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On Structure of Cluster Algebras of
Geometric Type, 1I: Green’s Equivalences
and Paunched Surfaces
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Abstract: Following our previous work [18], we introduce the
notions of partial seed homomorphisms and partial ideal rooted
cluster morphisms. Related to the theory of Green’s equivalences,
the isomorphism classes of sub-rooted cluster algebras of a rooted
cluster algebra are corresponded one-by-one to the regular D-
classes of the semigroup consisting of partial seed endomorphisms
of the initial seed. Moreover, for a rooted cluster algebra from a Rie-
mannian surface, they are also corresponded to the isomorphism
classes of the so-called paunched surfaces.
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1. Introduction

Cluster algebras are commutative algebras that were introduced by Fomin
and Zelevinsky [10] in order to give a combinatorial characterization of total
positivity and canonical bases in algebraic groups. The theory of cluster alge-
bras is related to numerous other fields. Since its introduction, the study on
cluster algebras mainly involves intersection with Lie theory, representation
theory of algebras, its combinatorial method (e.g. the periodicity issue) and
categorification, Riemannian surfaces and its topological setting, including
the Teichmaiiller theory.

The algebraic structure and properties of cluster algebras were originally
studied in a series of articles [2, 10-12] involving bases and the positivity
conjecture.
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In our previous work [18], we focus to characterize the internal struc-
ture of rooted cluster algebras, including all sub-rooted cluster algebras and
rooted cluster quotient algebras, via sub-seeds and seed homomorphisms.

In this work, as a subsequent of [18], we introduce the semigroup of
partial seed endomorphisms of the initial seed for a rooted cluster algebra
and partial ideal rooted cluster endomorphisms and find the connection of
the internal structure of a cluster algebra with the semigroup of partial seed
endomorphisms of the initial seed via the method of Green’s equivalences in
semigroup theory. We build the correspondence between the isomorphism
classes of sub-rooted cluster algebras and the regular D-classes of the semi-
group of partial seed endomorphisms of the initial seed for a rooted cluster
algebra. This result supplies a window for one to understand the internal
structure of a rooted cluster algebra through some algebraic properties in
semigroup theory.

One of the main results is Theorem 1.3, for which we combine the method
of mixing-type sub-seeds (Definition 3.2) and the Green’s equivalences in the
algebraic theory of semigroups as an original idea.

Another main result, Theorem 1.4, in fact, gives a new algebraic invari-
ant of the internal structure of a Riemannian surface. As preparation, we
introduce the so-called paunched surfaces of a Riemannian surface (Defini-
tion 6.3) which are shown to correspond to sub-rooted cluster algebras of
the rooted cluster algebra from the Riemannian surface, using of the theory
from [18], and then using Theorem 1.3, to correspond to regular D-classes
of the semigroup consisting of partial seed homomorphisms (Definition 3.6).

The organization of this article is the following. In Section 2, we recall the
definition of cluster algebras of geometric type. In Section 3, some required
concepts and results are given from [18][1], and then introduce the semi-
groups of partial seed homomorphisms of the initial seed for a rooted cluster
algebra and partial ideal rooted cluster endomorphisms (Definition 3.20).

In Section 4, we introduce the theory of Green’s equivalences in semi-
group theory and then give some preliminaries on the semigroup of partial
seed homomorphisms.

In Section 5, we give the proofs of the main conclusions, Theorem 1.1,
Theorem 1.2 and Theorem 1.3, including three parts, i.e. the characteri-
zation of Green’s equivalences in Endpay(X), the continuation of Green’s
equivalences from Endpay () to Endpar(A(X)) and characterizing iso-classes
of sub-rooted cluster algebras via regular D-classes.

In Section 6, we firstly characterize sub-rooted cluster algebras of rooted
cluster algebras from Riemannian surfaces via paunched surfaces. Then, the
proof of the main result, Theorem 1.4, is given.
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Here we give the four main conclusions in this paper.

Theorem 1.1. Let f: X7, 1, = X and f': Xy 1 — X be two regular partial
seed homomorphisms in Endpay(X), then

(1) fRf" if and only if (a) f(1,,1,) = f'(Xp.11)-

(2) fLf" if and only if (b) X1, 1, = X1, and (c) there exists an
isomorphism g : f(X5,,1,) = f'(X1,1;) such that f' = (idgy 1rg) o f, where
)
= S0y

(3) fHf if and only if the above statements (a), (b) and (c) hold.

