the order of magnitude of P4, 45, . an)-

Although we do not know if any such formula exists, ideally P, 4,,....a,)
could be counted in terms of a polynomial in a1, as, ..., a,,, where ay, as, ..., @y,

ai,a2,a3
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are not limited to integers, but can be any positive real numbers. However
for the applications in number theory and singularity theory, a relatively
sharp upper estimate should be more than sufficient. The research of lattice
points in simplices is currently a very active area. An excellent article relat-
ing to lattice points in rational tetrahedra was written by Barvinok and Pom-
mersheim [2]. For more information, please refer to the collection “Integer
Points in Polyhedra- Geometry, Number Theory, Algebra, Optimization,”
a Snowbird Conference Proceedings published by the AMS (Contemporary
Mathematics, vol. 374, 2005).

An upper polynomial estimate of P4, 4,,....,) Would have many applica-
tions. According to Granville [8], it is a key topic in number theory. Such
an estimate could be applied to finding large gaps between primes, to War-
ing’s problem, to primality testing and factoring algorithms, and to bounds
for the least prime k-th power residues and non-residues (mod n). Given
a set P of primes p; < p2 < ... < pp < y, number theorists are interested
in counting the number of integers m < y* where m = plllplzz...pfy for all
u > 2. This is equivalent to counting the number of (I1,ls,...l;,) € Z%, such
that l1py + lops + ... + l,p, < log y*, which is also equivalent to counting
the number of (I1,1ls,...,1,) € Z%, such that

Lh I

l 1
(1.4) — 4+ =+ ..+ 2<1, where a; = 08 Y
ar a2 n, log pi

U

Observe that the a;’s are not integral in general. Please see Carl Pomer-
ance’s ICM 1994 lecture at Zirich [21] and his lecture notes [22] for more
information about applications of P, a,....a,) a0d Q(a;.as,....an)-

The current method for counting P4, 4,,....a,) 15 the polynomial estimate

(1.6) provided by number theorists. Attach a unit cube to the right of and
above each lattice point of A(aq,asg, ..., a,). Then

Q(ar1,az,....an) < Z volume of the unit cube attached to each lattice point

n
r1—1
< volume of (z1,2,...,2,) € RY} : Z 1 <1

n

(1.5) = ;!(alag...an)(z ;)n

=1

In view of (1.2), (1.5) can be rewritten as

1
(1.6) P(a1,a2,...,an) S aalag...an

The estimate of P, 4, 4,) given by (1.6) is interesting. However, it is
not strong enough to be useful, particularly when many of the a;’s are small
[8].



In geometry and singularity theory, estimating P, for real right-angled
simplices is connected with the Durfee Conjecture. Let f : (C™,0)—(C,0)
be a germ of a complex analytic function with an isolated critical point at
the origin. Let V = {(21,...,2,) € C" : f(z1,...,2,) = 0}. The Milnor
number of the singularity (V,0) is defined as

n = dim (C{217 ceey Zn}/(me ceey on)

the geometric genus p, of (V,0) is defined as
py = dim H"%(M,0),

where M is a resolution of V and O is the sheaf of germs of holomorphic
functions on M. In 1978, Durfee [7] made the following conjecture:

Durfee Conjecture. nlp, <y with equality only when p = 0.

If f(z,..., zn) is a weighted homogeneous polynomial of type (a1, as, ..., a,)
with an isolated singularity at the origin, Milnor and Orlik [18] proved that
= (a1 —1)...(ap, — 1). On the other hand, Merle and Teissier [17] showed
that py = P,,, where P, is the number of positive integral solutions of (1.1).
Finding an estimate of P, eventually led to a resolution of the Durfee Con-
jecture [29].

Starting from early 90’s, Yau, Xu and Lin ([15],[26],[28]) tried to get sharp
upper estimates of P, where a; are just positive real numbers. They were
able to obtain it under certain conditions, specifically when n =3,4, and 5.
Surprisingly enough, these sharp estimates are all polynomials of a;:

3P < f3 =ajazsaz — (a1a2 + a1a3 + agas) + a1 + as

4Py < fy = arasasay — %(alagag + ajagaq + arazay + asasaq) + %(Cﬁag +
ajaz + azaz) — 2(a; + ag)

5!1P5 < f5 = a1azazaqsas — 2(araza3as + arazazas + arazasas + arazasas +
asasagas)+354(ajagas+ajagas+ajagas+asagay) — %0 (ara2+arjaz+ajas+
asas + azayq + agas) + 6(ay + ag + ag + aq)

These estimates are considered sharp because the equality holds true if
and only if all a; take the same integer. Inspired by the similarity of these

estimates, the general form of the upper estimate was conjectured.

Granville-Lin-Yau (GLY) conjecture Let P, = number of element of
set {(ml,xg,...xn) €z D+ 2+ .+ < 1}. Let n > 3,

(1) Sharp Estimate: if a; > a2 > ... > a, > n — 1, then



n—2

s(n,n —1) s(n,n—1-=1)
L. P, < fn:i= Ay + ——= A7 E -
( 7) n = f 0 + n 1 +

= "

s(n, k) is the Stirling number of the first kind defined by (3.2) and A} be
defined as in (3.1). Equality holds if and only if a; = ay = ... = a,, = integer.

n—1
Al

(2) Rough Estimate: If a1 > a9 > ... > a, > 1

n

(1.8) n!P, < qp = H(ai -1)
1=1

The rough estimate in (1.8) has recently been proven true by Yau and
Zhang [29]. When n=3,4, and 5, this conjecture is true ([14],[15],[26],[28]).
The sharp estimate conjecture was first formulated in [16]. In private com-
munication to Yau, Granville formulated this sharp estimated conjecture
independently after reading [14].

The importance of this Upper Estimate Conjecture is twofold. First the
Durfee Conjecture in singularity theory becomes a special case. And second,
more importantly, it is the first main step to prove the following conjecture
made by Yau in 1995:

Conjecture 1 Let f : (C"1 0) — (C,0) be a germ of a weighted homoge-
neous polynomial with isolated critical points at the origin. let pu, Py and v
be respectively the Milnor number, geometric genus and multiplicity of the
singularity V = {z € C"*!: f(z) = 0}. Then
w—h(v) > (n+1)lp, where h(v) = (v —1)"* —v(v —1)...(v — n), and the
equality holds if and only if f is a homogeneous polynomial.

The above conjecture was proven for the case n=3 in [27] and for the case
n=4 in [13]. it leads to the following numerical characterization of an affine
variety in C"*! as a cone over nonsingular projective variety CP".

Conjecture 2 Let V be an affine hyperspace in C"*!. Then V is a cone over
nonsingular hypersurface in CP"™ if and only if V has only isolated singular-
ity at the origin, u =7 and g — (v — )" 4 v(v —1)...(v = n) = (n+1)!pg,
where 7 = dim C{z1, ..., zn41 }(f, fors oo fonin)

The GLY Conjecture has been proved individually for n = 3,4,5 and
generally for n < 6. However, for the case n = 7, a counterexample to the
conjecture has been given by [25].

Counter-example to GLY Conjecture for n = 7 Let a1 = a3 = a3 =
as = a5 = ag = 2000 and a7 = 6.09. Then consider the following 7-
dimensional tetrahedron: z; > 0,1 <1¢ < 7.



T T2 xs X4 x5 Te6 x7
<1
2000 + 2000 * 2000 + 2000 + 2000 + 2000 + 6.09 —

P; has been computed to be 0.39656226290532420 x 107
Now we compute the sharp estimate f; when a1 = a3 = a3 = a4 = a5 =
ag = 2000 and a7y = 6.09.

5
s(7,6 s(7,6 —1
(1.9) fr=Aj+A] (7 )+ZAI67( )

= ()

= .199840413 x 10%!

So we have

fr —T'P; = —.269675 x 107

This shows that the sharp estimate of GLY Conjecture fails in the case
n = 7. After discovering this counter-example, Wang and Yau modified the
GLY Conjecture.

Modified GLY Conjecture. There exists an integer o which depends only
on n such that the sharp estimate (1.7) holds when a1 > as > ... > a, > «

In order to get the estimate of P, for the general n, Wang and Yau
[25] drew upon ideas from n = 4,5 and proposed a uniform method of
partitioning the n-dimensional right-angled simplex into several (n — 1)-
dimensional right-angled simplices. Since the conjecture is true for n =
3, the proof of the general theorem would follow inductively. However,
since « is not known, when induction is applied to prove the sharp estimate
conjecture by dissecting the n-dimensional right-angled simplex along the
Zp-axis into (n — 1)-dimensional right-angled simplices, we cannot apply the
lower-dimensional sharp estimate conjecture.

