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Extension, Enhancement and Analogue of
the Vasiliev Inequality

This treatise strengthens, extends and analogizes the Vasiliev
Inequality and reaches a series of beautiful similar conclusions. In our
research, we make an in-depth discussion on the information we collected
in respect of the Vasiliev Inequality. By introducing parameters, we
generalize the degrees and the coefficients. Then we use the Three
Famous Inequalities, Chebyshev’s Inequality and Jensen’s Inequality
etc, and maplel3 to acquire several valuable lemmas(the Fifth Lemma)
and Propositions (Proposition 3, 6,10,16,21,26,27,28,29,etc). These new
inequalities are very helpful in acquiring the extremes of several
functions and proving some inequalities. In addition, many high degree
inequality problems can be solved by means of them. Finally, with the
assistance of Professor Yang’s Software Bottema 2009, we obtain 8
conjectures. Recently, Conjecture 1, Conjecture 2,Conjecture 3, have
been proved. Only Conjecture 4 to 8 are left unproved to the reader with
interest.

Innovation: By strengthening, extending and analogizing the Vasiliev
Inequality, we reach a series of beautiful similar conclusions.

Highlight: Lemma 5 is our new result, from which we obtain a series of
extensive inequalities. However, we have not yet reached the optimum
result.Conjecture 9 is our best result so far.

Key words: The Vasilev Inequality, Extension, Enhancement,

Similarity, BottemaZ2009.



Extension, Enhancement and Analogue of
the Vasiliev Inequality

I. Background knowledge

Passage [1] introduces a group of inequalities published on a Russian magazine called “The
Middle School’s Mathematics”. One of them is the Vasiliev Inequality:
Assume that a, b, ¢ are positive, and satisfya+b+c =1, then:
2 2 2
a+b+b tc cta (1)
b+c c+a a+b

Passage [2] extends Formula (1) to the following inequality:
Assume that a, b, ¢ are positive, and satisfya+b+c =1, and 1 >1, then:

Aa’+b  Ab*+c Ac’+a _ A+3 ’
+ + > : @)
b+c c+a a+b 2
Passage [3] extends Formula (1) to the following inequality:
Assume that a, b, ¢ are positive, and—1< A <1, then:

a’+ab b*+ic c¢’+4a_1+32 3
+ + > : 3)
b+c c+a a+b 2
Passage [4] extends Formula (1) to

Ifa,b,c,A,,4,, 1, 1, eR,,a+b+c=1,neN,,andn>2, then:

’ulaz + 40" n /ulbz + 4,C" n ’ulcz +44,8" > 3" MM 4)
Ab+A.c Ac+da  Aat+ib (4 +4)-3"

n+l

n+l n n+l n n
and 242 + b N whb™ + LHCT 3u, + 1, _ 5)
Ab+A,c AC+A,a Aa+ib (4 +4)-3

Inspired by this, we decided to make a further research and finally obtained a series of

conclusions.

1. Five Lemmmas

For a more comprehensible and effective demonstration, we firstly put forward these 5

lemmas.

Lemmal™: If a,b,c,x,y,zeR,,neN, and n>2, then:

a" b" c“> (a+b+0O)"

a b, ¢, (a+th+ol (6)
X y oz 3" x+y+D

Lemma2 If a,b,c,d,e, f,g,heR,, neN, and n>2, then:

a_”+g+i+£> (at+b+c+d" 7

e f g h 4%e+f+g+h



Proof: Whenn > 2, according to power mean inequality, we can obtain the following

inequality:
n n n n n
) a+b+c+d . 3
az+b?+c?+d? 24-(f)2.

Thus, according to Cauchy’s Inequality, we can prove the following inequality:
(e+f+g +h)'(—+b—+c—+d—)
e f g h
n 2 n n 2
a2 b2 c? dz2

=[(\/g)2+(\/T)2+(\/E)2+(\/H)2:|' 7 + T - NGl + oy

: (a+b+c+d)
_ e .

z<a2+b2+c2+d2)2z{4.<—a+b+c+d>2}

So, when a,b,c,d,e, f,g,heR,,and ne N, ,n>2, we can draw the following conclusion

n

"ob" ¢ d”> (a+b+c+d)"
h 4" e+ f+g+h

a
—t—+—+

e f g

End.
Lemma3If a,b,c,d,e,g,h,i,jeR ,neN, ,and n>2, then:
b" ¢" d +e—_2 (a+b+c+d+_e)_ ' (8)
f g h jos"Uf+g+h+i+
Proof: When n 22, according to power mean inequality, we can obtain the following

inequality:
n n n n n n
ST a+b+c+d+e
a’+b? +c2 +d?+e2 >5- (——— )2,

Thus, according to Cauchy’s Inequality, we can prove the following inequality

(f+g+h+i+ jp-C +b—+C—+d_ +e—_)
f g h i j

=[P+ (@ + W+ G+ (2] % ‘G FF T

n n n n n ) 5
Z(ag+b2 +c2 +d2+e2)22 5(a+b+(5:+d +e)2:|
(a+b+c+d+e)”
- 5n»2 ‘
4



Sowhen a,b,c,d,e, f,g,h,i,jeR,,neN,,and n>2, we can draw the following
conclusion:

a" +b” +c” +dn +e” S (a+b+c+d+e

f g h i | s2G+g+h+it)
End.
Lemmad If «a,,a,,......,a, ,a, €R, B, By oo B B €R,mneN, ,andn >3 m>2, then:

[\

)
P g )

. 9

Proof: When n > 2, according to power mean inequality, we can obtain the following
inequality:

2

>

n
Z @
i=1

i=1 n

Thus, according to Cauchy’s Inequality, we can prove the following inequality:

2

(55518 5

i=1

Sowheng,,a,,.......,a, ,a,€R,, B, By s BB €R,,mneN, ,andn>3,m>2, we can

draw the following conclusion:

End.
Lemma5If X,Y,Ze€R,, then:

—_v)? _7\2 w2
XY, 205,20 (=Y (-2 +(2-%°

y 7 X 8 (X+y+12)°

Proof : Notice that (XY + Yy*Z+2°X)—(Xy* + yz> +2x*) = (X = Y)Y = 2)(Z—X) »
which means

(100



2(X*Z+ Y X+ 2°X) — 6Xyz

2(§+1+£—3) =
y

7 X Xyz
(O YX+ Y+ X2+ Y 2yt —oxyz) + (K4 YIX+27Y) = (X2 + yXE +2y?)
Xyz
_ D XD yz-9xyz+(X—= YNy —2)(Z—X)
Xyz '

X=y)+ (-2 +(2-x) =20 +y’ + 22 = xy—yz—2x) = 2[(D_X)* =3 _ yz],
From this we can discover that Formula (10) equals to:
2
D XD yz-9xyz+(X— YNy —2)(Z—X) 27, Q- x)’-3>yz |
Xyz 2 (x+y+12)
y+z=a, [x=s-a,

