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Abstract: It’s unwise to apply mathematical expectation to the area of
financial investment, though it is widely used in statistics research. It is
compound interest that counts mostly in financial investment. In order to
work out the investing proceeds and to evaluate the pros and cons of an
opportunity, we put forward the model of compound expectation. The
Yield rate of compound expectation is defined as “a sustainable and
theoretical rate of return on the premise of long-term investment.” With
the aid of this model, an investor can judge an investing project more
easily, integrating its proceeds with risks, and directly appraise the

investment opportunity with its final yield rate of compound interest.



When it comes to the quantitative study in the model of compound
expectation, we put the major part under the assumption that the
distribution of expected yield rate corresponds with normal distribution,
trying to develop the optimum strategy of capital input and to calculate
the maximum rate of return of compound expectation. We have also
strictly proved that the theoretical optimization strategy of funds
allocation is unique, with its pattern fixed.

Further significance and application of the model of compound
expectation is shown afterwards. Whatever the certain distribution of
expected yield rate is, such valuable conclusions as (D*“Mathematical
expectation is always bigger than that of compound interest” @*“The
increase in O of the expected proceeds rate will theoretically only exert
negative impact on the final income” ®There will be no more than one
maximum point in the function of compound expectation and proportion
of investment W“Marginal relative yield rate in the model of compound
interest is bound to diminish as the investment input increases” and are
discovered and demonstrated, which may be of great importance as well
as potency to solve practical investing problems in the capital market.

It has been generally believed that diversification of investment aims
at spreading the risks of portfolio. But in the last chapter, by applying the
model of compound expectation to it, we draw a distinctive conclusion

that the goal of a shrewd diversification is mainly to allocate the assets in



a more efficient way, leading the investor to a better outcome. Given
several investing projects at the same time, in each of which an investor
allocate a proportion of funds, the optimization strategy can be
formulated with the help of our computer programming and an important
indicator called “marginal return rate”. In this way can our model

facilitates investors to get a higher long-term return in the capital market.
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Common symbols in the text:
1. F, (x): The distribution function of the continuous random variable X.
2. py (X): The density function of the continuous random variable X.

3.C: C=P(X >u-30),where C~N(uo°).

Important concepts in the text:

Yield rate of compound expectation — A sustainable and theoretical compounded
rate of return on the premise of long-term investment

Compound expectation — A theoretical ratio of capital input and interest to capital
input, equal to (Yield rate of compound expectation+1)

Ratio of capital input and interest to capital input — The actual ratio of capital
input and interest to the capital input in an investment project, equal to (Yield rate +
1)



Zero-removal normal distribution — The curve obtained through removing the
image on the left side of the y-axis of normal distribution
Constant-positive normal distribution — The curve obtained through removing the

image of X < ¢ — 3o of normal distribution

Even-removal normal distribution — The curve obtained through removing the

images of X< x4 —30 and X> u+ 30 of normal distribution

Relative yield rate — The ratio of the yield rate of compound expectation on a certain
capital input to the capital input

Marginal relative yield rate — The relative yield rate for an increased unit of capital
input

Meaning of important symbols in the text:

m — Yield rate of compound expectation

X — Ratio of capital input and interest to capital input for all-capital input
Y — Ratio of capital input and interest to capital input for partial input

t — Proportion of capital input to all principal for an investment project

X, — Ratio of capital input and interest to capital input obtained under a certain

probability

p, — Probability of occurrence corresponding with x;

G (X) — The theoretical compound expectation of a project under the all-capital input
G (YY) — The theoretical compound expectation of a project under the proportion t

R — Relative yield rate on investment
MR — Marginal relative yield rate
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I. Overview of Compound Expectation
1.1 Leading question: Is the mathematical expectation always

effective for the expected profitability of financial investment?

We found a question on a simulated mathematics test paper of college entrance
examination: A person engages in one long-term investment project, and the principal
is RMB 10,000. There is a 50% probability of principal doubling every time, and also
50% probability of principal loss by 50%, find the expected yield rate for each
investment.

“Standard answer”: m = 50% x100% — 50% x 50% = 25%

Through simply conducting the calculation from the viewpoint of mathematical
expectation, it obtained the expected yield rate for each investment, i.e. 25%. On the
analogy of this, the amount will exceed RMB 100,000 for the principal of RMB
10,000 after 11 years in theory (calculated by compound interest).

In fact, such thinking is very absurd.

Because the “standard answer” actually contains such a requirement: Under
the conditions of the question, the principal must be divided into innumerable small
portions, and each small portion is put into the same investment projects as mentioned
above, and the results of the innumerable investments are independent of each other.
However, this is self-contradictory! There is only one investment project at the same
time, so that only one investment result exists (capital input doubled or reduced by
half) and it is impossible to obtain different investment results independent of each
other.

Why does this paradox exist? In fact, there are essential differences between
solving the issues about the rate of return on financial investment and solving the
issues about the absolute returns. The transaction results for each time have an impact
on the subsequent absolute returns. It is inappropriate to solve such issues using the
thinking mode of mathematical expectation.

Let’s have a look at the correct analysis:

As the yield rate m has the rolling characteristics of compound interest, that is,
the returns of the previous investment will directly affect the absolute returns of the
current investment. According to the theoretical analysis, if someone puts the
principal of RMB 10,000 into the above-mentioned investments for multiple times
on a long-term basis, there should be theoretically n times of principal doubling
as well as n times of principal halving after 2n (n is big enough) times. Therefore,
in the long run, such investments have no meaning, and there is no loss or profit for
the investor.

Under the conditions of the question, the expression of correct thinking is:

m = (L+100%)%* x (1—50%)%* —1=0

Through the comparison between the correct solution and false solution to the
above question, we can find that the mathematical expectation is incapable of solving



the expectation issues about the rate of return on financial investment, and it is
reasonable to solve the issues using the compound expectation. Therefore, we need to
construct the model of compounded expectation systematically.



1.2 Development of the Model of Compound Expectation

The investment community generally believes a saying: “The compound interest
is the eighth wonder of the world”. In the investment process like rolling a “snowball”,
the sustainable compounded rate of return is the only indicator that dominates the
final yield rate.

It is found: Mathematical expectation can not scientifically solve the issues about
compound interest in the investment in many cases. Based on this, we put forward the
concept of Yield rate of compound expectation, that is, a sustainable and theoretical
compounded rate of return on the premise of long-term investment. The compound
expectation is the (Yield rate of compound expectation +1).

The basic assumptions of the model of compound expectation:

(1) The investor engages in long-term multiple transactions;

(2) The investors know about the distribution of investment yield rate in advance,
and the distribution of the expected yield rate is not subject to the influence of the
capital input;

(3) The investment gains and losses are calculated by the income ratio rather
than the absolute amount of income;

(4) The taxes and transaction costs are negligible.

(5) The actual results of investments are independent of each other, causing no
impact on the future investment results or the investor’s state of mind.

Let the investment principal be “1”, if the scattered distribution of X, i.e. the ratio
of capital input and interest to capital input, obtained under a certain investment

opportunity is X;,X,,...X,, and the corresponding probabilities of occurrence

are Py, P,,... P, respectively.

Then the definition of m, i.e. the expected value of the compounded rate of return, is
m=]]x" -1 (Formula1)
i=1

It is clear that: As the debt leverage transaction is not introduced, the principal

will not become negative due to loss, therefore, there mustbex >0,i=1.2,...... n.

