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Abstract

Options is an important part of global financial market, with great
influence on national economies. While most classic option pricing
models are based on the assumption of a constant interest rate, economic
data show that interest rates in reality frequently fluctuated under the
influence of varying economic performances and monetary policies. As
interest rate fluctuation is closely related to the value and expected return
of options, it is worth discussing option pricing under stochastic interest
rate models. Since 1990s, scholars home and abroad have been
conducting researches on this topic and have formulated price formulas
for some types of options. However, because the pricing process involves
two stochastic variables, the majority of previous studies employed
sophisticated methods. As a result, their price formulas were too
complicated to provide straightforward explanations of the parameters’
influence on option prices, unable to offer investors direct assistance.

This paper selects Vasicek interest rate model to describe interest rate’s
stochastic movement, and discusses the pricing of European equity
options whose underlying asset’s price follows Geometric Brownian
Motions in a complete market. The paper’s value and innovation lie in the
following aspects: (O It improves and simplifies the pricing methods for
options under stochastic interest rate models, applies comparatively

primary mathematical methods, and attains concise price formulas; @ it
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conducts in-depth analysis of major parameters’ financial significance,
which helps investors to make better investment decisions by estimating

the variations in option prices corresponding to different parameters.

Key words: Pricing European Equity Options; Expected Return; Vasicek

Model; Black-Scholes Equation; Geometric Brownian Motions
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|. Introduction

1. Motivation for the Research

The options market has had enormous developments since 1970s. In
1973, Fisher Black and Myron Scholes proposed the ground-breaking
Black-Scholes Model for option pricing, which, under the assumption
that equity prices follow logarithmic normal distributions, provided the
unique no-arbitrage solution to option prices. In the following decades,
this model has been widely applied and further developed. One of the
important assumptions of the classic Black-Scholes Model is a constant
interest rate. However, interest rates in reality often fluctuate. For
example, following the turbulences caused by the Financial Crisis in 2008,
central banks, notably the Federal Reserve, have repeatedly lowered
interest rates to spur the economy, resulting in a downward trend of
interest rates. This particular phenomenon inspired us to focus on how
interest rates’ variations affect option pricing. Referring to historical data
of Federal Reserve’s bench-mark interest rates in the recent decade
(shown below), we clearly see that interest rates fluctuated significantly
in different times, which confirms the necessity to discuss option pricing

under stochastic interest models.
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Year
2009
2008
2007
2006

United States Interest Rate

Janioz

Janing

Janiog

Janios

Chart 1 Central Bank Overnight Rate from 2002-2008

Tablel Federal Reserve Bench-mark Interest Rates from Jan.2006-Jan.2009
May Jun  Jul

Jan
0.25
3.00
5.25
4.25

Feb
0.25
3.00
5.25
4.50

Mar
0.25
2.25
B5:28
4.50

Apr
0.25
2.00
5.25
4.75

0.25
2.00
5.25
4.75

0.25 0.25
2.00 2.00
B2 BZD
500 5.25

Aug
0.25
2.00
5.25
5.25

Sep Oct Nov Dec

200 1.00 1.00 0.25
475 450 450 4.25
525 525 525 525

2. The value, innovation and potential extension of this paper

(1) The practical significance for improving option pricing

Options are among the most traded products in financial markets. They

are also the major tools investors use to reduce risks and make profits.

Since options have rich varieties and sufficient mobility, their roles are

becoming increasingly important. Improving option pricing has great

importance for risk investment, cooperative securities pricing, financial

engineering, investment optimization, mergers, and policy making.
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(2) A brief review of previous studies

In 1990, John Hull and Alan White first proposed the pricing formula
of European bond options under stochastic interest rate models. Their
research initiated researches in this field. Since then, many scholars have
applied different methods to calculate options prices under stochastic
interest rate models. However, previous researches have limitations in
several aspects. (DMost studies so far have focused on bond options, but
only a few have discussed equity options. Since equity options’
underlying assets are stocks, their pricing involves two stochastic
processes. This characteristic makes the pricing of equity options more
complex than that of bond options. @ The majority of previous studies
employed complicated methods, such as Fourier Transforms,
Quasi-Martingales Transforms, Extended Wiener Theorem and Ito
Integral. These complex methods bring difficulties to analyzing the

properties of the pricing formula.
(3) The value and significance of this paper

The proofs and deductions of theorems, lemmas and partial derivatives
are all conducted by ourselves; the methods and conclusions are original.

This paper’s significance and innovation lie in the following areas:

(DThis paper further discusses the pricing of European equity options;

it directly describes the movement of equity prices under the framework
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of Geometric Brownian Motions, combines and simplifies the two
stochastic processes with stochastic analysis techniques, uses
comparatively primary mathematical methods, and formulates analytical
pricing formulas;

(2) Based on the analytical price formulas and with the help of partial
derivatives, this paper analyzes the influence on option prices
corresponding to different parameters, and discusses their financial
meanings. This analysis helps investors to estimate the changes of
option prices once the parameters’ values change;

(3 Besides formulating price formulas, this paper also provides the

option’s expected returns, helping investors evaluate potential profits.

(4) The extension value of this paper’s methods

The methods this paper applies can also simplify the pricing of other
types of options under one-variable affine interest rate models and option
pricing problems in markets that have more than one stochastic variable.
Meanwhile, the methods may also be extended to European option

pricing under multi-variable affine interest rate models.
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1. Summary of Methods

1. Introduction of the models

This paper aims to formulate the pricing formula of European options
under Vasicek interest rate model. Generally, factors that influence option
prices are values of the underlying assest (including its original value,
mean and volatility), option’s exercise time, strike price, interest rate and
etc. Therefore, this paper needs to establish three major models: (DAsset
Price Model, which describes the movement of underlying asset’s prices,
@ Interest Rate Model, which describes the movement of interest rates,
and (®Option Pricing Model. The major theories included are Probability
Theory, Geometric Brownian Motion, Black-Scholes Model, Vasicek
Interest-rate Model Martingale Theory, Ordinary Differential Equation,

and Stochastic Differential Equation.
2. The Asset Price Model
(1) European Equity Options

A European Equity Option is a contract between a buyer and a seller
that gives the buyer the right—but not the obligation—to buy or to sell
equities (whose prices are denoted by ;) at a fixed time in the future (7)

at a fixed price (Strike Price K). In return, the seller collects a payment
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(the premium) from the buyer.

