J. DIFFERENTIAL GEOMETRY
88 (2011) 297-332

ANALYTIC TORSION FOR TWISTED
DE RHAM COMPLEXES

VARGHESE MATHAI & SIYE WU

Abstract

We define analytic torsion 7(X, €, H) € det H*(X, &, H) for the
twisted de Rham complex, consisting of the spaces of differential
forms on a compact oriented Riemannian manifold X valued in
a flat vector bundle £, with a differential given by V& + H A -,
where V¢ is a flat connection on £, H is an odd-degree closed
differential form on X, and H*(X,&, H) denotes the cohomology
of this Zs-graded complex. The definition uses pseudodifferential
operators and residue traces. We show that when dim X is odd,
7(X, &, H) is independent of the choice of metrics on X and £ and
of the representative H in the cohomology class [H]. We define
twisted analytic torsion in the context of generalized geometry
and show that when H is a 3-form, the deformation H — H —dB,
where B is a 2-form on X, is equivalent to deforming a usual
metric g to a generalized metric (g, B). We demonstrate some
basic functorial properties. When H is a top-degree form, we
compute the torsion, define its simplicial counterpart, and prove
an analogue of the Cheeger-Miiller Theorem. We also study the
twisted analytic torsion for T'-dual circle bundles with integral 3-
form fluxes.

Introduction

Let X be a compact oriented smooth manifold (without boundary)
and let p: m1(X) — GL(E) be an orthogonal or unitary representation
of the fundamental group 71 (X) on a vector space E. The Reidemeister-
Franz torsion, or R-torsion, of p is defined in terms of a triangulation of
X. In [46, 47], Ray and Singer introduced its analytic counterpart, an
alternating product of the regularized determinants of Laplacians, and
conjectured that the latter is equal to the R-torsion. (For lens spaces,
the equality of the two torsions was established in [45].) The Ray-Singer
conjecture was proved independently by Cheeger [19] and Miiller [40]
for orthogonal or unitary representations of the fundamental group and
was extended to unimodular representations by Miiller [41]. Another
proof of the Cheeger-Miiller theorem, as well as an extension of it to
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arbitrary flat bundles, is due to Bismut and Zhang [8], who used the
Witten deformation technique.

In this paper we generalize the classical construction of the Ray-
Singer torsion to the twisted de Rham complex with an odd-degree
differential form as flux and with coefficients in a flat vector bundle. The
twisted de Rham complex was first defined for 3-form fluxes by Rohm
and Witten in the appendix of [49] and has played an important role in
string theory [11, 1], for the Ramond-Ramond fields (and their charges)
in type II string theories lie in the twisted cohomology of spacetime. T-
duality of the type II string theories on compactified spacetime gives
rise to a duality isomorphism of twisted cohomology groups [12].

Let H be a closed differential form of odd degree on X and let
p: m(X) — GL(E) be a representation of m1(X) on a finite dimen-
sional vector space E. Denote by £ the corresponding flat bundle over
X with the canonical flat connection V€. The twisted de Rham com-
plex is the Zs-graded complex (Q°(X, &), V€ + H A -). Its cohomology,
denoted by H®*(X,&, H), is called the twisted de Rham cohomology.
We show that the twisted cohomology groups are invariant under scal-
ings of H provided its degree is at least 3 and under smooth homotopy
equivalences that match the cohomology classes of the flux forms. We
establish Poincaré duality and Kiinneth isomorphism for twisted coho-
mology groups. We define analytic torsion of the twisted de Rham com-
plex 7(X,&,H) € det H*(X, &, H) as a ratio of zeta-function regularized
determinants of partial Laplacians, multiplied by the ratio of volume el-
ements of the cohomology groups. While the de Rham complex has a
Z-grading, the twisted de Rham complex is only Zs-graded. As a result,
analytic techniques used to establish the basic properties in the classical
case have to be generalized accordingly. These regularized determinants
turn out to be more complicated to define, as they require properties of
pseudodifferential projections. The definition is based on the fact that
the non-commutative residues or the Guillemin-Wodzicki residue traces
[65, 30] of such projections vanish [55, 15, 25]. We show that when
dim X is odd, 7(X, £, H) is independent of the choice of the Riemannian
metric on X and the Hermitian metric on €. The torsion 7(X, €&, H) is
also invariant (under a natural identification) if H is deformed within its
cohomology class. The comparison of the deformations of the metrics
and of the flux leads naturally to the concept of generalized metric [29].
We define twisted analytic torsion in the context of generalized geome-
try and show that when H is a 3-form, the deformation H — H — dB,
where B is a 2-form on X, is equivalent to deforming a usual metric g
to a generalized metric (g, B). We establish some basic functorial prop-
erties of this torsion. We then compute the torsion for odd-dimensional
manifolds with a top-degree flux form, which is especially useful for 3-
manifolds. When the degree of H is sufficiently high, we introduce a
combinatorial counterpart of 7(X,&, H) and show that they are equal
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when H is a top-degree form. Finally, if (X, H) and ()? JH ) are T-dual
circle bundles with background fluxes, then the T-duality isomorphism
identifies the determinant lines det H*(X, H) = (det H*(X, H))~!. Un-
der this identification, we relate the twisted torsions for 3-dimensional
T-dual circle bundles with integral 3-form fluxes.

The outline of the paper is as follows. In §1, we set up the notation
in the paper and review the twisted de Rham complex and its coho-
mology [49, 11] with an odd-degree closed differential form as flux and
with coefficients in a flat vector bundle associated to a representation
of the fundamental group. In §2, we introduce the key definition of the
analytic torsion of the twisted de Rham complex using the vanishing of
non-commutative residues of pseudodifferential projections. In §3, we
show that the twisted analytic torsion is independent of the metrics on
the manifold and on the flat bundle. We also show that it depends on
the flux only through its cohomology class. The relation to general-
ized geometry is then explored. In §4, we establish the basic functorial
properties of the analytic torsion for the twisted de Rham complex. §5
contains calculations of analytic torsion for the twisted de Rham com-
plex and a simplicial version of it under certain restrictions. In this
special case, the analogue of the Cheeger-Miiller theorem is established.
Finally, we study the behavior of the twisted analytic torsion under
T-duality for circle bundles with a closed 3-form as flux.

There is an extensive literature on the torsion of Z-graded com-
plexes. Analytic torsion has been studied for manifolds with bound-
ary [34, 35, 54, 20, 16], for the Dolbeault complex [48, 3, 6], in the
equivariant setting [34, 35, 9, 17, 4], and for fibrations [21, 36, 38],
where torsion forms [3, 5, 7, 37, 38] appear. The analytic torsion was
also identified as the partition function of certain topological field the-
ories and was studied for arbitrary (Z-graded) elliptic complexes [50].
Recently, refined and complex-valued analytic torsions have been in-
troduced and studied [13, 14, 18, 53]. It is tempting to extend these
developments to Zo-graded complexes. Until recently, there has ap-
peared to be no simplicial analogue of the twisted de Rham complex,
except in a special case in §5.2, since the cup product is in general not
graded commutative at the level of the cochain complex.
Acknowledgments. V.M. acknowledges support from the Australian
Research Council. S.W. is supported in part by CERG HKU705407P.
We thank M. Braverman, G. Grubb, X. Ma, and W. Zhang for discus-
sions, and the referees for comments and suggestions.

1. Twisted de Rham complexes

To set up the notation in the paper, we review the twisted de Rham
cohomology [49, 11] with an odd-degree flux form and with coefficients
in a flat vector bundle. We show that the twisted cohomology does not
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change under the scalings of the flux form when its degree is at least 3.
We also establish homotopy invariance, Poincaré duality, and Kiinneth
isomorphism for these cohomology groups.

1.1. Flat vector bundles, representations, and Hermitian met-
rics. Let X be a connected, compact, oriented smooth manifold. Let
p: m(X) — GL(E) be a representation of the fundamental group 7 (X)
on a vector space E. The associated vector bundle p: & — X is given
by £ = (E x X)/ ~, where X denotes the universal covering of X and
(v,27) ~ (p(y)v,z) for all v € 7 (X), = € X and v € E. If the represen-
tation p is real or complex, so is the bundle &£, respectively. A smooth
section s of £ can be uniquely represented by a smooth equivariant map
¢: X — E, satisfying ¢(x) = p(y) " L¢(z) for all v € m(X) and x € X.

