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Generalization of the Definition Method of the Arithmetic Multiplication

Abstract
According to Van der Waerden, the sum of two natural numbers is defined as

X-1=X

XY =XY+X " (for every x and every y)

The product of two natural numbers is recursively defined as
X-1=X

XY =XY+X " (for every x and every y)

X"(Y") here means the successor(consequent) of X(¥) in the set of natural numbers. (Algebra)

Apparently, the product here uniquely depends on how the sum works. The generalization
of this product is thus based on the substitution of addition, the sum here. Then the question
arose. What result will emerge if we change the addition of natural numbers into a normal
arithmetic binary operation?

Inspired by the substitution of original addition, we are going to define an order of
arithmetic binary operation in the following text (Sometimes we call the original addition of
natural numbers of 1-order, and therefore the multiplication of 2-order and so on. Actually it
is an instinctive perception rather than a well-defined mathematical theory. However, to
change the addition into a binary operation and generalize the multiplication provides a tool
to clarify this so-called order. If we call one binary operation of i-order, we may treat it as
an addition and hence define a multiplication according to the mentioned recursive
definition and then call it (i+1)-order. By using the same method, we can define an
operation of (i+2)-order based on the former (i+1)-order one.) and then concentrate our
attention on the properties of the operations we create by using the generalized
multiplication definition.

What is really surprising is if the order of a binary operation is equal to or larger than 2,
the commutation, association, and a particular distribution of the binary operation require
one same property of its lower-ordered binary operation, and this property leads the
lower-ordered operation to be of exactly 1-order. The bulk of the following text is composed
of these theorems and their extrapolations.

Furthermore, a discussion on how the demonstrated results can work on the sequence of
objects (not only natural numbers) would be presented in the last paragraph.

The motivation of creating this whole paper is from pure mathematical curiosity. Thereby,
the whole text is, at least presently, lack of applications.

ZHAO Yi-Fei
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In modern mathematics, multiplication in natural numbers(the set of natural numbers
doesn’t include 0 in this thesis) has a definition as following

For every Xandevery y

X-1=X

Xy =X-y+X

+
Here Y means the successor of Y

Actually, we can define a new binary operation for every binary operation in natural numbers. We
will no longer use the symbol of addition(or multiplication) in this thesis in order to avoid the
ambiguity.

Definition 1: for a binary operation in natural numbers [a, b]i , @ new binary operation [a, b]

i+1
can be defined as

[a,1],, =2

[a,b+1],, =[[a,b],,.a]

(Va, beN )

We call the binary operation [@,b]. , is one-order higher than [a,b]. ([@.b]. is one-order

lower than [a, b]i+1), while the subscript is one of the orders of the binary operation(it can have

several orders). Thus we can define a binary operation two-orders higher(lower) than a given one
as an operation one-order higher(lower) than “an operation one-order higher(lower) than the given
one”. In this manner, we will reasonably have an operation n-orders higher(lower) than a given
binary operation.

(Note that we have defined “one-order higher” in this recursive manner, but not the order of a
binary operation, which we will discuss below.)

If a given binary operation is one-order higher than no operations, it is said to be of one-order.
A binary operation has an order i, if and only if it is (i-1)-orders higher than a one-order binary
operation.

It is easy to obtain that a one-order binary operation has the only order: one.

Sometimes, we could find the one-order higher operation of a given operation by mathematical
induction.
Examples:

If [a,b] =a-b then [a,b] , =2a°

i+l

if [a,.b] =a-b+a+b then [a,b]  =(a+1) -1

i i+1
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Obviously, definition 1 is a recursive one. It is possible to give a definition equivalent to definition
1 which includes ellipsis, but because of which, it is not so rigid.

Definition 2:

[..[[a,a];.a];....a];(b #1)
[a, b]i+l =
a(b=1)

[aal]i+1 =a

(Va, beN )
[a,b+1];,, =[[a,b];,,, a];

Of course it satisfies {

On the other hand, if definition 1 is true, let b=2 we have [a,2] , =[a,a].

i+1

If [a,n),,, =[..[[a a],a]..a] istuewhen b=n,thenlet b=n+1 we obtain

[a,n+1]., =[[a,n].,.a]; =I[...[[a,a];,a]....a].. a], =[...[[a,a];. a];.... a];

Hence definition 2 is equivalent to definition 1. Definition 2 shows that a one-order higher
operation expresses the times an element operates with itself by the lower-ordered binary
operation.