For call options, if asset price Sy at time 7 is greater than the strike
price K, buyers can choose to exercise the contract to buy equities at
strike price K while selling at market price, and then profit from the
difference, (S -K), between the two prices. If asset price at 7 is less than
or equal to K, buyers can choose not to exercise the contract, and contract
will be of no value. Therefore, the return of the option at exercise time T

is (S;-K)" (as shown below).

Revenue

v

Graph 2 Revenue of Call Options

Similarly, for put options, if asset price at T is less than K, buyers can
choose to exercise the contract to sell equities at strike price K while
buying at market price, then profit from the difference between the two
prices (K- Sp). If asset price Srat time T is greater than or equal to strike
price K, buyers can choose not to exercise. Therefore, the return of option

at exercise time is (K- S7)". (as shown below)
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Revenue

v

St K

Graph 3 Revenue of Put Options

(2) Stock Price Processes

Geometric Brownian Motions is a widely applied model to describe
stock price behavior. The definition for the basic Geometric Brownian
Motions is the following: if the ratio of an asset’s price at time ¢ in the
future to its present price is independent of previous prices and obeys
logarithmic normal distribution with mean of u¢ and deviation of ¢’t, the
asset price process satisfies Geometric Brownian Motions. If stock price
follows Geometric Brownian Motions, it satisfies the following stochastic
differential equation:  dS, = uS,dt+ocS,dB,
where p stands for average yield, and ¢ stands for volatility.

Besides, pricing models under different risk probability measures are
different. This paper includes Real Probability Measure and Risk-neutral
Measure. The following paragraph briefly introduces the two situations.

Real Probability Measure is the probability space of the random
variable used to describe stock prices. Risk-neutral Probability Measure is
introduced to calculate the pricing of financial derivatives. When the
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market is assumed to be complete, there exists the unique Risk-neutral
Probability Measure. Under Risk-neutral Probability Measure, the
expected yield of all assets equals to the interest rate. Therefore, the price
of financial derivatives can be obtained by calculating the expectation of
risk-adjusted return in this probability space. Risk-neutral Probability
Measure is equivalent to Objective Probability Measure; their relations
can be obtained by calculating the market’s risk prices.

(D Under real probability measure P, stock price S, satisfies the
following stochastic differential equation:

dS, =S dt+oS,dB,
in which g, is the expected yield, a deterministic function, and o stands for
volatility.

Usually, the following inequality holds,

#2E[r]

This inequality means that the expected yield of stocks should be
greater than those of bank deposits. For an investor, if he holds a stock,
this implies that he bears higher risks than depositing money, and his
excepted yield, in return, is also higher than that of bank deposits.

(2Under Risk-neutral Probability Measure Q, stock prices St satisfies:

dS, =rSdt+0oS,dB,

It should be clearly stated that the option’s expected return is calculated

under Real Probability Measure while its price is calculated under
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Risk-neutral Probability Measure.
3. Selection of Interest Rate Models

The most widely applied one-variable affine interest models are
Merton, Vasicek and CIR models, which are all homogeneous affine
models. In this section, we make a brief comparison of these interest rate

models.
(1) Merton Model

Definition: In Merton Model, short-term interest rates can be described
by the following stochastic differential equation:
dr, = adt + BdW,
where o and f are constants, denoting the drift and volatility of
instantaneous interest rate, and W, is a standard Weiner process, obeying
a normal distribution with mean of 0 and variance of 7.
Instantaneous interest rate at time T can also be expressed as
r=r,+at+ W,
According to Merton, instantaneous interest rate », obeys normal
distribution, with
E [7;] =1, tat
Remarks:

Compared to Vasicek and CIR models, Merton Model is the simplest,

63



favoring the analytical formulation of pricing formula. However, Merton
Model is comparatively rough, with only the drift coefficient, and not as
close to market behavior as the other models. Besides, the normal
property of Merton Model doesn’t obviate the possibilities of negative

interest rates, which conflicts with real world economic situations.
(2) The Vasicek Model

Definition: Under Vasicek Model, interest rates can be described as:
dr, =k(0—r,)dt+ paw,
where k and 6 are positive constants.

Instantaneous interest rate at a future time follows

r=e r0+01 e J‘ﬁefkt”

where I, is the interest rate at time ¢ and I, is the present interest rate.
According to Vasicek, instantaneous interest rate process is also a
normal process, satisfying normal distribution with mean
E[r]=0+(r,-0)e™

and variance
2

Var(r,| = f—k(l—e_”“)

Remarks
It 1s apparent from the definition that Vasicek Interest Rate Model has
only one random variable, which means that the stochastic factors of

every point along the return curve are absolutely related. The model is
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also an affine model, which means that the drift and volatility coefficients
are 1 with regard to time (7).

Meanwhile, according to Vasicek, short-term interest rates have the
property of average reversion; that is, the short-term interest rates tend to
approach a reversion level representing people’s expectation, the central
bankers’ target level or the long-term interest rate level. If r, > 6, the drift
coefficient is less than zero, and r, will decrease. On the opposite, if r,<6,
the drift coefficient is greater than zero, and r, will increase. The reversion
property makes the model close to the movement of interest rates in the
real-world; it also allows investors to calculate option prices under
particular expectations by designing 6. In the fourth chapter, we will
further discuss how 0 affects the result of option prices.

Nevertheless, Vasicek Model has its drawbacks. First, during tiny
time periods, changes of two different term structures are completely
related. Secondly, as Vasicek Model is a normal model, nominal interest
rates can also be negative. In spite of these limitations, Vasicek Model is

still the most widely applied stochastic interest-rate model.
(3) CIR Model

In CIR model, instantaneous interest rate can be described as:

dr.=k(0-r,)dt+ Br.aw,

where k and 6 are positive constants.
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Remarks
The major differences between CIR model and Vasicek model are:
(DVolatility in CIR model is inversely related to interest rate levels;
that is, when interest rates are low, volatilities are low, and vice versa;
(2)Short-term interest rates are always positive in CIR model. However,
interest rates in CIR model cannot be directly denoted by other variables
but rely on the calculations of its expectation and variance. Since
instantaneous interest-rates cannot be directly described, CIR model often

makes the formulation of price formula very hard.

(4) Conclusion:

To get closest to real world market conditions, and at the same time
obtain analytical price formulas, this paper applies Vasicek Model to
describe the stochastic changes of interest-rate variation. The important
properties of the Vasicek Model are: 1) average reversion tendencies and

2) the stochastic property.