(4) fDf" if and only if f(X1,,1,) = f'(Xr1)-

Theorem 1.2. Let f: A3 1,) — AX) and f': A(Zp ) — A(X) be
noncontractible ideal partial rooted cluster morphisms in Endp,, (A(X)) with
restricted partial seed homomorphisms f°, 'S e Endpar(X), respectively.
Assume that 5 and f'5 are regular. Then, f5F f'¥ in Endpar(X) if and only
if fFf" in Endpay (A(X)) with F one of the Green’s equivalences R, L, H, or
D.

Theorem 1.3. For a rooted cluster algebra A(X), let A(X') denote any of
its sub-rooted cluster algebra and [A(X')] the iso-class of A(X') in Clus.
There exists a one-to-one correspondence between the iso-classes of sub-
rooted cluster algebras of A(X) and the regular D-classes in Endp,. (X)
through the bijection ¢ : [A(X')] — Dyq,, , with X' =%y, 1, for some Iy C
X and I; C X.

Theorem 1.4. For a Riemannian surface (S, M) with triangulation T
without punctures,

(a) there is a one-to-one correspondence between the iso-classes of
(Lo, I1)-paunched surfaces of (S, M,T,L) and the iso-classes of sub-rooted
cluster algebras of A(X(S,M,T,L));

(b) there is a one-to-one correspondence between the iso-classes of
(Lo, I)-paunched surfaces of (S, M, T,L) and the set of regular D-classes
of the semigroup Endpa, (2(S, M, T, £)).
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2. On the definition of cluster algebras of geometric type

The original definition of cluster algebra given in [10] is in terms of exchange
pattern. We recall the equivalent definition in terms of seed mutation in [11];
for more details, refer to [10, 11, 14].

Let (P, ®,-) be a semi-field, i.e., an abelian multiplicative group, sup-
plied with an auxiliary addition ¢, which is commutative, associative, and
distributive with respect to the multiplication in P. In particular, let IP be
a free abelian multiplicative group with a finite set of generators p;(j € J),
and with an addition & given by

j bj _ in{a;,b;
) [ o T1a = Loyt

jeJ jeJ jeJ

for any a;,b; € Z. In this case, the semi-field IP is called as tropical semi-
field, denoted by Trop(p;,j € J), which is related to tropical geometry
(refer to [11] and [3]).

For a semi-field P, it was proved in [10] that the group ring ZP is a
domain. Let I (the ambient field of cluster algebra) be the fraction field
of the polynomial ZP[uy,--- ,u,] in n independent variables {uy,--- ,u,}
(n is the rank of cluster algebra). In particular, when P = Trop(p;,j € J),
we have F = Q(u;,p;) (i=1,--- ,n,j€J).

An n x n integer matrix A = (a;;) is called sign-skew-symmetric if
either a;; = aj; = 0 or a;ja;; < 0 for any 1 <4, j < n.

An n x n integer matrix A = (a;j) is called skew-symmetric if a;; =
—aj; for all 1 <4, j < n.

An n x n integer matrix A = (a;;) is called D-skew-symmetrizable if
dia;j = —djaj; for all 1 <i,j <n, where D=diag(d;) is a diagonal matrix
with all El} € Zzl'

Let A be an n x (n + m) integer matrix whose principal part, denoted
as A, is the n x n submatrix formed by the first n rows and the first n
columns. The entries of A are written by a,,, * € X and y € X. We say
A to be sign-skew-symmetric (respectively, skew-symmetric, D-skew-
symmetrizable) whenever A possesses this property.

For two n x (n +m) integer matrices A = (a;;) and A’ = (a;;), we say
that A’ is obtained from A by a matrix mutation y; in direction 7,1 <
i < n, represented as A’ = p;(A), if

d —Qjk, if j=dork=rq;
Ik aji + 7|a”|a“°;ama”“|, otherwise.

(2)
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It is easy to wverify that p;(ui(A))=A. The skew-
symmetric/symmetrizable property of matrices is invariant under mutations.
However, the sign-skew-symmetric property is not so. For this reason, a
sign-skew-symmetric matrix A is called totally sign-skew-symmetric if
any matrix, that is mutation equivalent to A, is sign-skew-symmetric.