However, the above situations only consider the case of putting all principal into
the investment projects. In fact, all-capital input is not a good strategy. For example, if
only a portion of the principal is put into the operation, the overall investment rate of
return may be greater. Let’s take the conditions of the leading gquestion as an example:
Suppose that a fixed proportion extracted from the principal, i.e. t, is put into the

investment project (0 <t <1), it is thus obtained according to Formula 1:

m'= (L+1)%” x (1—0.5t)%* —1

= J@+t)(1-0.5t) -1



Through simplification, it is obtained: When t = 0.5, m’obtains the maximum value,
i.e. 6.07%, which is significantly better than the zero returns obtained at the time of
all-capital input. Therefore, we find that under the model of compound expectation,
the theoretical compound vyield is subject to the influence of the proportion of the
invested funds, and the optimum investment strategy exists.

Il. Preliminary Quantitative Study of the Model of Compound

Expectation

Lemma: If the function f(x) is continuous and has the only zero point ¢ in
the interval (a, b), then f(x) has the constant same sign in the intervals (a, c)
and (c, b) respectively.

Proof: Suppose that 3x,X, €(a,c) (letx <x,), f(x)and f(x,) have different
sign. Also, f(x) is continuous on[x;,x,], 3& e (x;,%,) by the zero point theorem,
so that f (&) =0. Obviously, & #c, that is to say, ¢ is not the only zero point of

f (x) in the interval (a, b), so that a contradiction exists. Thus, f(x) has the same

sign in the interval (a, c)

Similarly, f(x) has the constant same sign in the interval (c, b). This
completes the proof.
2.1 Two-point random distribution and optimization of the ratio of

capital input and interest to capital input

Next, we will explore the optimum investment proportion when the expected rate
of return is consistent with when the two-point distribution, and the obtained
maximum value of compound expectation.

Distribution column of X, i.e. the expected ratio of capital input and interest to
capital input

X
X X;




Py P,

(As the debt leverage transaction is not introduced, the principal will not become

negative, and letx, > x, >0)

Suppose that a fixed proportion extracted from the principal, i.e. t, is put into the
investment project, the final ratio of the principal and interest to the principal is Y,
thus:

Y =tX +(1-t)

Lett =t Y obtains the maximum value.

max !

G(Y) =[tx, + A -1 [tx, + 1-1)]*>

(1) When0 < x, < X, <1, the capital input will not produce any profit, thus the

investment shall not be made:t,,, =0.

(2) When 1<x, <x,, the capital input will surely produce profits or keep
break-even at least, thus all-capital input shall be made: t,,, =1.
(3) When0 < x, <1<X,,

Letg(x) =[xx, + 1—x)]™[xx, + (1—x)]*, thus

: X,X+1-X XX+1-X
g (X) = [:)1()(1_1)(2—)’)2 + pz(xz _:l-)(l—)p1 .
X X+1-X X,X+1—X
Obviously, g(x) is continuous in( : ), where <0, ! >1.
1-x, 1-x 1-x, 1-x

g (x) has the only zero point.

(- E(X)-1
© =) -0

is derived. Also, lim g (X) =+,

2 X—>

According to x, < E(X) <X, ,%< X, <

1-x,



I|rrl1 g (X)=—o, g (x) isconstant positive in (1—,x0) and constant negative in
—X

xeﬁ 2
1 . i : . o
(XO,1 ) according to the lemma. Thus g(x)is monotonically increasing in
M
1 . . 1
(1 ,%,) and monotonically decreasing in (Xo’l—) .
N2 M
Therefore, if Os&sl, then t_ = E(X)-1 ;if E(X)-1
(1_ Xl)(XZ _1) (1_ Xl)(XZ _1) (1_ X1)(X2 _1)
then t, =0;if M>l, then t,, =1.
1-x)(x, -1)

In summary, the optimum solution in the two-point yield distribution is as
follows:

E(X)-1

2 <0, t,=0, G(Y)
(X1 _1)(1_ Xz)

When 0<Xx <X,<1 or 0<x <1<X, and
=1;
E(X)-1

When 1<x,<x, or 0<x<l<x, and —m———>1 , t. =1,
(Xl _1)(1_ Xz)

G(Y) = X1plX2p2 ;

E(X)-1 <1t :M thus the

X -D@A-x,) ™ (x-Dl-x,)’

When 0<x <1<X, and0<

plpl P, i (Xz — Xl)
L—-x)™(x, -1)" '

optimum compound expectation value is G(Y) =

2.2 Multi-point random distribution and optimization of yield rate

Distribution column of X, i.e. the expected ratio of capital input and interest to
capital input



X

X,

X3

Py

P,

Ps

Py

(As the debt leverage transaction is not introduced, the principal will not become

negative, thusx, >0,i=1,2...n)

It is obtained from the definition of the model of compound expectation:

G(X)=[Ix"  (nputofall principal each time)
i=1

G(Y)=f({t)=]J@-t+tx)™ (input of the proportion t of the
i=1

principal each time)

When t, exists, which makes f'(t,) =0, the t, value may make G(Y) get the

maximum value under the distribution of the ratio of capital input and interest to
capital input. However, as it is impossible for the general algebraic equation of quartic
or higher degree to get the general form of algebraic solution, when n is more than 5,

there is no general solution for f'(t ) =0, so concrete analysis shall be conducted
when faced with specific issues. Therefore, the condition of “The expected rate of

return is consistent with the normal distribution” will be considered as the study
focus of the model when carrying out in-depth quantitative study in the fourth section

of this dissertation.




1. Practical Significance of Compound Expectation in

Financial Market (Preliminary)

In previous studies, the risks and proceeds are often divided. However, as the
financial investment belongs to long-term transactions, in the long run, the result of
each investment has an impact on the absolute yield on the next investment, and the
ultimate “high yield” is the only criterion for evaluating the success or failure of
investment. “Risk” (defined as the possibility and severity of loss for each investment)
only has an influence on the long-term returns. The development and application of
compound expectation directly unifies the above risks and proceeds, and the
compound expectation value is taken as the only judgment indicator of
investment projects.

“High risk, high return” is the basic rule embraced by the market, and even the
risk is considered to be a prerequisite for getting returns, such as CITIC Securities’
questionnaire on risk preference of investors:

Suppose you invest RMB 100,000 for purchase of a certain securities and hold
for one year, what kind of securities will you choose?

2 A 100% earning of RMB 3,200

L B.80% possibility for earning RMB 29,000, and 20% possibility for losing RMB
100,000

L ¢ 50% possibility for earning RMB 100,000, and 50% possibility for losing
RMB 100,000

L p.so% possibility for earning RMB 10,000, and 50% possibility for losing RMB
10,000

L2 E 20% possibility for earning RMB 100,000, and 80% possibility for losing

RMB 21,000

On the surface, the mathematical expectation for A, B and E is consistent, and
the difference between C and D is also insignificant. The risk appetite is different for
them (It seems that the earnings are more attractive for greater risk of loss). However,
as the investors will continue to make long-term transactions under different
opportunities in the stock market, the model of compound expectation is applicable.
Suppose that the investor makes all-capital input (according to the meaning of the
question), we found that the “risk averse” option A is the best choice after calculating
the yield rate of the compound expectation (according to Formula 1).

m,=32% m,=-100% m,=-100% m,=218% m. =-4.87%

It can be seen that for the different projects under the same mathematical
expectation value, high risk can not brings high returns (such as Option E), and low



risk can make the investors become the ultimate winners. The study inference of the
model of compound expectation is essentially consistent with the risk premium
principle and the risk aversion principle in economics.