4. The Option Pricing Model

The major models and methods applied to option pricing problems
include: (DTraditional Option Pricing Model, @ Black-Scholes Option
Pricing Model, 3 Binary Tree Model, @) Monte-Carlo Simulations,

® Finite Difference Method, (© Arbitrage Pricing Method and @)
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Interval Pricing Method.

Having compared the methods above, we select Black-Scholes Model
as our pricing model for three main reasons: (O it assumes that
underlying asset’s prices satisfy Geometric Brownian Motions (or
logarithmic normal distribution), which agrees with the behavior of
European equity option’s underlying asset, stocks; 2 Black-Scholes
Model is straightforward and favors multiple transformations; 3
Black-Scholes Model is the most widely applied pricing method, and
option pricing extension based on it can be easily accepted by investors.

The classic Black-Scholes Model has 7 important assumptions.

(D Stock prices follow logarithmic normal distribution;

@ During validity period, zero-risk interest rates and return of

financial assets, u, is constant;

(3 The market is free of frictions, such as taxes and transaction costs;
all securities can be perfectly divided;

(4 The option is a European Option;

® There is no zero-risk arbitrage.;

® Stock transactions are constant;

(@ Investors can get loans at zero-risk interest rates.

The classic Black-Scholes formula is:
Price“ = S(0)N(d,)—e "KN(d,)

where rT+%O'2T+ln& rT—102T+1n—
d =

1 gﬁ £ ;d2=d1—0'\/_: z K
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Price® is the price of European call options, Sy is stock price at present
time, 7 is the exercise time and N(x) is the density function of standard

normal distribution.

[S]

x2

D(y) = \/;_ﬂe‘z . N(y)= j_ywq>(x)dx:j_yw \/;_”e_zdx
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I11. Formulas of Prices and Expected Returns

1. Hlustration of Methods

This chapter is the main part of the paper and is divided into 3 major
parts.

The first part proves several important identical equations under
Vasicek Interest Rate Model. Using Fubini Theorem, stochastic
differential theories, and transformations, we simplify the discount rate
factor and other quantities related to interests, facilitating the calculation
of expected return and price’s formulas.

The second part deducts the formula of option’s expected return under
real probability measure P. First, according to the stochastic differential
equation of stock prices under Real Probability Measure P, we get the
analytic expression of stock prices at time 7. Next, with the help of an
indicator random variable /, we transform the sub-function (S -K)" into
easier forms. Then, using integrals, we get the formulas for European call
and put options’ expected returns, as well as the call-put relation formula
for expected returns.

The third part deducts options’ price formulas under Risk-neutral
Probability Measure Q. This part is similar to but more complicated than

the second part. First, according to the stochastic differential equation of
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stick prices under Risk-neutral Probability Measure Q, we get the analytic
expression of stock prices at time 7. Next, with the help of an indicator
random variable /, we transform the sub-function (Sy -K)* into easier
forms. The conditions of I’s values under Q, however, are more complex,
for two stochastic processes are involved in the inequalities. Then, using
integrals, we get the price formulas of European call and put options, and

call-put parity for option prices.
2. Important identical equations under Vasicek Interest Rate model.

According to the definition of the Vasicek Model,

dr, =k(0—r,)dt+ paw,.
=e " +0(1-¢" Iﬁ’k("’

where I, represents the instantaneous interest-rate at ¢, r, represents
present interest-rate, € represents the long-term interest-rate level or
expected interest-rate level; k describes the speed at which r,adjust to 6, f
represents the volatility of interest rate, and W, represents standard
Wiener Motions, which is independent to the Brownian motion in stock
price model. To facilitate the deductions of the main formulas, we start

with proofs of two conclusions about Vasicek interest model

Theorem 1. Stochastic interest rate’s integral to time is
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u-

-0
IOT rdt = 0T + FOT(I —e ) + IOT g(l—e_k(T_”))dW
Proof: Using the integral of interest rate, we get,
jOT rdt = IOT [e_ktr0+6‘(1—e_kt )+J.Otﬂe_k(’_”)qu}dt
- IOT [e—’“ro+e(1—e—’“ﬂdt + IOT J;ﬂe"(’”qudt

IOT [e*’“ro +0(1-e M )sz + jOT juTﬁe"‘(f‘”)ddeu

OT + u(1 —e M ) + jOT %(l—e_k(T_"))qu.
k

Explanation: The third line of the above proof uses Fubini Formula and

exchanges two integrals.

Theorem 2. The expectations of zero-risk asset’s expected yield and

interest rate’s discount factor:
_ 2 2
ITrdt 9T+u(l—e_kr )+’B—§—ﬂ—3(3—4e_”+e_2”)
E[e o' ] =e k 2k 4k

—97"—%(1—63_” )+§ZZ_%(3_4e-kr+e-zkr)

Proof: According to theories of exponent martingale, we get,

s 1¢s 2
E[ejof(u)dwu | = egj.of(u) -
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Using this formula, we obtain the expectation of zero-risk asset’s

expected yield:
-0 ~ T (T
Elel = g™ T ) prek e
B e HE T

0T+u(l—e’“ )+ﬂ2T— p
k

2k% 4k

e (3—4efkT+e72kT)

Similarly, we obtain expectation of interest rate’s discount factor:

(" ar _or_To=0 (T (T A (1 ) \aw,
E[e Io td ]: E[e or k (1 )]E[e .[0 k(l ) W ]

= C c
—9T—¥(l—e‘” )+ﬂ2T s

F—m(3—4e_” +e_2kT)

=C

To simplify calculation, we define:

H :emrﬂ;e(l_e”).

2 2 2
G — %IOT (1_ ek(Tu))2 du — ﬂk_zT_zﬂ?(:;_A‘_ekT +efzkr).

1 (7 p e 1
XG:ﬁIO Z(i-e 0 )dw,. erfBT.

According to the stochastic differential equation formula, we have
rp k(T ) B Tl —k(T-u))
[, e )dw, N(o,j0 (1-¢ ) du).
B, ~ N (0,T).
_ L k- g,
Var(XG)—EIO(l—e )du—l.

1
Var(Y,) = FT =1.
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In above deductions, we have proved that JX; and

LB e,
JG 0k u .
have the same distribution, we use Xg to replace
1 7 p K(r-
Jell Fl-e o,
Therefore, Theorems 1 and 2 can be re-written as:
Theorem 1°.
[ rde - H NG X .
Theorem2’.

