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Abstract: In this paper, we first derive a new result which
improves Normann—-Erd ¢ s Theorem, then we investigate the
structures of Heron triangle with rational angle bisectors. The
result goes as follows: There are infinitely many Heron triangles whose
angle bisectors are rational numbers; For any Heron triangle (a,b,c),
there exists a Heron triangle (m,n,k) whose angle bisectors are rational

numbers, where

m= f(a,b,c)
n=g(a,b,c) (0.1
k =h(a,b,c)

We also prove that: For any Heron triangle (m',n',k') whose angle
bisectors are rational numbers, there exists a Heron triangle (a,b,c)
such that the Heron triangle (m',n',k") is similar to the Heron triangle
(m,n,k) given by formula (0.1). Moreover, by the representation of (0.1),
we obtain its relation with the Perfect Square Triangular Problem
(PSTP i.e., Is there a triangle whose sides are perfect squares and
whose angle bisectors are integers? ).

Mexico mathematician Luca proved that PSTP is equivalent to the
Perfect Cuboid Problem ( PCP i.e., Is there a rectangular box with all
edges, face diagonals, and the main diagonal integers? ). We obtain
four Diophantine systems which are equivalent to PCP. Therefore we
wish we could provide some useful results for solving PCP.
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1. Introduction

A Heron triangle is a triangle having the property that the lengths of its
sides as well as its area are positive integers. If the great common divisor
of three sides of a Heron triangle is 1, then the Heron triangle is called a

primitive Heron triangle.

There are several open questions concerning the existence of Heron
triangles with certain properties. For example (see [1, Problem D21]), it is
not known whether there exist Heron triangles having the property that
the lengths of all of their medians are positive integers. A different
unsolved problem which asks for the existence of a perfect cuboid, i.e.,
rectangular box having the lengths of all the sides, face diagonals, and
main diagonal integers has been related(see [5]) to the existence of a
Heron triangle having the lengths of its sides perfect squares and the
lengths of its angle bisectors positive integers.

In this paper, we focus our attention on the Heron triangles with
rational angle bisectors. First, by using some idea of [3], we prove the
following Theorem, which improves the results of [2] and [3].

Theorem 1.1: For any given integer n(n >3), there exists
npoints on a circle such that any triangles whose vertices are
three points among the Nn(n>3)points is a Heron triangle with

three integer angle bisectors.



We will prove Theorem 1.1 in Section 3. Next, we will
investigate the characterization of Heron triangle with
rational angle bisectors. By using some known results on triangles and
some constructions, we will prove in Section 4 the following three
Theorems.

Theorem 1.2 Let (a,b,c) be a primitive Heron block such
that the related triangle is a acute triangle. Then (m,n,k) given by

the following formula

m=a’(b® +c?—a?)
n=b?(@’+c’-b?) (1.1)
k=c’(@®+b*-c?)

iIs a Heron tuple such that the related Heron triangle is a triangle

with three rational angle bisectors.

Theorem 1.3 Let (a,b,c) be a primitive Heron block such
that the related triangle is a obtuse triangle with ¢ >a® +b®. Then

(m,n, k) given by the following formula

m=a’(b*+c’-a?)
n=b%(a’®+c*-b?) (1.2)
k =c’(c*—a*-b?)

iIs a Heron tuple such that the related Heron triangle is a triangle

with three rational angle bisectors.



Theorem 1.4 Let (a,b,c) be a primitive Heron tuple such

that the related triangle is a right triangle withc® = a® +b*(a>b).

Then (m,n,k) given by the following formula

m=2(a’ -b?)
n=c’ (1.3)
k =c?

iIs a Heron tuple such that the related Heron triangle is a triangle

with three rational angle bisectors.

By Theorems 1.2, 1.3 and 1.4, we have constructed three kinds of Heron
triangles with rational angle bisectors. It is natural to ask: Can any Heron
triangle with rational angle bisectors be constructed in this way? Theorem

4.1 answers the above question.

Theorem 4.1: If the tuple (m,n,k)is a Heron tuple such that
the corresponding Heron triangle AMNK has three rational angle

bisectors, then the tuple (m, n,k) can be represented as

m=1a’(b® +c?—a?)
n=/b’(@’+c’-b%), (1.4)
k =Ac*(a’* +b* —c?)

where1eQ, and (a,b,c)is a primitive Heron tuple of a acute triangle.