If a binary operation is not one-order, it is possible to find all of its one-order lower binary
operations by the following method:

Let D=1 inequation [a,b+1];,; =[[a,b],.,b];, then [a,a],(Vae N) isknown.

Let b=2,3,... then all expressions which can be written as [.-.[[&,a];,a];....a]; is known,

while expressions that could not be written as [.--[[a,a];,a];..., a]; (which remain unknown) is

useless in terms of deciding [a,b];,;. So, the results of these expressions can be chosen

arbitrarily or even not defined, which means sometimes a binary operation
f:D— N(D< NxN) also has its one-order higher operation.

The significance of introducing the orders of binary operations is to study the properties of one
operation by another binary operation which is related to the original one in the orders.

Since one given binary operation can define an operation one-order higher than itself, this given
operation must decide all the properties of the one-order higher one. In the next part, 3 theorems
about how this “decision” works will be given.

We are going to talk about operations under one condition.

Condition 1: There doesn’t exist 2 different numbers @,b € N which satisfy: for VN e N,
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binary operation [X, Y]; satisfies[n,a]; =[n,b];

Since the choice of n is arbitrary, condition 1 is quite “weak”. It helps us to exclude some irregular

binary operations like [a.b];=a

Theorem 1: If a binary operation [X, y]. is commutative and is not one-order, then
[N, =n+1(VneN)

Proof: in formula [a,b], =[b,a],(va,be N)

Let a=1, b=n(VneN).

Regarding [a,1]. =a,we have [1,n]. =[n,1]. =n

Let both sides of the equation operate with 1 in (i-1)-order, [[1,n].,1]. , =[n,1]. ,
Again using the definition and [1,n]. =n, we have [[1,n],1]., =L, n+1]. =n+1

So, [n1],=n+1(VneN)

Theorem 2: If a binary operation [X, y]. satisfying condition 1 is associative and is not
one-order, then [n,1], , =n+1(VneN)

Proof: in formula [a,[b,c]]; =[[a,b];,c];(Va,b,ce N)

Let b=1,c=n(VneN)

We have [a,[1,n]]; =[[a.1];,n],(va,ne N)

Because binary operation [X, y]. is not one-order, [a,1]. =a

Thus, for Yae N, [a,[1,n]]. =[a,n],. Regarding condition 1, [1,n]. =n

Let both sides of the equation operate with 1 in (i-1)-order, [[1,n].,1]. , =[n,1]. ,

Using the definitionand [L,n]. =n, [[1,n],1] ,=[Ln+1] =n+1

So [n1],=n+1(VneN)

36



Theorem 3: If a binary operation [X, y]. satisfying condition 1 is left-distributive to its
one-order lower binary operation and is not one-order, then [n,1]_, =n+1(Vne N)
Proof: in formula [a,[b,c].,]; =[[a,b];.[a,c];]; (Va,b,ce N)

Let c=1,b=n(VneN)

We have [a,[n,1].,]; =[[a,n];.[a,1] ], (Va,neN)

Because binary operation [X, y]. is not one-order, [a,1]. =a

The former equation becomes [a,[n,1]. ,]. =[[a,n].,a] ,

Using the definition [[a,n];,a],, =[a,n+1];, [a,[n,4]_]; =[a,n+1],(Va,ne N)
Regarding condition 1, we finally have [n,1],, =n+1(Vne N)

In these 3 theorems, we may find that under condition 1, no matter a not one-order binary
operation [X, Y], is commutative or associative or left-distributive to its one-order lower

binary operation, a common prerequisite [n,1], ; =n +1(Vn eN ) must hold.

Considering the definition of addition of natural numbers,

X+1=x"
L (Vx,yeN)
X+y =(x+y)

It is easy to discover that [n,1], , =n +1(Vn e N ) is exactly the first part of addition.

Thus we could define binary operations with this property as following:

Definition 3:Abinary operation [X,y]. is called a semi-addition, if and only if it satisfies

[n,1], =n+1(VneN)

Since it is proved that semi-addition plays an important role in deciding the property of its
one-order higher binary operation, it is quite natural for us to study the properties of a
semi-addition itself.