Given any vector bundle p: £ — X over X, denote by Q(X, &) the
space of smooth differential i-forms on X with values in £. A flat
connection on & is a linear map

Ve QUX,E) —» QTLH(X,E)
such that
Vé(fw)=df A\w+ fVw and  (V5)2=0

for any smooth function f on X and any w € Q(X,&). If the vector
bundle £ is associated with a representation p as in the previous para-
graph, an element of Q2°(X, ) can be uniquely represented as a 71 (X)-
invariant element in £ ® Q*(X). If w € Q*(X) and v € E, then v @ w
is said to be 71 (X)-invariant if p(y)v ® v*w = v @ w for all v € m(X).
On such a vector bundle, there is a canonical flat connection V¢ given
by, under the above identification, V€ (v ® w) = v ® dw, where d is the
exterior derivative on forms.
The usual wedge product on differential forms can be extended to

A QX)) @ V(X,E) = QT (X,E).
Together with the evaluation map E®E* — C, we have another product
A QX E) @V (X, E%) — QT(X),
A Riemannian metric gx defines the Hodge star operator
w: QUX,E) = Q"X E),

where n = dim X. A Euclidean or Hermitian metric g¢ on £ determines
an R-linear bundle isomorphism f: £ — £*, which extends to an R-linear
isomorphism

f: QUX,E) — QUX, EY);
when £ is complex, the isomorphism is conjugate linear. One sets I' =
% ff = * and for any w,w’ € QY(X, E), let

(w,w) :/ wATW.
X
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This makes each Q2°(X, &), 0 <1i < n, a pre-Hilbert space.

When €& is associated to an orthogonal or unitary representation p
of m(X), ge can be chosen to be compatible with the canonical flat
connection. This is not possible in general. We will not assume that p
is unimodular except in §5, where we calculate the torsion and establish
an simplicial analogue under special conditions.

1.2. Twisted de Rham cohomology. Given a flat vector bundle
p: & — X and an odd-degree closed differential form H on X, we
set QV(X,8) = QV(X,E), QNX,E) = QX ) and VEH =
V€ + HA - . We are primarily interested in the case when H does
not contain a 1-form component, which can be absorbed in the flat con-
nection V€. We define the twisted de Rham cohomology groups of £ as
the quotients

ker (VEH: QF(X, &) — QF(X, €))

HHX,6,H) = S _ ,
( ) im (VEH: QX €) — QF (X, E))

k=0,1.

Here and below, the bar over an integer means taking the value modulo
2. The groups H*(X,E, H) (k = 0,1) are manifestly independent of the
choice of the Riemannian metric on X or the Hermitian metric on £.
The corresponding twisted Betti numbers are denoted by

by = bp(X,E, H) = dim H*(X, €, H), k=0,1.

Suppose H is replaced by H' = H —dB for some B € Q9(X); then there
is an isomorphism e 1= eB A -1 Q*(X,E) — Q*(X, ) satisfying

!
EBoO vEH = g oep.

Therefore the Poincaré lemma holds for the twisted differential when the
space is contractible. In general, g induces an isomorphism (denoted
by the same)

(1) ep: HY(X,E, H) — H*(X,&, H')

on the twisted de Rham cohomology. So the twisted Betti numbers
depend only on the de Rham cohomology class of H. If they are finite,
the Euler characteristic

XX EH) = (—1)Fbp(X, €, H) = x(X,€) = x(X) 1k €
k=0,1

is independent of H and depends on &£ only through its rank. If X is
odd-dimensional, then x(X,&, H) = x(X,€) = x(X) =0.

When H is a 1-form, H*(X, &, H) has a Z-grading but the dimension
can jump when H is rescaled by a non-zero number [42, 43]. The
behavior is qualitatively different when the degree of H is at least 3.
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Proposition 1.1. Let £ be a flat vector bundle over X, and let H
be an odd-degree closed form on X. Suppose H = ).~ Hot1, where
each Hojt1 is a (204 1)-form. For any A € R, let HW ;Zi>1 NHoiy.
Then H*(X,E, H) = H*(X,&,HN) if A £ 0. -

Proof. For any A, let ¢y act on Q*(X,&) by multiplying Azl on i-
forms. Then H®) = ¢, (H) and ¢y 0o VEH = \F VEHY 5y on QF(X, )
for K = 0,1. If X # 0, then ¢y induces the desired isomorphism on
twisted cohomology groups. q.e.d.

Although the twisted differential V& does not preserve the Z-grading
of the de Rham complex, it does respect a filtration F' given by [49, 1]

Frof(x.8)= P 9i(x.8).
i>p, i=k mod 2
This filtration gives rise to a spectral sequence {FEF?, 4§,} converging
to the twisted cohomology H*(X, &, H). Without loss of generality, we
assume that H contains no component of 1-form, which can be absorbed

in the flat connection. That is, H = H3+ Hs+- - -, where H; is an i-form
(1=3,5,...). Then

qu:{ HP(X,E), if q=0,

0, if ¢g=1.
As usual, £} | is computed from a complex (E7, 6,) for > 2. We have
09 = 04 = -+ = 0, while 93,5, ... are given by the cup products with

[Hs],[H5], ... and by the higher Massey products with them [49, 1].
Proposition 1.1 can also be derived by using this spectral sequence.

1.3. Homotopy invariance of twisted de Rham cohomology.
Given X, £, and H as above, any smooth map f: Y — X (where Y is
another smooth manifold) induces a homomorphism

F5H(X,E H) — H*(Y, f*&, f*H).

We will show that this map depends only on the homotopy class of
f. For simplicity, we assume that £ is a trivial line bundle with the
trivial connection and denote V& by df in this case. Let I be the
unit interval.

Lemma 1.2. Let w: X x I — X denote the projection onto X, and
let s: X — X x I denote the map x +— (z,0) for x € X. Then the maps
™ H*(X,H) - H* (X xI,7*H) and s*: H*(X xI,7*H) — H*(X,H)
are inverses to each other.

Proof. Clearly, s* o m* is the identity map on H*(X,H). By the
homotopy invariance of de Rham cohomology, there is a chain homotopy
operator K: QX x I) — Q7YX x I) defined by (cf. §1.4 of [10]),
K(r*a f(z,t)) = 0 and K(r*a A f(z,t)dt) = (1) 7*a [] f(z,t)dt,
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where a € QY(X), f € C®°(X xI) and x € X, t € I. For any w €
Q°*(X x I), we have

w—1"s"'w=dKw+ Kdw.
Since K(m*H ANw) = —m*H A K(w), we have
w—r'sw=d" TKw+ Kd" Huw.
Therefore, 7* o s* is the identity map on H®(X x I,7*H). q.e.d.

Proposition 1.3. Let fo, fi: Y — X be two smooth maps that are
homotopic. Then there exists B € QYY) such that fifH = f;H — dB
and the following diagram commutes

H*(X, H)
f3 fi

— N

H*(Y, f3 H) - He(Y, f{H).

Proof. Let w:' Y x I — Y be the projection onto Y. Define the
smooth maps s;: Y =Y x I (j =0,1) by s;(y) = (y,7), where y € Y.
Then a homotopy between fy and fi is a smooth map F': Y x I — X
such that f; = Fos; for j = 0,1. There exists B e Q%Y x I) such
that F*H = 7*fiH — dB and s§B = 0. Let B = siB € Q°(Y) and
B' = B —7*B. Then ffH — fiH = —dB, F*H = n*f{ H — dB’, and
s’l‘B’ = 0. There is a commutative diagram

_HU(Y X I, fgH)~"— H*(Y, f;H)

H*(X,H) = H*(Y x I, F*H) e ep

»

H(Y x I, ffH) <—=— H*(Y, f; H).

By Lemma 1.2, so = ()7L Ho(Y x I,n* feH) — H*(Y, f;H). Since
5B =0, (m*) ozt =sb: H*(Y x I, F*H) — H*(Y, f{H). Similarly,

B
() Lo gé} = s} H(Y x I, F*H) — H*(Y, f{ H). The result follows
since f]* =s;ol™, j=0,1 q.e.d.

It is clear from the proof that in addition to ffH = f;H — dB, B
has to come from the homotopy. In fact, B = —K(F*H), where K is
the homotopy chain map in the proof of Lemma 1.2. If H is fixed in
the homotopy process, then fj = f7.

Corollary 1.4. Suppose X, X' are smooth manifolds and H, H' are
closed odd-degree forms on X, X', respectively. If there is a smooth ho-
motopy equivalence f: X — X' such that [f*H'] = [H], then H*(X, H) &
H* (X', H).
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1.4. Products and Poincaré duality. Unlike the de Rham cohomol-
ogy group H*®(X), the twisted de Rham cohomology group H®(X, H)
is not a ring for a fixed H # 0. Instead, the flux H adds in the cup
product.

Lemma 1.5. Let £,&' be flat vector bundles and let H, H' be closed
odd-degree differential forms on a smooth manifold X. Then the wedge
product

OF(X,E) @ X, E) L QFUX, EE)
nduces a natural cup product
oYX, &, H) o H\(X,&' H) -5 H" (X, E0 & H + H'),
where k,l = 0,1. In particular, there is a natural cup product
HY(X,&, H) ® H(X,&*,—H) - H"(X).
Proof. The existence of the cup product follows from the formula
yEeE HAH' (WAW) = VEHL AW+ (—1)E w AV H/w/,

where w € Qk(X,S), W' e Ql_(X7 E". When & = &*, H = —H, the cup
product, composed with the pairing between £ and £*, takes values in
HF(X). q.e.d.