Trtt —Tr,dt
Eleh =", e h=c

3. Option’s Expected Return under Real Probability Measure P

Theorem 3. Under Real Probability Measure P, stock prices satisfy:

T 1,
'[0 /ltdl‘+GBT—EU T
C

S, =85, (3.1)
ET[S,]= SOeJOTMdt. (3.2)
Proof: Formula(3.1) is obtained from the stochastic differential equation
of stick prices under Real Probability Measure P,
dS, = u,§,dt+0S,dB,.
and It6 Formula. It is frequently applied to financial engineering.
Since the proof of (3.1) is not the emphasis of this paper, the proof is

omitted here. We will only prove (3.2) under the assumption of (3.1).

According to the formula of stock price St given by (3.1) , we get
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IT dt+o B 71—62T
0 Hy T 2

E"[S,1=E"[S,e ]

Theorem 4 The expected return of European Call Options is

1 T T
P (SON(W) _Ke b H,dtN(w—a\/T)j.

J'T,utdt—i—lazT+lnS°
where w= : 2 K
oNT

Proof: First of all, we introduce /, which is an indicator random variable,

satisfying

(1, S;>K.
I={y, s«

Then, we analyze the conditions in which I equals 1.

T
1 r . © lnSE-l—%GZT—J.O Ldt
. SoKe _[ L dt+oTY,— P ToIn Y, >0 =oT-w.
0 , S;<KeYp<oT-w.

Based on the above formula, we get,

74



RC = E”[e’for"‘”l(s, ~K)]
- EP[e‘IOT"d’](EP[IST] — E"[IK])

L2

- " e oNTY, Lo
_EPe ’d’](soefo”dEP[le " T]—KEP[I]J

o~NT-w \/ETC J.O' T-w \/ETE

[ > v 7 v
~-H+-G | pdr +o0 oNTy—c?T ] - —| wdt proo 1 -2
e 2 eIO ' (SOJ‘ e 2 —e 2dy—Ke Jom ——e 2dy

1 T
_H+EG+J.0 Hdt

=¢C

2

| -2 7JT pdt o 1 -
S| —e 2dy—Ke ™ ——e 2dy
0 -w 27[ y J.O'ﬁ—w \/ETC

1 T
—H+7G+J' wdt
= 2 0

I (Tt pweodt 1 -2
S,| —e zdy—KeJO#dtJ- T—e 2dy

e \/En 0 21

S,N(w) —Ke_I“Tﬂ'dtN(w— aﬁ)j.

1 T
—H+7G+J. wdt
=e 2 0

1 T
7H+EG+JO dt

=€

Theorem 5. Call-Put Relation Formula of Expected Returns
1 T T
RE—RF =g 20 (SO ke ”"”j.

Proof: From the financial definition of call and put options,

T
P2

RE = BT IS, ~ K0 RY = E7fe (-1, — K]

Therefore,

RC—R" = EP[e’fOT”d’l(ST ~K)]- EP[e_LTr’dt (I-1)S, —K)]
_ Bl b (s, - K01= B (71,0 )

—H+le frytdt —H+lG+ITy,dz -jry,d:
=e ?|§e" —-K|=e 2 7 S,—Ke ™ .

This formula establishes the connection between a call option and a

put option with the same exercise time and strike price. It is very helpful
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for formulating the expected returns of European put options.

Theorem 6 The Expected Return of Put Options
P —H+1G+J‘Ty,dt 7J.Ty,dt
R =¢ 27 Ke ™ N(Gﬁ—w)—SON(—w) .

Proof: From Theorems 4 and 5, we get
R"=R°-(R°-R")
—+l+T,t —Tt —+lG+T,d —Tt
"l g N - ke j0“‘“N(w—m/f)j—e a0l t[SO—Ke Jo“d’J

1 T
—H+7G+J. H,dt
= 2 0

Ke_'[OT”‘dt (1 _N(w—aﬁ))—So (I—N(W))j

1 T
—H+—G+j 1, dt
=e 2 0

Kej"rﬂtdtN(ow/? —w)— SON(—W)].

In this section, we have obtained the formulas for the expected returns
of European call and put options and call-put relation formula of expected

return.
4. Price Formula under Risk-neutral Probability Measure Q

In this section, we discuss option pricing under Vasicek interest rate
model.
Theorem 7 Under Risk-neutral Probability Measure, stock price satisfies:

T 1,
I I’tdt+JBT—EO' T

S, =8,¢e" (7.1)
E°[S,1=S,e % . (7.2)

For the definition of H and G, please refer to the proof of Theorem 1.
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Proof:
The proofs of Theorems 7 and 3 are similar; they are only slightly
different in the forms of differential equations.

Under Risk-neutral Probability Measure Q, stock prices follow
dS, =rS,dt+o0S§,dB,.

(7.1) can be obtained with the equation above and theories of stochastic
differential equation.

(7.2) can be proved on the basis of (7.1) in the following way:

T
r,dt+0'\/FYT —%O‘ZT

E°[S,]= EQ[SOeJO
o’T Trtd
= 5,0 2 B b M E eV |
Lorr mile Lo
=S,e? e ?e?
H+LG
=S,e ?
To deduct the price formula of European call options (see Theorem

10), we need to first prove theorems 8 and 9.

Theorem 8

GﬁYT —%O'ZT

o o’T - F —JGx
1= @ (x)N( e )dx.

Here F = ln£+ lazT—H.
S 2

0

E9[Ie

Proof:
Define 7 as an indicator random variable, satisfying
— o, S, <K.

Under Risk-neutral Probability Measure Q, since there are two
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stochasic processes in the inequalities, the values of [ are more

complicated than those under Real Probability Measure.

1, Sy >K<:>H—%azT+\/EXG +oTY; >1nS£®\/5XG +oT Y >F.
I= °
{ 0, S; <K eNGX ;+oNTY, <F.
oNTH Ly JTY, T—lo'ZT
EQ[Ie J‘J‘P(Y y)P(X = X)(]e |XG=X>YT:}’)
O'ﬁyfgo' T
:JP(YT =y)e J.(I|XG:x,YT:y)P(XG = X)
y X

O’ﬁy—lO'ZT F_Gﬁy +00
=[Pt =y | [ 0 0@(x)dx + [ o7, 10(x)dx
¥ - - Jc

T UZT
=[P =y [, @(x)dx
y G
oTy—
+00 1 —— U\/iy—f T
= e ; e ﬁ @(x)dxd
. N . (x)dxdy

JG
e 1 N[O'\/_y+O'T Fjdy

- 1 —(y“’f) N(aﬁ(y—aﬁ)+a2T—F]dy

2n JG
O-ﬁerO-ZT_F]dy.