The following more specific quantitative study on the model of compound
expectation on the assumption of normal distribution of the expected rate of return on
investment will also give the readers more in-depth understanding of the significance
of the model.

IV. Quantitative Study on the Model of Compound Expectation
When the Expected Rate of Return Is under Normal

Distribution

4.1 Basic theorem proof and background overview

Before conducting more in-depth quantitative study, we firstly prove an
important theorem relating to the definition of compound expectation value.

Theorem 1: For the constant-positive random variable X, if E (InX) exists, then
the compound expectation of X under all-capital input

G(X) =e""),

Proof: (1) If X is a discrete random variable, then the definition of the compound
expectation:

G(X)zf[xipi

where p,=P(X =x).

n

In[[x" =Y Inx - p, =E(InX), thus [ ]x" =e*"" =G(X).
i=1 i=1

i=1

(2) If X is a continuous random variable, then the definition of the

compound expectation under discrete distribution G(X) = 1_[xi P
i=1

Under continuous  distribution, it can be converted



_ i AF;
toG(X) _LlLr(\)H; :
where X <& <X, AR=F (Xi+1) -k (Xi) = P(Xi <X < Xi+1) '
A =max{AF,AF, ...... }.

AF; AF;
InI;ggHg =lim InH§ (Inx is continuous in the definition domain)

=Il|mzi“ln§i -AF,

= .foﬂo In xdF, (x) (Definition of definite integral)
dF (x)

_j Inx- py (x)dx ( =px (X))

=E(InX) [11,

thus Ilml_[xAF =" = G(X).

In summary, G(X)=e""®) s actually the compound expectation of the

constant-positive random variable X, and the proof of Theorem 1| is now
completed.

Currently, it is generally recognized in academic circle of financial investment:
On the assumption of “geometric Brownian motion of asset prices”, the distribution of
the expected rate of return on assets roughly corresponds with normal distribution
(which is also clarified in the book named “Financial Market Econometrics”). The
empirical studies based on stock returns are also mostly based on the condition that
the yield rate is subject to normal distribution (such as CAPM and Black-Scholes’
pricing formulas). The VaR RiskMetrics launched by JPMorgan Bank in 1994 is also
based on the assumption that the yield rate of securities is subject to normal
distribution.

“The distribution of the expected ratio of capital input and interest to capital
input (or expected rate of return) corresponds with normal distribution” is also the
basic premise for our study in this section. As the normal distribution of the rate of
return on investment is relatively reasonable and in line with the market realities (See
Mean-variance Theory in Portfolio Management put forward by Markowitz in
Mean-Variance Analysis in Portfolio Choice and Capital Markets), quantitative study
will be conducted for the model of compound expectation based on this condition. We

define u as the expected median ratio of capital input and interest to capital input, and

use o to measure the possible deviation between the actual ratio of capital input and
interest to capital input and the expected median.

It is declared that we do not simply use the mathematical expectation in the
normal distribution curve of the rate of return on investment to measure the income



and use the variance to measure the risk. Under this condition, we calculate the yield
rate of compound expectation in the normal distribution curve of a given rate of return
on investment, and use this indicator to measure the final expected yield of the
investment project.

Basis assumptions of the model:

(1) The investment model is the model of compound expectation;

(2) The expected ratio of capital input and interest to capital input corresponds
with normal distribution, and its distribution is not subject to the impact of
capital input;

(3) The investors know about the probability distribution of the investment

yield rate in advance (i.e. the values x# and o are known);

(4) The theoretical compound expectation value is the only factor influencing
the decisions of the investors;

(5) The taxes and transaction costs are negligible;

(6) As the debt leverage transaction is not introduced, the principal will not
become negative, and the case of less than zero does not exist in the
distribution of X.

4.2 Distribution Study and Standardization of the Ratio of Capital

Input and Interest to Capital Input
Firstly, whenﬂ < 1in the normal distribution of the expected ratio of capital

input and interest to capital input of an investment opportunity, no matter how
the investors develop the investment schemes, they can not obtain a positive
theoretical rate of return in the model of compound expectation (Regarding this point,
a comprehensive and rigorous proof will be given in the sixth section of this
dissertation). Therefore, this type of investment opportunities will be regarded by us
as invalid investment opportunities, and the proportion of funds that should be
invested by the investors in the most optimum case is t = 0. This is the risk aversion
choice for reasonable investors in the absence of positive yield expectation.

If the mathematical expectation is greater than 1 in the distribution of the
expected ratio of capital input and interest to capital input of an investment
opportunity, then we call it “valid distribution”. Under the additional condition that
the investment opportunities are of valid distribution, the theoretical rate of return and
the optimization issues of the model of compound expectation will be studied below.

According to the basic assumption (6), there shall be no negative values in the
distribution of X, so we need to remove the part of X <0 in the normal distribution
image of the ratio of capital input and interest to capital input, and the new curve is
called zero-removal normal distribution (See Figure 1).



Figure 1

Definition 1 Denote the distribution function of the normal distribution

N(u,0°) as F(x), then

F(x)-F(0)
F0=1 1.Fo <%
0 (x<0)

is taken as the distribution of the distribution function, called zero-removal
normal distribution and denoted by N,(u,c°).

However, as this function is relatively complex, we can not effectively simplify
and draw a conclusion in the later calculations. On the other hand, direct removal of x
<0 part is equivalent to reduction of the overall effect of principal loss, which is likely
to cause relatively big errors.

For the purpose of simplification and difficulty reduction, we consider
converting the original normal distribution into the constant-positive normal
distribution, that is, the new curve obtained through removing the image of

X < u — 3o of the normal distribution curve, so as to replace zero-removal normal

distribution. As the probability that X falls in the interval (—oco, g —30) is less

than only 0.13%, the error generated from image change is within the acceptable
range (See Section 4.4 for the quantitative analysis on the error).
Definition 2 Denote the distribution function of the normal distribution

N(u,0°) as F(x),if u>3c,then
F(X)-F(u-30) (x> 11— 30)

F.(X)= F(u+30)
0 (x<u-30)




is taken as the distribution of the distribution function, called constant-positive

normal distribution and denoted by N, («,5%) (See Figure 2).

A RS RPN S

Figure 2

Important condition for the study on the model of constant-positive normal

distribution: 4 > 30

Through referring to the empirical studies on the rate of return in some stock
markets, such as Options, Futures and Other Derivatives written by John Hull
(Canada), The Econometrics of Financial Markets and other books, combining with
the long-standing risk-free annualized rate of return (about 3%) in the markets and
collecting the statistics of the income results of actual investment projects, we found
that: in the normal distribution of the expected ratio of capital input and interest to

capital input, more than 95% meets the condition of x> 3o .
In fact, there are reasons why the investment opportunities are rare in the yield

distribution of 2 <30 . In the figure below, it is the normal distribution curve of the

rate of return when =1 and o =0.5,i.e. u=20c.Itis clear that the expected rate

of return is scattered in the figure, and there is a big probability of overly deviation
between the actual rate of return and the expected median rate of return. In a sense,
the yield expectation of such investments is invalid, as there is a big uncertainty for
the expectation itself.