A seed in I is a triple ¥ = (X, P, B), where
(a) X ={x1, - x,} is a transcendence basis of I over the fraction field of
ZP, which is called a cluster, whose each z € X is called a cluster variable
(see [11]);

(b) P = (pf).ex is a 2n-tuple of elements of PP satisfying the normalization
condition p; @ p, = 1 for all z € X, which is called the coefficient tuple
(see [12]);

(c) B = (byy)zyex is an n x n integer matrix with rows and columns indexed
by X, which is totally sign-skew-symmetric.

Let ¥ = (X, P, B) be a seed in F with € X, the mutation p, of ¥ at
x is defined satisfying iz () = (ue(X), P, uz(B)) such that

(a) The adjacent cluster p,(X) = {p(y) |y e X}, where p,(y) is
given by the exchange relation

tEX, byt >0 LEX byt <O : .
x ? lf Yy=1x

Y, ify # .

py  I1  thetd4py [T 70wt
(3) Nx(y>_{

This new variable p, (gc) is also called as mew cluster variable.
(b) the 2n-tuple P = {ﬁyi}yeum( x) is uniquely determined by the nor-
malization conditions p, @ p, = 1 together with

(4) Py /Py = (pSf)Z”pg/p;, if byy > 0;
(pz )P oy /Py if bay < 0.

(¢) uz(B) is obtained from B by applying the matrix mutation in direc-
tion x and then relabeling one row and one column by replacing x with
o ().

It is easy to see that the mutation pu, is an involution, i.e.,
:uum(ac)(:uz(z)) =X.

Two seeds ¥’ and X" in I are called mutation equivalent if there
exists a series of mutations g, , - , ty, such that X" = p, - - - py, (X').

Trivially, mutation equivalence of seeds gives an equivalent relation on
the set of seeds in IF.
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Let ¥ be a seed in IF. Denote by S the set of all seeds mutation equiv-
alent to ¥. In particular, ¥ € S. For any ¥ € S, we have ¥ = (X, P, B).
Denote P = UscgP C P and X = UscgX. Z[P] represents the sub-ring of
ZP generated by P.

Definition 2.1. [10/[11] Let ¥ be a seed in .

(i) The cluster algebra, denoted by A= A(X), associated with ¥ is
defined to be the Z[P]-subalgebra of T generated by X. ¥ is called the
initial seed of A.

(ii) In  particular, if the semi-field TP is tropical, i.e. P =
Trop(Tpii,- * Tntm) for some nonnegative integer m, the cluster
algebra A is said to be of geometric type.

In case P = Trop(xnti,  * ,Tnim), for any seed ¥ = (X, P, B) in I,
P = (pf)zex is a 2n-tuple of elements of P satisfying the normalization con-
dition p @ p, =1 for all x € X. Since P is a free abelian group generated

by Tpy1,- -, Tnym satisfying the relation (1), we can denote p = Y% and
m m

Py, = Y'Y where Y% = [] xfjﬂ for a; = (a1, im) and Y = [] g;f;ﬂ
j=1 j=1

for b, = (bz’h s 7bim) with aij,bij (S Zzo,j = 1, cee M, by (1) and the nor-
malization condition. It is easy to see that a; and b; can be determined
uniquely by a; — b;. Precisely, if a; — b; 2 ¢; = (cij), then a;; = maz{c;;,0}
and b;; = max{—c;;,0} for 1 < j < m.

Following the above discussion, for a given P from the seed X =

C1
(X, P, B), we give uniquely an n x m integer matrix By = [ --- |; con-
Cn
C1
versely, for a given n X m integer matrix By = | --- with ¢; € Z™
Cn

for any i, we can construct a 2n-tuple P = (pi)xiex with pf =Y % and
pi, = Y? where a; and b; are decided uniquely by ¢; (see [10]).

Hence, we can replace P by Bj, and then denote the seed ¥ = (X, P, B)
as ¥ = (X, B) equivalently, where B = (B B).

For this cluster algebra A(X) of geometric type, we can write about its
seed and mutation equivalence, briefly described as follows. For more details,
refer to [10][14], etc.