It is possible to define, following §1.2, the twisted de Rham cohomol-
ogy groups of compact support, denoted by Hf (X,E,H), by using the
space of differential forms QF(X, ) of compact support. (There is no
restriction on the support of H.) As in Lemma 1.5, the wedge product

OF(X,6) @ QL(X, &) L OF (X £ &)
induces cup products
H¥X, &, H)® H(X, &' H') -5 HMU X E0 & H+ H)
and

H*(X,&,H) @ H(X, &%, —H) - H(X).

Proposition 1.6 (Poincaré duality). Let X be an oriented manifold
of dimension n with a finite good cover. Let £ be a flat vector bundle
on X. Suppose H is a closed odd-degree differential form on X. Then,
for k =0,1, there is a natural isomorphism

HY(X,€,H) = (H'"*(X,&*, —H))*.

Proof. Since X is orientable, we have H'(X) = R. There are pair-
ings between QF(X, ) and Q7 F(X, £*) and between H*(X,&, H) and
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H?Tk (X,&*,—H); the former is given by integration on X and the lat-
ter is given by the cup product to H?(X) followed by a projection to
H!(X). Thus we have linear maps

0F(X,€) = (QMX, )" and HF(X,E, H) — (H) F(X,€",—H))".

Here (Q22(X,£%))* is the linear dual of Q2(X,E*). To show that the
latter is an isomorphism, we observe that it is so if X is contractible,
as the two cohomology groups can be calculated explicitly. For any two
open subsets U,V in X, we have a morphism of short exact sequences
of Zs-graded cochain complexes

0—» QUUVE — QU E) e (V. E) - QUNV,E =0
A 1 1
0=Q *(UUV,E) = Q2 *(U,EN* QI *(V,E)* = QI *(UNV,E%)* = 0.

This induces a morphism of the Mayer-Vietoris sequences (which are
six-term long exact sequences). Following §I.5 of [10], the result can be
proved by an induction on the number of open sets in the finite good
cover and by using the five lemma. q.e.d.

Proposition 1.7 (Kiinneth isomorphism). For i = 1,2, let X; be
smooth manifolds. Suppose &; are flat vector bundles over X;, and H;
are closed odd-degree forms on X;, respectively. Let ;: X1 x X9 — X; be
the projections. Set E1XEy = & @5E and H1BHy = ] Hy +75Ho.
If either X1 or Xg has a finite good cover, then, for each k = 0,1, there
s a natural isomorphism

H];(Xl x X, & @527 Hy BHHQ) = @ H[(Xl, 51, H1)®HE(X2, 52, HQ).
1=0,1

Proof. Suppose X7 has a finite good cover. If X; is contractible, then

&1 is trivial and H; is exact on Xj. So are 7*&; and 7] H; on X; x Xo.

By the isomorphism (1) and by homotopy invariance (Corollary 1.4),
we get a natural isomorphism

P H (X1, &1, H)@H (X, €, Ha) > H(X1 % Xo, E1KEs, H\BHy)
1=0,1

induced by the map w1 @ws € Q°(X1,&1) N (X2, &) — Tiwr ATiws €
Q°( X x X9,& K E). For any two open subsets U, V' of X, there is a
morphism of short exact sequences of Zs-graded cochain complexes

0=@ QUUV) (X)) =@ ((U) 8 Q(V)) © Q7 (Xy)

{ {
0= Q(UUV)xXa) — QU x X2) @ Q%(V x Xo)

=@ AUNV)2I(Xy) =0

1=0,1 J/
= Q(UNV)x Xs) — 0.
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Here the obvious dependence on the bundles is suppressed for brevity.
This induces a morphism of the Mayer-Vietoris sequences (which are
six-term long exact sequences). Following §I.5 of [10] again, the result
can be proved by an induction on the number of open sets in the finite
good cover and by using the five lemma. q.e.d.

2. Analytic torsion of twisted de Rham complexes

In this section, we define analytic torsion 7(X, &, H) € det H*(X, &, H)
of the twisted de Rham complexes introduced in §1.2. Since these com-
plexes are only Zo-graded, the twisted analytic torsion is more compli-
cated to define and to study than its classical counterpart. For simplic-
ity, assume that X is orientable.

2.1. The construction of analytic torsion. To simplify notation,
let CF := QF(X,&) and let dj = dg’H be the operator V& acting on
C* (k= 0,1). Then didg = dgd; = 0 and we have a complex

@) L g0 o, oty oo b,

Denote by d}% the adjoint of di with respect to the scalar product of
§1.1. Then the twisted Laplacians
A=A = dldg + dm%, k=01

are elliptic operators and therefore the complex (2) is elliptic. By Hodge
theory, the natural map ker(Az) — H¥(X,&, H) taking each twisted
harmonic form to its cohomology class is an isomorphism. Ellipticity of
Ay ensures that the twisted Betti numbers bz (X,&€, H) (k = 0,1) are
finite.

We establish the relation of Hodge star with adjoint and harmonic
form in the twisted case.

Lemma 2.1. In the above notations, we have

(d‘g’H)Jr = (—1)Mr-to d‘:’;’% ol I'o Ag’H = Ai*_’;H ol.

Proof. For w e C*, W' € C*¥*1 we have

(d2Mw,w') = / (Vew+ H Aw) ATW = (_1)k/ WA (=VETW + H ATW)
X X

= (=M w, 01T T,

Therefore, (d‘g’H)T = (—1)k+1F_1d721;fIk I'. Replacing € by £*, H by
—H, and using the identity ['? = (—1)k¥(=F) on C”%, we get dg’H =

— 6*,—H ng - 8*7_H
(—1)F+IT 1(d—n+1_k)TF. Therefore, A7 =T 1Am I q.e.d.
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Consequently, the two twisted Laplacians A8 and Ag H have the

k
same spectrum. In particular, if w is harmonic with respect to A&H

then Tw is harmonic with respect to AS"~H_ This provides another
proof of Poincaré duality (Pgoposition 1.6) when X is compact.

The scalar product on C* restricts to one on the space of twisted
harmonic forms ker(Az) = H*(X, &, H). Let {l/k i , be an oriented
orthonormal basis of Hk(X E,H) and let ng = nk = I/k71 ARERNAR 7o

be the unit volume element. Then 7 ® ny —1 e det H'(X,S,H). The
analytic torsion of the twisted de Rham complex is defined to be

(3)
T(X, €, H) := (Det’ didp)"/*(Det’ didy) ™2y @ 07! € det H*(X, &, H),

where Det’ d}%d]; denotes the zeta-function regularized determinant of

d;%d]; on the orthogonal complement of its kernel. The next subsection
is devoted to showing that these determinants make sense. When &
is the trivial line bundle over X with the trivial connection, we set
T(X,H)=7(X,&, H).

We explain the motivation for definition (3) by considering the case
H = 0. Then Ck = @i:kmod2ci and dE = Zz kmod2d (k =0, 1)
where O = Q¥(X,€) (0 < i < n) and the differentials d; = d (0 < i <
n — 1) form the Z-graded de Rham complex

00 d, ot by Iem
with d;d;_1 = 0 (1 < i < n). By spectral theory, Det’ de (0 <3<
n — 1) can be defined and is equal to "_Z Y(Det’ A;_ j)( D’ where
A; = d;di + di_ldj_l (with d_; = d,, = 0) is the Laplacian on C*. Thus
the determinant factor in (3) is

(Det’ didg)"/?(Det’ didy)~/* = Det dld;) =1/

::]:H’:||

(Det” A;) ZHZ/Q

.

Il
\_/ [e=]

which yields the Ray-Singer torsion 7(X,€) [46]. When & is the trivial
line bundle over X, we set 7(X) = 7(X, 5)

We wish to point out that the classical signature or Dirac complex,
despite being a 2-term complex, is not of the form (2) because it does
not satisfy didy = djd; = 0. Therefore, no torsion is defined in these
cases.

If £ is a complex vector bundle, the torsion is only defined up to a
phase due to the ambiguity in the choice of the unit volume elements

nz. Therefore, an equality of torsions means that they are equal up to a
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phase or that the volume elements can be chosen so that they are equal.
More intrinsic is the norm on the determinant line (cf. [44, 3, 8] for the
Z-graded case) given by

11 = (Det’ didg) /> (et dyr) =/ -,
where | - | is the norm induced by the scalar products on ker(Ajz) =
H k(X ,E,H), k =0,1. However, to facilitate the presentation, we will
still regard torsions as (equivalent classes of) elements in the determi-

nant lines. Recently, refined and complex-valued analytic torsions were
introduced as well-defined elements of the determinant line [13, 14, 18].