In our new conjecture, we modify (1.7) to give a larger estimate. We
decrease what is subtracted in the second term to give a new estimate as
follows:

5
(1.10) Y7 = Af — g(CL?)A? + 8(7’(§)Z)A?

=1 l
(1.10) is very similar to (1.7) for n = 7 because only the second term is
changed. It is also considered sharp because the homogenous case is not
affected by the change. With this modification Y7 < 7!P; can be proven for
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a7 > 7. Furthermore, the counterexample is no longer a counterexample to
our estimate. Extending this from n = 7 to the general n, we get:

New Sharp Estimate Conjecture
Let P, = number of element of set {(xl,xg, Zn) € LT zi + % + .+ i—z < 1}.
Let n > 3,

Ifa; > as > ... > a, > n, then

(1.11) nP, < Yy o= AT — = (an) AT + Z l)An 1
Equality holds if and only if a; = a2 = ... = a, = mteger.

The above conjecture is sharp enough for application to Conjecture 1. Here,
we only need the distances of the vertices to the origin to be at least n. The
above conjecture given by Y, can be easily proved for n = 3,4,5,6 by a
direct comparison with f, because it can be proven for all n that Y, > f,.
We have also proved this new conjecture for n < 7 and are in the process of
proving the general n case.

2. MAIN THEOREM

Let P; = the number of element of set

xr
{($1,x2,...x7)€Z1'1++ +<1}
a2 ay

When a; > ag > ... > a7 > 7, the sharp estimate is given by

5
P, <Y7:= Ag CL7A(13 + Z S
=1

and the equality holds if and only if a; = ay = ...ay = integer.

This can also be expressed as

TP, <Y; = ajasazasasagar— a7(a1a2a3a6—|—a1a2a4a6+a1a3a4a6+a2a3a4a6—I—
a1a2a5a6+a1a3a5a6—|—a1a4a5a6~|—a2a3a5a6+a2a4a5a6+a3a4a5a6—|—a1a2a3a4+
ajazasas + ajagasas + aijazasas + aza3asas) — 71355(a1a2a3a6 + ajagaqas +
ai1as3a4a6+a2a3a4a6+aia2a5a6-+aiasasag-+aiasas5a6+a2a3a5a6+asaqsas5a6-+
a3a4a5a6+a1a2a3a4+a1a2a3a5+a1a2a4a5+a1a3a4a5+a2a63a4a5)+%(a1a2a6+
aiazae + aijagsae + agaszae + asa4a6 + agzasae + a1asae + aga5a6 + azasae +
aqasae + arasaz + ajasayg + arazaq + asazaq + ajagas + arazas + ajaqas +
azazas + azasas + azasas) — 1;24 (ara6 + azae + azag + asae + asag + ajaz +
aiasz + araq + agsas + asayq + azayg + ajas + asas + azas + a4a5) + 120((11 +
a2+a3+a4—l—a5+a6)



3. NOTATION

Notation 1: Polynomial of a; : A}

n

(3.1) A= Lo S —1

iy Qi ... A
i=1 1<i1<in<..<ip<m 170277k

Defined recursively we have,

A} = an AL+ AT

Notation 2: s(n,k)
s(n,k) is the Stirling number of the first kind defined by the generating func-
tion

(3.2) z(z—1)..(r—n+1)= s(n, k)z*
k=0

Notation 3: Bernoulli Number and Polynomial

We will also use Bernoulli number By, which is definied by recursion formula

Ly _ 1 1
Bp=)_ o) Bir with Bo=1,B1 = 2, By = ¢
=0

The most important property of the Bernoulli number is

(33) B2k+1 == 0, fOT k Z 1

Bernoulli polynomial By|[x] is defined as

Bylz] = zk: (f) Bz

1=0

We will use the following equality about the Bernoulli number and Bernoulli
polynomial:

(3.4) Z k" = 1 (nz 1) (m+1)""7kBy, forn>1
k=1



4. SHARP ESTIMATE ANALYSIS

Since the conjecture has been proved true for case n = 6, for ag > 5, we
can use induction method to prove n = 7. The basic approach is to partition
the higher dimension tetrahedron into several lower dimension tetrahedra
[25]. We have:

k
(4.1) —+ —4+..+—<1
Using a simple computation, we can change the above form into:
I xT9 Te

+ o+ —2 <1
a(l-£) a(l-£) ag(1— %)

Let Pg(k) be the number of positive integral solutions. Then

(4.2)

la7]

(4.3) Pr =) Ps(k)

k=1
Assume ag(1 — a%) > 5 for all 1 <k < [ay]. We can apply sharp estimate

from the induction assumption on the 6 dimensional tetrahedron.

We have sharp estimate Yg(k) :

6!Ps(k) < Ys(k) = Ag(l—f)6

az

6 k 5(6,5—1) k5
= g Mas(l— ) DT AN (L )
2 ag =1 (l) Qg

By (4.3), we have
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In order to prove 7!P; < Y7, it is sufficient to prove

[a7]
(4.4) al¥r = 7Y " al¥s(k) > 0
k=1

The difficulties arise when ag(1 — a%) > 5 is not satisfied and the sharp
estimate can not be used.
However, if k = m/ satisfy the conditions, then all 1 < k < m/ must statisfy
this conditions. This is true since

/!

k
a6(1——)>a6(1—ﬁ)25, for1<k<m
ar ar

So we can sum up k from 1 to m/.

The left hand side of (4.4) is a polynomial of a1, ag, ...,a7. It is a difficult
and lengthy computation to work out this polynomial manually so Python is
used for our computations. Also, to compute this polynomial we transform
the left hand to satisfy the following two requirements:

1. The lower and upper limits of the summation is determined by the
degree of the polynomial.

2. The number of summation symbols in one term is minimized.

Lemma 3 transforms the polynomial to fufill the first requirement.
The proofs of the following two lemmas are given in [25]. Our proofs of
Lemmas 3,4, and 5 are given in the Appendix.

5. FIVE LEMMAS
Lemma 1( Coefficient Criteria) [25] Let f(5) be a polynomial defined by

f(B) = Zciﬁi,whereﬂ €(0,1)

=0

If for any k =0,1,....,n

k
ZCZ‘ Z 0
=0

then f(3) > 0 for 5 € (0,1). If ”>" is replaced by ”>", the Lemma is still
true.
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The second Lemma allows us to use the initial value of all partial deriva-
tives to determine the sign of the polynomial. For ¢ < i1 <o < ... <1 <
n—1,k=1,2..n— 1, we use the following notation:

okf

W) (i, g, i) = 55 ————
f (Zl, 12, Zk) aailaalé”'aaik

Lemma 2 (Initial Value Criteria) [25] Let f(a1,as,...,an,3) be a polyno-
mial of a;,1 < i < n and 3, where the degree of variable a;,©1 =1,2,....,n—1
is1, and B € (0,1). If
(1) f(an,an,...an,3) >0, for a, >« and g € (0,1)
(2) f(k)(il7i27"-ik)|(an,an,...,an,,8) > 0, for a, > a and 8 € (0,1), and for
1<ii<ig<..<ixg<n—1,k=1,2 .n—1;

Then f(a1,az2,...,an,3) >0 fora; > a2 > ... >a, > aand g € (0,1).

If” >7in f(ay,as,...,an, 3) > 0 of condition (1)

and ) (i1, s, <+ 08) | (anan,..an,3) = 0 of condition (2) are replaced by ” > 7,
then f(ay,as,...,an,3) >0

Corollary 1 For 1 < t < n, let f(a,ai41,...,an,3) be a polynomial of
a,a;,t+1<i<n and (3, where the degree of variable a is t and the degree
ofaj,i=t+1,.n—1is1and € (0,1). If

(1) f(an, an, ..., an, 3) >0, for a,, > « and B € (0,1);
(2)%|(an,an, vy an,3)>0for 1 <s<tanda,>aand g€ (0,1)

B)For1<s<tand1<k<n—-1-t
Wheret+1§it+1 Sit+2§...§it+k§n—1.

Then f(a,aiy1,...,an,3) >0 for a > ar41 > ... > ap, > aand § € (0,1)

When ¢t = 1, this collary is the same as Lemma 2. When ¢ = n, condition
(3) is not needed.