Or



m=Aa’(b* +c* —a?)
n=ab*(@*+c?-b’), (1.5)
k =Ac*(c®* —a’* —b?)

where 1eQ, and (a,b,c) is a primitive Heron tuple of a obtuse

triangle andc?® > a® +b*. Or

m=A2(a* —b?)
n=Ac? (1.6)
k = Ac?

where 1¢Q, and (a,b,c) is a primitive Heron tuple of a right
triangle with hypotenuse ¢, and a>b. The third case occurs only

when n=k.

In Section 5, we will connect the above results with the famous
Perfect Cuboid Problem. We will prove

Theorem 5.3:

(1> PCP has a solution if and only if there are positive

integers X,Y,Z

X2+y2:CZ
x% —z% =h?
y?— 7% = a?

and x’y* —y?z% — z*x*is a square.
(2) PCP has a solution if and only if there are positive integers

XY,z



X2+y2:CZ
x? + 2% =b?
y?+z°=a’

and x’y®+y®z% +z°x%is a square.

2. Some Lemmas
In this section, we will prove some lemmas that will

be used in the subsequent sections.

To begin with, the following results is well-known
for a Heron triangle, so we cite them directly without
proof.

Known Facts: the values of sine, cosine, tangent and tangent of
half-angle of any angle of a Heron triangle are rational numbers; the
values of radii of incircle and circumcircle are rational numbers; the
lengths of three sides of a Heron triangle must be two odd integers and

one even integer.



T
Lemma 2.1 If €9¢:kﬂ'+zg(kis an integer) , then

sin26,c0s20 € Q if and only if tandeQ .,

Proof: If 9¢kﬂuw%(kis an integer) , then tan@ makes

sense.
(1)Sufficiency: If tandeQ, we have gn29=-35§1§—,
l+tan“ @
1-tan’ @
cos20 =———€eQ.
1+tan’ 6 Q
(2)Necessity: If sin26,cos20eQ, since tanezzi:ﬁgigg
sin

have tan@eQ. This proves the lemma.
Lemma 2.2 If X,Y, €Q(i=123), then the area of the
triangle with three non—collinear vertices
(X, Y1), (X5, ¥,),(X5,Y3) is rationals
Proof: By the knowledge of analytic geometry, we obtain
that the area with three vertices (x,y,),(X,,Y,),(X;,y;) 1s given

by the absolute value of

X Y
Azaxz Y,
X3 Y3

Therefore AeQ. The lemma is proved.

The following lemma is very important in the argument of this
paper.

Lemma2. 3 Let ABC be a Heron triangle, the angle bisector 1,is



. . . A A i
rational if and only if Slnz,cosz are rational numbers.

Proof: By the sine Theorem, we have

., C
sinB sin(B+A/2)° (2.1

Suppose sin?,cosgare rational numbers, since the triangle ABC is
a Heron triangle , then sinB,cosBeQ , and so
sin(B+A/2)eQ,l,. Q.

Conversely, if the angle bisector I, is rational , since the

triangle ABC is a Heron triangle, so sinB,cosB,tanA/2eQ. By

(2.1) we obtain sin(B+ A/2) € Q. Therefore

cosg(sin B + cos B tan g) € Q,

. A A . :
consequently S'”E’COSE are rational numbers. This completes the

proof.

3+ Proof of Theorem 1.1

Proof of Theorem 1.1 To begin with, we choose n distinct
angles @,,...,0, in [0,7/4) such that tané €Q(i=1,...,n),
Hence 86, €[0,27), and thus we can find the corresponding
points M, (cos86.,sin86.)(i =1,...,n) which are on the unit
circle o

Since tané €Q(i=1...,n), by Lemma 2.1 we have



sin 26.,cos 26, ,sin 46.,cos46.,sin86,,cos86. € Q(i =1,...,n) , It
follows that the coordinates of these n points are rational
numbers. Now, by Lemma 2.2, the area of any triangle whose
vertices are three distinct points among the n points is a
rational number.