2.2. The zeta-function regularized determinants. Given a semi-
positive definite self-adjoint operator A, the zeta-function of A (when-
ever it is defined) is
((s,A) :=Tr' A%,
where T’ stands for the trace restricted to the subspace orthogonal to
ker(A). If ((s, A) can be extended meromorphically in s so that it is
holomorphic at s = 0, then the zeta-function regularized determinant of
A is defined as
Det' A = ¢ ¢'(0:A4),

If A is an elliptic differential operator of order m on a compact manifold
of dimension n, then ((s, A) is holomorphic when R(s) > n/m and can
be extended meromorphically to the entire complex plane with possible
simple poles at {%=!,1=0,1,2,...} only [51] (cf. [52]). Moreover, the
extended function is holomorphic at s = 0 and therefore the determinant
Det’ A is defined for such an operator. Examples are the Laplacians A‘f
acting on ¢-forms on a compact Riemannian manifold X with values in a
vector bundle £ with a Hermitian structure; their determinants Det’ A‘f
enter the Ray-Singer analytic torsion for the de Rham complex [46, 47].
For the twisted de Rham complex (2), the Laplacians Aj = A%H (k=
0, 1) acting on even/odd-degree forms are also elliptic, and therefore the
determinants Det’ Az (k = 0, 1) still make sense (and are in fact equal).
However, what appear in the twisted analytic torsion (3) are not these
determinants, but Det’ d;%d,;, which are much harder to define.

Let spec(A) (spec’(A), respectively) be the set of eigenvalues (positive
eigenvalues, respectively) of A. For any A € spec(A), let m(\, A) be its
multiplicity. Then

_ m(A, A)
(s, )= > v
A€Espec’ (A)
Given a flat vector bundle £ over a manifold X and a closed odd-
degree form H on X, set specy(4j) := Spec(A()|im(di)) = Spec’(d%d@),
0

TfH()\,A(‘)) = m()‘7A(_)’1 and SpeCII(A(_)) = SpeC(A(_)‘im(di))

m(dg))
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spec’(d%di), mir(A, Ag) = m(X, Aglim;))- Since Ag is diagonal with
respect to the decomposition C0 = im(d%) @ im(dy) @ ker(Ag), we
have spec’/(Ag) = speci(Ag) Uspecr(Ag) and m(\, Ag) = mi(\, Ag) +
mir(A, Ag) if A > 0. Therefore,
(4)
mi(X, Ag mir(A, Ag

C(s.dfd) = D % C(s,didi) = > %

A€especy(Ag) Aéespecyi(Ag)
The sum of the two zeta-functions is
(5) D (s, didg) = (s, Ag) = (s, A1),

k=0,1

However, what we need for (3) is their difference.

Theorem 2.2. For k = 0,1, ((S,d;gd];) is holomorphic in the half
plane R(s) > n/2 and extends meromorphically to C with possible sim-
ple poles at {”T_l,l =0,1,2,...} and possible double poles at negative
integers only, and is holomorphic at s = 0.

Proof. Let P; (k = 0,1) be the orthogonal projection onto the closure

of the subspace im(d}%). As d,;d% and Az 7 are equal and invertible on
(the closure of) im(dg), we have

Py, = dl(dgd}) ™ dj, = d(Agpy) ' dj,

which implies that P, is a pseudodifferential operator of order 0. More-
over,

C(s, dldp) = Tr(PAS).

By general theory [27, 26], (s, did,-g) is holomorphic in the half plane
R(s) > n/2 and extends meromorphically to C with possible simple
poles at {"T_l,l = 0,1,2,...} and possible double poles at negative

integers only. The Laurent series of ((s, dtd,;) at s =0 is

_ev Cc—1(Pp, Ag =
Tr(PRAL) = % +eo(Pp Ap) + Y alPr, Ap) s'.
=1
Here c_1(P;,Ap) = 3res(P;), where res(P;) is known as the non-

commutative residue or the Guillemin-Wodzicki residue trace of Fj
[55, 30]. Since P} is a projection, res(P;) = 0 [55, 15, 25]. There-
fore, ((s, d;%d];) is regular at s = 0. q.e.d.

Theorem 2.2 justifies the definition of the twisted analytic torsion in
(3). The constant term C(O,did,;) = co(Py, Ay) of the above Laurent
series is related to the Kontsevich-Vishik trace [33, 26]. It can nev-
ertheless be studied by standard heat kernel techniques (Lemma 2.3,
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Corollaries 3.2 and 3.6 below). Recall the notion of twisted Betti num-
bers bz (X,E, H) (k= 0,1) from §1.2 and the fact that the zeta-function
is related to the heat kernel by a Mellin transform

1 o
((s,A) = —/ 57 T et dt.
(4) I'(s) Jo

Lemma 2.3. If dim X is odd, then

> (0, dldy) = —bg(X, €, H) = —b(X, £, H).
k=0,1

Proof. When n = dim X is odd, b5(X, &, H) = b7(X, &, H) as x(X, €&,
H) = 0. By (5), it suffices to show that ((0,A;) = —bp(X,E, H),
k = 0,1. By the asymptotic expansion of the heat kernel (cf. [24, 2]),

[o¢]
Tr e_tAI_c ~ ZCE lt—n/2+l
=0

as t | 0, where ¢ ; € R. We have, for $(s) > n/2,

C(s,A) = —/0 57 (Tre 2% — by) dt

N
1 b Ci1
= — | — = - R
F(s)( s+§s—n/2+l+ N(S))’
where N is a sufficiently large integer. Here Ry (s) is holomorphic when
R(s) > n/2 — N. Since n is odd and since the Gamma function I'(s)
has a simple pole at s = 0, the result follows. q.e.d.

3. Twisted analytic torsion under metric and flux
deformations

3.1. Variation of analytic torsion with respect to the metrics.
We assume that X is a compact oriented manifold of odd dimension. Let
gx be a Riemannian metric on X and let g¢ be a Hermitian metric on
€. Let Qi (k= 0,1) be the orthogonal projection from (the completion
of) C* to ker(Ag). Suppose that the pair (gx, ge) is deformed smoothly
along a one-parameter family with parameter u € R; then the operators
%, f and I' = *ff = fi* (see §1.1) all depend smoothly on u. Let

or
ou’
We show the invariance of the analytic torsion (3) by showing in the next

two lemmas that the variation of the regularized determinants cancels
that of the volume elements.

a=1"
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Lemma 3.1. Under the above assumptions,

B, _
o log[Det df dy (Det’ did;) ™1 = > (—=1)" Tr(aQp).
k=0,1

Proof. While df, is independent of u, we have
od}
k _ i
T —[a, ],
which follows easily from Lemma 2.1. Using P,;d% = d;%, dp Py, = dj, and
P? = Py, we get didp P = Prdidy, = dldy and
OR, OB, OB
du — ou P Fou
Following the Z-graded case [46, 47], we set
Fsmw) = 3 (-1 / £ Ta (e~ p ) dt

k=0,1 0

0.

=T(s) Y (—1)"¢(s,dLdp).

k=0,1

Using the above identities on P, the trace property, and by an appli-
cation of Duhamel’s principle, we get

6f k s—1 T —tdld; —tdld; 0l k
— = E -1 [r (¢ ldz k4 k—= Pr t
k=0 1( ) /0 ! < (o dildge © Tk d

k=0,1 0 u
o0
=y (—1)’“/ 1 Ty
k=0,1 0

k=0,1
0 ,
=— Z (—1)k/0 ts@t Tr (oz(e_tAk —Qp)) dt
k=0,1

Integrating by parts, we have

? =5 > (—1)k/oo°ts—1ﬁ (ale™2F — Qp)) dt

u
k=0,1

=s Z (—1)k </01 +/100> 5 Ty (a(e_tAE —Qp)) dt.

k=0,1
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Since « is a smooth tensor and n is odd, the asymptotic expansion as
t 1 0 for Tr(ae %) does not contain a constant term (see for example
[24], lemma 1.7.4). Therefore, fol t5 I Tr(ae™*2%) dt does not have a
pole at s = 0. On the other hand, because of the exponential decay of
Tr(a(e "2 —Qy)) for large ¢, the function [ ¢*~! Tr(a(e™"% —Qy)) dt
is entire in s. So

(6)

0 v
a_i DY (—1)k/ T Te(aQp)dt] == > (=1)F Tr(aQy)
5= k=0,1 0 5= k=0,1
and hence
0

(7) 50 O (“1FC(0.didg) =o0.

k=0,1
Finally, the result follows from (6), (7), and

_ . 1
log[Det' dfdy (Det’ djd;) ™! = — lim [f(s,u) - gkgl(—l)’%(o,d%dk) :

q.e.d.