(11)

Transform it into: < Z+ X =Db, soq Yy =S—D,. Therein a,b, C are the sides of triangle ABC ,
X+y=c, |z=s-c,

S= %(a + b+ ) is its half perimeter.
According to some common triangular identities:
D x=>Y(s—a)=sy.yz=Y (s—b)(s—C)=r(4R+T),
[Tx=]](G-a)=r’s.and (x-y)y-2)(z—x)=—(a—b)b-c)c—a), (R,rare

respectively the radii of the circumcircles and the inscribed circle ) , so we can discover that
Formula (11) equals to:

S-r(4R+r)—9sr* —(a—b)(b—-c)(c—-a) .27 s’ —3r(4R+r)
sr’ 2 s

< r[4s*(R —2r)—% r(s’—12Rr-3r*)]>s(a-b)(b-c)(c-a)

& r2[432(R’—2r)—2—27 r(s’>—12Rr -3r*>)J* >s*(a—-b)’(b—-c)’(c—a)> (12)

. . . .. 211
According to some common triangular identities :

(a-b)’(b-c)’(c—a)” =4r’[-s* + (4R’ +20Rr —2r*)s* —r(4R+r)’], so we can
discover that Formula (12) equals to:

[85°(R—2r)—27r(s> —12Rr —3r*)J’ >16s*[-s"* +(4R* + 20Rr —2r*)s> —r(4R+r)’]

< 16s° —(1008Rr —1881r?)s* + (1024R°r + 5952R*r* —26376Rr’ —6950r*)s’

+104976R*r* + 52488Rr’ +6561r° > 0

& 16(s” —16Rr +5r%)’ +(=240Rr +1641r*)s* + (1024R’r — 6336R’*r?

—18696Rr* —8150r*)s* + 65536R°r’ +43536R°r* + 71688Rr’ +4561r° >0 (13)

According to Gerretsens’ Inequality, S°>16Rr —5r?. Thus if we want to prove Formula
(13), we only need to prove:

& f(s%) =(-240Rr +1641r*)s* + (1024R°r —6336R’r* —18696Rr’ —8150r*)s>
+65536R°r’ +43536R*r* +71688Rr’ +4561r° > 0. (14

When—240Rr +1641r> <0, which means whenE >6.8375, f(s) isa function or a
r

quadratic function of opening down about S>, and16Rr —5r> <s*> <4R”+4Rr+3r”, to
prove f(s*)>0, only prove f(16Rr—5r*)>0and f(4R*+4Rr+3r*)>0.



f (16Rr —5r*) =16384R*r* —=102400R’r’ +234576R*r* —233792Rr" +86336r°
=16r>(1024R* —2304Rr +1349r*)(R - 2r)*

= 16r2[1024(R—§)2 +53r2(R-2r)* >0,

f (4R> +4Rr +3r%) =256R’r —2672R*r* +11392R’r* —22976R’r* +20224Rr’ —5120r°
=16r’(16R’> —=103R°r +236Rr*> —80r°)(R —2r)’

=16r’[16R* = 71IRr +94r*)(R—-2r)+108r’J(R—2r)’

71 91215
=16r*{[16(R——r)* + —=r?1(R=2r)+108r*}(R=2r)*>0.
[re( 32) 1024 1( ) 3 ( )

When —240Rr +1641r> >0, that 2 < R <6.8375, f(s%)is a quadratic function of
r

opening down about S> , and 16Rr —5r’ <s®> <4R”>+4Rr+3r°.
Notice the discriminant about f (S*)
A, =(1024R°r —6336R’r* —18696Rr’ —8150r*)’
—4(—240Rr +1641r*)(65536R°r’ +43536R°r* + 71688Rr’ + 4561r°)

=1048576R°r* —12976128R°r’ + 64770048R"*r* —168159232R°r’

+235867392R*r® —161436672Rr” +36484096r°
=256r*(R—2r)*(4096R* —34304R°r + 99408R’r* —122024Rr’ +35629r*)

At this time a quadratic function of the coefficient of term about f (Sz)

1024R°r —6336R*r* —18696Rr* —8150r*
=(R-2r)(1024R’r —6336R*r* —18696Rr’ —8150r*)

—(R-20r' 11024y — 63362y — 18696 2 —8150].
r r r

Let? =t e[2,6.8375), sog(t)=1024t> —6336t> —18696t — 8150,

g'(t) =3072t* —12672t —18696 .
Letg (t) =0, we acquire the root of the function is

{ o 33FV2647 ”62647=5.27806274---, or t=33_1— “62647<0 (omitted) .

Whent € [2=%] , g()<0: Whente (33+1— “62647,6.8375) S TOR
S Whent = % » g(t) reaches the minimum g(%) .

547, 26216541
" g(2) =-62694<0, =- <
9(2) 9, 250

2 g(),, = max{g(2), g(%)} <0.

Sg(t)<0.
The axis of symmetry of quadratic function f(s%) is

»_1024R’r —6336R’r* —18696Rr’ —8150r" -0
2(=240Rr +1641r?) '

0,




IfA52 >0, which means4096R* —34304R’r +99408R°r* —122024Rr* +35629r* > 0. With

R
the assistance of maple13, we discover that when 2 <— < 4.10490422---, function
r

f(s*)=0 has two roots; Therein the larger one is

~(1024R°r —6336R°r* —18696Rr’ —8150r*) + /A ,
2(=240Rr +1641r%) '

—(1024R°r —6336R°r* —18696Rr’ —8150r*) + /Asz

- <16Rr-5r.
2(~240Rr +1641r2)

We can prove

< —(1024R°r —6336R’r* —18696Rr’ —8150r4)+\/ATZ

< 2(=240Rr +1641r*)(16Rr —5r?)

& \/ATZ <-1024R’r —1344R°r* + 73608Rr’> —8260r"

= r4[—1024($)3 —1344(?)2 + 73608(?) —8260].

? =te[2,6.8375), MIh(t) =—1024t" —1344t* + 73608t — 8260 ,
h'(t) = —3072t* — 2688t + 73608 .

é\

leth (t) =0, so we can acquire the roott = %%.47700340 -
ort=%<0 (omitted) .
Whente[Z,%), g (t)>0; whent e(%,d%%), g(t)<o0.
<. Whent :%, g(t) reaches the maximum g(%).
547, 26216541
" g(2)=125388>0, g( 80): 550 >0,

" g(1),, = max{g(2), g(%)} >0.