It has been shown through the empirical analysis of the stock market: the rate of
return for most of the investment opportunities in the market corresponds with x> 3o,
and the normal distribution of the rate of return is relatively valid only in the event of

u>30 , because the distribution of the expected rate of return is relatively

concentrated, and the investors can know about the expected rate of return on
investment accurately.
Therefore, we call the normal distribution of the rate of return corresponding

with i >3cand  >1 “Valid yield rate expectation”, and take u>3c as one of

the basic conditions for the calculation of compound interest in this section. In
this section, the study will be conducted only in this domain.

4.3 Calculation of compound expectation under all-capital input
When the expected ratio of capital input and interest to capital input corresponds

with normal distribution, i.e. X ~N_(xz,06°) and all principal is put into the
investment project, the compound expectation G(X) is calculated as follows:

Denoted by C =F(u+30) ~0.9987.

1 (x-u)?
—FF€ 20 X>u—-3c
P(X) =12zCo (x> u ) ’

0 (x<u-30)
E(Inx) :[:Inx- p(x)dx

(=)’

+00 2
J' Inx-e 29" dx
u-3o

1
B \N2nCo



1 - H
= In(ov)- 6 2 odv(v=—, k=%
\/272'(:(7'['(_3 (o) ( a)
T N T
= Tﬂcjk_slnv-e dt + c L_M #27lee dv
1 J'+°° _(v=k)?
= Inv-e 2 dv+ino.
27 C k-3

_? L
2 dv, then G(X)=oe'?°

o (k)
Denoted by f (k) = _[Hlnv-e .

As it is difficult to calculate f(k) for its complexity, we find a suitable

elementary function as an approximate substitute for f(k) through using

computer.
Firstly, we calculated some f (k) values with the numerical integration method.
Considering that a computer can not calculate the integral values with infinite upper
bound, we conducted the following approximate conversion:

(v=k)?

It is denoted by h(k):J':ian-e Z dv.

a _(xk)?
When a is relative big, f (k) =~ h(k) = J'kilsn x-e 2 dx, and the absolute value of

(x=k)*

the error between f (k) and h(k) ise= _[:Oln x-e 2 dx.

Let g(x)=Inx—x(x>0), then g'(x):l—l.When xe(0,1), g(x)>0;when
X

xe(@+o), g(x)<0. When x=1, g(x) obtains the maximum value, i.e.

_(xk)?
Inx—x<g@)=-1.Thus, Inx<x,and e 2 >0,s0

. _(x=k)?
e< _[ X-e 2 dx
a

_(x—k)z +00

=[V2k[Zedt-e 7]

a

(a—k)?

a—k B
:k\/z—ﬁkjﬁe‘zdt—e 2
2 0




that is, when a>k++/2, &<~/2ke¥2 .For Ve, >0, as long as

a—k
< \/Ek(g- jofe*zdt)

Jr

_ +00 _tz +o0 _tz __72'
_\/Ekj'aﬁke olt(j0 etdt = , [2]1)

<2k j;e’tdt when 27X > 1)

¢ 72

k-a
:—Ck =\/§ke‘E '
2

=2k (-e™)

k-a

&y

a>max{k +/2,k —/2In \/Ek}’

it can be ensured that ¢ < ¢,, that is, the error generated by the above approximate

conversion can be controlled.
Through properly selecting a, the following table is obtained through doing numerical

_(x=k)?

integration for f(k)zj:ilgnx-e 2 dx with computer:

Table 1 — Approximate values of f (k)

k 35 4 4.5 5 55 6 6.5 7
f(k) | 3.02373 | 3.38812 | 3.70205 | 3.97882 | 4.22674 | 4.45149 | 4.65716 | 4.84682
k 7.5 8 8.5 9 9.5 10 10.5 11
f(k) | 5.02284 | 5.18708 | 5.34104 | 5.48596 | 5.62284 | 5.75256 | 5.87581 | 5.99323
k 115 100 1000 10000
f(k) | 6.10534 | 11.5279 | 17.2918 | 23.0557

Then, we find a primary function to fit the f (k)-k image.

According to the analysis and calculation, f (k) is monotonically increasing,
and its derivative is monotonically decreasing, therefore, the functions,

like y=a+bin(k+c), are used to fit, and it is calculated that a=0.16981,

b=2.4551, c¢=-0.28164.
(See Figure 3 for the fitting effect).




Figure 3 Fitting Effect of f(x)

e
-
pus
55 =
e
s |h{x) = 2.455In(x - 0.2816) +0.1698 |’_/.A/.’
e -
45 r
el
4 /./
e
35 ~
B y |
P
3 y

1/ 2 3 4 5 & 7 & El 10 i

Note: Red points are on the f (x), and the purple curve is the image of h(x) .

As there is a high degree of coincidence for the two functions, so the elementary

function y =0.1698+ 2.455In(k —0.2816) can be used as an approximate substitute

for f (k), and after the substitution, it is obtained that:

The compound expectation value under all-capital input

G(X) ~1.0702(~ - 0.2816)* &
(o2

4.4 Accuracy analysis of compound expectation value in

constant-positive normal distribution

Zero-removal normal distribution is obtained from the basic assumptions of
the model of compound expectation, whereas the constant-positive normal
distribution is the further amendment based on this. Therefore, we need to analyze
the error between them through calculation, so as to verify whether the compound
expectation value obtained under the constant-positive normal distribution is
sufficiently accurate.

When the expected ratio of capital input and interest to capital input corresponds

with normal distribution, i.e. X, ~N,(z,c°) and all principal is put into the

investment project, the compound expectation G(X) is calculated as follows:



(X ﬂ) (v=k)?

Denoted by Cozl—F(O):Lm\/%ae x=[" F 2 dv(vzg,
k =§) . The density function of X is
1 7(xfu2)2
Dy (X) = me 207 (x>0)
0 (x<0)
E(InX,) = f:lnx~ P, (X)dx
(X*/lz)z
\/_Ca-[ Inx-e 29" dx
_(v=k)?
\/_caj In(ov)-e 2 odv
= \/%Co J'Omlnv-e_(v_zk) dt + I?;OG ) %e_(vj) dv
1 e _v=k)?
:\/Z_TCOJO Inv-e 2 dv+ino

(v-k)* LN

Denoted by f,(k)=[ “Inv-e 2 dv,then G(X,)=oce'™ "

Below is the discussion about the error of G(X) relative toG(X,):

n G| _ 1Tk f(K)|
G(X)| J2z| C, C |

1 [ £, (k) - f(k) , C-C

“Var| C °f<k>‘
0

et e F o 1C
27 C o

(The absolute value inequality |a+b|<la|+[p| is used here, and it is noted
thatC <C, <1)

k-3
UO In xdx‘
2 Ce*?

1 C

f (k)]



where [ Inxdx = (xInx—x)["* = (k- 3)In(k ~3) - (k ~3) - lim xInx, according to
x—0"

. . _Inx . x*
L Hospital Rule, lim xInx= lim ——= lim —
x—>0" x—>0* x—0" — X

X

= lim—-x=0. Thus, the error

2 x—0"

estimation is obtained as follows:

InG(xo)|S 1 [|(k—3)ln(k:53)—(k—3)|+(1_1)f(k)]
G(X)|™ 2xC e C
When k=% =4, substitute with C~0.9987, f(4)~3.38812, and it is
O
obtained:
InSXo)| 6.196x10°°
G(X)
G(X,)

ie. —0.6177%< ~1<0.6215%
G(X)

G(X,)

When k=8, |In——2~ M
G(X)

<0.01622, —-1.609% < (X —-1<1.636%, it can be seen

that the error generated from the conversion of the original normal distribution into
constant-positive normal distribution is within the acceptable range.