Lemma 3 (For details and proof of Lemma 3 please see Appendix)
Let

(5.1) Gm') =Y Y, 1(k)
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Then G(m') can be expressed by a summation with limits determined by n
alone

where

n—3
. on-1 o —ln-2-10) . _
(5:3)  Yoo1 =[5 = TS an AT+ Y s(n (ﬁz) )Al 2]
=1 l

Lemma 4 (For proof, please see appendix)

Let
(5.4) g(m') = nazflG(m')
then,
an—0B—1
(5.5) glan — B —m) = nag_l Z Y(n—l)(an — B —h)
h=m
—_ . 1 s—lBS Y\ n—s _1)n1L 1 — B —
; {;)( N O
n i n—1
- EanflA’f 2 {—(n — 1)a2_1 — ( 1)8_1B5( . >a2_8 +(=1)"*ap,Bp-1[1 — 5 — m]}
s=0
. = o S(n_l’n_2_l)A’f72




Lemma 5 (For proof, please see appendix)

Let

(5.7)

then,

(5.8)

AO(an - ﬁ

Ao(an —

- m) = azilyn - g(

=Y Ti+Tua(m
i=n

where T;,n < ¢ < 2n — 2 are polynomials of ai,as, ...,

2n—2

an — 3 —m)

)+ ®(m, 5)

13

a, with coeflicients

that do not depend on 3 or m. Each term in 7; has degree of i. The expres-

sion of T} are:

T2n—2

T2n—3

5A" tap~ 1+§an Lap A2 fA;L*lag
_ n(n_ 1)an 1an 1An 2 (nu'ril_ 2)An—1 Zfl
4 ("1)

n 1 n s(n
_ BAn1n2_
<2> I

2n—4

i=n (2n727

n—1 z (n—1)
<2n—1—z>32n 1-idg

n—1

2n— 477, '
+ 25( 1)l<2n—

2n—4

e

=n
2n—4

n—

n

1

)

s(

—1,n—-3)

_ st 1) e

(")

Qp, 2n—2—14

2 —

1,i—

B Z t—n+1 n(_

i=n
2n—4

2nn—_22—z)

n+1)

nsn—1,i—

+ Z 5 ( n—2
2n—3—1

2n—4—1 (

EDICOADS

=n

2n—4

=n

s(n—1,

n —

2—35)

(

n—2
s

)

Bop—o_i—s

)An2 a™

on—2—i%n

n—2 n—1
) A2n32n

~D)*n/ n—-1-s
n—1—-s5\2

n—2—1—s

AZ—Qai—i—s—(n—

n

)

A?—Qan

)B2n 2— zA? 2an la ~(n=2)

2)
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Tn—1(m) is a polynomial of aj,as,...,a, with coefficients depending only
on n and m. Each term in T;,_1(m) has degree of n-1. The expression of
Th-1(m) is

To-1(m) = (=1)""*{B,[l —m] — B, }A7 ™"
+ <—1>“—29{Bn71u —m] — By 1} A} %a, 1a,

l—‘rl
n2 s(n—1,n—-2-1)

X g%AJH—nq—a%kgm%%ﬁl

®(m, B) is the polynomial of ay, as, ..., a, with coefficients depending on m
and 3. ®(m, ) =0if 8 = 0. Each term in ®(m, 5) has degree of n-1 and
@(m, ) = (-1)" A5 " (n,m, ) + (~1)" 25 AT an- 10,0 (n — 1,m, B)

DHlstn—1,n—2-1) ,
)" 2Zn—1—l A 2al W (n—1—1,m,f)

(")

where

n—1

s=0

6. PROOF OF SHARP UPPER ESTIMATE

We know that the Yg estimate is true. In order to get the proof of 7, we
partition the 7th dimensional tetrahedron into the lower dimensional case.
The inequality %%—%—k...—f—a—i < 1is the partition of the 7 dimensional tetra-
hedron into 6 dimensional tetrahedron. Using the notation k = a7y — 3 — h
n (8.2), we can then transform the kth partition in (4.1) into the following
form:

X1 4 xI9 xT7
aB+n)  ZE+h) T 2B+

where h =0,1,2,...,a7 — 3 —1
Let Ps(h) be the number of positive integer solution of (6.1). Then we have

(6.1) <1

la7]—1

Pr= Y Psh)

h=0

We also use the notation gs(a7 — § — h) and Ys(ay —  — h) to denote the
rough and sharp estimate defined for (6.1).
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For each Pg(h), there are three cases regarding its upper estimate:

(a). Ps(h) =0, then we do not need to count this partition.

Also if Ps(h') = 0, then Ps(h) = 0 for all h < h'. Let hg be the smallest
number such that Ps(hg) > 0.

(b). Ps(h) > 0, and 22(8 + h) < 5. We know 22(8+ h) > 1. Then we
can apply the rough estimate:

(6)!Ps(h) < gs(ar — B — h)
(c). Ps(h) >0, and g¢(8+h) > (6). Then we can apply the sharp stimate:

(6)!Ps(h) < Y(ar — 3 — h)

So we have
la7]—1
(6.2) TP =7 ) (6)!Ps(h)
h=hg
m—1 la7r]—1
<TY glar—B—h)+7 > Ylar—B—h)
h=hg h=m

where m is the smallest integer for which the sharp estimate condition
a2 (B+m) > 5is true. In order to show 7!P7 < Y7, we only need to show that

m—1 [a7]—1
Yi>7Y qlag—B—h)+7 Y Yslaz—fB—h)
h=hg h=m
Now define
[a7—1] m—1
(6.3)  A=af¥;—7af Y Yelar—B—h)—Tal Y gelar— B —h)
h=m h=hg

Using the definitions given by Lemmas 3 and 4, we have

m—1
A = @Yy —glar—B—m)—Ta} Y gs(ar— B —h)
h=hg
m—1
(6.4) = Aglar —B—m)—T7a$ Y qelar — B —h)

h=hg



16
(The expression for Ag(ay — 3 —m) is given in Lemma 5)

Prove that A >0

Notice that A is the polynomial of ay,as, ..., a7, 3. Our task here is to show
that A > 0 for a1 > ay > ... > ay > 7 and the equality holds when
a1 = ag = ... = integer. If we can determine m and hg, then we can use

Lemmas 1 and 2 to determine the sign of A. For this reason, we will study
A in 6 X 7 subcases determined by

a] = a2 = ... = a7—; Z ar—i+1 Z Z aeg, where 1 S ) S 6

Ps(5—7)=0,Ps(6 —j) >0, where 0 < j <6

Also P6(h) =0 implies that P@(l) = P6(2) = ... = Pﬁ(h — 1) =0

Proof for 7th dimension



Aolar — B —m) =

Ty, =

T6 (m) =

®(m,f3) =

Aolar — B —m) =

Z T; + Ts(m) + ®(m, 5) where,

7

A0a7+;a6a7A5 7A?a$
21 s(7, 5)
_ aSAS + A8
2 ( ) 1“7
4
<>32A6 - 65’ ) 430
5 (1)
10
7
Z 6A12 7
= (1 )
+ Z( 1) 7 Bis_;Adal®
i=7 18 =1 o
0
7 i 6 i—5
+ Z-:75(—1) (12 >B12 1141616@
0 12—
()T G-
—1)? ~ 7
+ ;( ) ; 6-s \12—i—s
S 6,5*3 i+s—
X ((5))B12 i— sA5 ARE

(—=1)°{Bz[1 — m] — Br}Aj
+ (—1)°5{Bs[t —m] — Bs}Afagaz
4 I+1
S TED T s(6,5 - 1)
T

X {BG,l[l — m} — BG,I}A?QEA
(1P A (T, m, ) + (1)L ALagar ¥(6,m. )

4 l+1
7(— (6,5 —1)
52 - 0 APdNw (6 — 1,m, B)
=1

Z T; + Ts(m) + ®(m, 5) where,

17



18

AP

Tho

Ty

7 7
§a1a2a3a4a5a6a9 + 5(@1@2@4&5 + ajasaqas + a2a3a405

. 7
+aiasazas + ajazazaq)aca; — §(a1a2@4a5a6

+‘ajazagasas + azazasasae + a1a203a506 + a102a30406

+a1a2a3a4a5)a;

21
- ?(a1a2a4a5 + a1a3a4as5 + agazaqas + ajazasas

175
+a1a2a3a4)a6a§ + T(a1a2a4a5a6 + a1a3aqasa6
+azazaqasa6 + a1a203a5a46 + A1a2030406

6 7 s 119
+ajazasasas)ay — 501020304050607 — ?(a1a2a4a5

+aiasaqas + azazaqas + ajagazas + a1a2a3a4)a;
—49(a1asas5a6 + a204a5a6 + a3040506 + a1020506
+aiazasag + aza3asae + a1aza4a6 + 41030406
+agaszaqae + aja2a3a6 + a1620405 + 1630405

6 . 35
+asazasas + arasazas + ajazazag)ay + Z(a1a2a4a5
+ajazaqas + azazaqas + ayaazas + a1a2613(l4)a60?