:.w@(y)N[ \/5

Define  y_OVIy+o'T-F b JGx+F-o’T
JG ’ oT

Notice: x here is not the same variable as used previous equations but
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a new mark introduced, however, y is still the same. Based on the top left
equation that defines x, we get the top right equation expressing y with x.

Therefore,

oNTY, Lo a0 27 _
EC[Je Tr— T]:.[ @(y)N[Gﬁy+O_T Fde

JG
ZF:N(O—\/Ty;gT—F}d(N(y))
B Gﬁy+02T—F Gﬁy+02T—F
—N( N ]N(y)|_oo [N )d( ( N D
[ N(@;Ff - T}d(w))

I e )

_er [fx;l}*_ GzT]]d(N(x))
[y T o)

-[. @(xw[ o ai‘ij

Theorem 9

“HALG o0 \/Ex—G—F
E9[Ie V%= ¢ SN D(x)N dx.
[ ] [ @ (x)N( v

Proof: With the same method, we get,
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E°LIe e = [ [ POXG = ) P(Y, = p)(Je "0, )

= [P(x, =0 [l ., )P, =)

y

F—/Gx
= [P(x, = x)e-H-@[ [ T 0o ()dy+ | plcb(y)dy]

- j: @ (x)e V0 ( | G CD(y)dyj dx

o~T

oo 1 _ﬁ JGx-F
= o T | [T @ (y)dy |dx

w1 e _
e N[g}i

\/ﬁ o~NT

G (x+ G)z
Ll 1 ) GG -G F
=e I_w\/ﬁe N[ T jd
:efmzj‘m ! \/—x G-F dx

e oNT

_ —H+% +o0 \/Ex—G—F
e I_w@(x)N[ JT de.

Theorem 10 Price Formula of European Call Options under Vasicek

Interest Rate Model

2TF\/_x —H+ZG \/_xGF
O'\/_ fe J.“” () 0'\/_

Proof: According to financial theories, under Risk-neutral Probability,

Price’ =5, [ @ (x) N T e

the expectation of an option’s discounted returns equal to its price, which

. . - Trtdt +
is Price® = E%[e k (S,—-K)'1

According to Theorems 8 and 9,
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Price® = E2fe » ™ (S, ~K)']= E%e * "™ I1(S, — K)]

— E%e b s, 1~ B0 b r’dtIK]

_IT,}dz -[ Idl+O'\FYT 2

= E%le %S¢ 7= EOLe b k]

Y, ——

1
_ s Eore” 2 = KEC[e e
oo o T —F —Gx “H+LG paoo \/_x G-F
= D dx—Ke ? D
Jlfoo (x) O-\/_ ) J‘,OO ( ) (7\/—

)dx.

Theorem 11. Call-Put Relation Formula under Vasicek Interest-rate

Model

. c . P -H+-G
Price” —Price =S, - Ke 2 .
0

Proof: According to the definition of options, we get,
Price® —EQ[ej "“(S, -K)']. Price" —EQ[e (K -$,)1.
Price® — Price” = £%[¢ 1" (S, -K)'1-E? o b (K-S,)]
:EQ[e’JoT”"” 1(S, —K)]-E%[e Lo "1-D(K-S$,)]

ow/FYG —50' T

= E9[e b (S, - K)] = E9[S,e ]- E9[Ke V0%

—H+1G

=S,—-Ke ?*.
This formula establishes the connection between a call option and a

put option with the same exercise time and strike price. It is very helpful

for formulating the price formula of European put options.

Theorem 12. Price Formula of European Put Options under Vasicek

Interest Rate Model

G+F—- \/—x
T

\/_x+F o’T
AT

Price’ =Ke ' 2 [ @ (x)N(T—~")dv-5,[ @ )dx.
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Proof: According to Theorems 10 and 11, we get,

Price” = Price€ — (PriceC - PriceP)

o T - F —/Gx
= dx —
S| @ (x)N( ——)dx

_n+le HL G F

+Ke 2 o (x)N( J\/(Ti_ )dax

ke " {1 - [T (x)N(\/E);_\/(Ti_ F)dx}

-5, [1— J‘j:d? (x)N(O- d _O_[j/%\/gx)dx}

:KeH+;G{N(x)|+z [ N(*/—);ﬁ (N(X))}

s Wl TN I )|

—Ke IGJ_ {1—1\7((’;\/7 }d(N(x))

_SOF:P— NEIZE _\/Ex)}d(N(x))

o~NT
:Ke—H+ GJ-_ac N(G+:\/7\/7x)d(N( ))

So far, we have obtained the price formulas for European call and put

options and the call-put parity formula.
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V. Analysis of Financial Significance

This chapter uses partial derivatives to analyze the risk indexes of the
formulas for expected returns and option prices, and explains how the
changes of the parameters’ values influence the options’ expected returns
and prices. This analysis will help investors adjust their investment

strategies to new market situations.
1. Risk Index of Expected Returns

To facilitate deduction, we first prove Theorem 13.

Theorem 13. S,@ (w) = el “C@(w—oT).

Proof:
S @(w)=S ! e’%z
0 0 /271:
1 (W_o- T) waﬁ+lozT
=S e 2 e
0 V2T
W’*O’ﬁ)z T S 1
1 *( J. udt—=c’T-In=224 —52T
= o e 28,
1 —(W_O-z T) —J.T,u,dt —lni{—0
= e e
V2T ¢
_ 1 e(}t 02 T) orﬂ'dtK
V2T

= e_JO "MK (w—o~T).
Theorem 13 will be very helpful in later partial derivative calculations,

and will be repeatedly referred to.
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Theorem 14.
The call option’s expected return R © decreases as present interest rate
ro increases; the put option’s expected return R © decreases as present

interest rate r,increases, which is,

OR€ OR"

<0 <0.
or, or,

b

Proof: Calculating R’s partial derivative of r, we get,

¢ 6—]‘] 7+1+Ttt _Tt[
OR _ pe O(H)  ow cirosorfmd S, (W) - Ko * ““d(w—oT)
or, or, or,
__OH pe_ —l(l—e—”)RC <0.
or;, k
1 T T
¢ op ole "2 Jy e (SO —KefJO #’dtj
orR" _oR® (R -R")  .oH
or,  or, or;, or, or,
:—QERC+§E(RC—RP}:—@ERP<0.
or;, or, or,

Theorem 15

The call option’s expected return R € decreases as the long-term interest
rate ¢ increases; the put option’s expected return R " decreases as the
long-term interest rate ¢ increases, which is,

OR€ OR"
<0,
06 06

< 0.