Corollary 3.2. Under the above deformation, each C(O,d%d,;) (k =
0,1) is invariant.

Proof. By (7), their difference is invariant. By Lemma 2.3, their sum
is also invariant since by(X, &, H) is defined without using the metrics.
q.e.d.

Lemma 3.3. Under the same assumptions, along any one-parameter
deformation of (gx,ge), the volume elements ng, n; can be chosen so
that

) . | )
Semen)=—5 > (1) Tr(aQp) m @ n; .
k=0,1

Proof. Recall that ng = vg A+ -Avg ., where {VM}?il is an orthonor-

mal basis of H¥*(X,&, H), k = 0,1. Since Wi Vi) = Ix i AT v =
d;;, we get, by taking the derivative with respect to u,

8VE . 1
§R< 8u7layk,i> = —5(’/15,@'7@’/15,@')-

. ovg ; . .
We can adjust the phase of vg,; so that (%,V@) is real. Since we

identify det ker(Aj) with det H ’E(X,S ,H) along the deformation, we
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have
877 8VE .
ok ZVM ’Z/\"'/\Vlé,b,—c
i=1
bk:
= ——Z Vi O V) M = —§Tr( aQr) M-

=1

The result follows. g.e.d.

Combining Lemma 3.1 and Lemma 3.3, we have

Theorem 3.4 (metric independence of analytic torsion). Let X be
a compact oriented manifold of odd dimension, let £ be a flat vector
bundle over X, and let H be a closed differential form on X of odd
degree. Then the analytic torsion 7(X,E,H) of the twisted de Rham
complex does not depend on the choice of the Riemannian metric on X
or the Hermitian metric on &.

2. Variation of analytic torsion with respect to the flux in
a cohomology class. We continue to assume that dim X is odd and
use the same notation as above. Suppose the (real) flux form H is
deformed smoothly along a one-parameter family with parameter v € R
in such a way that the cohomology class [H] € H'(X,R) is fixed. Then
%—i] = —dB for some form B € Q°(X) that depends smoothly on v; let

B=BA-.

As before, we show in the next two lemmas that the variation of the
regularized determinants cancels that of the volume elements.

Lemma 3.5. Under the above assumptions,
Egkgmﬁcﬂ%aktfdl =2 (=1)F Tx(BQp).
k=0,1
Proof. As in the proof of Lemma 3.1, we set
fo0) = 3 (-0 [ e (e ey at
k=0,1 0

We note that B, hence g, is real. Using

oy oy O

W_[57dk]7 W__[ﬁ 7d]’€]7
OP;

P? =P, =P, &aW%ﬂ
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and by Dumahel’s principle, we get
af k > s—1
5 = > (-1 /0 1 Ty
k=0,1
_tdtd- g op-
(18, df]dy — di[8, dgDe ™% + e A G5 Py} ) at
=2 (—1)’“/ 51Ty
k=0,1 0

_ _ T .
(w(e—td%dkdgd,; — e i gpdl) + e—tdfcdkp,;%zﬂ,;) dt

=2y (-1)f /Ooots Tr(Be A8 Ap) di

=2 Z (—1)* /OOOtS% Tr (5(e_m’5 —Qp)) dt.

k=0,1

The rest is similar to the proof of Lemma 3.1. q.e.d.

Corollary 3.6. Under the above deformation, each C(O,d%d,;) (k =
0,1) is invariant.

Proof. We follow the proof of Corollary 3.2, using the fact that

bs(X,E, H) depends only on the cohomology class of H. q.e.d.
If n is odd and H = 0, then ¢(0,A%) = —b;(X,€) and
(n+1)/2
0, didg) = > i (bai(X,E) — by 1(X,E)),
i=1
(n—1)/2
C0,dldy) = Y i(baira(X,E) — ba(X,E)).
i=1

We hope that when n is odd but H # 0, C(O,did,;) can also be ex-
pressed in terms of topological numbers that are invariant under homo-
topy equivalences preserving [H|.

Lemma 3.7. Under the same assumptions, along any one-parameter
deformation of H that fixes the cohomology class [H], the volume ele-
ments ng, N can be chosen so that

0 _ _
Som @) == (=1 T(8Qg) o @7,
k=0,1
where we identify det H*(X,E, H) along the deformation using (1).
Proof. Fix a reference point, say v = 0, and let H©, 77]%0) be the

values of H, n, respectively, at v = 0. To compare the volume ele-
ments 7 € det H¥(X,&, H) at different values of v, we map them to
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det H ’E(X , €, HO)) by the inverse of the isomorphism
detep: det H*(X, &, H") — det H*(X, &, H)
induced by (1). Since ep = € on Q*(X, &), we have, for k = 0,1,

0
%(det EB)_IUE = —Tl“(ﬂQ];) (det 63)_177];.

The result follows. g.e.d.
Combining Lemma 3.5 and Lemma 3.7, we have

Theorem 3.8 (flux representative independence of analytic torsion).
Let X be a compact oriented manifold of odd dimension, and let £ be
a flat vector bundle over X. Suppose H and H' are closed differential
forms on X of odd degrees representing the same de Rham cohomology
class, and let B be an even form so that H' = H—dB. Then the analytic
torsion 7(X,E,H') = (detep)(r(X, &, H)).

3.3. Relation to generalized geometry. Recall that in generalized
geometry [31, 28], the bundle TX ®&T* X has a bilinear form of signature
(n,n) given by

(&1 + W1, & + Wa) i= (§(Wa) + §2(W1))/2,

where for i = 1,2, & are 1-forms and W; are vector fields on X. A
generalized metric on X is a reduction of the structure group O(n,n)
to O(n) x O(n). Equivalently, a generalized metric is a splitting of
TX & T*X to a direct sum of two sub-bundles of rank n so that the
bilinear form is positive on one and negative on the other. The positive
sub-bundle is the graph of ¢ + B € I'(Hom(T'X,T*X)), where g = gx
is a usual Riemannian metric on X and B is a 2-form on X.

A generalized metric on X defines as follows a scalar product, called
the Born-Infeld metric [29], on Q°(X). Let o be the isomorphism from
Q°(X) to itself so that if w is the wedge product of 1-forms, then o(w)
is the product with the order of 1-forms reversed. Thus o(w A W) =
o(w')Ao(w) for any forms w, w" and o(B) = —B if B is a 2-form. Choose
a (local) orthonormal frame {e;,7 = 1,...,n} on X with respect to g
and let é; := te, + te,(g+ B) A- (i = 1,...,n) be operators acting on
forms. Define a new star operation by

*(973) w = O’(én s égélw).

When B = 0, *(4 p) is the usual Hodge star #4 given by g. The Born-
Infeld metric (scalar product) on Q°*(X)C is [29]

(w,w’)(gﬁ) = /Xw/\*(g’B)J

for w,w’ € Q*(X)C.
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We show that the isomorphism ep intertwines the Born-Infeld metric
(*s+)(g,B) and the usual scalar product (-, ), defined by the Riemannian
metric g.

Lemma 3.9. For any w,w’ € Q*°(X)C, we have
(wv w/)(g,B) = (63(&)), €B (w/))g‘
Proof. Since

(531( )zgél(w/))(g,B) :/Xw/\a(sgén---élaglw’),

it suffices to check that egé,, --- €1 z—:g is independent of B. We replace

B by vB, where v € R. Then, since %e’ =1, BN-=—[B,¢], we get

9 5 N e )e—L — 0
%(E’UBen”’elng)_EvB 57671 .. +Zen .. e EUB_
and the result follows. q.e.d.

For simplicity, we take £ as the trivial line bundle over X. Let
(d,;H)zg ) Pe the adjoint of dEH = d+ HA - acting on QF(X) (k =
0,1) with respect to the Born-Infeld metric [29]. Let (AH )(g B) =

(dg )( )dH + dkH+1(dm) (0.B) be the corresponding Laplacians. Gener-
alizmg (3) in §2.1, we define the twisted analytic torsion under a gener-

alized metric (g, B) as

1/2 —1/2
Tig.5) (X, H) :=(Det/ ()] dt1) "2 (Det/ (@)l dr) ™" (1) 0.y

& (7]1 )( .B) S detH'(X H)
where, for k = 0,1, the determinant of (dH ) o B)dg is defined as before
due to the vanishing of the non-commutative residue of the pseudodif-

ferential projection onto im(d%H )}Lg B) and (77]!: )(g,B) 18 the unit volume

element of ker(AkH)(%B) ~ H*(X,H) with respect to the Born-Infeld
metric. When B = 0, the torsion is 7,(X, H) defined in (3).
We specialize to the interesting case when H is a 3-form.