119
+7(a1a2a4a5 + aiazaqas + asazasas + ayazazas

315
+ajagazas)ad + ?(a1a4a5 + agaqas + azasas + ajazas

+aiazas + asazas + ayjaza4 + a1a3a4 + azazayg + a1a2a3)a$
1624

20
+asaqas + a1az2a6 + ar1azas + a2a3as + 416405 + a204as;

(arasap + asasas + asasap + ajasas + azaqsagp

“+asasag + azaqgas + ajazas + ajasas + asasas + ajasaq
7
+arazaq + asazaq + arazaz)al + 6a1a2a3a4a5a6a§

119
_?(ala2a4a5 + a1a3aq4as + agazaqas + ajazasas

315
+a1a2a3a4)a§ - T(a1a4a5 + aga4as + azaqas + ajazas
+ajaszas + asazas + ai1a204 + a1a3aq + a20304

959
‘|‘CL1(126L3)(LG73 — T5(CL1CL5 + az0s5 + aszas + aqas

+aiaq + asaq + azas + ajas + arjaz + agag)c@
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088
Ty = _7(a1a6 + aza6 + azag + a4a6 + asae + aias

+agas + azas + aqas + ajaq4 + aza4 + agaq + aia
7

+ajas + a2a3)a? - Z(a1a2a4a5 + ajazaqas

+aqcazaqsas + ajazazas + a1a2a3a4)a6a§

—i—%(alamg} + azaqas + azasas + ajazas + ajaszas

+azazas + ajasay + arazay + asazay + ajasaz)a’

—i—%(al% + agas + asas + agas + araq + asay

+azaq + aras + aras + agag)a? +84(a; +az + asz + aq + a5)a;

T; = 120(a; + a2 + a3+ a4 + a5 + ag)ag

1 9
—6(a1a2a3a4a5a6)a7 + %(a1a2a4a5 + ajazasas
3 959
“+asaszaqas + ajasasas + a1a2a3a4)a7 — %(al%
+agas + azas + aqas + aja4 + agaq + agay

+ajas + aras + a2a3)a‘r7’ — 84(ay + a2 +as + ag + a5)a$

7
Ts(m) = —{Br[l —m|}ajazazasasas — 5{36[1 —m] — Bg}(ajazaqas

+ajagasas + asazasas + a1a2a3as + a1a2a3a4)agar

119
*?{35[1 — m|}(a1a2a4as + a1azasas + azazasas + ajazazas

315
+a1a2a3a4)a$ — ?{34[1 —m] — By}(a1agas + agaqas

+asaqas + aragas + ayjazas + azazas + ajaza4 + ai1azaq + aza3a04

959
—i—alagag)a? — T5{B3[1 — m}}(alag) + agas5 + azas + agas

+ai1aq4 + agaq + azaq + ara2 + a1as + CL20L3)CL?1
—84{B3[l — m] — Ba}(a1 + ag + a3 + a4 + a5)a?

6
wm,5) =~y (7Bl

s=0
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33(671) 505(—1)2 2 ml 32—
5 (i) Ajaz(-1) s:o(>BS[ |6

CASE 1 i =1 implies that a1 = a2 = a3 =a4 = a5 =ag = a

Subcase 1.0 Ps(0) = Ps(1) = ... = Ps(4) = Ps(5) =0
Tiy = £ (% + 2 (a¥)a] — 21(a)a]
T = 185( )a7 +175(a ) — ;(aﬁ)a? — 119(&4)a;
Tio = —735(a*)as + %( Va3 + a25(614)a(; + 15475(a as
Ty = 1624(a%ad + (a®)ad - 27 ah)ad — 5 0%)af - (el
Ty = —1764(a?)as — %(cf’)a% + %(ag)cw + 959(a?)al + 420(a)al
1 119, 4, 5 959

T: = 720(a)ad — 6(a Jar + — 5 (a )a7—7(a2)a?—420(a)a$

Taking m = 6, we have

Ts(6) = 143605a° — 464625a°a7 + 582505a*a2 — 354375a3a? + 105490aat —
12600aa
and
®(6,3) = a®[B7 + 3% + 1235 4 577534 + 188993 33 1 10279532 4 LLI510L 3]
—Badar (30 + 336° + 9 9 51 1 330069 + 2099932 + 29370]
+119a4a2 [55 55,84 + 90563 + 165052 26299/@]

1547%3@3[54 + 2253 + 181ﬁ2 + 66003
+1918 2 4[53 3352+ 181 ]
—420aa7 (8% + 11&]
So, Al. 0 =Ia a? za5a; 135a5a6+175a aS—2aba3 —119a*al + B a’ad —
735a%a + 1575 7 + 5g5a4af75 + 1624a3a + 7a6 ; 19318a2a; — 1575 ad g
5§5a4a7 1764a a7 a5a§+420aa7+959a2a(75+ 1575a3a§+720aa7—7a6a7—
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420aaS + 1é9a4a§ - 929a2a7

414360505 —464625a° a7 +582505a1a? — 354375a3 a3 +105490aat — 12600aa’

+aS[B7 + T30 + LT85 4 577531 + 188993 55 4 10279542 4 LLLS10L 3]
325a5a [56 + 33B5 4 905 4 4 330053 2699952 4 293705]

+119a4a2 [ﬁ5 55,84 4 90563 + 165052 26299/[3]
1547%3@3[54 + 2253 + 181ﬁ2 + 6600]

+1918 2 4[53 33ﬁ2+ 181 ]

—420aa7 (8% + 115]

12

Ao = ZTz +T15(6) + (6, 3)
=7

A1 0lazar = aSB7 +21a55% + 175088 + 735488 + 16240533 + 17648 3* +
720a8

a%éo a=a; = zat +231al’ — 35009 + 8248 — 4547 — 261aS + 378043 +
7ﬁ7+ 287 556 2779a§ﬁ5+6965a7ﬁ4+ 38255 5 38 4 55671a%2+18621a75

P10, = 35080 + 91702 — 2012.5a8 + 418347 4 577.5705 — 121945 —

9044O7a§+30a‘%ﬁ7+805a‘%ﬁ6+8883a‘%ﬁ5—|— 1032565 4,64 5103146 %ﬂi’) 6172421 %ﬁ2+
136836233 a?ﬂ

L0,y = 21000 + 4074af — 5512.5a% + 399a$ + 1837.5a3 + 45642 +

1208970a3+120a3 37 +1050a2 3% +44226a3 3% +294052.5a3 34 + 112444543 33 +
15203212.5a2 3% + 2755794a3 3

PLL0|,y, = 8408 + 10584al — 15750a8 — 4340a3 — 1050a2 + 41643 +

9922920a2+4-360a2 37 +11760a235+161616a23°+1524040a%3*+5271140a2 3>+
13369650a23% + 180805844203

P10, .. = 2100a% + 121800 — 52504 + 840at — 10502 + 120a +

47640600a74720a7 87 +25620a73%+386820a75°+3207750a7 3*4+15749160a7 33+
73776158.75a7 3% + 72135120a73

PALO|, o, = 2520a8 — 252045 + 840a? — 120a7 + 103395600 + 72057 +

2772035 4 4838403° + 46418403* + 226791603 + 9669156 — 32 + 2353036803

We regard these as polynomials in 3 with coefficients in a7. Under the con-
dition of a7 > 7 and 0 < 8 < 1, the first polynomial is positive since all its
coefficients are postitive. For the other polynomials, we need to check the
summation of the coefficients as described in Lemma 1.
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Notice the degree of § in these polynomials is 7. Let ¢;, 0 < @ < 7 be
the coefficient of 5. For 8%{;.0 la=a, We have

co=1ta + 231a% — 35049 + 848 — 45a7 — 261a$ + 378043
= a;( 45) + a9(231ar — 350) + a¥(32a2 — 261) + 3780a3
>0Whena7>6and0<ﬁ<1
co+c1 = FaH +231al° — 35049 + 888 — 4547 — 261a$ + 378043

—|—18621a7
>0whena7>6and0<ﬁ<1

o+ c1 4 c2 = Tatt +231ai0 — 35049 + 30248 — 4547 — 261a$ + 378043
—|—18621a + 55871 ?
>0whena7>6and0<ﬂ<l

It is obvious that Z?:o ¢ >0 for0<k<7
By Lemma 1, it follows that

0A10
— a=a Z 0
8& | 7

co = 35ai’ 4+ 917a? — 2012.5a8 + 13al + 577.57a5 — 121243

—90440a%

4 4
-l ot 8+ e )
+="a7(a” — Ji5507)
>0Whena7>6and0<ﬁ<1

@t ;5go5a4 ;_ 91;78%25867 . f?%ﬁéz)—g %aé(a% - %)
+57a7(0” — J350) + =5y
>0whenay >6and 0< <1
O e aned T i), Syt )

+57a7(a” — J3550) + 73 Tt 3 a7
>0 whenay >6and 0< <1

It is obvious that Z?:o >0 for0<k<7
By Lemma 1, it follows that

%A1
WL}L a7 Z 0

In a similar way, we can show that 82@30 la=a,, > 01is true for all 0 < k < n.
Then by Corollary 1, we have A = Ayg > 0 for all ¢ > a, > n — 1 and
0<p<1
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Also we can check in this case that for A to be equal to zero, a; must
be the same number and this number must be an integer. In other words,
a1 =as =a3 =a4 = a5 = ag = ay and S = 0. Looking at A1, equality for
the estimate occurs only at Aj g|g=q,, when 5 = 0.