In summary, after simplification, fitting and approximation of the function, we
believe that the compound expectation under the constant-positive normal distribution

G(X) ~1.0702(* - 0.2816)°* & is an acceptable result within the error range.
(o)

4.5 Exploration on the optimum investment strategy under normal

distribution

Supposing that the investor extracts a fixed proportion (t) of funds from the
principal (0<t<1) to invest in the project, explore the optimum investment strategy
in this mode.

Let Y =tX +(1-t)(0<t<1), X ~N_ (u,c%), it can be easily obtained that Y
corresponds with constant-positive normal distribution, and the maximum value

of G(Y) is calculated as follows:

(1). When t=0, Y =1, obviously, G(Y)=1.



(2). When 0<t<1,
E(InY) = f‘”m[tx +(@L-1)]- p(x)dx ( p(X) is the density function of X)

(x=p)?

j“” In[tx + (L—t)]-e 2°° dx
u-3oc

\/ 7Co
_(v=k)? X
Inftov+(1—-t)]-e 2 odv (Denoted by v=— |,
FCG [ Inftov + @-1)]- ( y v=-
k=2)
o
1 o 1-t Rk
= Inv+=—)+In(to)]-e 2 dv
Tooc N+ T+ Into)]
(V,,-)z (v=k)?
In(ta) 1 . 1-t
2 2 — -
\/_CJ.JSInve I“\/_e dv (j=k+= =)
Lf(j)+|n(ta)
\2xC
E(InY) \ﬁl ()
Thus G(Y)=e =ote¥?"¢  (0<t<1).
. ) .oou 1-t .
From f (j) ~0.1698 + 2.455In(j —0.2816), ] =~— +——, itis obtained that
o o
1070221+ £ _0.2816)°® ot (0<t<1)
G(Y) =g, (t) = ot o B
1 (t=0)
Then, what value does t equal to for G(Y) to obtain the maximum value?
I. When t=0, it can be easily obtained that g, (t) =1.
Il. When 0<t<1,
gY'(t)=1.0702[(5+ﬁ—0.2816)0-98°7a+0.9807(11+ﬁ—o.2816)-°-°193(—t12)t]
=1. 0702(—+—— 0.2816) % [(1 ! +—— 0.2816)c _0 9807]
=1.07025%"% (f +u—0.28160 —1) %" (@ +4u—0.28160 -1).



Denoted by q=x—-0.28160 -1>-1 (itis noted that ¢ >3c ando >0), then

- 1 _ 0.0193
gy (t) — 1.07020_0.0193 (f + q) 0.0193( t + q) ]

1 _0.0193
- S

(1) When q>-0.0193 , >0.0193 , .% g, (t)>0, when t=1,
gY(t):1.0702(5—0.2816)0'98070, thus obtaining the maximum value. Then
according to x#>3c , g,(t)>1.0702-(3-0.2816)°""c=2.854c , moreover,
q>30-0.28160 —1>-0.0193, i.e. & >0.3608, thus g, (t)>1.03>1.

0.0193

(2) When —-1<q<-0.0193, g, (t)>0(te(0,- ), g, (t)<O0

0.0193 0.0193

(te(- A1) , thus, whent = —

. 0y (t)=0.9729(—%)°'°193, obtaining the

maximum value.

In particular, according to x=0.2816c+q+1>30c , it is certainly that

0<0.3679(q+1) , moreover, 0.9729(—%)0'0193 <leoo<-4152q , .. If

0.3679(q+1) <-4.152q,i.e. q<-0.0814,then g, (t)<1.

Insummary, q=x—-0.28160-1>-1,let t=t__,and G(Y) obtains the maximum

max !
value, then

@ When ¢q>-0.0193, t_ =1.

@ When —0.0814 < q<-0.0193, if 0.9729(—2)°"%>1 then t_ = 00193 ; if
g g
0.9729(-Z)°*% =1 then t,_, _ 0019 6. i 0.9720(-2)°9% <1 then
q g q

ta =0.

max

3 When -1<q<-0.0814, t =0.

Note: > 30 is taken as the study range at the beginning of the fourth section,



the approximate conversion of the original normal distribution of the rate of return
into the constant-positive normal distribution is conducted and the approximate fitting
of definite integral function is carried out, so there will be a certain deviation between

the tmax selection strategy obtained through calculation and some other conclusions;

however, the final deviation is not significant.

V. Proof of Absolute Optimization of the Scheme under the

Model of Compound Expectation

In the above derivation of the model of compound expectation, we just explore
the optimum scheme on the premise of “extracting a fixed proportion (t) of funds
from the principal to invest in the project each time”. Does any other set of methods
exist (e.g. input of a fixed absolute amount of principal each time, or increase or
decrease in the percentage of actual investment this time based on the actual rate of
return last time) to get a higher rate of return on investment theoretically?

We must prove that: Given the distribution conditions (they can be arbitrary
distributions) of the expected rate of return on investment of each investment

opportunity, there exists a fixed optimum scheme, that is, a proportion (tmax) of

funds is predetermined and extracted from the remaining funds to invest in the project
each time (however, according to the different distribution of the expected rate of

return, tmax can be different each time), and a higher rate of return can not be

obtained through other schemes. It is proved as follows:

Let X, (i =1, 2,~--, n) be a discrete or continuous random variable, where X, is

the distribution of the expected ratio of capital input and interest to capital input for

the i" time of investment, t, is the proportion of the invested funds to the current
total funds for the i time of investment, a, Is the total amount of the principal prior
to the i" time of investment, a, =1, a,, =a[tX, +(@1-t)]({i =1, 2, n-1),then
G(a,) is calculated as follows:

a, =a[t, X, +(1-t)],

a = az[tzxz +(1_t2)] :[tlxl +(1_t1)][tzxz +(1—t2)],



a, :ﬁ[tixi +(1-t)].

It is  obtained by taking  the logarithms  of  both  sides

n-1 n-1
Ina, =Y In[t;X; + L—t;)1=>_InY; , thus
i-1 i-1
n-1
E(Ina,) =Y E(InY;),
i=1
n-1 n-1
G(an):eE(lnan) :HeE(InYi) :HG(YI)
i=1 i=1

According to the above proof, it is known that the result of the rate of return on
each investment will affect the absolute yield value of the next transaction, but the
rate of return on each investment is theoretically independent. In other words, the
optimum investment proportion to be taken each time is only related to the
distribution of the expected rate of return on the investment project, but independent
of the previous or later several investment projects as well as their profit and loss
results.

Therefore, we can draw the conclusion: Faced with repeated long-term
investment opportunities, the optimum investment scheme is to preset an

investment proportion tmax according to the distribution of the expected rate of

return on each investment from a long-term foresight, while other methods can
not obtain a higher rate of return than this method theoretically. In other words,
if an investor faces a valid investment opportunity with the same distribution of the
rate of return for a long term, then the optimum investment strategy is to extract a

proportion (tmax) of funds from the principal for investment each time - this is

absolutely the optimum method!