So —1024R°r —1344R’r* + 73608Rr* —8260r* > 0.
For this we only need to prove

A, < (-=1024R°r —1344R*r* + 73608Rr> —8260r*)’

< 1048576R°r? —12976128R°r’ + 64770048R*r* —168159232R’r°
+235867392R*r* —161436672Rr’ +36484096r°

< (=1024R°r —1344R*r* + 73608Rr* —8260r*)



< 7864320R°r’ —153059328R*r* +398662656R°r” +1893865152R°r°

+156359952Rr” —36481071r* > 0
< 3r(547r —80R)(—32768R" + 413696R’r +1167552R*r* —22231r*) > 0

Notice that2 < E <4.10490422---, s0547r —80R > 0. For this we only need to prove

.
—32768R* +413696R°r +1167552R*r> —22231r* >0, Thatis, to prove
—32768(5)4 + 413696(5)3 +1 167552(5)2 —22231>0.

r r r

LetD t €[2,6.8375) . so p(t) = —32768t* + 413696t° +1167552t> = 22231 0.,

r
p(t) =-131072t° +1241088t> + 2335104t =128t(—1024t> + 9696t +18243)
=128t[1024t(8—t)+ 1504t +18243]>0.

So when t€[2,6.8375) , p(t) is monotonely increasing ,

p(t) > p(2) = 7433257>0.
S0—32768R* +413696R°r + 1167552R°r> —22231r* > 0 s tenable.

According to the graph, if we want to prove f(Sz) >0, we only need to prove

which means

f 16Rr=5r*)>0

Thus
f (16Rr —5I’2) =16384R*r* —102400R°r* +234576R*r* —233792Rr’> +86336r°

=16r*(1024R* —2304Rr +1349r*)(R - 2r)
= 16t‘2[1024(R—§)2 +53r*](R=2r)> >0.
IfA, < 0, which equals to

4096R* —34304R°r +99408R’r* —122024Rr’ +35629r* <0, with the assistance of

maplel3, we can discover that when 4.10490422--- SE <6.8375, f(s’)=0 is always
r

tenable.
Generalizing all the identities above, we can draw a conclusion that Formula (14) is tenable,

so Lemma 5 is also tenable.

I11. Three-dimensional Inequalities
Theoreml: If a,b,c,A4,,A4,,u, 1, R ,a+b+c=LnmeN, ,andn>2,m2>2,

and 4,4, > 1, 44, 41, 21, then:

p@" 4 " b+ " pc” @t 9 Ow, (15)
Ab+2.c AC+A4,a Aa+b 3"+ 34 +4)

With equality if and only if a= b= c= 1/3.

Proof **n,me N, ,andn>2,m=>2,



. According to the assumption and the Lemma 1:

ma" + p,b" n b™ + u,c” n me" + pya’
Ab+2,c AC+4,a Aa+A,b

a" b"
= . 7-’- . .
# ZAb+/Izc = Z/llbwizc

o (a+b+c)" - (a+b+co)"
S ) Gatbro 2 34+ ) (atbto)
o | . 1
Mg vy T 4y
H, N My _ du, u,

= = —+ .
3"+ A) 3"+ A 3T (A4 +A) 3M(A+A)

Demonstration finished

Theorem2: If a,b,C, A4, A,, 14, 15, 1, € R, ,a+b+c=1Ln,mkeN,,and

N>2,m=2k=2, 4,4, >1, 4,1, 11, >1 then:

Zﬂlam+ﬂzbn+ﬂack2 9 (Mt By (16)
Ab+A,c A+ A, 3" 3" 3K

With equality if and only if a= b= c= 1/3.
Proof " n,mke N, ,andn>2,m>2,k>2,

. According to the assumption and the Lemma 1:

Z pa” 4 op,b" + et
Ab+ 4,c

a.m bn Ck
= . —+ . —+ . —_—
# lelb+12c = lelb+/12c # Zilb+/12c

(a+b+c)” . (a+b+c)’ . (a+b+c)"
3"+ A)-(a+b+0) = 3" (4 +A)-(a+b+0) & 324+ Ap-(a+b+0)

2 fy

N R S S R Y.
T Aam2 n-2 k-2 - m n
34+ A) A+ 3UA+A) A+A 3" 3

Demonstration finished

+§l—k3)-

Annotation: In Formula (16), if we make A =4, =, =, =1,,=0,m=2,n=1,we can

acquire the Vasiliev Inequality; if we make A =4, =, =Ly, =0,4,=A,m=2,n=1, we

can acquire formula (2).
Theorem3 If a, b, ¢ are positive, and satisfy a+b+c =1, then:

10



a+h? b+c? c+a’

(b+c)  (c+a) (a+b)

_>3. amn

With equality if and only if a= b= c= 1/3.

Proof 2+b’ N b+c? N c+a’ _Z( a +Z( b?

b+c) (c+a) (a+b) “(b+c) b+c)
We firstly prove__ & | b LN 9. (18)
(b+c)” (c+a) (a+b)’ 4

According to the assumptions and Cauchy’s Inequality,

a_, b , ¢ -(a+b+c)>( a , b, ¢ Jz.
(b+c) (c+a)’ (a+b) “\b+c c+a a+b

R b LC 3_a 1 b 1 ¢ 1
b+c c+a a+b 2 b+c 2 c+a 2 a+b 2

_lfa-b a-c +l b-c b-a +l c-a c-b
“2lb+c b+c) 2\c+a c+a) 2la+b a+b

:1{ @-bf , (b-cf  (c-af }0

2| (b+c)-(c+a) (c+a)(a+b) (b+c) (a+b)

2

a b c 3
+ + >=.
b+c c+a a+b 2

. a b c 9
. + + (a+b+c)>=>
{(bﬁtc)2 (c+a) (a+b)2}( ) 4
w_a b ¢ 9
(b+cy (c+a) (a+b) 4
b? c? a’ 3

Then we prove >2. (19>

+ +
(b+c)> (c+a)*> (a+h)® 4

<5 a'b’+b'c®+cta’) + (a’b*+b’ct +c’at) +2 (a’’ +b’c’+clat)
+2abc(a’ +b’ +¢’) > 2abc(a’b +ab” +b’c+bc* +c’a+ca’)+18a’h’c’.
According to the Average Value Inequality,

a’b’ +b'c* +c*a® >3a’’c’, a’b*+b’c*+c’a* >3a’h’c’, so

5(a'p’ +b*c® +c*a’)+(a’h* +b’c* +c’a*) > 18a’h’c’. (20)
Notice that

a’’+c’a’=a’(b’+c’)=a’(b’ +c’ —b’c—bc*)+a’(b’c+bc?)

=a’(b-c)b*-c’)+a’(b’c+bc*)=a’(b-c)’(b+c)+a’(b’c+bc?)