Proposition 3.10. Let H be a closed 3-form on X and H' = H—dB,
where B is the 2-form in the generalized metric. Then

(@")f = epo(@)]

-1 H _ H -1
(9.B) °€B > Ay =epolgp ocp
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Proof. We have d"' = epodf o aél from §1.2. By Lemma 3.9, for
any w,w’ € Q*(X)C, we get

(w, (dH)J(r%B)w/) = (de,w')
— (dH’eBw,st’)g = (epw, (dH/)TeBw’)g

g
— (w, &?]_31 (dHI)LEBw')

= (EBde, EBw’)g

(9:B) (9,B)

(9:B)"

Therefore, the first equality holds and the second one follows.  q.e.d.
Corollary 3.11. Under the above notations, we have

(X, H') = (detep) (7(4,5)(X, H)) € det H*(X, H').

Proof. By Proposition 3.10, for k£ = 0, 1, the operators (d%H/)gdg, and

(d%H )J([g B)dll—j have the same spectrum and hence the same regularized
determinants. On the other hand, together with Lemma 3.9, we con-

clude that ep: ker(A];H)(g,B) — ker(Agl)g is an isometry and hence we

can choose (n]?/)g = (det 63)(775)(973). The result follows. q.e.d.

We thus conclude that deformation of H by a B-field is equivalent
to deforming the usual metric to a generalized metric. In this way,
deformations of the usual metric and that of the flux by a B-field are
unified to a deformation of generalized metric. Theorems 3.4 and 3.8
state that the torsion is invariant under such a deformation.

4. Functorial properties of analytic torsion

In this section, we state the basic functorial properties of analytic
torsion for the twisted de Rham complex. These can be established by
a generalization of the proofs of the corresponding results for the usual
analytic torsion [46, 19, 41] to the Zs-graded case. We write d‘g = dg’H,
Ag = A%H and ng = ng’H since the dependence on the flux form H is
clear.

Proposition 4.1. Let X be a compact oriented Riemannian manifold
and let £1,E5 be flat Hermitian vector bundles on X. Suppose H is a
closed odd-degree form on X. Then

T(X,516952,H) :T(X,gl,H)(X)T(X,gg,H)
under the canonical identification
det H*(X, & @&, H) =2 det H* (X, &, H) @ det H*(X, &, H)

induced by the isomorphism H®*(X,& & &,H) = H*(X,&,H) @ H®
(X,&, H).
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Proof. On Q*(X,& @ &) = QX&) @ Q°(X, &), the operator
dgl@& = dgl &) d% is block-diagonal. Thus the determinant factor-
. E1DE E1DE: & & & &
izes: Det/((dl—ﬁIEB 2)de/k169 2) = Det'((dkl)idkl)Det’((d%z)idkz). Under
the above identiﬁcation, we can choose the volume elements such that
77]?@62 = nkl ® 77%2. Hence the result. q.e.d.

Proposition 4.2. Let X be a compact oriented manifold of dimen-
sion n and let £ be a flat vector bundle on X. Suppose H is a closed
odd-degree form on X. Then

(X, & H) = 7(X, & —H)""
under the canonical identification
det H*(X,E, H) = det H*(X, &% —H)~D""
induced by Poincaré duality in Proposition 1.6.

Proof. By Lemma 2.1, (dg H)ng H - 1dg+lHk(dm)TF So the
non-zero spectrum of (d’S H)Td‘g H, counting multiplicity, is identical to

E*—H \{ ;€%
that of (d— e k)d+1 -

isometry F 1nduces Poincaré duality, under which the volume elements

&H *
U
torsion. q.e.d.

and so is the regularized determinant. The

Proposition 4.3. Let Xy, X5 be two compact oriented manifolds
with the same universal covering manifold. Suppose the fundamental
group m(X7) is a subgroup of m1(X2). Let p1 be a representation of
m1(X1) and let py be the induced representation of m(Xs2). Denote the
flat vector bundles associated with p1, ps by E1, €2, respectively. Suppose
the closed odd-degree forms Hi on X1 and Ho on X pull-back to the
same form on the universal covering. Then

T(X1, &1, H) = 7(Xo, &, Ho)
under the canonical identification
det H*(X1, &1, Hy) = det H* (X3, &, Ha)
induced by the isomorphism H®(X1,&1, Hy) = H*(X9,&2, Ha).

Proof. By Theorem 3.4, we can choose the Riemannian metrics on
X1 and X3 so that they pull-back to the same metric on the univer-
sal covering and the Hermitian metrics on & and &, associated to
the metric on the space of representation p; and the induced metric
on the space of representation ps. Then the canonical isomorphism
O (X1,&, Hy) = Q%(Xo,E, Hy) is an isometry. Following the proof of
Theorem 2.6 in [46], we deduce that the spectrums, and hence the reg-
ularized determinants of (dgl)idgl and (d%)id%, coincide. The volume
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elements of H®(X1,&1, Hy) and H*(X3, &, Hy) also coincide under the
isomorphism. q.e.d.

Proposition 4.4. In addition to the conditions of Proposition 1.7,
assume that both X7 and Xo are compact manifolds. Then under the
canonical identification

det H.(Xl X Xg,gl X 52,H1 H Hg)
= (det H*(X1, &1, H1))XX2€) @ (det H*(Xa, &, Hp))EXX1:E1)
induced by the Kiunneth isomorphism, we have

T(Xl XXQ, 51 &52, Hl EHQ) = T(Xl,gl, H1)®X(X2’€2)®T(X2,52, H2)®X(X1’€1).

Proof. For k = 0,1, the space Q¥(X; x X5, & X &) has a dense sub-
space that is isomorphic to €,_, QNX1,&) @ B Xy, ). Under
this identification, the operators d1%€2 = d&1 ® 1+ 1 ® d®2, (d5¥) =
() @14+1@(d82)F, AS1HE — A& 14+10 A% on Q°(X) x Xy, £KE,).
(We omit the superscript H of the operators.) Therefore, an eigenvalue
of AS1™& g the sum of those of A8 and A, and the correspond-
ing eigenspace is a tensor product of those of the latters. (All the
eigenspaces are finite dimensional by the compactness assumption.) In
particular, ker(A%1%€2) = ker(A®1) @ ker(A®?); this is another proof
of the Kiinneth isomorphism (Proposition 1.7) when X;, Xs are both
compact. In addition, we have

spec’(Aglg&) ={Ai+X2>0|\ € spec(Agi) or \; € spec(A?), i=1,2}
and therefore by (4) we get
© 3 (1, (@)

k=0,1

. Z mI()\l + )\27 Aglxgz)
- ()\1 + )\2)8

k=01 )\iespeC(A;i)7’i=172

A1+A2€specy (Agl ME2 )

Z mir (A1 + Az, Aglg&)
(A1 + Ao)®

Ein .
)\iespoc(AE’),zzlﬂ

A1+A2€specyy (Agl HE2 )

We now show that total contribution to the sum (8) from (A1, A2)
vanishes if both Ay, Ao > 0. We consider four cases.
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1. If both \; € specI(Agi), then there is a non-zero w; € im(dgi)T such
that Agiwi = \w; for each ¢ = 1,2. It is easy to see that wq Qwo €

dgmg?)T is an eigenvector of Aglg&

im( with eigenvalue A\ + Ay €
specl(Aglg&). On the other hand, d‘g"wi is a (non-zero) eigen-
vector of A%’ with eigenvalue A;. Hence \; € spec/(A?). Since
dglw1®dg2(,u2 € im(d?g&), we also have A\; +\g € SpecH(Agl&&).
So the contribution of (A1, A2) € spec (Agl) x spec’ (A?) cancels

that of (A1, A2) € spec’(A%") x spec’(A%?).

2. Similarly, if both \; € specH(Agi) (i = 1,2), the corresponding
contribution is also canceled.

3. Ift\ € specI(A‘gl) but Ay € specH(A‘gz), let w; (i = 1,2) be the cor-
responding eigenvectors of Agi. Then wi ®ws and dglwl ® (d%)ng
are linearly independent eigenvectors of Agl&gz with the same
eigenvalue A1 + Ag. It is easy to see that one linear combina-
tion w; ® wy — Al_ldglwl ® (d‘;z)Twz is in im(d‘glﬁ&)T, yielding
A1+ A2 € SpecI(A‘glg&), while another (independent) combina-
tion w1 ® wy + A;ld‘glwl ® (d‘;z)ng is in im(d?&&), yielding
A1+ A2 € specH(Agl&&). So the contributions of (A1, A2) also
cancel in this case.