Proof: Calculating R’s partial derivative of ¢, we get,
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oH 1 . 1, . 1
%:T—E(l—e kT)=T+;(e "T—l)>T+Z(1—kT—1)=O.

aRC C a(—H) aw 7H+1G+J‘Tyldt il‘r,u,dt
R + e T2 s d(w)—Ke 1 d(w—oNT
20 00 00 P0) (w=ovT)

__OH pe_ —(T—l(l—e"‘T)jRC <0.
k

06
P e—H+%G+I:-y,dt 5 —Ke_'[‘;[ﬂtdt
or" _or® (R -R") oM °
06 00 00 00 00
__OH pe 6—H(RC —RP) __OH pr 0.
06 06 06
Theorem 16.

The call option” expected return R increases as the present stock price
S, increases; the put option’s expected return R” decreases as the present

stock price S increases, which is,

ORC¢ 0 OR”

> <0.
oS, oS,

Proof: Calculating R’s partial derivative of S,, we get,

OR€ —H+lG+jTy,dt ow —jry,dt ow
=e 2 ° Nw)+S,&o(w)——Ke CDW—O'\/T—
s ( 00+ 5,000 2 ( 55
- +l + ! ,dr
_e ol s 0,
orR" oR° 9(R°-R")
os, 0§, oS,
— +l + ! ,dt - ! t
L G(e 1130+, [SO—Ke Jy e D
—H+7G+J. pdt
=e 2 Jo N(W)—
oS,
_ efﬂ+%G+J.UTu,dtN(w) _ e*”*%GJrJ.UTMdf _ _e*H%G*.[UT#,dtN(_W) <0.
Theorem 17.

The call option’ expected return RS decreases as the option’s strike
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. . . P .
price K increases; the put option’s expected return R " increases as the
option’s strike price K increases, which is,

OR® OR”
<0,
oK oK

> 0.

Proof: Calculating R’s partial derivative of K, we get,

C 1 T
OR _ —H+EG+L wudt

oK

[socb(mj—;—KeL - o T) 2 - "‘"N(w—aﬁ)j

-H

1
——¢ 2 N(w=0oT)<0.
oR” oR® O(R—R")
oK 0K oK

1 T T
1 8(6 " 2G Io #d [SO _Kei.l‘o ﬂ’dtjj
= —€7H+EGN(W—O'\/?)—

oK

g

1 gL
——¢ " Nw=oT)+e 2 =¢ 2 N(oNT —w) > 0.

Theorem 18.

The call option’ expected return R increases as the option’s volatility
o increases; the put option’s expected return R ” increases as the option’s
volatility 0 increases, which is,

OR® OR"
>0,
oo oo

> 0.

Proof: Calculating R’s partial derivative of K, we get,
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C _piloi" uar (" s 0 w—aﬁ
R _ 2] o oy 2 — ke I"Md@(w—aﬁ)g
oo oo oo

1 T T
_o 2" NG Ke_j‘) #'dtd?(w—ax/?) 62\/?)
o

_g+l
= kNTe " @(w—-oT) > 0.
oR" oR® 0(R°-R")
oK oK oK

| a[e—H+;G+IOTMd; (S _ ke J' dt ]J
= Kﬁe_H+EGcD(w—a\/f)— 5
O

_HL
= K~Te ! 2G@(W—O‘ﬁ)>0.

Theorem 19. The call option’ expected return R® increases as the

option’s exercise time T increases, which is,

oR" > 0.
oT
Proof : From the inequality mentioned in chapter 2,
T
a(j ydt)
! OH
Oa—T—ﬂT E"[r ]_8_T and
oG _p’

(1 20k 4 2kT):ﬂ_2(1_ekT)2>0’We get,

or K K’

8 —H+1G+jTﬂdt
OR¢ RC 2 0o

oT oT

JT
Soqb(w)g—;f—K i D(w— af)w

1 T
_H+§G+J.n e

+e + u Ke fm N(w O'\/_)

- +1+T,t —T,t A
ZRC(la—G+luT—a—Hj+eH2G Io”d (Ke Io”d@(w_gﬁ)acg}/_+/uT I” Nw-— G\/_)J

oT

1
Zla—?RC+Ke e (CD(W-G\/F)L

2ﬁ+yTN(w—O'\/?)]>O.
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However, the partial derivative of European put option’s expected
return R” of time T cannot be proved to be positive or negative; it is
related to the values of other parameters. The partial derivative of
European put option’s expected return to time 7 is:

oR” RS O(R°-R")
or or T

ik
=R° (%Z—;; + 4 —ai{j+Ke e (CD(W—O'\/?) Call +,LLTN(W—O'\/?)J

T
oT oT

1 T
—(RC —RP) ( 26T -‘.0 7H+%G+J‘0 ,u,dIIUTKe—J.O dt
106G OH ~HG o
=R | ==y - |+Ke * | @(w—oNT)—=— 1 N(oT—w) |.
(28T K, GT) ( (w )N? 1N w)j

In conclusion, the relations between option’s expected return and its

parameters can be summarized as :

Table 2 Financial Parameters’ Influences on Options’ Expected Returns

As the value of the | Expected Return of Expected Return of
parameters rises Call Options ( R%) Put Options (R")
Present IR 7y | Decreases | Decreases
Long-term IR & | Decreases |Decreases
Present Stock Price S 1 Increases | Decreases
Strike Price K | Decreases 1 Increases
Volatility o 1 Increases 1 Increases
Exercise Time T 1 Increases —
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Analysis

(DAbout ryand 6:

Under Real Probability Measure P, the fluctuations of interest rate
and stocks are not related. If either ry or 6 increases, the aggregate
interest rate from ¢, to 7" becomes larger, and the discount factor gets
larger. Therefore, the present value of an option’s expected returns

becomes smaller.