Now we will prove that the distance between any two points
is a rational number. By the distance formula of two points,

we have

MM, = \/(00389k —c0s86)° +(sin86, —sin84,)* = \/4sin2 46, -6)
=2|sin4(6, —6,) |= 2| sin 46, cos 46, — cos 46, sin 46 |e Q.

Next, joint MM, and any other pointM_, we obtain a triangle

m?

AMMM_, and 6=2MM_M, =4|6,-6,| or 7—4|6,-6,].

Therefore

sin g =+sin2(6, —6,) = £(sin 26, cos 26, —cos 26, sin 26,) € Q,
or sin g =1c0s2(6, —6,) = £(sin 26, sin 26, — cos 26, cos26,) € Q,
and cosg =+c0s2(6, —6,) = £(sin 26, sin 26, — cos 26, cos 26,) € Q,

or cosg =+sin2(6, —6,) = £(sin 26, cos 26, —cos 26, sin 26,) € Q.

By Lemma 2.3, the angle bisector of ZM, M M, is a rational
number.
In this way we have proved that there exist n distinct

points on the unit circle such that the distance between any
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two points is a rational number, the area of any triangle
whose vertices are three distinct points among the n points
is a rational number and any angle bisector of any angle with
three distinct point is a rational. Now by suitable similar
amplification, all rational numbers can be turned into
integers. That is, there exists such a circle and n distinct
points on the circle such that the distance between any two
points is an integer, the area of any triangle whose vertices
are three distinct points among the n points is an integer
and any angle bisector of any angle with three distinct point
is an integer. Recall that a Heron triangle is a triangle with
integral sides and area, which completes the proof.
Therefore, we have proved that there are infinitely many Heron

triangle with rational angle bisectors.

4. The construction of Heron triangles
with rational angle bisectors.

In this section, we will give the proofs of Theorems 1.2-1.4, which

characterize the construction of Heron triangle with rational angle



bisectors.
Proof of Theorem 1.2:

Let AABCbe a primitive Heron triangles whose lengths of three
sides are a Heron tuple (a,b,c), by the assumptions, we have that
AABCis a acute triangle, so the center O of the circumscribed circle of
AABClies in the interior of AABC. Do the circumscribed circle
oof AABC; make three tangential lines of the circle through A,B,C,

we obtain the intersection triangle AMNK of the three tangential lines

(as see the figure (1))

N

cC

=

M
Figure (1)

Notice that £BOC =2/BAC,tan A =tan Z/BAC €Q,

And letr = OA = 0B = OC be the radius of the circle, then reQ,



Andso MC =rtan A Q . Similarly, NC€Q,
So MN =MC+CN €Q . Similarly MK €Q,NK €Q,

It follows that all sides of triangle MNK are rational numbers.
Since ZNMK = 2(%—LBAC) = 7-2A,

then sin ZNMK =sin2A =2sin AcosAe Q. Similarly,
/MKN =7 —2C, ZMNK = 7 - 2B, sin ZMKN,sin /MNK € Q .
Now in AMNK : we have )
cos ZNMK = —cos2A=sin* A—cos’ AeQ,
Similarly, cosK,cosN €Q 0 Therefore

S ok =%MN x MK xsin ZNMK € Q ,

For the angle bisector d,, of the angle /NMK in AMNK , we have

dy MN ~ MN _ MN
sinN ~ sin(K+M/2) sin(K+(z/2-A) cos(K—A)’

Since cos(K —A)=cosKcosA+sinKsinAeQ , thus the angle
bisector d,, of the angle /NMK is a rational number.

Similarly, the two other angle bisectors of AMNK are rational
numbers.

Summing up, the three sides, area and three angle bisectors of
AMNK are rational numbers.

Scaling AMNK we can obtain a primitive Heron triangle whose
lengths of three sides are a primitive Heron tuple with integer area and

rational angle bisectors.



Now we prove that the formula (1.1) holds. Since

MC =rtan A,NC =rtan B,sinA:%,sinB:%, SO

b? +¢% —a? a’+c?-b?
COSA=———— coOSB=—————, Hence
2bc 2ac

abc abc 2abc?
MN =r(tan A+tanB) = + = .
( ) b?+c*—-a®> a’+c’—-b*> (b®+c?-a’)(@a®+c’-b?