4. The case \; € specH(Agl), Ao € specI(Ag2) is similar.

The non-zero contributions to (8) are thus from the subspaces im(d? )®
ker(A?), ker(Algl) ® im(d%)T - im(dil_ﬁ&)T, k,l = 0,1. Since dim ker
(Algz) = bp(X;, &, H;), we have

2 (=1 (s, (@) )

m (A, (d7)1 ) bi( X, &, H)
A

_ (_1)k+l Z

k,1=0,1 Alespcc’((dgl)fdgl)

LS

A2 Gspcc’((d}i2 )Td‘g2 )

= x(X2,&) Z (—1)*¢(s, (dil)fdil) +x(X1,&1) Z (—1)*¢(s, (d%ﬂd%)

k=0,1 k=0,1

m()\27 (d}%)Td%) bZ(X17517 Hl)
A3
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and therefore

X2, X1,E
Det/(d5!™%)tag ™ <Det’(d§1)Td§1>X( # ) <Det’(d52)w§2>"( e

0
Det/(d518%2)1 58—\ Det/(d5")1dS! Det' (d*?)d>

For the volume elements, we can choose

77%1&82 _ ® (77;}’1)®bm(xz,52,H2) ® (n§2)®bm(X1751,H1)
1=0,1
and hence
_ _ & Eon—
77(_?1@52 ® (77151‘352) 1_ (Ugl ® (77?) 1)®X(X2,52) ® (77(_)2 ® (7712) 1)®X(X1751).

q.e.d.

It would be interesting to establish the behavior of the analytic torsion
(form) under a general smooth fibration, analogous to [7, 21, 36], for
the twisted de Rham or other Zs-graded complexes.

5. Calculations of analytic torsion and the simplicial analogue

5.1. Analytic torsion when the flux is a top-degree form. Re-
call that the twisted cohomology groups can be computed by the spec-
tral sequence in §1.2. In this process, each complex (E?,d,) is finite
dimensional for r > 2 when X is compact. The Knudsen-Mumford
isomorphisms [32] det £} = det £, for 7 > 2 yield an isomorphism

(9) k: det H*(X,€) — det H*(X,E, H)
since the spectral sequence converges to the twisted cohomology.

Proposition 5.1. Suppose X is a compact oriented manifold of odd
dimension and & is a flat vector bundle associated to an orthogonal or
unitary representation of m(X). Assume n =dim X > 1 and let H be
an n-form on X. Then

T(X,E,H) = k(1(X,E)).

Proof. By Theorem 3.4, we can choose a Riemannian metric on X so
that vol(X) = 1; let v = % 1 be the volume form on X. By Theorem 3.8,
we can also assume that H = [H|v, where [H] € H"(X,R) Z R is a
real number. If [H] = 0, then the statement is trivial; we assume that
[H] # 0. Since & is a flat vector bundle associated to an orthogonal
or unitary representation, we have H°(X,&) = H"(X,g)*; let by :=
dim H°(X,€) = dim H*(X, ). Let 1; be the unit volume element of
HY(X,€) for 0 < i < n. The metric-independent isomorphism (9) is
given by

e QY e ([P g @ 7t
7=0
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Let d; (0 <i <mn — 1) be the differential on C* = Q(X,&). Then dj is
equal to (gf dnf)l) on C%@C™ ! d;on C? fori <i<n—2,and 0 on C™.
Here H also stands for taking wedge product with H. The Ray-Singer
torsion is

n—1 n .
7(X,€) = H(Det/ dld;) D'/ ®m§—1)’
=0 i=0
while the torsion for the twisted de Rham complex is

1/2 n—2

i=1

didy + H'H H'd,
di H d_ d,

n—1

7(X,E,H) = Det’ (

The result follows from the following lemma. q.e.d.
Lemma 5.2. Under the above assumptions, we have

et <d§)d0 +HH HTdn_1>

domd = [H]* Det' djdy Det' d!,_d,,—1.

Proof. Let Q; be the orthogoniﬂ projection from (the completion of)
C* onto ker(A;), 0 <i<mn. Set A, 1 =2, 1+Qn_1. Then
didy+ H'H H'd,_ Ao+ [H)? HYd,_
d, H d, (dn—1 d,_H JAVAEEY

(Det d! _,dp_2)~".
E)in)ce dnilﬁ;ildll_l = 1—Q,, and hence HTdn_lﬁgildL_lH = [H]*(1-
0), we have

<A0+[H]2 HTdn_1>_<Ao+[H]2QO HTdn_1>< 1 o>
dTn_lH A1 ) 0 Any Aﬁi1d2—1H 1

(1 H'd, AL (Ao + [HPQo 0 1 0
—\o 1 0 A J\A L dl_H 1)

We note that n = dim X is odd. Since the elliptic pseudo-differential
operators

(A0+[H]2 HTdn_l) (A0+[H]2Qo HTdn_1> (AQ+[H]2QQ 0)
& H A, ) 0 A,y ) 0 A,y

n—1

of order 2 on CY @ C™! are odd in the sense of Kontsevich and Vishik
[33] and are invertible, the pseudo-differential operators

1 Hid, 1A', 1 0
0 1 \ALd H 1

of order 0 are also odd and their determinants are defined [33]; we will
denote these determinants by det to distinguish them from zeta-function
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regularized determinants Det’. In fact, for any a > 0,
No+a HTdnfl 1 Htd _1571 Ag+a 0
Det/ < = det ") Det! < :
( 0 An_1> e(o 1 ) ( 0 Anl)

Choosing a such that the spectrums of Ag + a and A,_1 are disjoint,

the operators
Ag+a HTdn_l Ag+a 0

have identical spectrums and hence the same zeta-function regularized

determinant. Thus
1 Hfd, A7}
det Ut I |
¢ (0 1 )

and, similarly,

1 0
det | ~ =1.
’ <A;ild2_1H 1>
As determinants factorize for odd pseudo-differential operators of non-
negative order on an odd-dimensional manifold [33], we get

Det’ <A0 + [H]2 HTdn_1> ~ Det’ (Ao + [H]2Q0~ 0 >
dH A, 0 Apy

— [H)® Det' didy Det'd!_ d, 1 Det'd! ,d, s
and the result follows. q.e.d.

We note that neither Lemma 5.2 nor Proposition 5.1 is valid if dim X =
1 and [H] # 0. We give a heuristic explanation of Lemma 5.2 when
n > 1. For any \ € spec’ (dg;do), let wy be an eigenvector correspond-
ing to A\. Then xdpw)/ Vv is an eigenvector of dL_ldn_l with the same
eigenvalue. On the subspace spanned by wy and *dyw)/ VA, the op-
erator d(i]d(-) acts as (/[\;Ir][\]j; [H)]\ﬁ
that

'@ im(dil_l) = ker(Ag) @ @ spanc{wy, *dowx/V\}
)\Espec’(dg do)

), whose determinant is A\2. Notice

and ker(Ay) is in the eigenspace of Ag + [H]?Qq corresponding to the
eigenvalue [H]? (with multiplicity by). The “product” of these A to-
gether with [H]? leads to the result.

Under the assumptions of Proposition 5.1, (0, d}di) for any H is the
same as its value when H = 0; it would be interesting to find the value
of ¢(0, d(i]d()) when [H] # 0. (See Corollary 3.6 and the discussion that
follows.)
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In addition to k in (9), there is another natural isomorphism kg which
maps between the alternating products of unit volume elements, i.e.,

n

—1)¢ _

Ko ®772( ) g @7
i=0

If H is a top-degree form as in Proposition 5.1, then k¢ is independent
of the choice of metrics on X and on €. The appearance of |[H]] in

T(ngv H) = ’[H”bo H’O(T(ng))

is consistent with the metric invariance of both 7(X, &) and 7(X, €, H)
and dependence of the latter on the cohomology class [H]| only.

Proposition 5.1 applies especially to 3-dimensional manifolds because
H is automatically a top-degree form if it contains no 1-form (which
can be absorbed in the flat connection). The Ray-Singer torsion has
been calculated explicitly, directly or with the help of the Cheeger-
Miiller theorem, for many 3-manifolds including lens spaces [45, 22] and
compact hyperbolic manifolds [23]. As a consequence, we get many non-
trivial examples of analytic torsion for the twisted de Rham complexes
of 3-manifolds.

5.2. Simplicial analogue of the torsion in a special case. One
of the standard ways to compute the classical Ray-Singer torsion is to
use the Cheeger-Miiller theorem, relating it to the Reidemeister torsion.
Although there is difficulty in defining the simplicial counterpart of the
twisted analytic torsion in general, we will be able to do so under the
condition that the degree of the flux form is sufficiently high.