Give a field IF as an extension of the rational number field Q, assume
that z1,--- ,2n, Tpt1, -, Tnem € F are n 4+ m algebraically independent
over @ for a non-negative integer n and a non-negative integer m such
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that ' = Q(w1, -+, Zn, Tnt1, -+, Tngm), the field of rational functions in
the set X = {x1, -+, &n,Tny1, -+, Tnrm} with coefficients in Q. We call
X an extended cluster, the subset X = {z1, -+ ,z,} the cluster and
the subset Xy, = {®p41, -+, Zpnqm} the frozen cluster or, say, the frozen
part of X in I, where z1,--- ,x, is said to be (original) exchangeable
cluster variables and x,,11, - , Zn1m the stable (cluster) variables or
say frozen (cluster) variables and 1,--- ,n the exchangeable vertices
and n+1,--- ,n + m the frozen vertices of X. In particular, when n =0,
let X =0 and then X = Xy,.

The seed X in F is a pair ¥ = (X, B), where B = (B B)) is a totally
sign-skew-symmetric n X (n + m) matrix over Z. With this, we also denote
F = F(X). The n X n matrix B is called the exchange matrix and B the
extended exchange matrix corresponding to the seed 3.

In the seed ¥ = (X, B), if X =0, that is, X = Xy,, we call the seed a
trivial seed. B B

Given the seed X = (X, B) and z,y € X, we say (z,y) is a connected
pair in case (i) z = y or; (ii) © # y but bfcy + b?/z # 0 with {z,y} N X #0. A
seed ¥ is defined to be connected if for any =,y € X , there exists a sequence
of variables (z = 2¢, 21, - ,2s = y) € X such that (z;,zi+1) are connected
pairs for all 0 <i < s —1.

Note that in the case of geometric type, the exchange relation in direction
x € X is given as:

H tba;t+ H t—bat
tEX by >0 tEX by <O

(5) pa(y) = z , ity =
Y, if y # .

Given a seed ¥ = (X, B), another seed ¥’ = (X', B') is said to be adja-
cent to ¥ (in direction z € X) if X’ = p,(X) and B’ = ji,(B). Moreover,
we denote ¥/ = 1, (2) = (12 (X), o (B)).

In this paper, beginning from Section 3, cluster algebras will always be
cluster algebras of geometric type defined above.

3. Partial seed homomorphisms and partial ideal rooted
cluster morphisms

Seed homomorphisms are originally introduced in [18] for studying the
interne structure of (rooted) cluster algebras. Here, we recall those useful
definitions and results.
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For the initial seed ¥ = (X, B) of a cluster algebra A and two pairs
(z,y) and (z,w) with 2,z € X and y,w € X, we say that (z,y) and (z,w)
are adjacent pairs if b,, # 0 or z = z.

Definition 3.1. ([18]) Let ¥ = (X, B) and X' = (X', B') be two seeds. A
map f from X to X' is called a seed homomorphism from the seed X to
the seed Y if it satisfies that

(a) f(X) C X" and; N

(b) for any adjacent pairs (z,y) and (z,w) with x,z € X and y,w € X,

6) W) r) o) Vi) puybzw) 20 and Vi iy | = [y -

For seed homomorphisms f: X — ¥ and g : ¥’ — ¥’ define their com-
position gf : ¥ — ¥ satisfying that g f(z) = g(f(z)) for all z € X. Then we
can define the seed category, denoted as Seed, to be the category whose
objects are all seeds and whose morphisms are all seed homomorphisms with
composition defined as above.

Definition 3.2. Let ¥ = (X, B) be a seed with B an n x (n+m) totally
sign-skew-symmetric integer matriz. Assume Iy is a subset of X, Iy a subset
of X with IynNIy =0 and I = nulr for Iiv: XN andli’ =X N1
Denoting X' = X\(lyUI}), X' = g\[l and B’ as a §X' x $X'-matriz with
iy = bgy for any x € X' and y € X', one can define the new seed ¥y, 1, =
(X', B'), which is called o mixing-type sub-seed or, say, (Io,I1)-type
sub-seed, of the seed ¥ = (X, B).

Definition 3.3. Let X and X/ be two seeds and f : X — X' be a seed homo-
morphism. [ is called a seed isomorphism if f induces bijections X — X !
and X — X' and |byy| = |b,f(a:)f(y)| forallz € X andy € X.