Similarly,

abc abc 2ab c
MK = r(tanA+tanC) = + = ,
( ) b’ +c®—a® a’+b*-c® (b*+c®-a%)(@® +b*-c?)

abc abc 2a’bc

KN =r(tanC +tan B) = + = .
( ) a’+b?>-c?* a*+c’-b* (a®+b*-c?)(a®+c*-b?)

By dividing out a common rational divisor of MN, MK, KN,we

obtain

m=a’(b*+c’*—-a’)
n=b%*(@’+c’>-b?)
k=c?(a*+b*-c?)

This proves Theorem 1.1,
Example 4.1:

For a given Heron tuple (1314,15), find the corresponding primitive
Heron tuple such that the lengths of three angle bisectors of the
corresponding Heron triangle are rational numbers.

Solving: It is easy to see that the triangle with primitive

Heron (131415) is a acute triangle , by Theorem 1.1, substituting

15



a=13,b=14,c=15into formula (1.1) to obtain

m=13%(14% +15* -13%) = 2°* x3° x 7* x11
n=14°(13% +15% —14?) =2° x3* x 7x13? ,
k =157(13° +14% —15%) = 2* x3* x5*x 7

Therefore we obtain the corresponding  primitive Heron tuple

(154,169,125) . It is easy to check that the semi-perimeter p =224, the area

S =+/224x70x55%x 99 = 2° x3x5x11.

By the formula of angle bisector, the lengths of three angle bisectors

are

2 2 2600
d = Jp(p—mnk = — = \/224x 70x13% x 5% = )
ek VP(P-m) 169+125\/ SRt 21

2 2 30800
d = Jo(p—mmK =—% J224%55x154x5° = 200
"k VPR 154+125¢ ettt 279

2 2 48048
d = Jo(p—K)mn = —2— \J224%99x132 x154 = .
<= m VPR =K) 169+154\/ Shattadie 323

Therefore the lengths of three angle bisectors of primitive Heron

triangle with Heron tuple (154,169,125) are rational numbers.

Proof of Theorem 1.3:

Let AABC be the primitive Heron triangle with Heron tuple(a,b,c) »
by the assumptions, we obtain thatAABCis a obtuse triangle, hence the

center O of the circumcircle of AABCIlies in the exterior of

Wi
%

M

Figure(2)
S17 --—--- 16



AABC . Do the circumscribed circle 0of AABC; make three
tangential lines of the circle through A, B,C , we obtain the intersection
triangle AMNK of the three tangential lines  (as see the figure(2))

Notice that ~BOC=2/BAC,tanA=tan/BACeQ , and let
r=0A=0B=0C be the radius of the circle 0, then reQ ,
thusMC =rtanAeQ . Similarly, NCeQ, and henceMN =MC+CN Q.

Since ZAOB=27-2C,tanCeQ, SO0 BK =rtan(r-C)=-rtanCeQ.
Hence
MK=KB-MB=-rtanC-rtanAecQ,NK =KB-NC =-rtanC-rtanBeQ »

So the lengths of three sides of the triangle MNK are rational
numbers.

Now ZNMK =2/BAC =2A, SO sin ZNMK =sin2A=2sin AcosAeQ

Similarly, ZMKN = 2C — 7, /MNK = 2B, sin ZMKN,sin ZMNK € Q

In AMNK, we have cos/NMK =cos2A=cos’* A—sin® AcQ,

Similarly,cos K,cosN € Q .
i 1 .
Therefore the area of AMNKiSS yyw = EMN x MK xsin ZNMK €Q ,

For the angle bisector MH of /NMK , we have

MH  MN MN . MN
sinN  sinZMHN  sin(K +(z/2-A)) cos(K — A)’

since cos(K —A)=cosKcosA+sinKsinAeQ , thus the angle bisector

MH of «.NMK is rational. Similarly, the two other angle bisectors of



AMNK are rational numbers.
Summing up, the three sides, area and three angle bisectors of
AMNK are rational numbers.
Scaling AMNK we can obtain a primitive Heron triangle whose
lengths of three sides are a primitive Heron tuple with integer area and
rational angle bisectors.