@About S, and K:
For call options, when the present stock price Sy increases, the revenue

of call option’s  expectation  (S-K)*  increases. Since

- Tr,dt . .
R =E"[e l I(S, —K)], call option’s expected return increases. When

the strike price K increases, the call option’s expectation (S;-K)
decreases, and the call option’s price decreases. Similarly, put option’s

price is inversely related to Syand directly related to K.
(3 About the stock’s volatility o:
When the stock’s volatility ¢ increases, the risk of investing in stocks

gets higher, but, according to(7.2), the expectation of stock prices

doesn’t change in such conditions. However, the stock’s volatility o is
closely related to options’ expected returns. Take call options as an
example, when stock price goes up, the more it rises, the more the option
buyer profits, and there is no limit to the maximum profit; when stock
price goes down, no matter how much it drops, the option buyer loses no
more than the premium. Therefore, stock price’s ups and downs have

uneven influences on option buyers. From the reasoning above, it is clear
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that when stock’s volatility o increases, call option’s expected return
also increases. Similarly, when stock’s volatility 0 increases, put option’s
expected return decreases.

@About Exercise Time T:

As the calculation of partial derivative showed above, the expected
return of call options rises as 7 increases, but put options don’t have a
definite relation to 7. This phenomenon can be explained by noting that
the value of interest rate--the discount rate factor, is non-linear; the speed
at which interest rate changes is fast at the beginning and slow at the end.
For call options, the speed at which expected return increases is always
greater than the discount rate, so that RS has a constantly positive partial
derivative to 7. For put options, there are no definite results.

Besides, expected return’s second partial derivative to present stock
price Sy also has important financial significance. It can be easily
calculated that this partial derivative is constantly positive. Since it is a
second partial derivative, it is not listed in the table above.

The first partial derivatives of the other two variables in expected
return’s formula, approximation rate k and interest rate volatility 5, can
also be calculated. However, since the calculations are very complex
and these two variables have limited financial significance (for their
values can hardly be obtained in practice), this paper does not further

discuss them.
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2. Risk Index of Option Price

To facilitate deduction, we start with the proof of theorems 20 and 21.

Theorem 20.
o0 T —F —[Gx ~HG JGx-G-F
S [0/ D dx=K 2 D Q| —————— |dx.
o] @ (x) ( I J e [ o(x) [ odT j
(20.1)
Proof of Theorem 20:
Lemma: when neither a nor b is a function of x,
[ (x)® (ax+b)dx = ——2 2(e%) (20. 2)
- 21 (az + 1)
Proof of Lemma:
/ 2
Define x:ua;—l_ab.
a +1
rw@(x)di(ax+b)dx= w1 eféLef(ax;b)zdx
(02+1)(x+a(21i1]2 e
1 +o 1 2 2(a2+1)
= ——€ dx
T
s (w2 41) e ]
1 2?41 o0 1 - 5 a1
- — dx
\/ﬂ c le \/ﬂ c
b? 5
1 72(a2+1) w 1 - (ua*+1—ab
= e I —c ’d| ———
\/ﬂ —0 \/ﬂ a’+1
v >
1 2(a+1) o 1 —“7
=——————C (] dI/l
ee]. T
bZ
_ 1 e_z(am)
2n(a2 +1)
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According to the formula of square difference,

_(JZT—F)2+ (G+F) _(G+oT)(G+2F-T) 1 1 .
2(G+0°T) 2(G+02T)_ 2(G+0°T) I R

With the two formulas above, we get,

oT

R R e
271(

B (G+F)2
o’T |nS£—H+%G 2(G+02T)
RN ewppaer S
2n(G+0°T)

1 B (G+F)
~H+G o’T 2(G+o’T)

27r(G+0'2T)e

_ ke " j+:¢(x)@(*/5’;_—\/$] dx.

Theorem 21. 1- [ " @ (x)N (y)dx = [ @ (x)N (- y)dx.

Proof:

[ @ONEdx+ [T 0N = [T @) (N(-3)+ N(»)dx

= [T o@xdr=1.

Theorems 20 and 21 will be very helpful in later calculations of partial


http://dict.cnki.net/dict_source.aspx?searchword=formula+of+square+difference

derivatives. They will be repeatedly referred to.

Theorem 22.
The call option’ price Price” increases as the present interest rate r,
increases; the put option’s price Price” decreases as the present interest

rate rypincreases, which is,

OPrice€ OPrice®
— >0,
or, or,

<0.

Proof: Calculating the Price’s partial derivative of ry we get,

&T—F—szxj
Pricc” B oT. —F—\/ax\ 0'\/%
o, LT

\/E?XGFJ
de

H%Gjﬂmcd \/Z;x G—F\

AT ) o

a[_HJ Gj
G 2 J&x—G—F

e

—H%G_ J-»w di( \/ax—G—F

_1 )i e JG-G-F
_7{ J”“@( O_\/_)de
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OPrice” _ OPrice® 8(Pricec - PriceP)

or, - or, or,
5(5 K—H+;GJ
— K€

8H ~H43G JGx-G-F ’
= 2T (x)N( )dx —

6r0 o~T or,

_H+L

_OH . GI & (x )N(\/—x G=F 4 ko3 OH
8r0 o~NT or,

_OH ., -meief JGx-G-F
__EKe (1 j @ (x)N( e )dxj

1 AT H+G G+F -G
== (1= ke T [T ()N <o,

Theorem 23.
The call option’ price Price® increases as the long-term interest rate ¢
increases; the put option’s price Price” decreases as the long-term interest

rate ¢ increases, which is,

OPrice® >0 OPrice”

, <0.
00 00

Proof: Calculating the Price’s partial derivative of ¢ we get,

O_H:T 1(1_ kT
06 k

)= T+]1€( - —1)>T+%(1—kT—1):0.
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[OZT—F—\/Z?xj
__Sj’wq OZT—F—\/Z;x} gf i

(\/ax—G—F j
dx

H%G JG—G-F
T S

ke H%Ga( 430 jr@dj( N(J@xm/(; F

oT—- F—\/Z?x H%G \/ax G-F
aﬁae( r %) de‘ R deJ

—J“@( M@;ﬁ%

6H H+GJ-@¢( N(\/Z;(y\/_ NG=G-Fyy

OPrice’  OPrice¢ O (Pricec — PriceP)
06 00 00

s, i
oNT 00

= e [“ @ (x) N J—);ﬁ F)dx_Ke_m;Gg_;;[

=—6£Kem;6(1—jw@() x/_;/(_? F)de

G+(I;J?\/5x)dx

1
e " [T (x) ¢

Theorem 24.