11



>a’(b’c+bc®), so a’b’+c’a’ >a’(b’c+hbc?),
For the same reason, b’c’ +b’a’ >b’*(c’a+ca’),

b’c’ +c’a’ >c¢’(a’b+ab?),
If adding up the three formulas above, we can obtain the following inequality.

2(a’b’ +b’c’ +c¢’a’) > abc(a’b+ab” +b’c+bc’ +c*a+ca’). (21)
Notice that b* +¢* =b* +¢’ —b’c—bc? +b*c+bc?
=(b-c)b*-c*)+(b*c+bc’) =(b—c)’(b+c)+(b*c+bc®) >b’c+bc*, so
b*+c’ >b’c+bc’, so abc(b’+c’)>abc(b’c+bc?),

For the same reason, abc(c’ +a’) > abc(c’a+ca’),

abc(a’ +b*) > abc(a’b+ab?),
If adding up the three formulas above, we can obtain the following inequality.
2abc(a’ +b’ +c’)>abc(a’b+ab’ +b*c+bc’ +c’a+ca’). (22)

If adding up Formula (20) , Formula (21), and Formula (22) , we can obtain Formula (17).
By adding up Formula (18) and Formula (19) we can prove the Theorem 3 to be tenable.
a+b> b+c* c+a’ _3+9
. >+ >+ -2 =
(b+c) (c+a) (a+b) 4
Demonstration finished.
Theorem4: If a, b, ¢ are positive, and satisfya+b+c =1, then:

az+b3+b2+c3+cz+a3>§' (23)
(b+c) (c+a) (a+b) 2
With equality if and only if a= b= c= 1/3.

2

2 3 2 3 2 3 3
f:a+b b” +c c“+a z a z b
( (

Proo + + = + .
b+c c+a a+b b+c b+c
(b+c) (c+a) (a+b) ) )

Step I: According to the assumptions and the Cauchy inequality,

@ i3b)3 + b -kfc)3 + E fa)3 : [a(a +b)’ +blb+c)’ +c(c+a) ] >(a” +b” +c2).

Next to prove8(a® +b> +¢* ) > 3[a(a +b) +b(b+c) +c(c+a) ]

Namely prove

S(a* +b* +c*)+7(a’h? +bc? +c%a’ )2 9(a’b +bic+c'a)+ 3(ab’ +bc’ +ca’).

" 4at +b* +7a’b® —9a’h-3ab’ =a* -2a’b® +b* +3a* —9a’b+9a’b® —3ab’

12



=(a®>-b’) +3a(a—b)’ =(a-b)*(4a’ —ab+b*)>0
S4a* +b* +7a* > 9a’b +3ab’,

For the same reason, 4b* +¢* + 7b%c? > 9b’c +3bc®, 4c* +a* + 7¢’a’ > 9c’a +3ca’,
If adding up the three formulas above, we can obtain the following inequality.

5a* +b* +c*)+7(a’b> +b’c? +c%a? )= 9(a’b+b’c+c’a)+ 3(ab’ +be’ +ca®).

a’ b’ c’ 3
Es 3T DR
(a+b)” (b+c)” (c+a) 8
Step I1I: Method 1 According to the Cauchy Inequality:

Then we can prove

{ a’ . b* ¢ 3][(b+c)+(0+a)+(a+b)]

b+c) (c+a) (a+b)
- ( (bjzch +{ (C—ti)-zafj +[ (a_c:bfj '[(\/b'I'C)Z-I-( c+a)2+(\/a+b)2}

>(eeanatass)
b+c c+a a+b

C2
+
{b+c c+a) (a+b)

e )
b+ c c+a a+b 2 4

And{ a’ b*

b+o) C+a) f(a 1r}

][(b+c)+(c+a)+(a+b)]

[(b+c)+(c+a)+(a+b)

:{wilr+@ilf+@ilr}

a’ b? c’ 9 9
. —+ —+ —|> ==
b+c) (c+a) (a+b)' | 4-2 8

2 3 2 3 2 3 2 3
.-.a+b3+b +c3+c +613:Z a +Z b 22
(b+c)” (c+a) (a+b) 8

Demonstration finished

a a
Method 2 a+b+c=1<b+c=1-a, =

(b+c) (1-a)

Assume the function f (X) = andx € (0,1),

( )3’

13



2. 2(x* +4x+1
f'(x):2X+X (X): (X + X+)

(1-x)" (1-x)

<« f(x) is a lower convex function whenx e (0,1)

>0,

According to the Jensen Inequality
fx)+ f(x,)+...... +f(xn)>f X+ X, +.eeen + X
n - n

Whenn=3,anda = X,,b = X,,C = X,, which means whena+b+c=1,
f(a)+ f(b)+ f(c) >3- f(%),

a’ . b? . ¢t .9
(b+c) (c+a) (a+b) 8

. a’+b’ b2+c3+cz+a3_z a’ iy b 9
8

>2.3.
(b+c) (c+a) (a+b) “(b+c) “(b+c) 8 8

N | W

Demonstration finished.

2 2X+ X*
Method 3 Let f (x) = —=,andx e (0,1), f'(x)=——7.
) (1-x)
With the assistance of The Geometer's Sketchpad & reg, we found out that the second

derivative of function is always positive when x e (0,1)

The graph of the function’s second derivative

According to the graph, we can prove f '(l) . ( X-l) < f(x)-f (l)
3 3 3

R 1
@ﬂ( et Y
1. 3)71-x° 4_Ls
(=) (=)

14



63 ( 1) x> 3
&= x-=—|< =
16 " 3)7(1-x)° 8

2 2
(7% ~18x +15)3x=1)° _

(1-x)°
[7(x-2) + 24 3x - 1)’
7 73 Z 0
(I-x)
If we substitute x for a, b, and ¢ respectively, we can obtain the following inequality:
a’ . b* . c’ 29
(b+c) (c+a) (a+b) 8
2 3 2 3 2 3 2 3
. a +b3+b +cS+c +a3 ZZ a 3+Z b : 22+§=§.
(b+c) (c+a) (a+b) (b+c) (b+c)) 8 8 2
Demonstration finished
Theorem5 If a, b, ¢ are positive, and satisfy a+b+c =1, then:
an +bn+1 bn+cn+1 Cn+an+l 6
n+l + n+1 + n+l 2 An°
(b+c) (c+a) (a+b) 2
With equality if and only if a= b= c= 1/3.
n n+l1 n n+l1
PrOOf: Za +bn+1 :Z 2 n+l1 +Z b n+l
(b+c) (b+c) (b +c)
a" a"
a+b+c=l<b+c=1-a, = —
b+c)" (-a)
X" nx"" + x"
Lth(X) = —M,andxe(O,l),ne N+, f '(X):—m_z,
(1-x) (1-x)
. 2X" +4nx"" +n(n-1)x"?
£ ()= nn-1x" .
(1-x)
So whenx € (0,1), f (X) is a lower convex function.
According to Jensen’s Inequality,
fx)+ f(x)+...... +f(xn)2f(x1+x2+ ...... +xn).
n n
When n=3, anda = X, = X,,C = X, , which means when a+b+c=1,
1 n n n
f@+fb)+f(©)23-f(2.s0 &, b, 9
3 (b+c)™ (c+a)™ (a+b) 2
15
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b c’ a’ 3.3
7t 7t 7257
(b+c)” (c+a)” (a+h)” 4 2
This Inequality has already been proved in Theorem 3.
When N >3, According to power mean inequality,