Subcase 1.1: a1 —=as —=a3 =a4 = a5 = ag = a
Ps(0) = Ps(1) = ... = Ps(4) = 0, Ps(5) > 0

Since $2(8 + h) > 5 for all h > 5, we can apply sharp estimate to Ps(h).
Som =5 and hg = 5. We have
Since Ps(5) > 0, we have

1 1 1
DG+ (6)  2E+06) T EmELE) S

This is equivalent to

a
—(B+(5)) > 6
ar

We have the minimum value for a:

a > ag:

=40 =3¢

6

As stated, ag > ag. Since Aj; does not have value for a € [a7,ap), we
extend the definition of Ay to interval [a7, ag] by assigning

Ai1(a,a7,B) = Ar1(ao, a7, B), for a € [ar, ag)

So we can check the derivative of A1 at a = ag instead of a = a7. For
k

k = 0,1,2,...6, we need to verify that f’aﬁg»l\a:ao > 0 for a; > 7 and

0<p<1

T (5) = 34230a® — 136500a’ay + 210630a*a2 — 157500a3a3 + 57540a%at —
8400@@?

and

®(5,3) = aS[B7+31.53% +423.53° 4+ 315031 + 83993 33 4 3717037 327601 3]
Badar B8 + 2765 + 302.58% + 180032 + 5999.53% + 106208] + 119a*a2[8° +
22.53% + 50533 + 90052 + 139 5] — L5PPa3ad[3* + 1863 4 12162 + 3604 +
1918420283 + 13.53% + 60.58] — 420aa3[B? + 97]

12

A= ZTz + T5(5) + ©(5, 5)
=7

6ar

Here we check the derivatives at ag = 315
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Ajila=ay = ;aGag — Tdal — 1%45a$ + 1754° a7 ;a ad — 119a*a
115 ad — 735a%a 15475a3a7 + 595a4a§j + 1624a® a7 + a a? — 19318(12@;
15275113&? 5256140,7 1764a%a$ — 3215615&% + 420aal + 959a 1575 a3a? +
720aa$ — 6a a7 — 420aa$ + 1é9a4a?7’ 9§9a2a5 + 3423005 — 136500a ar +
210630a*a2 — 157500a3a3 + 57540aa% — 8400aa3 + aS[37 +31.53% 4 423.53° +
315134 4 53398353 4 3717042 4 2B05) — Badar [0 + 276° + 30253 +
18005 + 5999.53% + 106203] + 119aa2[8> + 22.56% + %233 + 90082 +
11999 3] — 1575 34334 + 1833 + 11532+ 3603] + 142 a2a [33 +13.53% +60.53] —
420aa3[3? + 110]

Forn =17

At1la=ay = 3 +Z) [136080a$ + 635040a3 — 141750a% + 44940a2 — 945042 +

8220a7 + 776635056 + 46656437 + 35(146944 — 136080a7) + 3°(19758816 —
3674160a7+154224a2)+*(147013056—41164200a2+3470040a3 )+ 33 (653129568 —
244944000a7+31101840a2—1530900a3+23016a4)+3%(1734203520+138801600a2 —
9780750a3+310716a%—2520a3)+3(2545629123 —1445169600a7+3084377184a2—
30618000a3 + 1392468a7 — 27720a3)]

N (5+5>5 (14061648 +1208088a5 —51975a — 3425843 — 2341502+

5824a7+878171280+466563" 3°(146944—113400a7)+3°(19758816—3061800a7+
102816a2)+34(147013056—34303560a7+2313360a2 —42525a3) + 3 (653219568 —
204120000a7420734560a% —765450a3+7672a%)+ (2 (1734203520—680343300a7+
1182384042 —765450a3+103572a%)+3(2545629120—1204308000a7+205614864a% —
1530900043 + 464156a$]

828%2 lazay = (,8+5) 7[120960a8 + 34171242 + 121507 — 1212443 + 577.5a2 +

6265a7 + 4322 43888047 + 3% (1224720~ 75600a7) + 3% (16465680 — 2041200a7 +
51408a%)+3*(122510880—22869000a7+1156680a2 —14175a3 )+ 33 (5942740 —
22680000a7+10367280a2—255150a3+7672a%)+3?(1445169600—453562200a7 —
4072950002 —1630125a3417262a%)+3(2121357600—802872000a7+102807432a2 —
5103000a3 + 77350a2)]

TR sy = preps +5) 5[83160a$-+156744a3—9161.25a3+27139a3++1837.5a2898 5a7+

621787320 + 2592037 + (3°(816480 — 37800a7) + 4°(1097712 — 1020600a7 +
17136) + 3%(81673920 — 11434500a7 + 38560a2 — 2362.5a3) + 32 (362849760 —
68040000a7+3455760a2 —42525a3 ) +3%(96446400—226781100a7+3455760a% —
271687.5a3) + 3(1414288400 — 401436000a7 + 34269144a% — 850500a3)]

T omay = 3 +5)2 [42840a8 + 3998443 — 525042 + 10360a3 — 1050a2 —

1684a7 + 350395920 + 1296037 + 36(408240 — 12600a7) + (3°(5488560 —
340200a7 + 2865) + 34(40836960 — 38115007 + 64260a2) + 3°(181425880 —
22680000a;7-+575960a2)-+ 32 (481723200—75593700a;7-+2570400a2)+3(707119200—
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133812000a7 + 5711524a2)]

B gy = (3571470045 — 42045 + 5250a7 + 504043 — 105007 — 720a7 +

1314936004-432057 435 (136080—2100a7 ) +3° (1829520—56700a7 ) +34 (13612320 —
635250a7) + 33(60474960 — 3780000a7) + (52(160574400 — 12598950a7) +
3(235716400 + 223020007 )]

%A1 |
6(16 a=ag

= [720a$ — 2268042 + 30490a3 — 120a; + 24645600]

"A
aa%'l ‘a:ao =0

co = 136080a$ + 63504002 — 141750a% + 4494043 — 945042
+8220a7 + 776635056
= 13608007 (a2 — 550a5) + 63504003 (a? — 533355)
+44940a7 (a2 — Z5%)
>0whenay >6and 0< <1
co + ¢1 = 136080a$ + (635040 — 27720)a3 + (1392458 — 141750)a?
+(44940 — 30618000)a3 — (3084377184 — 9450)a?
+(8220 — 27720)ay + 776635056 + 2545629120
>0whenay >6and 0< <1
co + ¢1 + ¢2 = 136080a8 + (—2520 + 635040 — 27720)a3
+(310716 + 1392458 — 141750)a?
+(44940 — 30618000 — 9780750)a3
—(138801600 + 3084377184 — 9450)a?
+(8220 — 27720 — 816411960)a7
+776635056 + 2545629120 + 1734203520
>0whenay >6and 0< g <1

It is obvious that Z?:o >0 for0<k<7
By Lemma 1, it follows that

: a=aqy Z 0
8@ | 0

In a similar way, we can show that 62@%‘1 la=ag > 0 is true for all 0 < k < 7.
Then by Corollary 1, we have A = Aj1 > 0foralla>a; > 7Tand0< < 1

Again, as in the rest of the cases from here on, we can check that for A
to be equal to zero, a; must equal the same integer (a1 = ag = a3 = a4 =
as = ag = a7 and = 0).

Subcase 1.j: P5(0) = Ps(1) = ... = Ps(b—j) =0, Ps(6 — j) > 0.
In this case, m = 5 and hg = 6 — j. Then
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4
A= Ag(ar —B—5)—7a5 > qelaz —B—h)
:6—3

h

Let

Al.j = A’alzaz...:a@-:a

Since Aj ; is the polynomial of a,a7, 3, we also use A, 4, 3 for Ay ;. From
Ps(6 — j) > 0, we can get

a7 for j=0
a>ag:= % fOI‘j =1
7 for j > 2

We extend A and use the same method as Subcase 1.1 to check the deriva-
tives of A11 at a = ag. Lemmas 1 and 2 are then applied.