V1. In-depth Significance and Important Conclusion of the

Model of Compound Expectation

Prior to more in-depth study, we must make it clear: As all the returns on actual
investments must be finite, there surely exists the mathematical expectation of the
valid distribution function of the expected rate of return on investment (It will
never be infinite)



6.1 Monotonicity of compound expectation value G(Y) in actual

investment

In the derivation process in Section 4.5, we also proved one thing: In the study of
the model of compound expectation based on the expected rate of return under normal

distribution, if 0 <t . <1 and whenl <t , the function g, (t) increases

monotonically, and the theoretical rate of return on investment increases as t increases;

when U>1 . the function g, (t) decreases monotonically, and the theoretical

rate of return on investment decreases as t increases
That is to say, “With the increase or decrease in the investment proportion t,
there are no sharp fluctuations in the yield rate of compound expectation.”
So, whether this conclusion can be extended to the precondition of the expected
rate of return on investment under arbitrary distribution?

Proof: Let the function F(t):E(InY):J‘O+mln(tx+1—t)p(x)dx . As
E(X) = jow xp(x)dx exists, then

ey [ X1
F(t)_j0 ¢ P(dx.
x—1

ﬁ decreases monotonically about t .. F'(t) also decreases monotonically
X+1—

about t, thus the equation F'(t)=0 has one root at most in (0,+w«). Thus, the

compound expectation function G(Y) =e®"") has one maximum value at most. This
completes the proof.

It can be seen that for any investment opportunity, if 0 <t <1 and
whenl <1, the yield rate of compound expectation increases monotonically;

when t>tmax, the yield rate of compound expectation decreases monotonically.

There are no sharp fluctuations in the yield rate of compound expectation.
This conclusion is very useful for actual investment. When you still have idle
remaining funds, if your investment proportion for any investment opportunity has not

yet reached its optimum valuetmax, no matter how its expected rate of return is

distributed, a higher return can be obtained as long as the investment proportion is
increased, so do not worry and increase position boldly!



6.2 Influence of o value in Markowitz’s investment theory on the

optimum yield rate

The model of compound expectation put forward by us is unique, but in
comparison with other investment theories and models, whether some important
conclusions derived by them can be more fully proved in the model of compound
expectation?

Markowitz has two classic assertions in his famous theory of portfolio: When the
distribution of the expected ratio of capital input and interest to capital input
corresponds with normal distribution (1) When o is same, the investors will choose

the investment opportunities with greater mathematical expectation 2 for investment.

(2) When x is same, the investors will choose the investment opportunities with

smaller o . (See Markowitz’s Mean-Variance Analysis in Portfolio Choice and
Capital Markets)

The first point is undoubtedly correct, and on the premise of the same degree of
dispersion in the distribution of the yield rate, the investment opportunities with high
mathematical expectation will result in a higher theoretical rate of return for the
investors. For the second point, our model of compound expectation does not directly
judge the risks according to o, so whether the attractiveness of the investment
opportunities is relatively low with greater o, and the optimum yield rate for the
investors will be smaller theoretically as Markowitz said?

The answer is yes! The proof is as follows:

Firstly, we converted the normal distribution of the original ratio of capital input
and interest to capital input into “even-removal” normal distribution, that is, the
new curve of ratio of capital input and interest to capital input obtained through

removing the images of X < &z —3c on the left side and X > 1+ 30 on the right

side of normal distribution, on the premise that the mathematical expectation x is kept

unchanged in the new distribution of the ratio of capital input and interest to capital
input.
Definition 3 Denote the distribution function of the normal

distribution N(x,6°) as F(x), then

F(x)-F(0)
F00=1 1-2F@) Y
0 (x<0)

is taken as the distribution of the distribution function, called “even-removal”



normal distribution and denoted by N,(u,c?) . (See Figure 4)

Figure 4

As the u value of the function is kept unchanged (that is, the income risk is

reduced simultaneously) and the removed parts account for a small proportion of the
image (only 0.26%), the above conversion will not produce significant errors in
comparison with the original normal distribution.

Let X ~N,(i,0°) , denote the constant as C, =1-2F(u—3c), take

X, =y—%ia(i:1, 2, ==+, n), XRi=y+%i0'(i:1, 2, =+, n),
AF = F (X i) = Fe (XG) = B Kegay) — Fx (Xg) (0 =1, 2, =, n-1),
A\ 1 230D _% B 3(i+1) _% _
i_m M%i; e dx—ﬁj?“ e 2dx isnotrelatedto o.
G(X) = Iim(yAF"ﬁxLiAF‘xRiAFi): lim ﬁ(ﬂz _ﬂfz)ﬁ (
N>+ L N>t 3 n

AR, = Fy (XRl) -k (XLl)) :

9i%s?
n2

The bigger the o , the smaller the x°— ; the smaller the

n-1 ) 9i262 AF
[T —T) ", the smaller the G(X).And

i=1
n-1 n-1
G(X) < lim H(,uZ)AFi =™ (2 lim ZAE) =u.
n—+o0 =1 n—+o0 i1
So we came to a conclusion: The greater the variance o in the normal

distribution of the expected rate of return, the lower the theoretical rate of
return obtained from all-capital input.



After considering the optimum investment scheme, can it still get a similar
conclusion?

6.3 Analysis on the characteristics and meaning of the optimum

compound expectation

It aims to prove that the above conclusion still holds after considering the
optimum strategy. We firstly prove this point: If the expected rate of return on
investment corresponds with the even-removal normal distribution, the theoretically
obtained ratio of capital input and interest to capital input still corresponds with the
even-removal normal distribution after part of the principal is invested (Theorem I1).

Theorem 11 If X ~N,(u,0%),then Y =tX +(1—t) ~ N, (tu +1-t,t’57).
Proof: Let the distribution functions of X and Y be F (x)
and F, (x) respectively, X ~N,(u,c°), and let the distribution function of the

normal distribution N(z,c°) beF,(x). Denote the constant asC, =1-2F (u —30).

According to the definition,

F(x) = FN(X)_E’j\(ﬂ_ga) (u—30 <x< u+30)

0 (Other)
According to F, (tx+1—t)=F, (X), it is obtained:
x-1 i[F (X—_1+l)—F (1=30)] (X-(tu+1-1)<3to)
FY(X):FX(T_'_]-): CA N t N ILI ILI
0  (Other)

Let the distribution function of the normal distribution N (tu+1-t,t°c?) be F(x),

then F,(tx+1—1)=F,(x), i.e. FN(XT_1+1):Ft(x),so

F.(x) - Fy (-3
F(x) = () CA(ﬂ o) (x - (tu+1-1)| < 3to)

0 (Other)

According to the definition, Y corresponds with even-removal normal distribution.
The proof of Theorem Il is now completed.



The following is the proof of the subject in this section:

There are two investment projects X,, X, with their expected rate of return

under normal distribution, which correspond to the varianceso,,o, respectively, the

optimum proportions of capital input are .02 respectively to obtain the
maximum theoretical rate of return.