Trivially, we have the following lemmas by the definitions of seed homo-
morphisms and seed isomorphisms.

Lemma 3.4. A seed homomorphism f : X — X' is a seed isomorphism if
and only if there exists a unique seed homomorphism f~': ¥ — ¥ such that

f_lf =idy and ff_l = 1dyy.

Similar as the definition for rooted cluster morphism, we define the image
seed of a seed homomorphism.
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Definition 3.5. Let f : ¥ — Y/ be a seed homomorphism. The image seed
of ¥ under f is defined to be f(X) = (f(X),B"), where B" is a #(f(X)) x
#(f(X))-matriz with by, = b, for any v € f(X) andy € f(X).

Recall that a seed homomorphism f : 3 — 3 is called injective if f(X)
is a mixing-type sub-seed of 3’| see [18].

Definition 3.6. Define a partial seed homomorphism f from ¥ to ¥’
to be a seed homomorphism f from an (1o, I1)-type sub-seed ¥y, 1, of ¥ to
Y/, which is denoted as (f,%r,.1,,%") or briefly as f. Denote ¥y = Xy, 1, and
Homyp,, (3, X) be the set of all partial seed homomorphisms from ¥ to X',

Denote )Afgf = Dom(f) =X \ I, as the domain of f and ()Nfgf)ex =
Dom(f)ex = X\ (IpUI1) as the exchangeable part and ()?gf)fr =
Dom(f)sr = (XyUlp)\ I as the frozen part of Dom(f) such that
Dom(f) = Dom(f)ex U Dom(f) . N N

For an (Iy, I1)-type sub-seed X, 1, = (X \ Iy, B') of a seed ¥ = (X, B),
we define a special seed homomorphism idy, 1, : X1, 1, — X as follows.

idr,.1, | %7, is just the natural inclusion from X \ I; to X. Then, Defini-
tion 3.1 (a) holds for idy, r, .

We have b, = by, for all z € X\ Iy and y € X \ I; by the definition
of X1, 1,. Then for any adjacent pairs (z,y) and (z,w) with x,z € X \ Iy,
y,we X\ I , trivially

Wy buybowbsw = 0 and (B, | = [byyl.

But idy, 1, (u) = u for u = x,y, z, w. Hence, Definition 3.1 (b) holds.

By Definition 3.5, we have (idy, 1,)(21,.1,) = X1,,1,, which means that
idy, 1, is an injective seed homomorphism.

Of course, as a partial seed homomorphism, idy, , € Endpa(X).

For two partial seed homomorphisms (f,Xr, 1,,%’) € Hompy (X, X)
and (g,Ef,é’J{,Z”) € Homy,, (X', X"), their composition of partial seed
homomorphisms, denoted as

(g7 Ziﬁ,]{a Z”) ° (fv 210,117 Z/) or briefly as go f,
is defined as (g o fS(x) = g(f(x)) for all z € Dom(g o f) if it satisfies:

Dom(g o f) = Dom(g o f)ex U Dom(g o f)sr,

where

(7) Dom(go ez = {x € Dom(f)ex|f(z) € Dom(g)es},



460 Min Huang and Fang Li

and

(8) Dom(g © f)fr - {:L' S Dom(f)fr‘f(x) S Dom(g)fr}'

We claim that g o f is a partial seed homomorphism from ¥ to X", that
is, the set of partial seed homomorphisms is closed under this composition.

In fact, for go f, the condition (a) of Definition 3.1 is clear. For (b),
(z,y) and (z,w) are adjacent pairs in ¥ with =,z € X N Dom(go f) and
y,w € Dom(g o f). Since f is partial seed homomorphism, therefore, we have
f(z), f(z) € X" and

/ / /
) (b @) £ ) Dzy) (B (2 () bow) 2 0 and Dy 5[ = [bayl-

Thus, (f(z), f(y)) and (f(z), f(w)) are adjacent pairs in X’ with f(x), f(2) €
X'"NDom(g) and f(y), f(w) € Dom(g). As g is a partial seed homomor-
phism, we have

(10)

/! / 1/ / I/
(Bgo f(@)go £ ) V7 () 1)) Bgo (2)g0 () V() pwy) = 0 a0 [5G0 g6 | = 1p(ay |
By (9) and (10), we have

Z //
(11) (bQOf(I)QOf(y)bxy)(bQOf(z)gof( )bzw) 20 and |bg°f(w )gof(y | 2 [bayl-

Therefore, g o f satisfies the condition (b) of Definition 3.1.