Now we prove that the formula (1.2) holds. Since

MC =rtan A,NC =rtan B,sinA:i,sinB:L,

2r 2r
2 2 2 2 2 2
COSA:bH:—a,cosB :u_ Hence
2bc 2ac
abc abc 2abc?

MN =r(tan A+tanB) = + = :
( ) b?+c*—a®> a’+c’—-b*> (b®+c?-a’)(@a®+c’-b?

Similarly,

abc  abc 2ab’c
b?+c?-a? a’+b?’-c? (b?+c?-a?)(c®-a’-b?)’

MK =-r(tan A+ tanC)=—

abc abc 2a®bc
KN =-r(tanC +tanB) = — — = .
( ) a’+b?>-c* a*+c’-b* (c®*-a*-b?*(a*+c*-b?

By dividing out a common rational divisor of MN, MK, KN,we obtain

m=a’(b*+c’-a’)
n=b?*@*+c’-b?)
k=c?(c’ —a®-b?)

which completes the proof.

Example 4.2:

For a given primitive Heron tuple(5,58), find the corresponding



primitive Heron tuple such that the lengths of three angle bisectors of the
corresponding Heron triangle are rational numbers.
Solving: It is easy to see the triangle

with primitive Heron
tuple (55.8)

IS an obtuse triangle, by  Theorem

substitutinga =5,b =5,c =8 into the formula (1.2), we obtain
m =52(5% +82 —5%) = 2° x 52
n=>52(5%+8%-5%)=2°x5% ,
k =8%2(8%-5%-5%)=2"x7

1.2,

Therefore we obtain the corresponding  primitive Heron tuple
(25,25,14) -

It is easy to check that the semi-perimeter p=32 ,the
earasS =+/32x8x7x7 =16x%x7 .

By the formula of angle bisector, the lengths of three angle bisectors

are
d, = 2 X p(p—m)nk = 2 V32 x8x 25° =8OO,
n+k 25+14 39
2 2 800
d Jp(p=mmk = \V32x8x25% = )
Tk VPP MMk = o V828 39
d, = 2

2 56
Jo(p—K)mn = 32x Tx14x 25 =
nem VP(P=K) 25+25\/ A

o

Therefore the lengths of three angle bisectors of primitive Heron

triangle with Heron tuple (25,25,14) are rational numbers.

Proof of Theorem 1.4:

Let AABC be the primitive Heron triangle with Heron tuple(a,b,c) »

by
the assumptions, we obtain that AABC is a right triangle, hence the center



O of the circumcircle of AABC is on the hypotenuse. Do the
circumscribed circle oof AABC; make two tangential lines of the circle

through B,C ,the two line intersect in K,

Figure (3)

Prolong BA which intersects M with the tangential line through C,
make the tangential line of the circleO through M, which intersects N
with the tangential line through B, in this way we obtain a isosceles
triangle AMNK (as see in figure(3)) .

Notice that ~/BOC=2/BAC,tanA=tan/BACeQ , and let
r=0A=0B=0C be the radius of the circleO, sor eQ, thus

KB=KC=rtanAeQ. Similarly,MCeQ, sO MK=MC+CKeQ. So
the lengths of three sides of the triangle MNK are rational numbers.

Now ZNKM = 2/BAC = 2A, S0sin ZNKM =sin2A = 2sin AcosAeQ

Similarly, sin /MKN,sin /MNK € Q

In AMNK ,cos ZNKM = cos2A =cos® A—sin® Ae Q,in the same way we

havecosM,cosN €Q



Therefore the area of AMNK iS S, :%MK x KN xsin ZNKM € Q o

For the angle bisector MH of /NMK , we have

MH  MN MN . MN
sinN  sinZMHN  sin(K +(z/2-A)) cos(K — A)’

since cos(K —A)=cosKcosA+sinKsinAeQ , so the angle bisector
MH of ZNMK is a rational number. Similarly, the two other angle bisectors
of AMNK are rational numbers.

Summing up, the three sides, area and three angle bisectors of
AMNK are rational numbers.

Scaling AMNK we can obtain a primitive Heron triangle whose
lengths of three sides are a primitive Heron tuple with integer area and
rational angle bisectors.

Similarly, we can prove that the formula (1.3) holds. Since the

computations are similar, we omit the details.