When n=2,

LU Ao L YL Y S
(b+c)" (c+a)' (a+b) (b+c)’ (c+a)’ (a+b)2

1 b? c’ a’ 1
>3{—[ =+ >+ 2]}2
3 (b+c) (c+a) (a+b)
1 31% 1 g 1 3
>3(=x)?2=3|—| =3)"==.
(3 4) [4) (2) 2"
Sowhen neN,, nx>2, b + ¢ + a >i.

(b+c)" (c+a)’ (a+h)' 2

" b™ 349 6

a" +b" a
ZW_Z(b+C)n+1 +Z(b+0)n+1 - il _2_n‘

Demonstration finished.

Theorem6: If a,b,C are positive, a+b+C=1, andm>2,n>2, then:

m m+n m m+n m m+n n+l n
a +bm+n+b +cm+n C +am+n23 m:3(a+b+cn) ' (25)
(b+c)™™ (c+a)"" (a+h) 2™ (a+b+c)

With equality if and only if a= b= c= 1/3.
1 1 1
> >

Proof: Assumethata >b>cC,soa+b>a+c>b+c, > > ,
b+c c+a a+b

m 1 S 1 S 1

a">b™>c", > > :
(b+c)m+n (C+a)m+n (a+b)m+n

According to Chebyshev’s Inequality, Cauchy’s Inequality and power mean inequality,
am bm Cm
+ +
(b+C)m+n (C+ a)m+n (a+b)m+n

=a .;_{_bm .;.FC”‘ ;
(b + C)m+n (C + a)m+n (a+ b)m+n

1 1 1
n n
(b+c)™ (c+a)™ (a+b)™"

2%(am +b™ +c¢™)[

Z1_3(a+b+c)m‘3[l( 1 1 N I e
3 3 3'b+c c+a a+b

16



2(a+b+c)m.3[l 9 man
3 3 b+tc+c+a+a+b
3n+1
S 2™M"a+b+c)"
" c" a" 3
According to the conclusions + + >— given by Theorem 5, we

(b+c)" (c+a)' (a+b)
can easily prove the following inequality,
bm+n Cm+n am+n 3
m-+n + m+n + m+n Z m-+n
(b+c) (c+a) (a+h) 2

cam+b™" . b™ 4+c™" N c"+a™" S 3™ +3(a+b+c)
(b+c)™" (c+a)™" (a+b)"™"  2""(a+b+c)

Demonstration finished.

IV. Four-dimensional Inequalities

Theorem7: If a,b,c,d,ee R, anda+b+c+d =1, then:

a’+b*> b’+c® c¢’+d’ d’+a’
+ + +
b+c c+d d+a a+b
With equality if and only if a= b= c= d= 1/4.
Proof: according to the assumption and the Lemma 2:

Za3+b222 a’ +z b?

b+c b+c b+c

>3 (26)
g

(a+b+c+d) (a+b+c+d) 1

1
47 -2(a+b+c+d)+42‘2-2(a+b+c+d) 422

Demonstration finished.

If we make a further extension, we can easily acquire some sequent conclusions:
Theorem8: If a,b,c,d eR",a+b+c+d=1,neN,,andn>2 then:

an+1_i_bn bn+1+Cn +Cn+1+dn dn+1+an S 10

>—. Q7
b+c c+d d+a a+b 4"

With equality if and only if a= b= c= d= 1/4.
Proof: according to the assumption and the Lemma 2:

an+1+bﬂ an+l bn
Z b+c _zb+C+zb+C
(@a+b+c+d)™ (@a+b+c+d)
4™ 2(@+b+c+d) 4"2-2(a+b+c+d)

17



1 1 1+4 5 10 10
= T + n-2 =0 = T = ="
4.2 4.2 47 .2 47 .2 47 -4 4

Demonstration finished.

Annotation: In Formula (27), when n=2, it equals to Formula (26).

Theorem9: If a,b,c,d, 4,4, 4,4, €eR,,a+b+c+d=1LneN,,

andn>2,4,4,, 1, p, > 1,then:

n+l

A" 4 peb" ™ " ™+ pnd” | d™ o pd A+
Ab+Ac Ac+A,d Ad+4,a Aa+ab (4 +A)-4M

With equality if and only if a= b= c= d= 1/4.
Proof: according to the assumption and the Lemma 2:

n+l1

n+l

/lla +/u2bn an+1 bn
R N A A— - + - -
2 Ab+ A0 #'zllb+/12c 'uzzﬂlb+/12c

o (@+b+c+d)™ e (@a+b+c+d)
=4 412 (2, +4,)-(@+b+c+d) #e 4" (4, +4,)-(a+b+c+d)

1 4 _ A+

W) T ) A ()

=H

Demonstration finished.

Theorem10: If a,b,c,d, 4,4, 4,1, €R,,a+b+c+d=1,nmeN,,

andn>2,m>2,4, A, i, 1, > 1 ,then:

4" + pub" n H4P" + 4,C" " pe" + pd” i pd" +pa" > 1644 I 164,

Ab+ic  Ac+Ad  Ad+ia  Ada+ib  4"(A+A) 44 +A)

With equality if and only if a= b= c= d= 1/4.
Proof: according to the assumption and the Lemma 2:

wa™ + u,b" a" b"
e et A [ - -
A+ A,c ”‘Zzlbmzc ”Zzzlbmzc

o (a+b+c+d)" e (a+b+c+d)"
= 42 (4, +4,)-(a+b+c+d) o 42 (4 +4,)-(a+b+c+d)

1 1 16y, 164,
T m—2 THy S5 = m T ’
4" (A, + 4,) 4" (4 +Ay) AT+ 4 ACA+ 4

=K

Demonstration finished.

Theorem11: If a,b,c,d eR, ,anda+b+c+d =1,then:

18
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a’+b>+c’> b*+a’+d’ c’+a’+d’ d2+b2+c2>1. (30)
d+b+c c+a+d b+a+d a+b+c

With equality if and only if a= b= c=d= 1/4.