The other 6 cases, where
Ps(0) = Ps(1) = ... = Ps(5—7) = 0, Ps(6 — j) > 0 are verified in a similar
manner using the computer program along with lemmas 1 and 2. As in

Case 1, recall A as given in (6.4). In order to apply Lemma 2, there is one
difference in what we compute. If we define

Ai.j - A’alzazz...:cw_i:a

A; ; is a polynomial in a,a7—i11,...,a7, 3
For each case i, we have already shown in case i-1 that

Ai1;>20 fora>ar—i12>...2ar>T7and 0< <1

So, Aijla=as_;_, = 0. We are left to check for 0 < s <7 — i that,

O°A;

das ’a:a77i+1:---:a7 >0

9" Y
( 8a5])’a:a7_i+1:-..:a7 >0

8ai77i+18ai77i+2 ...8a¢7_i+k

Q.ED



27

7. DISCUSSION

The sharp estimate analysis in our paper can be extended to the general
n. We also generalized the computer program used in our proof to check the
sign of A to verify the sign for an arbitrary input of n. As with the n =7
case, we have recently succeeded in proving the conjecture for n = 8 and
n = 9. However, for n = 10 the sign of A is not positive, indicating that the
conjecture fails to be true in the case of n = 10. In order for the estimate
to be applied to n = 10, we must have a;p > 11 instead of a;g > 10. It
is possible that the only way this particular estimate can be applied to the
general n is if we have a, > «, where « is a function of n. Unfortunately,
this approach makes induction very difficult. A way around this problem is
to change the estimate again and make all terms of the estimate larger. In
this paper, we only modified the second term. There is still room to make
our estimate even larger and have it remain a sharp estimate. With this in
mind we come up with the following conjecture, given in (7.1).

SHARP ESTIMATE CONJECTURE

Let P,, = number of element of set {(xl,:cg, wn) €L+ 2+ + 2 < 1}.

Let n > 3,
We define A} = ajas...a,—j for k is even or zero, A} = apiiap42...ay for k
is odd.

Ifaq >as > ... > a, >n—1, then

—

(7.1) nlP, <Y, =Y s(n,n—g)Ay
=0

3

Q

Equality holds if and only if a1 = ag = ... = a,, = integer.
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8. APPENDIX

The proofs of Lemmas 3, 4, and 5 are similar to proofs of lemmas given

in [25].

Proof of Lemma 3: Plugging in the expression of Y,,_1(k), we have

Gn

vy 22

n
Applying the binomial theorem, (z + y)" = Z (n) -

G(m') — An 1§:

/

_ k., n-—1 2 k.,
D I (At Lot PR 22(1—;) :

k=1
n 2—1
l
—k, k
k y
k=0
n—1
n—1> k1
< )n i
=0 Gn
n—2 U n—2 k n—2—1
— 2 an 1A Z )
k=1 i=0 n
2 l) n—2m,n_2_l n—2-1 kn?lz
(n—2) A Z Z i ( (T)
k=1 i=0 n
k=1
n 2 1 n—2—1 S n—2—1
(")
k=1
n—2—1 m’
l) n—2 n—2-1 1 n—2—l—1i n—2—Il—i
e ()t
=0 k=1

Let By be the Bernoulli number. This number has the property

,ﬁ -

n+1
k

>(m +1)"HkBy forn > 1
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=0 k=0
n—1 w2\ 1 1
_An—2 n—=2—1i
2 -1 ;( 7 )( an) n—1—1¢
n 21—
-4 / 1)\" 1 sz
<2 (e

k=0
nt (M= 1\ 1) X e (ne1)
Lo (n 1)( ) >
n—1 n—2 1 —
B An2 1t \n—2—(n-2) n—2—(n—2)
2 Ap—1 1 < 2)( an) ;k

L —2-0) =20\, LN o
N s(n—1,n )A 2(” >(_) 91— ( zz)zk 21— (n—2—1)

a
n k=1

Let Y,,—1 be defined as in (5.3)

n—>2 n—1-—1 .
n— n—1 1 n—1—i 1 n—1 n—i—
= & IZ( i >(_a) 1 n—1i Z ( k )(m’—i—l) "By
i=0 "

k=0

n—1 n—3 n—2 1 . 1 n 2 n—1—1 ;
. B An—? T \n—2—% / 1n71727kB

et ()t o (T e e,

=0 k=0
+ n3s(n_1’n_2_l)An2nz3:l n—2-1 (_i)n—Q—l—z’ 1
("% Lo« i an n—1—1—i
=1 l =0

e n—1—1—i .
X Z < >(m/ + l)n_l_l_l_kBk + m/Yn,1

(5.2) follows easily from above.
Q.ED
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Notice that the maximum number of summation symbols in one term in the
expression of G(m’) is three. Let

(8.1) B = an — [an]

(8.2) k= lan] —h=an — [ —h where h =0,1,2,...,[a,] — 1

(8.3) m =a,—B—m
Then
ap—pF—1
(8.4) Glan—B-m)= > Yy i(an—p—h)

Using this notation, we can further simplify G(m’) by reducing the number
of summation symbols.

m’ will be used in the proof of the main theorem inductively starting with
the largest integer that satisfies the inequality ag(1 — 7-) > 5.

Proof of Lemma 4 From (8.4), (5.4) is obvious. Plugging into Lemma 3 we

n—1-—1 .
have, g(m') = na?~1G(m = A}~ 12( > v l_ia; Z (n;z) (m/+

. k=0
1)k By,
n—2—1

an 1An 2 Z < > n 2—14 1+z Z <TL _]3: - 7’> (m/+1)n—1—i—kBk
k=0
n  sn—1,n—-2-1) , 5 "1 o Nn—2-0—i Al [P R
+Zn—1—l (") A z; i)Y n > k

k=0

-1

(m —l—l)” 1=l=i= kBk—i—na m'Y,_1

Replacing m’ by a, — 3 — m, we have

( 6 m) n—1-—i
An 12() nlzanzz (n_l> _ﬁ_m_‘_l)nfikak
=0
n—3 n—2—1 .
B, A2 <n ; 1) (1) 2 (@) S <n —; — z) (an—f—mt
1)n—1—i—kBk =0 w0

n—3—1

n—3
n  sn—1n—-2-1) . o n—=1—=1\ " o i 14i+i
+z§:;n—1—l ("7%) AT ( i >( ) o

1=0
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n_2Z_Z_Z <n—1—l—z)
k=0

(an —B—m+ 1)1k B 4 na Y a, — B —m)Yn_1

Applying the binomial theorem again,

n— n z z " - i —i—k
“a S (e S (0 )mS ()
<an=i—k=t(1 —B—m)!

n—3 n—2—1 .
n— n—1 n—9—i i n—1—1
St o () (ST TR ol G
i k=0
n—1

—i—k
Z (n —1—i- k) 1§ [y, e

t:()
n—3—1

n—1n—-2-10) , —1- n—2-1—i i
+Zn_2_l (n”lZ) A 2 Z (n ) _1yn2li(g, )l

l

2—l—z . n—1—l—i—k
n—1—1—i n—l—l—z—k n—1—l—i—k—t
S I S

t=0
t+na 1( —B—m)Y,_1

X
k

n

g

3

n—2 n—1—1 . n—i—k .

et n =i n—1 n—i—k

—a e (e (e (77
i=0 k=0 t=0

xal k=t (1 — B — m)?

L1 P -1
_gan_lsz( Jer s (s

k=0

(" ’“)az’”u _B—m)

n—1—i—k

t:O

+Z n  sh—1,n-—2- An 2n§:l n—l—l 1)n21in2z:li n—1-1—1
i ("% P k

n—1-l—i—k .
1k
By, Z (n ; ! >a2kt(l—ﬂ—m)t+na21(an—ﬂ—m)Yn_1

t=0

Notice

G-
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0 [ [ iy B Gy [ o))
e [ [ R (R |

where

ny\ n!
k,t)  kltl(n—k—t)!

) =)

and

So g(an, — B —m) =

n—2 n—1—1i n—i—k
n—1§ : n—1—i § : § : n—t—k n n—k—t t
n—3 n—2—1i n—1—i—k
n n—2 n—2—1 n—1-t—k n—1
T S RS S S b Uy

ay i~ —m)!