Therefore we have constructed a Heron triangle with three rational
angle bisectors from any known Heron triangle, and we also give the
expressions of the lengths of three sidesof the related Heron triangle..

Theorem 4.1: If the tuple(m,n,k)is a Heron tuple such that

the corresponding Heron triangle AMNK has three rational angle

bisectors, then the tuple (m, n,k) can be represented as



m=Aa’(b* +c* —a?)
n=Ab%(a® +c?-b?), (4.1)
k =Ac*(a® +b*—c?)

where1eQ, and (a,b,c)is a primitive Heron tuple of a acute triangle.

Or

m=J1a’(b* +c* —a?)
n=Ab%(a®+c?-b?), (4.2)
k =Ac*(c®* —a®*-b?)

where 21eQ, and (a,b,c) is a primitive Heron tuple of a obtuse

triangle andc® >a® +b*. Or

m=A12(a* —b?)
n=Aac’ (4.3)
k = Ac®

where 1eQ, and (a,b,c) is a primitive Heron tuple of a right
triangle with hypotenuse c,and a>b.

Proof of Theorem 4.1: Suppose the tuple(m,n,k)is a Heron
tuple such that the corresponding Heron triangle AMNK has three
rational angle bisectors, then AMNK has a incircle O. Let the three
tangential points of O with AMNK Dbe A B,C, then from the proof of
Theorem 1.2, we have

ZNMK = 2(%—ABAC) =7-2A,

/MKN =7-2C,/MNK =7 -2B »
Therefore the triangle ABC is acute. By the assumptions and Lemma
2.3, we have sinA;sinB,sinCeQ,reQ, SOBC,AC,ABeQand S,,,. €Q-

By scaling the triangle ABC, we can obtain a primitive Heron triangle,



denote the lengths of the three sides by a, b, c. By Theorem 1.2, the

tuple (m,n,k) can be represented as

m = da’(b® +c*-a’)
n=Ab?(@’+c?-b?),
k=Ac*(a® +b* —c?)

where1eQ, and (a,b,c)is a primitive Heron tuple of a acute triangle.

Assume that the tuple (m,n,k)is a Heron tuple such that the
corresponding Heron triangle AMNK has three rational angle
bisectors, by picture 2 we can construct a circle O and a triangle
ABC. Now from the proof of Theorem 1.3 we have

Z/NMK =2/BAC =2A, /MKN =2C -7z, /MNK = 2B,

it follows that C is an obtuse and the triangle ABC is an obtuse. By the
argument of Theorem 1.3, we obtain the formula (4.2).

Finally, from picture 3 and the proof of Theorem 1.4, if AMNK isan
isosceles triangle that three rational angle bisectors, then we obtain a
rational Heron right triangle ABC. From the proof of Theorem 1.4,
we obtain the formula (4.3). Theorem 4.1 is proved.

From Theorems 1.2-1.4, we can construct a Heron triangle with
rational angle bisector from any Heron triangle (whether it is acute,
obtuse or triangle). Moreover, Theorem 4.1 tells us that the lengths of
three sides of any Heron triangle with rational angle bisectors can be

represented as in the formulas (4.1) and (4.2), and also (4.3) when the



Heron triangle is isosceles.

So far, we have completely solved the problem of constructing
Heron triangles with rational angle bisectors.
5. Perfect Cuboids
The following two famous problems are closely related with Heron
triangles.
The Perfect Cuboid Problem (PCP):
Is there a rectangular box with all edges, face diagonals, and the
main diagonal integers?
The Perfect Square Triangular Problem (PSTP):
Is there a triangle whose sides are perfect squares and whose angle
bisectors are integers?

By using Theorem 4.1, we obtain the following two results on PSTP.

Theorem 5.1 Let (a,b,c) be a primitive Heron tuple, if the
lengths of three sides of the primitive Heron triangle that is simlar
to the triangle with three sides a®(b”* +c¢”-a’). b*(a®+c’-b?),
c’(a® +b*-c?) are squares, then there exist positive integers

x,¥,z such that
X2+y2 :CZ
x? +2% =b?
y?+z°=a’



And x’y?+y?z® +2°x* is asquare. Conversely, if there are positive
integers x,y,z satisfying the above conditions, then the primitive
triangle which is similar to the triangle with three sides
a’(b®+c®-a*). b*@°* +c*-b* . c*@*+b*>-c?) is a primitive
Heron triangle whose lengths of three sides are squares and three
angle bisectors are rational numbers.