Hence, for ¥ = ¥/, Endp,, () is closed under this composition, which is
considered as the multiplication. Below, we will prove that the associative
law holds for this multiplication in Endp,,(X).

Remark 3.7. In Definition 3.6, we allow the mizing-type sub-seed g, 1, to
be the empty seed (). In this case, we say f to be the empty homomorphism
too, denoted as (). Thus, if f~1(X'\ 1) C Iy, then go f = ().

Fact 3.8. If f € Endpa(X,Y') and g € Endpa (X, 2"), then
(a) Xgor is a mizing-type sub-seed of Xy. In general, we can denote
Ygof = (51)o.1,, where

I =A{z € Dom(f)ex | f(x) & Dom(g)ex} U{x € Dom(f); | f(x) & Dom(g)s}

and
(b) the image seed (go f)(Xgof) is a mizing-type sub-seed of g(Xg).
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Remark 3.9. For any seed homomorphism fi : X, 1, — 2/1(3,1;7 we asso-
ciate a partial seed homomorphism in Hompa, (3, %), that is, f = idy 1 f1 :
2]07[1 — .

Conversely, for any partial seed homomorphism f : Xy, 1, — ¥/, denoted
by f(X15,1,) = X7, 1, we can cflveﬁne a seed homomorphism fi : Si,.1, = 7, 14
via fi(x) = f(x) for all x € X \ I, and thus, f = idy, 1 f1. It is easy to see
that such f1 is unique for f.

Unfortunately, f # f oidy, 1, since usually Dom(f) # Dom(f oidy, 1,).
It is similar for id = idy g, so there does not exist identity in Endpa-(X).

Proposition 3.10. The associative law of the composition of partial seed
homomorphisms in Endpa,(X) holds. Then, with the composition as multi-
plication, Endpay (X) is a semigroup with zero 0 := (0,0,%), including some
zero-divisors.

P?”OOf. Let f,g,h S Endpar(Z) with Zf = 2107[1, Zg = Z[(/”[{ and Xj =
Yy 1, respectively. By the definition of composition, we have that z €
Dom((hog)o f)ey is equivalent to = € Dom(f)es, f(z) € Dom(g)e, and
go f(z) € Dom(h)es, which is also equivalent to z € Dom(ho(go f))ex-
Hence, Dom((hog)o f)ex = Dom(ho(go f))ex. It can be proved simi-
larly that Dom((hog)o f)s = Dom(ho(go f))sr. Therefore, Dom((h o
g)o f)=Dom(ho(go f))and then (hog)o f=ho(go f).

Assume that x € X, and let [ = X \ {z}. Hence, we have idy,y ; o idy 1 =
0, that is, idg,y ; and idy ; are zero-divisors in Endpar (). O

Denote by E(Endpar(X)) the set of all idempotents in the semigroup
Endp,:(X). In particular, idy, ;, = idy, 1, 0 idy, 1,, so idy, 1, is an idempotent,
i.e. idr, 1, € E(Endpa(X)).

However, in Endp,, (X), in general, an idempotent may not be in the form
idr,.1,. For example, for a quiver Q : 1 ——=zy<——ux3, let f: X(Q) —
¥(Q)p {z,} be the partial seed homomorphism such that f(z1) = f(x3) = 71
and f(zg) = xo. It is clear that f is an idempotent, but is not in the form
Z'd]m I,

Now recall some elementary definitions and properties on rooted cluster
morphisms, refer to [1].

Definition 3.11. (/1/]) A rooted cluster morphism f from A(X) to
A(Y') is a ring morphism which sends 1 to 1 satisfying:

CMI1. f(X)C X' UZ;

OM2. f(X) C X'UZ;
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CM3. For every (f,%,%)-biadmissible sequence (y1,y2,--- ,ys) and any y
m X, we have

Fy, = 1y (Y) = Lpy) = tp) (F (W)

In [1], the authors defined a category Clus with objects are rooted cluster
algebras and morphisms are rooted cluster morphisms.

Definition 3.12. ([18]) Let f: A(X) — A(X) be a rooted cluster mor-
phism and

(12) L ={z € X|f(z) € Z}.