Proof: according to the assumption and the Lemma 2:

a2+b2+c2+b2+a2+d2+02+a2+d2+d2+b2+&
d+b+c c+a+d b+a+d a+b+c

-y a’ Y b? .y c’

d+b+c d+b+c d+b+c

(a+b+c+d)
472 3(a+b+c+d)

Demonstration finished.

If we homogenize the formula, we can get the following inequality:
a2+b2+cz+b2+a2+d2+cz+a2+d2+d2+b2+&
d+b+c c+a+d b+a+d a+b+c

This is a more general inequality.

>a+b+c+d.

Theorem12: If a,b,c,d e R, , then:

a2+b2+c2+b2+a2+d2+cz+a2+d2+d2+b2+&
d+b+c c+a+d b+a+d a+b+c

>a+b+c+d. (31

With equality if and only if a= b=c=d.

Theorem13If a,b,c,d eR,,anda+b+Cc+d =1, then:

a’+b’+c> b’+a’+d® c’+a’+d? d’+b’+c’
d+b+c c+a+d b+a+d a+b+c

With equality if and only if a= b= c= d= 1/4.
Proof: according to the assumption and the Lemma 2:

>3, (32)
4

a3+b2+c2+b3+a2+d2+c3+a2+d2+d3+b2+&
d+b+c c+a+d b+a+d a+b+c

:Z a3 +Z b2 +Z C2

d+b+c d+b+c d+b+c

2 3
(a+b+c+d) o (a+b+c+d) :§+ B

1 3
477 .3a+b+c+d) 477 -3@a+b+c+d) 12 4
Demonstration finished.

Theoreml4If a,b,c,d eR,,a+b+c+d=1,neN,,andN =2, then:

a’+b"+c" b’+a"+d" c*+a"+d" dP+b"+c" 32 1
+ + + > +—. (33)
d+b+c c+a+d b+a+d a+b+c 4" .3 12

With equality if and only if a= b= c= d= 1/4.
Proof: according to the assumption and the Lemma 2:

19



a’+b"+c" +b3+a”+d” +C3+a“+d” +d3+b”+C”
d+b+c c+a+d b+a+d a+b+c

YLy

d+b+c d+b+c

=2

d+b+c

n 3
(a+b+c+d) s (a+b+c+d)’ 6 , 1 _32 1

T 4" 3(a+b+c+d) T 472.3(a+b+c+d) 4"3 0 12 473 12
Demonstration finished.

Theoreml151If a,b,c,d eR,,a+b+c+d=1,neN,,andN =2, then:

n+1

a™+b"+¢" b"™M+a"+d" c"™+a"+d" d”“+b”+c”>12

+ + + > (34)

d+b+c c+a+d b+a+d a+b+c 4"
With equality if and only if a= b= c= d= 1/4.
Proof: according to the assumption and the Lemma 2:

a"™ +b"+c" b"™+a"+d" c"™+a"+d" d"™ +b"+c"

d+b+c c+a+d b+a+d a+b+c

b" c"

=YY +2

d+b+c d+b+c d+b+c

(a+b+c+d) 5 (a+b+c+d)™ 16 4 36 12

= 4n-2 n-1 ~ 4n 2+ n n n
42 3@+brcrd) | 4™ 3atbictd) 4"-3 43 4"3 4
Demonstration finished.

Theorem16 If a,b,c,d eR,.,a+b+c+d=1LneN,,mnz=>2 then:

a" +b"+¢" b"+a"+d" c"+a"+d" d"+b"+c" 32 16
+ + + > +

> .(35)

d+b+c c+a+d b+a+d at+b+c 3-4"  3.4"
With equality if and only if a= b= c= d= 1/4.
Proof: according to the assumption and the Lemma 2:
am+b“+c“+b”‘+a”+d“+c”‘+a”+d“+dm+b“+c“

d+b+c c+a+d b+a+d a+b+c

n Cn

=2 +2 +2

d+b+c d+b+c d+b+c

(a+b+c+d)' 5 (@a+b+c+d)" 16 16 32 16

= in-2 ot m-2 " 4n 2+ m " an + m :
4" 3a+b+c+d) 4™ -3a+b+c+d) 4”3 4".3 4".3 4".3
Demonstration finished.
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V. Five-dimensional Inequalities
Theorem17 If a,b,c,d,eeR, anda+b+c+d+e=1, then:

a’+b* b’+c? c+d? dP+e? e’+a’
+ + + +
b+c c+d d+e e+a a+b

Zg. (36)
5

With equality if and only if a= b=c= d=e= 1/5.

Proof according to the assumption and the Lemma 3:

Zﬁ+wzza3+z

b+c b+c

b2
b+c

a+b+c+d+e) a+b+c+d+e) 1
( ne

1
_5*?2(a+b+c+d+e)+5%?2(a+b+c+d+e) 522

3
5
Demonstration finished.

Theorem18: If a,b,c,d,eeR, and a+b+c+d+e=1, then:
a*+b® b*+c® c*+d’ d4+e3+e4+a3 3

> (37)
b+c c+d d+e e+a a+b 25

With equality if and only if a= b=c= d=e= 1/5.

Proof: according to the assumption and the Lemma 3:

a’ +b’ a’ b’
Z b+c _zb+c+zb+c
(a+b+c+d+e) . (a+b+c+d+e)
52 .2(a+b+c+d+e) 57-2(@+b+c+d+e)
L3
50 10 25

Demonstration finished.
Theorem19: If a,b,c,d,eeR, and a+b+c+d+e=1,and N2> 2, then:
an+l+bn bn+l+cn Cn+l_|_dn dn+l+en en+1_|_an 15

+ + + +

> —. (38)
b+c c+d d+e e+a a+b 5"

With equality if and only if a= b=c= d=e= 1/5.