Ifo, > o, >0, the same proportion of funds, i.e. U, is invested for the above

two opportunities, and the compound expectations obtained are G(Y;) and G(Y,)

respectively.
It is known according to Theorem Il and the conclusion reached in Section 6.2:

As o, >0,, it is sure that G(Y;) < G(Y,). In the investment project X,, when
t=t, .., the theoretically obtained ratio of principal and interest to principal is
G(Y,), whereas G(Y,) is obtained when t=1__, inthe investment project X, .
Obviously, G(Y, ) is the result under the optimum strategy, so G(Y, )=G(Y,) >
G(Y,).
In summary, it is proved: When o, >0, for the two investment

opportunities, G(Y;) < G(Y, ) under the optimum strategy.

It can be obtained according to the above proof: Considering the optimum input

of the funds, our conclusion can be changed as: The greater the variance O in

the normal distribution of the expected rate of return, the lower the optimum
rate of return of the investment project. Therefore, although we do not use O to
measure the investment risks, Markowitz’s conclusions in his famous theory of
portfolio as mentioned above are still correct in our model of compound expectation.
They all reflect the same rule: When the fluctuation in the expected rate of return
increases, the theoretical rate of return finally obtained by the investors will
surely decline.
Under the model of compound expectation, for the investment opportunities
where the expected ration of capital input and interest to capital input corresponds
with normal distribution, the theoretical rate of return on investment obtained by the

investors under the optimum investment strategy will be surely less than x . For an

opportunity of the ration of capital input and interest to capital input under normal



distribution where g <1, the investors shall not make any investment for this

opportunity in theory.

6.4 Exploration on the magnitude relationship between compound

expectation and mathematic expectation

In the first section of this dissertation, the readers can obviously find that the
compound expectation calculated according to the definition is far smaller than the
traditional mathematical expectation. It can also be seen from the above two sections
that the compound expectation will also be surely less than the mathematical
expectation under the condition that the expected ratio of capital input and interest to
capital input corresponds with the normal distribution. After more in-depth study on
the magnitude relationship between them, we believe that: When the expected ratio
of capital input and interest to capital input, i.e. X, is arbitrarily distributed (the
default mathematical expectation is greater than 1), the optimum compound
expectation is surely less than or equal to the mathematical expectation.

The proof is as follows:

Let h(x)=Inx " h" ()=~ <0
X

h(x) =Inx is a convex function, and according to Jensen’s inequality, it is
obtained that E(In x) <In[E(X)]
E(InY) <In[E(Y)] and Y =t(X -1)+1
w0<t<l E(X)>1 SEY)<SE(X)
So, the optimum compound expectation value G(Y) =e*"" < E(X)

It can be said that when E(X) <1 in the distribution of the expected ratio of

capital input and interest to capital input for an investment project, the project is
totally not worthy of investment, because the optimum compound expectation is

G(Y)<E(Y)<1. In actual investment, if the investment project X; where

E(X) <1 exists among a number of investment projects faced by the investors, it

can be ignored directly (i.e.t; =0), and it is not necessary to include it into the



complicated calculations, which will greatly simplify the investment decision-making
process about allocation of funds.
Through combining the study in 6.2 ~ 6.4 with the actual investment, we found

that on the premise of keeping x unchanged, the increase in the variance of the

expected rate of return o actually magnifies the risks and returns simultaneously,
resulting in decrease in the theoretical yield rate of compound expectation, so that the
long-term rate of return on investment is adversely affected. The above phenomenon
actually shows that the investment risks and returns are not equivalent.

The public investors lose more often than they win in the stock market, which is
actually related to this conclusion. In this balanced market, we can assume that the
mathematical expectation is roughly 1 (break-even) on average for all investment
opportunities, but from the above argument, we can see that the compound
expectation of actual investment will be surely less than the mathematical expectation,
and the compound expectation will further decrease with the increase in the
fluctuation of the expected rate of return. As a matter of fact, most investors pursue
high profits under high risks, moreover, with the accumulated high short-term
transaction fees, such investors surely lose more often than they win for the long run,
and it is inevitable for the retail investors to suffer losses on the whole.

By extension, the loss risks and vyield opportunities exert completely
non-equivalent influence on the final rate of return in the two-point distribution,
multi-point distribution and normal distribution of the rate of return. This doctrine of
“High Risk, High Yield” is absurd. To achieve more excellent results in the long-term
investment, it is more effective to reduce the potential risks of loss than to pursue a
certain substantial yield. It also coincides with Warren Buffett’s investment motto -
Preserve the capital.

However, the yield rate of compound expectation obtained through our
calculations is always much lower than the mathematical expectation, is there any
means for us to further improve the rate of return on long-term investment?

The answer is: “diversification”.

VII. Investment Diversification under the Model of Compound

Expectation

7.1 Overview of diversification and decreasing principle of relative

yield rate

Markowitz once specifically clarified the significance of investment



diversification in his book Portfolio Selection: Efficient Diversification of Investments,
like the saying “Do not put all your eggs in the same basket” generally embraced by
the investment community, it is actually about the reduction of portfolio variance
through investment diversification, so as to achieve the objective of diversification of
risks.

Despite the smart diversification does improve the profitability, we can not
completely agree on the viewpoint of “diversification of risks”. How does the
investment diversification increase the theoretical rate of return exactly?

With regard to the investment opportunity of two-point distribution (50%
probability of principal doubling, and 50% probability of principal halving) as
mentioned in the leading question at the beginning of the first section, we can only get
6.07% compounded rate of return theoretically after investment optimization.
However, if an investor has numerous such opportunities at the same time and
averages the principal for investment, then he can get 25% compounded rate of return
(equivalent to the mathematical expectation), which is much higher than the former.
In other words, diversification of funds into different investment projects can improve
the theoretical rate of return on investment.

In addition to reducing the fluctuation risks of portfolio returns, the strategy of
investment diversification also improves the theoretical rate of return through
obtaining the independent actual yield results from many opportunities, so as to
achieve a higher overall profitability in the long term. When some investment projects
are subject to certain risks of loss, the investment diversification becomes necessary.
However, it does not just aim to balance a number of risks as many people embrace,
but improve the efficiency in the use of funds to a large extent.

Prior to the exploration on the diversification strategy, we need to prove an
important rule: Faced with an investment project whose expected rate of return is
of arbitrary continuous distribution, the relative rate of return on investment
obtained by the newly added funds will decline gradually with gradual increase
in the invested funds, that is, the decreasing principle of marginal relative yield
rate.

Firstly, we need to introduce the concept of relative investment yield rate: The
ratio of the yield rate of compound expectation on a certain capital input to the
capital input. (It is not related to the total principal)

Marginal relative yield rate is the relative yield rate for an increased unit of
capital input.

G(Y) 1

In terms of quantification: The relative investment yield rate R :T

When an increased unit of capital input tends to zero, MR = undoubtedly,

dG(Y)
dt
all the capital will tend to be invested in the projects with greatest R and MR.

Theorem 111 The greater the proportion of the invested funds (t), the smaller



the marginal relative yield rate (MR).

Proof:MR=%=G(Y)dijo In(tx +1—t) p(x)dx = G(Y)j — PO)dx
dMR _ ?-c;(v) 1)2
e GO, 7 PO’ -G —)zp( )dx)

- G(Y){[E(%)]Z (57

1

=—G(Y)Var( XY_ )<0

(The formulaVar(X) = E(X*) —=[E(X)]* will be used)

i.e. dMR ZG(Y) <0.
dt dt?

So, MR decreases monotonically in the definition domain. The proof of
Theorem 111 is now completed.