Proof: Since (a,b,c) is a Heron tuple, then two of a,b,care odd
integers, the other is even and (a,b,c)=1. By symmetry, we may
assume that b,care odd integers and a is even.

Suppose the lengths of three sides of the primitive Heron
triangle which is similar to the triangle with three sides
a’(b®+c®—a®), b*@*+c?-b%) . c’(@®+b*-c*)are squares, then
there are positive integers A,u,v,w such that

a’(b®+c’—-a’*) =’
b*(a®+c? —b*) = Av?, (5.1
c’(a® +b* —c?) = aw?

where 1 is square-free. It follows that there are positive integersx, y,zsuch

that
b? +c?—a® = Ax?
a’+c’-b*=1y",
a’+b?—c?=z?
That is

2c% = A(x* +y?)
2b% = A(x* +12%) -
2a’ = A(y* +z%)



Since (a,b,c)=1, then 1|2, Comparing the parity of formula (5.1), we

obtain 21=2 and

b? +¢% —a? = 2x?

a’+c®-b*=2y*,

a’+b?—-c? =2z

Or

X2+y2:C2

x?+z2%2=b%,

y?+z*=a’
Notice that the triangle whose lengths of three sides are
a’(b*+c*-a’). b*@* +c’-b*) . c*@° +b*-c?) isaHerontriangle, for

this triangle, we have the semi-perimeter p = 2(x’y? + y®z® + z?°x*) and the

area S:xzyzzz\/(x2y2+y222+zzx2) . Therefore x°y*+y®z*+z°x* IS a
square.

Conversely, if there are positive integers x,y,z such that
x> +y?=c?
x> +z*=b*> and x’y®+y®z®+z°x?is a square. It is not difficult to check
y>+2° =a’
that the triangles with three sidesa*x*. b’y?. c?z® is a Heron triangle
whose lengths of three sides are squares and three angle bisectors are
rational numbers.
Theorem 5.1 is proved.
Similarly, we have

Theorem 5.2 Let (a,b,c)be a primitive Heron tuple with %

JEc? >a” +b?, if the lengths of three sides of the primitive Heron



triangle that is simlar to the triangle with three
sidesa’(b® +c*—-a’). b*(@*+c®—b*), c’(c*—a’—b*) aresquares,
then there exist positive integers X, Y, Z such that

x> +y?=c’

x? —z2 =p?

y?—z°=a’
and x*y®-y®z°—z°x* isasquare. Conversely, if there are positive
integers x,y,z satisfying the above conditions, then the primitive
triangle which is similar to the triangle with three
sides a’(b®+c?—-a?) . b?*@’+c?-b?) . c?(c?*-a’-b? is a
primitive Heron triangle whose lengths of three sides are squares and

three angle bisectors are rational numbers.

In 2000, Mexico mathematician Luca proved the following
interesting theorem which implies that PCP is equivalent to TSPT.
Theorem L: ([5] Luca 2000) PCP has a solution if and onlyif
PSTP has a solution.
By using Theorems 5.1, 5.2 and Theorem L, we have
Theorem 5.3: (1) PCP has a solution if and only if there are

positive integers X,Y,Z

X2+y2:CZ
x% —z% =h?
y?— 7% = a?



and x*y® —y?z% — z°x*is a square.

(2) PCP has a solution if and only if there are positive integers

XY, Z

X2+y2:C2
X2 + 2% =Db?
y’+z°=a’

and x’y®+y®z% +z°x%is a square.
Proof: It follows obviously from Theorems 5.1, 5.2
and Theorem L.

Since we can obtain three formulae from three obtuse triangles, by
Theorem 5.3, we know that the solution of the PCP Problem is
equivalent to the solution of any equation of the four equations in
Theorem 5.3. Therefore, if we can derive some results from the four
equations, then we can derive the similar results on the famous PCP
problem. This is a by-product of this research.  We wish we can do

something more on this topic in the near future.
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