Proof: according to the assumption and the Lemma 3:

1 bn
Z: +§:b+c

(a+b+c+d+e)” (@+b+c+d+e)
52 (@+b+c+d+e) 5" -2(@+b+c+d+e)

n+l

a™ +b" Zza“

b+c b+c

21



n+l1

_ (a+b+c+d+e) ,_la+b+c+d+e)
5" .2(@a+b+c+d+e) 5"7-2(@+b+c+d+e)

1 1 15
TSy Ty s
Demonstration finished.
Theorem20 If a,b,c,d,e,n,meR, ,a+b+c+d+e=1,and n,m>2,then:

a"+b" b"+c¢" c¢"+d" d"+e" e"+a" _25(1 1
+ + + + 2—| ——+— (39
b+c c+d d+e e+a a+b 25" 5
With equality if and only if a= b=c= d=e=1/5.
Proof according to the assumptlon and the Lemma 3:
Zam—'_bn z Z bn
b+c b+c b+c
(a+b+c+d+e)" (a+b+c+d+e)
5™ .2(a+b+c+d+e) 5"7-2(@+b+c+d+e)
1(25 25 25 1 1
2{5™ 5" 25" s
Demonstration finished.
Theorem2lIf a,b,c,d,e,A,,A,, 1,1, €R,,a+b+c+d+e=LnmeN,,
andN,Mm =2, 2.4, u,u, >1, then
R+ b " 4 pe” g™+ pd” | pd" 4 g
Ab+A,C AC+Ad Ad+A.e Ae+4,a
m n
LHE LR 2 L ) (40)
Aa+Ab A4+, (5" 5"

With equality if and only if a= b= c= d=e= 1/5.

Proof #a” + ;0" = —am —bn
L i M Theae el Th e
o (a+b+c+d+e)" e (a+b+c+d+e)
= 5"2.(4, + 4, a+b+c+d+e) # 5"2.(2, + 4, a+b+c+d+e)
_ 25y 25u, 25 (ﬂ+&J
5"(4+4,) S"(4+A) A+, \5" 5"

If we extend them to multidimensional inequalities, we can acquire the following theorems.
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V1. Multi-dimensional Inequalities

Theorem22If a,,a,,--,a, €R,,a +a,+---+a,=1 andnotea  =a,a,,=2a,, n>2

12 2n+2

then

Z a’+a’, >n+1

> : (41
~a, +a, 2n

i+1
With equality if and only if a; =a,=... =a,=1/n.
Proof according to the assumption and the Lemma 4

n n

IRy *2

Ila +ai+2 |1a +a =1 H_l"ra

i+1 i+1

Car  Qar
i=1 + i=1 -

l 1+n
T o 2 oA 2n 2 2n
n"?.2)a n?2) a

Demonstration finished.

Theorem231f a,,a,,---,a, €R,,a +a,+---+a,=1 andnotea  =a,a,,=2a,, n>2

1° ' n+2
then
a'+a’ l+n
Z My (42)
i=1 a|+1 + ai+2 2n
With equality if and only if a; =a,=... =a,=1/n.
Proof: according to the assumption and the Lemma 4:
4 3 4
i 8 +a, :i g i aj,
i=1 ai+1 + ai+2 i=1 ai+1 + ai+ =1 |+1 + a
(Zn: j4 (Zﬂ: I
al ai
> i+1 n i+1 1 L 1+n
= n n o 2 o 2
- - 2n°  2n  2n
n*?.2>a n?.2> 4
i+1 i+1
Theorem24: If a,,a,,---,a,€R,,meN_,and & +a,+:--+3,=1 m=>2,
noted ,, =4a,,a,,, = a4, then:
" a™ +a Jn+n’
Z > (43)
=1 a|+1 + a‘i+2 2n
With equality if and only if a; =a,=... =a,=1/n.

Proof: according to the assumption and the Lemma 4:
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n m+1 m n m+1 n a m

Zai +a, = a, £y

i=1 ai+l + ai+2 i=1 ai+1 + a'i+2 i=1 a‘i+1 + a‘i+2
n m+1 n m
S A n i+1 _ n _ +
- n n m m m
_ _ 2n 2n 2n
n"'-2)a, n"?-2) 4
i+1 i+1

Demonstration finished.

Theorem251If a,,a,,---,8,€R,,me N, ,and a +a,+---+a, =1

m=2 noted,,, =a,a,,, =a,, 4,4, 1,1, €R,, A, 4, 1,1, > 1 then:

m+1

S+ 8l Z:uln"':uznz ' (44)
o Al +A4a, (ﬂ“l +2,)n"

i+l
With equality if and only if a; =a,=... =a,=1/n.
Proof: according to the assumption and the Lemma 4:

m+1 m m+1 m
o8+ nan, Zn: a, v Zn: ai.,
7 2
i=1 ﬂ“lah—l + /12ai+2 i=1 ﬂ“lai+1 + izanz i=1 2’la'i+l +ﬂ‘2ai+2

5]

i+1 i+1

(5n ]

= +
N4+ A4 ) e N (4 +4,))
i+l i+1
_ 4N Hon’ _ N+ 4,0’

+ = :
(A +2" (A + 4" (2 +2,)n"
Demonstration finished.

Theorem26: If a,,a,,---,a, €R,,mkeN, , anda, +a,+---+a,=1,and

m,kK =2 noted,,, =a,,a,,, =&,, 4,4, 14, 1, €R, .4, 4, 11, 11, > 1 then:

k m 2
S A I (i“#_;] (45
i=1 2’la'i+l + ﬂ’zai+2 (2’1 + 22) n n
With equality if and only if a; =a,=... =a,=1/n.
Proof: according to the assumption and the Lemma 4:
k k
LAy + sy, N a X a,
e aa M el i 4
i=1 la'i+l + Zai+2 i=1 lai+l + Zai+2 i=1 lai+1 + Za'i+2
24



5]

i+l i+1

)

> +
N4+ 4> e n" (4L +4,)D e

i+1 i+1

VLY N 1§ ,[ﬂ+&j
(+2)0 (A +)0" (4+4) (" 0" )

Demonstration finished.

VI1l. Enhancement

Passage [17] makes an enhancement on Formula (1) to get:
Assume that a, b, ¢ are positive, and satisfya+b+c =1, so:

a’+b 3 s
> = _
> e _2+8Z(a b) . (46)
Passage [5] makes an enhancement on Formula (46) to get:
a’+b 1
> >2+(1-————)) _(a—h)*. (47)
b+c 162 +13

=0.832464119...and Passage [5] also suggests that Formula

We notice that 1— ;
V1632 +13

(47) is not the best. Thus we out forward the following questions:
Ifa,b,ce R, and a+b+c=1, seeking the maximum to set up the following permanent

establishment of inequality,
Assume that a, b, ¢ are positive, and satisfya+b+c=1

2

a +b

> >2+21) (a—h)’. (48)
b+c

The study found that the (47) equation can be improved to:

Theorem 27 Ifa,b,c € R, .anda+b + ¢ =1 then:

2
a +b 27
>2+=—» (a-bh)*. 49
2o 2 )
Proof: use a+b,b+c,c+a toreplacethe X,Y,Z inlemma 5, then:

If a,b,ceR,_, then:
_ 2 _ 2 _ 2
a+b+b+c+c+a>3+£.(a b)"+(b-c)"+(c-a) '

> (50D
b+c c+a a+b 32 (a+b+c)’
a’+b a[l-(b+c)]+b a+b
= = — a
Zb+c Z b+c Zb+c z
2 2 2
23+£~(a_b) +(b-c) +(c—-a) 1
32 (a+b+c)

27 2 A2 A2
_2+3—2[(a—b) +(b-c)y" +(c—-a)7].