+7§ n S(n - 17 n—2— l) An72 n_ZS_l( 1)n—2—l—i =
n—1-1 ("‘2) ! ,
=1 l =0 k=0
n—1—-Il—i—k
n—1-l—k—t\/n—1-1 ket
Sy ( j ) ( bt >(1ﬁm)ta” e
6 - m)Yn—l

Define [y, I5, I3 to be the first three terms respectively in the summation of
g(an — B —m). Then we have

glan—B—m) =1+ I+ I3+ na? Ya, — B —m)Y,_1

For I, let s =k +t. Then 0 < s <n — i Also define

R oy 1 [

n—2n—1—in—1i

L=A"Y " > ) ®(s,ik)

i=0 k=0 s=k

Then
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By changing the order of the summations, we have

n—2n—1—i s n—2n—1-—1
= AT X D (sik)+ Y Y ®(n =i k)]
i=0 s=0 k=0 = 0 k=0

n—1ln—1-s s

=A7D0 D 0 D 0(s,ik) +Z<I> 0,4,0)

s=1 =0 k=0
n—2n—1—i

+Z > (n—ii, k)]

=0 k=0
n—1ln—1-s s n—2 1 n—2 n s—1
AT DT D (s k)Y Y@L k)4 2(0,4,004) ) ®(s,n—
s=2 i=0 k=0 i=0 k=0 i=0 s=2 k=0
s, k)]
n—1ln—1-s s n—2 1 n—2 n—1 s
= AP O(s,i )+ > 01,4, k) (0,5,004 > ®(s,n—
=2 =0 k=0 i=0 k=0 i=0 5=2 k=0
n—1 1
s, k)+ > ®(n,0,k)— ) P(s,n—s,s)]
k=0 s=2
n—ln—s s n—2 1 n—2 n
= A7 O(s, i, k)+Y Y ®(Ldk)+Y_ 2(0,i,0) (n,0, k)
s=2 1=0 k=0 =0 k=0 =0 k=0
n
Z@(s,n s, )]
s=2
Here
n—2 n—2 n
_ _1\n—1—1 n
Z(I)(O,l,())—Z( 1) <Z>an
=0 =0
n—2 In
0 ()
i=0
(n n
= (-1 - — (-1 — 1]a?
DD () -cn(,",) - e
By the binomial theorem, the first term in the above expression equals 0
n—2
®(0,7,0) = (1 — n)a,
=0
n—2 1 n—2
Z@ (1,4, k) Z(¢(1,i,0)+¢>(1,¢,1))
=0 k =0

2

=3 (=1 i(”;1)n(1—5—m)a2_1+(—1)"_1_’(n_1)Blna 1

; (3
=0



s=2 s=2
_ s—1 n n—s
= 822( 1)° " Bs <8>an
. . n—1 0 n n—k n—k_n—n
> ot 0.0) =3B ) (1) (32 -8

S S (1) () (o
n—1 n—s s
=3 (e e (" )l

5=2 =0
= 0 By the binomial theorem.
where Bs[1 — 3 — m] is a Bernoulli polynomial.

So I; can be rewritten as
n

A - m)al —n(1 - B—m+ Byt — Y (1) 7B,
s=2
(Mar= + (=1)""'B,[1 - g —m]}

S
n

= 457 {(-m)at —n(1— f—m)ar~ =3 (~1)"'B,

s=0
(Dan=* + (=1)""'By[l - 8 — m]}
I> and I3 can be rewritten similarly.

Iy = (=%a,1A77?)[(1 ~ (n = 1)ap — (n = 1)(1 = 8 —m + Bi)ap ™"

n—1
o Z(_l)sleS <n — 1)@25 . (_1)n72aan_1[1 _ 5 _ m]]
2

S

= (Bap AT~ (n— 1))al — (n— 1)(1 — f— m)al!
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S (M e - Bl -5 -]

S
s=0

n—3
I I USRI RUS SIS

l
e n—1-1
m)azfl_ Z (_1)SZBS< ) >azs_’_(_1)n2la£1+1(_1)n2anl[1 — 8- m]
5=0
In [; there is a term dy = A? ! [-nal ™! — n(—F — m)al™]
= —naltAp  (a, — B —m)

In I, there is a term dy = —@A’fdan_l[—aﬁ — (=B —=m)a]
= —naﬁ‘l(%)an_lA’f_z(an —pB—m)
n—3
121
In I3 there is a term d3 = Z - _7; — s(n (;1712) )A?_Q[—(n —-1-
=1 l
D(=B—m)ay,” 1]
n 2 _
123 Z)A;L72(an_ﬁ_m)
= ( )
di +dy + ds = —[na® tm'Y,_1(a, — B —m)]

Then Lemma 4 follows.
Q.E.D.

Now we can study the difference between the sharp estimate Y, and the
sum of the lower dimension sharp estimates g(a,, — 3 —m). The next lemma
plays a crucial role in our later computation.

Proof of Lemma 5 Notice that: )
n—
1o s(n,n—1-1 1 o
nlYn_Annl %anA? 10’21_’—5 : ( n_1) )Aln 1(121
l

n n 1 n—1_n
and Afa; " = Ay “ay

anA7! ;;1::agA§—1

Plugging into Lemma 4,
Ao—An 1 n_iAn 1 n

+Z § )Anlzl

—Ag—l{—naz—l B (a1 B 5 )
s=0
oAl



s=0
n—3
n  s(n—1, 2—1) o
_ An
{Zn—l—l (n—2) l }
=1 l
n—1-—I n—1-—1
X {[—(n —1—Dan~! - ( l)SlBS< )aﬁs (-2l B, 1 -3 m]}
S
s=0
= s(n,n—1-1) n
n—1 _n n—1_n ) n—1 _n—1 n—1 n—1 n n—1
A0 = AO n_%Al an"’; (nl 1) A —A n - (_an - §an )

n— s— N\ n—s n— n n—
A 0 () (1) B ) - Sy
s=2

n—1
n— n n—1_n— s— n—1 n—s
(= nap = (o=t - e () ar

s=2
—|—(—1)n_2aan—1—l[1 - ﬁ - m]}

n—3
n  sn—1,n—-2-1) , 9
_[Zn—l—l (n—2) Al
=1 l
1 -1 " s—1 n—1-1 n—s
{ap —5(n =1 —1)ap™" — (=1)""" By . an
s=2

+H(=1)" e By [L - B — m]}

AO — An—l n(l _ 1) nAn—l n + %Ag—lazfl o n(n— 1)a/n 1Gn 1An 2

4
—1- l)Anfl n—1

+5an—1an A7 2—!—2
=1
A~ Z 81B(>Z‘S+(—1)”_1Bn[1—ﬂ—m}}

_ - n—1\ ,_
+2an 1 AT - ;(—1)8 1Bs< ) >ag ’

ot )

_[Z n s(n—1,n— 2_Z)Al”_2]
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In the last term, define

_nz—:?, n  s(n— 1,n2— Z_Z)A;L*Q
l:1n_1_l (n?)

(_1)87135 (n —-1- l) azfs

S

n—1-—1

s=2
n—3 n—1-1
n sn—1n—-2-1) 1 n—1-—1 9 e
R T e R PR G
=1 l s=2
Define the new index 7 = s + [, we have
= n s(n—1,n—2-1) — - n—1-1 »
A= Z — - Z (_1)1—1—1Bi_l< S )A?2a2—z+l
= " ( l ) i=2+1 !
n—1 i—2

s(n—1,n—2-1) i1 n—1-1 —9 it
= —1)* Bi, A" n—i+
Zn—l—l (") =1 l( i—1 ) v

i=n—4 [=1 l

—1,n—-2-1)
_ _qyn2l ™ s(n—1, B,_{_ AP 2q1H
Z( ) n—1-1 (n;Z) 1= A

siln—1,n—-2-1 _
+n2(_1)n—3—l ( )Bn—Z—lA? 2a2+l

T (")

w
o~
Il

—

Also notice among the terms of A,

— Z)Anlnl
5

— S(nn 2)An 1 n 1+ s(nn 3)A2—1an71+ S(nvl)An_lanfl
n

_2(15) (") (o) 2
+ Z ( — ) 1)) n 1A721n 12 ;
i=n+1 2n—2—i

Ay Z D8 (M) (B 5 )

2n—>5

1 n— i n 1 1

_(g)B2Ag ag 2+ ';1(_1) <2n_1 >B2n 1- zAn Z (n=1)
i=n

+(—1)”*2( " )Bn_lAg_lan + (=1)"2(=B, + B,[1 — 8 — m]Ag_l)

n—1
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n—1
SMAA?%—E;;W*B{”;ﬁdrﬁu—n“%A%qu—ﬂ—mn

( )ann(nfl)B An—2an 1a721
+5an_1 A7 232(7"”21) =24 (— )"_2%{Bn_1[1—ﬁ—m]—Bn_1}A?_2an_1an

2n—>5
n i n—1 AN—2 —(n—2)
+ 2 50D (2n—2—¢)32”‘2"A1 an-10;

n—3
n sin—1,n—-2-1) ,_
GZ[Z ( )Al 2}

—~n-1-1 (”1_2)
R L aERCLVer
_2325 n (n—1,i— )A" 2 n
i=n41 i—(n-1) (2::227 ) 2n-2-ifhn
1= gy e
=1 - !
S R D e
i=n+1 n—3—i