Theorem 4:Semi-addition is a one-order binary operation.
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Proof: If there exists a binary operation [X, y]. which has its one-order higher operation

[X,Y],,, beasemi-addition, then [n,1]., =n+1(¥ne N), which is contradictive to definition

i+1

1: [n,1].,, =n.Hence [X,y], does not exist.

i+1
So, semi-addition is a one-order binary operation.

Theorem 5:Addition is equivalent to a semi-addition which is associative
Proof: Addition is obviously a semi-addition which is also associative.

On the other hand, if semi-addition [X, Y], is associative, first we have
[x,1], =x+1(VxeN)
Andif [x,n], =x+n(VxeN) holdsfor y=n ,thenfor y=n+1

[x,n+1], =[x,[n,2],], =[[x,n],, 2], =[x+n,1], = x+n+1(¥xe N)
By using mathematical induction,

we have [x,y], = x+y(Vx,y e N, which is equivalent to addition of natural numbers.

Since addition of natural numbers is a semi-addition, the multiplication of natural numbers, which
is one-order higher than addition, has an order 2. The exponential has an order 3, while the binary

operation which is one-order higher than exponential is [a,b], = a®”
Because

[a,1], = a* =a

[a,b+1], =a® = (@ )* =[[a,b],,al,

(Va, beN )

The most interesting property of this 4-order operation is that it can be expressed by a combination
of its lower-order binary operations, which does not hold for multiplication, exponential or all its
higher-order binary operations.

Here we have several beautiful extrapolations derived from former theorems:

Corollary: if a binary operation(in natural numbers) has an order larger than 2, it will never be
associative or commutative or left-distributive to its one-order lower binary operation.

This corollary, together with the first 3 theorems, offers us a new way to prove a given binary
operation does not satisfy certain property through its order.

Corollary: if a given 2-order binary operation(in natural numbers) is commutative, or associative,

38



or left-distributive to its one-order lower binary operation, and this one-order lower binary
operation is associative, then this given operation is multiplication.

Besides natural numbers, we can also use this theory to solve some problems about sequences(not
only number sequences).

It is quite apparent that natural numbers have the same algebraic structure with sequences, but it is
necessary to construct our theory in sequences clearly because the isomorphism here is from sets
to sets.

On sequence {xi (i eN )} ,an binary operation [x;, xj]p is given.We can define its one-order

higher operation as:
[Xi ! Xl]p+l = Xi

[ X alow =106 X 1o X 1, (Vi,jeN)

A mapping f X —1 can be defined from this sequence to the set of natural numbers.
Define the operation of subscripts. [I, j1, =K, if and only if [X;,X;], =X,

It will be proved that [X;,X;],,; = Xi, il (Vi, je N)

First [X X0 =% =X (VieN) holds for j=1

If [Xi ) Xn]p+1 = X[i,n]er1 (VI € N) holds for J =N

Thenfor j=n+1,

[Xi ' Xn+l]p+l = [[Xi ) Xn]p+11 Xi]p = [X[i,n]p+1 ' Xi]p = X[[i,n]pﬂ,i]p = X[i,n-f-l]m1 (VI < N)
By mathematical induction, we obtain:

For Vi, je N, DX X150 =X,
Thus the one-to-one mapping f satisfies both [f (%), f(X;)], = f([X,%;1,) and

L), £ (X))o = F(X%1500)
which means this mapping is an isomorphism.
It’s necessary for one to be familiar with common binary operations’ one-order higher(or lower)

binary operations if he/she wants to use the “order theory” to solve problems. The following table
about common binary operations’ one-order higher operations is thus given.

[a,b]. =a+Db(modk)
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[m,n],, = mn(modk)

i+1

[a,b]. =ab(modk)

[m,n].,, =m"(modk)

i+1

[a,b]. =ab+a+b

[m,n].,=(m+1)" -1

i+1

[a,b]. = Aa+ f (b)

[a,b]. = Aaf (b)

[m,n].,, = A" 'mf "*(m)

i+1

[a,b], = 1a'®

1- "1 (m)
=1 1-f (m) mf"’l(m)

[m.n]

i+1

[a,b]. = Aa+(1—A)b

[m’ I']]i+1 =m
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