The call option’ price Price® increases as the stock’s present price Sy
increases; the put option’s price Price” decreases as the stock’s present

price Syincreases, which is,
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OPrice® OPrice’

>0, —<0.
2S, 2S,
Proof:
5 O'ZT—F—\/ExJ
OPrice® +o0 T —F —JGx ( o~T
PaS0 :S°J—wqj(x)¢[ Taﬁjﬁ GJ a5, &
(rx G- FJ
H+G \/_x G-F 0\/7
o (x )@( —7r ] ~ dx
+If§@(x>N[ e

- ml/_as S,[ "o (x )@[ ch/_*/_xJ

L1 OF H%Gf:(p() [\/_x G- F]dx

G\/_GS o~T
- o’T—F —~JGx
[0 FE I e
N( o’T - F - fx] x> 0.
OPrice® 8Prlce G(Prlce — Price” )
as,
ol s — ke
N o’T - F \Fx (0 ) j
as,
N[ o —F - fo
F+\/_x o’
=- dx < 0.
J. (D N( G\/_ ] <
Theorem 25.

The call option’ price Price“ decreases as the option’s strike price K
increases; the put option’s price Price” increases as the option’s strike

price K increases, which is,
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OPrice® OPrice®
<0,
oK oK

Proof: Calculating the Price’s partial derivative of K we get,

a[o‘zT—F—\/axj
Price” o’T—F—Gx oNT
xS0 ( T ) oK &

[\/Ex—G—F]
—HilG \/_x O'\/?
—-Ke 2 LO ( ) ( Gax/%; F} e dx

_H+ GJ;)Q \/ax\/_g F)dx
- & JGx
=—ﬂwxw( T

1
L Ke‘H*icjmcza(x) @[—*@C_G_F }dx

oNT
SHASG i JGx-G-F
— 2 dj N— dx
o AN
~HG (e JGx-G-F
D x)N(————M
Lo
OPrice’  OPrice¢ O (Pricec - Pricep)
oK oK oK

)dr <0.

ol S —KeiH%G
1l J_ Gx-G-F ’
= [T @ (x)N(

T e oK
_ —HJ%G +o0 \/_x G-F *HJ%G
¢ Lo(p( )N( T — = dvte
“H+LG prn G+F—\/7x
= 2 - ")dx
e 2 @ (x)N( )

In conclusion, the relations between option price and its parameters

can be summarized as:
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Table 3 Financial Parameters’ Influence on Option Prices

As the value of the Call Option Price® Put Option Price”

parameters rises

Present IR 7y 1 Increases | Decreases
Long-term IR 6 1 Increases | Decreases
Present Stock Price S TIncreases | Decreases
Strike Price K | Decreases 1 Increases

While the partial derivatives of call option’s expected returns to ry and
0 u are negative, those of its price are positive. These two contrary results
can be explained with the following analysis.

Under Risk Neutral Probability Measure, interest rate not only serves
as the discount factor, but also as the drift term of stock prices. Its
influence on stock prices as the drift term far exceeds its influence as the
discount factor. When r, increases, interest rate served as the drift term
accelerates the rise of stock prices, while as the discount factor, it reduces
the present value of the return. However, as the former is much greater
than the latter, option price is a decreasing function with respect to 1.
Under Real Probability Measure P, ) only serves as the discount factor
and always reduces the present value of expected return. The more r
increases, the more the present value of expected return reduces. @’s
influence can be similarly explained.

For put options, both its expected return and its price are inversely
related to ) and 8. When r increases, interest rate as the drift term

accelerates the increase of stock price, which, in turn, reduces the revenue
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of put options. Meanwhile, 7,’s increase increases the discount rate and
further reduces the present value of put option’s price. The two effects
work in line so that put option’s price is inversely related to interest rate
level. ®’s influence can be similarly explained.

Under Risk-neutral Probability Measure Q, there are no capital flows
among different financial markets, which means capital does not leave
the stock market when interest rate increases, nor does it come when
interest rate decreases. According to the analysis in the previous
paragraph, the price of European call options is positive correlated to the

interest rate, while the put option is negative correlated.

V. Conclusion

This paper first elaborates the significance and background of option
pricing under stochastic interest rate models, as well as the development
and present status of related pricing theories. Second, it introduces the
major models for the description of underlying asset’s price movement,
interest rate movement and option pricing. Based on these models, it
deducts the formulas of European equity option’s prices and expected
returns under stochastic interest rate models. Then, it analyses the major
variables’ influences on options’ prices and expected returns, providing

straightforward guidance for investment decisions.
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V1. Learning Experiences and Acknowledgement

1. Experiences: Expanding Knowledge, Welcoming Challenges

For us, Financial Mathematics is an uncharted sea with myriad
surprises and challenges. Every day in the past year, we have been
digging into new knowledge for solutions of “alien” problems. During
research, our path forward was repeatedly blocked by difficulties, from
the selection of models and methods to the calculations of specific
formulas, especially in the realm of stochastic integral. We then dived
into piles of references to triumph in the long and hard “conquest” of
option pricing under stochastic interest rate models. Along the rough
journey to destination, we stumbled for nearly 10 times, gathering
ourselves once and again after failures and blunders. Numerous
modifications of methods and approaches finally lead us to quite ideal
results with concise and precise reasoning processes. Absorbing new
knowledge and conquering a rich diversity of problems construct the
most fascinating experience of our research, maturing both our minds and

our option contracts.

2. Wishes but not Whims: Understanding Finance, Applying Finance,

and Making the World a Better Place

Finance marks the most dynamic yet controversial frontier of the
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present era. We chose to set off in this rough water for not only do we
love math and finance, but more importantly, we wish to explore such an
influential field of economic development, social progress, and individual
happiness from our high school years. The break out of this
“once-in-a-lifetime” financial crisis further reminded us the crucial
importance of the understanding and appropriate application of this
powerful yet risky tool. This research is out first attempt to “mine the
gold” of finance, and “the work goes on, the cause endures and the

2l

dreams shall never die.”" In the future, we will work hard to develop
deeper insight into this intriguing field, with the hope and faith of making

it the fountain of joys rather than the cause of sorrows.
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