+yatgs(n — 1,1 AT San !

n

Collecting terms,

1 e - - 1
A =Z2AG laﬁ 1+%an_1aZA7f Q—QA? Lgn _ nln= )an a1t AT 2

2 n 4

s(n,n— 2)An 1 n 1 s(n,n— S)A n—1 n—1 S(n,l)An—l n—1
e ey 2 Ty et

= s(n,i—(n—1))
+ Z ap tAL,

i=n+1 (2n 2— )

2n—>5 n

_(n n—1_n—2 1\t nlz(nl)

By a4 3 (0 () Bty
+(=1)"2(." ) Bno1 Ay g + (—1)"2(—= By + Byl — B —m) A7

+(—1)"_27n(n2_1) B2 A} %an 10}
00,1 AT 2B (") a2+ (= 1) 22 Bpy1 [1—B—m]—Bn_1 AT 2an_1ay

2n—>5
n . n—1
# B (L
i=n+1
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n s(n—1,n—3) yn—2 n n_ s(n—1,n—4) yn—2 n
e e Co R

=~ n S(n — 17Z. — n) An72 a™
- . n—2 2n—2—i-'n
I (n—1) (2n—2—i)
2n—5 .
—1,i—(n—1
—i—%n%s(n—l,n—Z%)A’f_Qaﬁfl—i— Z Qs(n 7272@ ))Agn_i%iaz_l
i=n+1 (2n737i)
+3-1ss(n—1,1) AP San?
n—4
)T R By A a2
=1 ( ! )
n—3 I+1
n—2 n(_l) S(TL —1n-2- l) n—2_I+1
HEDPPY L S &) {Bn-1-i[1=m] =By, 1} A} %dl;
=1 l
2n—5 2n—4—i i—2
i~ (=D s(n—1,n-2-1) n—2 n—i+ti
+ Z Z (=1) Z n—1-—i (n—2) B 1A ay,
i=n+1 s=1 =1 l
Also notice that,
" /n
Bl p-ml =Y (1) -5 my B,
k=0
n—1 n
= <]€>(1 _ﬁ_m)n_kBk"i_Bn
k=0
n—1 n n—k S i
_ t n—k—t
> (1) (T)a-mrenrtes,
k=0 t=0
n—1 n n—1 n n—k—1 n—k . -
_ n—k n—k—
- (k> Bp(1-m)" " +Bn+Y <k> Br Y. ( . )(1—m) (=8)
k=0 k=0 t=0
n—1 n n—k—1 n—k i
_ t n—k—t
=Bu[l-m]+> (k>Bk > ( . >(1—m) (—p)
k=0 t=0
Let
n—1 n n—k—1 n—k i
v = B 1—m) (=g "
mmd =3 (3)m X () a-men

Define the new index s = k£ +¢. We have

W(n,m, ) = ,;_: (Z) By,

n—

(125 a-me e

1
s=k
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= (0) X () a-meta
-

=3 (Z)(—ﬂ)” *By[1 - m]

Noic:(?e that B,[1 — z] = (—1)"B,[z]

So .

s =S (i

Similarly,

(1= m)! (=)t

n—2—1 n—k—2—1
n—1-—1 n—1—k—1
By 14[1-p—m] = B, _1[1-m]+ § ( >Bk (

k=0 t=0 ¢
(1 _ m)t(_ﬁ)n—l—k—t—l
Then,
By[l — § —m] = Byl —m] + ¥(n,m, 3)
B,—1[l = —m] = Bp_1[1 —m]+ ¥(n—1,m,[)

Bay 11— B —m] = By [ —m] + ¥(n —1— L,m, §)

Using the above results and collecting terms with the same degree, Lemma
5 follows.

Q.ED

REFERENCES

[1] A. I. Barvinok, Computing the Ehrhart polynomial of a convex lattice polytope, Discrete
Comput. Geom. 12 (1994) 35-48.

[2] A. I. Barvinok and J. Pommersheim, An algorithmic theory of lattice points in polyhedra,
New Perspectives in Mathematics, MSRI, 38 (1999) 91-147.

[3] M. Brion and M. Vergne, Lattice points in simple polytopes, J. Amer. Math. Soc. 10 (1997)
371-392.

[4] S.E. Cappell and J. L. Shaneson, Genera of algebraic varieties and counting of lattice points,
Bull. Amer. Math. Soc (N.S.) 30 (1994) no. 1, 62-69

[5] L. Comtet, Advanced Combinatorics, Dr. Reided Publishing Company, 1997.

[6] R. Diaz and S. Robins, The Ehrhart polynomial of a lattice polytope, Ann. of Math. 145
(1997) 503-518.



(7]

8
9]

(10]

(1]

(12]

(13]

(14]

(15]
[16]

(17]

(18]
19]
20]
(21]
(22]
23]

[24]
[25]

[26]
27]
28]

29]

41

A. Durfee, The signature of smoothings of complex surface singularities, Ann. of Math. 232
(1978) 85-98

A. Granville, letter to Y.-J. Xu, 1992

G. H. Hardy and J.E. Littlewood, Some Problems of Diophantine Approximation, in ”Proc.
5th Int. Congress of Mathematics” (1912), 223-229.

G. H. Hardy and J.E. Littlewood, The lattice points of a right-angled triangle, Proc. London
Math. Soc. (2) 20 (1921) 15-36.

G. H. Hardy and J.E. Littlewood, The lattice points of a right-angled triangle (second mem-
oir), Hamburg Math. Abh. 1 (1922) 212-249.

J. M. Kantor and A. Khovanskii, Une application du Theoreme de Riemann-Roch combina-
toire au polynome d’Ehrhart des polytopes entier de R%, C. R. Acad. Sci. Paris, Series 1 317
(1993) 501-507.

K.-P. Lin and S.S.-T. Yau, Classification of affine varieties being cones over nonsingular
projective varieties: Hyper-surface case, preprint, 1999.

K.-P. Lin and S.S.-T. Yau, Analysis of Sharp Polynomial Upper Estimate of Number of
Positive Integral Points in 4-dimensional Tetrahedra, J. Reine Angew. Math. 547 (2002),
191-205.

K.-P. Lin and S.S.-T. Yau, Analysis of Sharp Polynomial Upper Estimate of Number of
Positive Integral Points in 5-dimensional Tetrahedra, J. Number Theory 93 (2002) 207-234.
K.-P. Lin and S.S.-T. Yau, Counting the number of Integral points in general n-dimensional
tetrahedra and Bernoulli polynomials, Canad. Math. Bull. 24 (2003) 229-141.

M. Merle, B. Tessier, Conditions d’adjonction d’aprées Du Val, in: Séminar sur les singulari-
ties des surfaces, Centre de Math. de. I'Ecolade Polytechnique, 1976-1977, in: Lecture Notes
in Math., 777, Springer, Berlin, 1980, 393

J. Milnor and P. Orlik, Isolated singularities defined by weighted homogeneous polynomials,
Topology 9 (1970) 385-393.

L. J. Mordell, Lattice points in a tetrahedron and generalized Dedekind sums, J. Indian Math.
15 (1951) 41-46.

J. E. Pommersheim, Toric varieties, lattice points, and Dedekind sums, Math. Annalen 295
(1993) 1-24.

C. Pomerance, The role of smooth numbers in Number Theoretic Algorithm, ICM Ziirich
(1994) 411-422.

C. Pomerance, Lecture Notes on Primality Testing and Factoring: A Short Course, Kent
State University, 1984.

D.C. Spencer, On a Hardy-Littlewood problem of diophantine approzximation, Math. Proc
Cambridge Philos. Soc. 35 (1939) 527-547.

D.C. Spencer, The lattice points of tetrahedra, J. Math. Phys. 21 (1942) 189-197.

X. Wang, S.s.-T. Yau, On the GLY conjecture of upper estimate of positive integral points
in real right-angled simplices, Journal of Number Theory 122 (2007) 184-210.

Y.-J. Xu, S.S.-T. Yau, A sharp estimate of number of integral points in a tetrahedron, J.
Reine Angew. Math. 423 (1992) 199-219.

Y.-J. Xu, S.S.-T. Yau, Durfee conjecture and coordinate free characterization of homogeneous
singularities, J. Differential Geom. 37 (1993) 375-396.

Y.-J. Xu, S.S.-T. Yau, A sharp estimate of number of integral points in a 4-dimensional
tetrahedra, J. Reine Angew. Math. 473 (1996) 1-23.

S.T. Yau and L. Zhang, An upper estimate of integral points in real simplices with an appli-
cation to singularity theory, Math. Res. Lett. 18 (2006), no. 6, 911-921