This is a very special conclusion. As the financial market is considered to be a
fully competitive market, the basic assumptions of the model of compound
expectation also recognize that “The capital investment will not affect the
distribution of the expected rate of return of an investment opportunity”.
According to the modern economic viewpoint, the marginal yield rate shall be
unchanged. However, it is shown according to the above proof that the decreasing
principle of marginal yield rate still holds even on the premise that the capital input
will not reduce the expected rate of return. Therefore, when choosing among some
opportunities in the process of investment, it is only required to directly compare their
marginal relative yield rates, so that the investors can directly determine where the
next share of funds should be invested.

Thus we can draw a conclusion: Faced with the same investment opportunity
whose expected rate of return is of normal distribution, when the proportion of the
invested principal increases, the use efficiency of funds will decline continuously with
the increase in the proportion of funds input. We can say with certainty that the
investors should diversify the funds into some similar opportunities rather than invest
a considerable amount of funds in an investment opportunity with risks. Therefore, if
the investors face multiple same opportunities, the investment diversification can
improve the overall efficiency of funds, resulting in higher yield rate of compound
expectation.

7.2 Study on the optimum strategy under multiple investment

opportunities



In the study of the previous six sections, we just discussed the optimum selection
for fund input when faced with an investment project in a certain period of time;
therefore, when a proportion (t) of the funds is used for investment, the other funds
are laid idle obviously. There always exist risk-free interest rates in the markets as
well as many different investment options at the same time, which requires us to use
the model of compound expectation to construct the optimum portfolio under the
given risk-free interest rates and multiple investment projects, so as to determine
how to allocate a proportion of funds into each project, improve the efficiency in the
use of funds and get the highest theoretical rate of return on the whole.

Suppose that the valid investment opportunities faced by the investors at the

same time are A,, A,A,,A,...,A, (u=1 for each investment opportunity),
whose corresponding ratios of capital input and interest to capital input are (1 + Q),

X, Xy, Xg..., X, (where Q is the fixed rate of return for the risk-free investment

opportunity A, , Q> 0 by default. The remaining X, is subject to arbitrary
continuous distribution, where i = 1, 2, ..., n) , the proportion of the funds to the

principal invested by the investor for each investment opportunity is ft, ,

t,0,t...,t,(0<t <1,i=0,1, 2, ..., n) respectively, and the theoretical ratio of

the capital input and interest to the total principal obtained by the investor for the
corresponding investment opportunity under the corresponding investment proportion

is Yo, Y..Y,,Y;....Y, respectively. The above investment opportunities have the

n

same investment cycle, and the final investment yield result of each investment
opportunity is independent.

We require to solvet,, t;,1,,t;...,1,, so as to make the original principal

obtain the maximum rate of return in theory. (As a risk-free rate of return exists, there

n
will be no idle funds, so Zti = 1)
i-0

According to the definitions of compound expectation and diversification, the
specific method for directly solvingt,, t;,1,,1;...,T under the optimum strategy is

as follows:
Compound  expectation value of the total principal input

G(Y) =1+ Y[G(Y) 1]



1+Qt, (i=0)

G(Yi):{t,x,u—t (i>1)

And G +L +0 +...+1 =1

Combine the above equations to solve t,, t;,1,,t;...,T,, making G(Y)

obtain the maximum value.

As the equations are very complex, which contain many undetermined
parameters, and many classified discussions are involved, it is difficult to obtain the
best funds allocation through direct solving.

We found that it is also difficult to find the solution based on the fundamental
theorem of economics — “When the marginal yield rate is equal for all investment
projects to which the funds have been allocated, the optimization strategy of funds
allocation is obtained”.

In order to better solve the practical issue about efficient allocation of the funds
for multiple different investment opportunities at the same time, we used the
computer programming method. The basic principle is:

(1) In any case, choose the opportunities with the theoretical highest
relative yield rate for the funds.

(2) According to the decreasing principle of marginal yield rate, the yield
rate obtained from the added capital input is surely less than the marginal yield
rate of the previous investment.

The specific steps for solving 1y, 1, 1,,1;..., T, with programming method are

as follows:
(1) Initialization: Divide the total capital input into equal small portions of enough
quantity, i.e. P (a larger positive integer can be taken for P, such as 100,000), and the

proportion of each small portion to the total capital ist = % . The number of the shares
of funds which has been invested in each project is assigned to 0.

(2) Make a judgment for the first share of invested funds: Put it into X, and the

corresponding compound expectation value obtained is G(Y;,), the relative

G(Y.,)

investment yield rate is R;, = —1, select the maximum R, . If R, >Q,

put the first share of funds into the project with maximum R;;, assign the

corresponding value for S; :=3S; +1, go to the third (3) step; ifR,, <Q, go to the



fifth (5) step.
(3) If the total capital input is less than P at the time (that is, there are still remaining

funds), increase of 1 share may be considered: Currently, S, of funds were invested

in the project X, , if 1 more share is increased, then the marginal relative yield rate

G (Yi,Si+1) -G (Yi,Si )

is MRi,si =

_1. After comparison one by one, select the

maximum M Ri,si . If the funds have run out at this time, go to the fifth (5) step.

(4) Judge whether to increase the funds: If the marginal relative yield rate
MRi,Si <Q, that is, this newly added share of funds can not obtain the rate of
return higher than the risk-free yield rate in all investment projects, increase in funds

shall be stopped, and go to the fifth (5) step; conversely, if AR, ¢ > Q, then put this

newly added share of funds into the investment project with the maximum MRi,Si :

and assign the corresponding value for S; =S, +1.

S.
(5) Output: Output §; :Fl(i =1,2, -, n), {, :1—Zti .

The block diagram for the above solution is as follows: (part of the calculation
process is skipped)



Start

A
S, =0 (where
k=123, n)

A 4

When i=¢ , MR,

obtains the maximum
value

MR(/),O >Q

Yes

S,=S,+1 |,

A

When i=¢, MR

obtains the maximum
value

Yes

4 s )
Output t =—" (i
P
» =1, 2, ..., n),
t,=1- n t,
=t
(End)



From the model of compound expectation to diversified investment strategy, their
essence is to assess the risks and opportunities, so as to satisfy the investors’ pursuit of
higher theoretical yield rate in the long term. In fact, we can throw off the unscientific
traditional investment concepts under this model, and make decisions boldly for the
final goal. For example, if there exists a rather good investment project, and its
theoretical rate of return is much higher than that of other opportunities according to
the calculations, please do not hesitate and put your funds into it!

Bibliography

[1] A Course in Probability and Statistics, written by Mao Shisong, Cheng Yiming
and Pu Xiaolong, Higher Education Press

[2] http://www.wolframalpha.com/input/?i=integral+exp%28-x%5E2%29

[3] The Econometrics of Financial Market, written by J.Y.Campbell (America) et al.
/ltranslated by Zhu Pingfang et al., Shanghai University of Finance and
Economics Press

[4] Mean-Variance Analysis in Portfolio Choice and Capital Markets, written by
Markowitz (America)

[5] Mathematical Analysis, written by Xu Senlin, Tsinghua University Press

[ 61 Portfolio Selection: Efficient Diversification of Investments, written by

Markowitz (America)

[7] Options, Futures and Other Derivatives, written by John C. Hull (Canada),

translated by Wang Yong (Canada) et al.

Acknowledgements:

I sincerely express my appreciation for my classmates Zhuang Ziquan and He Lvning
as well as my tutor Li Ruging, who helped me with this work.