Demonstration finished.
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27
5 =0.84375>0.832464119...,which means Formula (49) is more powerful than Formula

(47).

With the assistance of Formula (46), Passage [18] prove the following inequality:

Assume that a, b, ¢ are positive, and satisfya+b+c =1, so:

3
Za +b>§. (51D

b+c 3

What’s more, we can extend Formula (51) to the following inequality,
Assume that a, b, ¢ are positive, and satisfya+b+c =1, so:

a’+b_5 (52)
—+—[(@a-b)"+(b-c) +(c-a
Zb+ 324[( )’ +(b-c)’ +(c-a)’]
With the assistance of Formula (49), we can make a further enhancement on Formula (52) to
get

Theorem 28: If a, b, ¢ are positive, and satisfya+b+c =1, then:

a’+b 5 49

a-b 53

Z“b+C 3 962( y 43
Proof Za +b_za +b—(a2+b2+c2)22+§—32(a—b)z—(a2+b2+c2)
:§+22(a—b)2+—(a+b+c)2—(a2+b2+c2)

3 32 3

5 27

2 1 2
:§+§Z(a—b) —EZ(a—b)

5 49
==+—>» (a-b)’.
3 962( )

Demonstration finished.
) 49 1 )
We notice that 9_6 =0.510416666...>0.0416666666.. .=a . Thus, Formula (53) is more

powerful than Formula (52).

Passage [5] and Passage [16] respectively use different method to prove Formula (54):
Assume that a, b, ¢ are positive, and satisfya+b+c =1, so:

4

b+c 9

With the assistance of Formula (49), we can make a further enhancement on Formula (54) to
get
Theorem 29 If a, b, ¢ are positive, and satisfya+b+c =1, then:

a' b

b+c
.at+b _a'l-(b+c)]+b a3+b_a3
" b+c b+c b+c

Prove : °

Za +b—2a3+b—2a3

b+c b+c
We notice that

Za3—3abc:%(a+b+c)2(a—b)2. (56)
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Combining Formula (56) and Formula (53), we can get

Cw—at+b a’+b
IR R

b+c b+c
>§+%Z(a—b)2—3abc—12(a—b)2
(%‘E)Z( by 3. (a+b+c)
:§+%Z( —b)* 3-(5)3
:%+9—162(a—b)2

Demonstration finished.

We notice that %>0, which means Formula (56) is more powerful than Formula (55). So

we can get another kind of enhancement and certification of Formula (53).

VI1II. Unsolved Problems

Based on Formula (1) and Formula (51), Passage [18] puts forward several supposes.
Conjecture 1: If a,b,ceR, ;and a+b+c=1,and Ne N, then:
Za”+1 +b_ 143"

b+c — 2-3"

(57

Passage [5] points out that when N=1,2,3, Formula (57) is tenable, while when N>6,

Formula(57) is incorrect. However, we still need to make a deeper research to find out whether
when n=4 or n=5 Formula (57) is tenable.

With the assistance of program Bottema2009 made by Professor Lu Yang from the Chinese
Academy of Science, we can easily find that when n=4 or n=5, Formula (57) is tenable.

But we are still unable to offer artificial certification, so we put forward the following two
supposes.

Conjecture 2: If a, b, ¢ are positive, and satisfya+b+c =1, then:

a’ +b 41, (58)
Z b+c 27
Conjecture 3: If a, b, ¢ are positive, and satisfya+b+c =1, then:
D a’+b S 122, (59)
b+c 81

With the assistance of program Bottema2009, we also found that the Inequality (49) can be
enhanced to be Suppose 4.

Conjecture 4: If a, b, ¢ are positive, and satisfya+b+c¢ =1,then:

2
21+b22+k2(a—b)2 - (60)

+C
K. =0.952078828...is the root of the equation:

192k® —1152k> +3296k* — 5264k + 4940k > — 2004k +23 =0
Postscript: Recently passage [22] has proved Suppose 3. With the help of Suppose3, we can
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easily prove that Suppose 2 is tenable.

Za +b=2a(a+b+c)+b=za +b+z 122 3( Za)

b+c b+c b+c
2 dp 2 L s
81 81 27°

Demonstration ﬁmshed.

Thus, Suppose 1 has been thoroughly solved. Now only Suppose 4 is left unsolved for
readers who are interested in them to discuss.

Conjectu re 5: If a, b, ¢ are positive, and satisfya+b+c =1, then:

Za +b 5+kZ(a b)?. (61)

b+c

K. =0.618745495...is the root of the equation

46656k° —186624k> +412128k* —487728k* +360180k* —10548k —61931=0
Conjecture 6: If a, b, ¢ are positive, and satisfya+b +c¢ =1,then:

Za +b 14 kZ(a by’ - (62)

b+c

K .. =0.334432193...is the root of the equation

11337408k —16376256k> + 26069040k * —8440848k’ + 6231384k>
+2566804k —9238901=0
Conjecture 7: If a, b, ¢ are positive, and satisfya +b + ¢ =1,then:

Za +b_41 +KY (@b (63)

b+c

K .. =0.144954956...is the root of the equation

3671492030322070514237964288 k' +27184905496119281369311346688 k'* +602736608
31120657608739913728 k' -37370991055114438564698390528 k' -3862537903935809040676
19880960 k'' -549334210913592836522363191296 k'* +350841560289026314987314118656 k”
+2216456757427941779550577164288 k* +3418658793193231988534923296768 k” +28167643
37809873605494773481472 K ° +1313680169948284601618889178368 k> +32549318720656157
8334244994560 K * +42404191878334767971845320000 k* -2207815679510408249208231552

k*-828175795062015884674937760 K -221661003555753960026161607=0
Comjecture 8: If a, b, ¢ are positive, and satisfya+b+c =1, then:

a’+b 122 (64)
> +k» (a-b
Pt WO

K. o =0.02584295685- - -1s the root of the equation

~127545812067691549+4482785340037365228 K +16731569088721113732 K * +29831803
345471958208 k*+17215099350254314992 k * +4191716669843968 K> +7473201530841284947
2K +79480750778537474304 K +30822543024757694208 K * +3794985346768570368 k=0

1
Particularly, when K = 5 in the inequality (59) , we can get:

6 b 122
za + Z(a b) (65)

b+c
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Comjecture 9: If X,Y,Z € R, then:

2 2 2
X z X— +(Y—-Z) +(Z2—X
—+1+—23+3%/§-( yy+y=2 2( ) : (66)
y z X (X+y+12)
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