We first recall the construction of the Reidemeister torsion (cf. [41]).
Suppose the manifold X is equipped with a smooth triangularization
or a CW complex structure. Let (Co(K),0) be the chain complex of
the simplicial or cellular complex K with real coefficients. Choose an
embedding of K as a fundamental domain in the corresponding complex
K of the universal covering space X. Then each C;(K) (0 < i < n,
where n = dim X) is a free module over the group algebra R[m (X)] and
the i-cells of K form a basis. Given a finite dimensional representation
p: m(X) — GL(E), we define a cochain complex

C.(K, E) = HOII]R[M(X)}(C.(K), E)

with coboundary map 0%, whose cohomology is denoted by H*(K, E).
With a Hermitian form on E, we choose a unit volume element of E.
This, together with the basis dual to the i-cells in K, defines a volume
element y; € det C*(K, E). We assume that the representation p is uni-
modular. Unimodularity means that |det p(y)| = 1 for all v € m(X).
Then the volume element 4; is, up to a phase, independent of the choice
of the embedding of K in K. The Reidemeister torsion or R-torsion

T(K,E) € det H*(K, E) is defined as the image of ®"_, ,u(_l)i under the

7
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isomorphism det C*(K, E) = det H*(K, F). It is invariant under subdi-
visions of the complex K. If X is odd-dimensional, the Euler number
X(K) =0, and 7(K, E) (up to a phase) does not depend on the choice
of the Hermitian form on E. By the de Rham theorem, H®*(X,E)
H*(K,FE) and hence det H*(X,€) = det H*(K, E). The theorem of
Cheeger and Miiller [19, 40, 41] states that 7(X,&) = 7(K, F) under
the above identification of determinant lines.

Recall that the cup product at the cochain level is associative but not
graded commutative. We now assume that each homogeneous compo-
nent of H is of degree greater than dim X/2 = n/2. Let h € C1(K, E) be
a representative of [H] € H'(X,€) & H'(K, E). Then since h Uh = 0,
we have a Zs-graded cochain complex (C*(K, E), 0} ), where 0; = 0" +
h U - . Denote its cohomology groups by H*(K, E,h), k = 0,1. There
is then an isomorphism det C*(K, E) = det H*(K, E, h). We define the

twisted version of the R-torsion 7(K, E,h) as the image of @ ug_l)l
under the above isomorphism. This will be the simplicial counterpart

of the analytic torsion 7(X, €&, H).
Lemma 5.3. There is a canonical isomorphism H®(X,E, H)
=~ H*(K,E,h).
Proof. Just as Q°(X, £), the complex C*(K, F) has a filtration
FPFCMK,E) = @ CUK, E),

i>p
i=k mod 2

which yields a spectral sequence {"EF? 6.} converging to H*(K, E,h).
The cochain map Q°(X,€) — C*(K,E) that induces the de Rham
isomorphism preserves the filtrations. Therefore there is a morphism of
the spectral sequences { EXY,5,} — {/E¥? 5! }. By the de Rham theorem,
this morphism is an isomorphism starting with the Fs-terms, which
implies the result. q.e.d.

We have the following analogue of the Cheeger-Miiller theorem when
H or h is of top degree.

Theorem 5.4. With the same assumptions of Proposition 5.1 and
under identification given by Lemma 5.3, we have

T(X,E,H) =7(K,E,h).
Proof. Let
k': det H*(K,E) — det H*(K, E, h)

be the isomorphism induced by the Knudsen-Mumford isomorphisms
in the spectral sequence {'’EF?}. The morphism of the two spectral
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sequences in the proof of Lemma 5.3 induces a commutative diagram

det H*(X,£) —"— det H*(X,&, H)

~| ~|

det H*(K,E) —— det H*(K, E, h).

By Proposition 5.1, we have 7(X,E,H) = k(7(X,€)). On the other
hand, it is clear from the definition of 7(K, F, h) that 7(K,E,h) =
K (T(K,E)). The results follow from the Cheeger-Miiller theorem
7(X,€) = 7(K, E) since the representation is orthogonal or unitary.

q.e.d.

Consider for example the lens space X = L(1,p), p € Z. It has a
cellular structure K with one i-cell e; for each i = 0,1,2,3. On the dual
basis e (0 <17 < 3), we have

0%y =0, 0%l =pe;, 0% =0, 0%;=0.
So the Reidemeister torsion is 7(K) = |[p| "'y @ n3*. If h = g e}, then
8;:68 = qe§7 8?;6){ = pezv 8;:6; =0, a;;e; =0,

and the twisted torsion is 7(K,h) = |gp~!|.
5.3. T-duality for circle bundles and analytic torsion. Let T be

the circle group. Suppose X is a compact oriented manifold and is the
total space of a principal T-bundle

T — X

|

over a compact oriented manifold, M and H is a closed 3-form on X
that has integral periods. The flat vector bundle £ is taken to be the
trivial real line bundle with the trivial connection. Let T be the dual
circle group. Then the T-dual principal circle bundle [12]

T —— X
al
M
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is determined topologically by its first Chern class cl(X ) = m[H]. We
have the commutative diagram

XXMX
p

X X

M
Wherg X x s X denotes the correspondence space. The g}ysin sequence
for X enables us to define a T-dual flux [H] € H3(X,Z) satisfying
c1(X) = 7. [H] and p*[H] = p*[H] € H3*(X xp X,Z). Thus, T-duality
for circle bundles exchanges the H-flux on the one side and the Chern

class on the other. It can be shown [12] that H*(X, H) = H*t (X, H)
and, consequently,

(10) det H*(X, H) = (det H*(X, H))™ L.

We wish to explore the relation between the twisted torsions 7(X, H) €
det H*(X,H) and 7(X, H) € det H*(X, H) under the above identifica-
tion.

We next explain T-duality at the level of differential forms. Choosing
connection 1-forms A and A on the circle bundles X and X, we define
the metrics on X and X by

gx =T gu+AOA, gy =7gu+ A0 A,

respectively. Since a closed 3-form is cohomologous to a T-invariant one
and the twisted cohomology groups depend only on the cohomology class
of the flux H (Theorem 3.8), we can assume, without loss of generality,
that H is a T-invariant 3-form on X. Denote by F,F € Q*(M) the
curvature 2-forms of A,fl, respectively. Since H — A A 7 F is a basic
differential form on X, we have H = AA7* F—n*(Q) for some Q € Q3(M).
Define the T-dual flux H by H = #*F A A — #*Q. Then H is closed and
T-invariant. We define linear maps T: QF(X) — Q¥ (X)) for k = 0,1
by

T(w) = Ae”ml\ﬁ%p*w, w e N (X).

Lemma 5.5. Under the above choices of Riemannian metrics and
fluz forms,

T: M (X)T — Q)T
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for k =0,1, are isometries, inducing isometries on the spaces of twisted
harmonic forms and hence on the twisted cohomology groups.

Proof. For any w = m*w; +AAT*ws € Q*(X)T, where wy,ws € Q*(M),
we have T(w) = *wy + A A @*wy. The isometry of T' follows from

/w/\*Xw:/ wl/\*Mwl—i—/ wo N *prws.
X M M

Since d(p*A /\13*121) = —p*H + p*H, we have T'od? = d"oT. So T acts
on the spaces of twisted harmonic forms and on the twisted cohomology
groups. q.e.d.

When X is a 3-manifold, Proposition 5.1 relates 7(X, H) to 7(X),
which can be calculated by the spectral sequence of fibration [21, 22,
36, 38].

Proposition 5.6. Let X be an oriented 3-manifold with a T-fibration
over a compact oriented surface M, and let H be a fluz 3-form on X.
Suppose there is a T-dual fibration X with fluz form H. Then under
identification (10), we have

T(X,H) [T(X,ﬁ)]_l

(27T)X(M) o (QW)X(M)

Proof. We can choose the metrics and the flux forms on X, X as
above. Let p = ¢1(X) € H*(M,Z) 2 Z and q = [H] € H3(X,Z) = Z.
If p=0, then X = M x T. If ¢ = 0 as well, then 7(X) = (QW)X(M)T]é( ®
(77{()_1. If ¢ # 0, then by Proposition 5.1,

(X, H) = |[H]| ro(r(X)) = @m)XM g " @ (5 ") 7"
If p # 0 but ¢ = 0, then since the T-bundle X — M is oriented, we can
compute 7(X) by the Gysin sequence of the fibration X — M (see for
example [36], corollary 0.9) and get 7(X) = (2r)X(M) |~ @ ()7L
If both p,q # 0, then again by Proposition 5.1,
(1) 7(X, H) = |[H]| ro(r(X)) = @) Mjgp~ " n5" " @ (")

The result follows since T-duality interchanges p and ¢ and since the

isometries in Lemma 5.5 identify n?’H with nl‘if for k=0,1. q.ed.

We note that (11) is consistent with the simplicial calculation in §5.2
when X = L(1,p), verifying Theorem 5.4 in this case. It can be gen-
eralized to the case when X is an S*-bundle over a compact oriented
manifold M of dimension k+1 and H is a top form on X. The behavior
of the twisted torsion under T-duality when X is of any dimension and
H is a closed 3-form remains an interesting problem. Such a relation
will provide a new way of calculating twisted analytic torsions and, in
particular, the classical Ray-Singer torsion using T-duality.
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