From f, define a new seed ©) = (X BU) satisfying that:
(1. XD = X\ I = {x € X|f(x) ¢ Z};
(). X =X\ I = {z € X|f(z) ¢ Z};
(111). BH) = (b)) is a #£(X D) x #(X D) matriz with

) bey, if f(2) #0Vz € I adjacent to x ory;
o0, otherwise.

We call 2) = (X)) B()) the contraction of ¥ under f.

Definition 3.13. [18] We say a rooted cluster morphism f : A(X) — A(X)
is noncontractible if f(x) #0 for all z € X.

Proposition 3.14. (/18], Proposition 3.4) A rooted cluster morphism
[ AX) = A(Y') determines uniquely a seed homomorphism (f3, () %
from ) to ¥ via f5(x) = f(z) forz € X)),

Lemma 3.15. ([18], Lemma 3.5) Let f,g: A(¥X) — A(X') be rooted cluster
morphisms. If f(x) = g(x) # 0 for allx € X of ¥, then f = g.

We have the following connection between rooted cluster isomorphism
and seed isomorphism.

Proposition 3.16. (/18], Proposition 3.8) A(X) = A(Y') in Clus if and
only if ¥ =Y in Seed.

Recall that a rooted cluster morphism f : A(X) — A(Y') is called ideal
if A(f3(2)) = f(A(Z)). See Definition 2.11, [1].
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Lemma 3.17. (1)(Theorem 2.25(2), [6]) Let f : A(X) — A(X') be an ideal
rooted cluster morphism. Then f = 7 f1 with a surjective rooted cluster mor-
phism f1 and an injective rooted cluster morphism 7, that is,

[iAE) DA ED) S A,
(2) fi is an ideal rooted cluster morphism.
Proof. (2) Note that f7(2U1) = £5(2()) and f; is surjective, thus we have
AP (EU)) = A(f(ED)) = fi(AR).
Therefore, f; is an ideal rooted cluster morphism. [l

We can determinate all rooted cluster subalgebras of a given rooted
cluster algebras by the theorem below.

Theorem 3.18. ([18], Theorem 4.4) A(Y') is a rooted cluster subalgebra
of A(X) if and only if there exists a mixing-type sub-seed Xy, 1, of ¥ such
that ¥/ = Xy, 1, satisfies by = 0 for any x € X \ ([p U 1) and y € I.

Lemma 3.19. (/18], Lemma 6.18) Fory, # y2 € X, if f(y1) = f(y2) € X
for a rooted cluster morphism f: A(X) — A(X), then y1,y2 € X¢r.

Analog to Homp,, (X, X'), we now consider the set of some partial rooted
cluster morphisms, Homypa, (A(X), A(X')).

Definition 3.20. (i) Define a partial ideal rooted cluster mor-
phism f from A(X) to A(X) to be an ideal rooted cluster morphism f :
A1) = AX') for a mizing-type sub-seed X1, 1, of ¥, which is denoted
as (f,21,.1,,%") or briefly as f. Denote Hompa (A(X), A(X')) as the set of
all partial ideal rooted cluster morphism from A(X) to A(X').

(i1) For a seed X', fix a family of ideal rooted cluster morphisms

o Io,I1 / / N
A= {hlg,lg : A(Elo,h) — A(X 671{)}10,16€X’,11,I{€X’
J())Jl . JO,Jl . 107]1 - ! .
such that h7 = sz(Efjole) for all Jo,J1 and hI(,”I{ T = hl(,“]{ if X0, 18

a mizing-type sub-seed of Z{]Oyjl and the natural injective seed homomor-
phism Ef,m g Ei]o, J, induces an injective rooted cluster morphism 7. For
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two partial ideal rooted cluster morphisms
(f: 21,1, Y) € Hompar (A(X), A(Y)), (8. 21, 17, 2") € Hompar (A(X), AZ")),

we define the composition goy f = ghiﬁj’IJ{l f', where ¥ ;= f2(2n.n) by
f/
Proposition 3.14 and f is decomposed into f: A(X) = A(X]) ;) S AR
by Lemma 3.17.
.. JOaJl —

Remark 3.21. For any mixing-type sub-seed Eilo,Jl’ let thJl = ZdA(E'JoJl)'
For mizing-type sub-seeds ¥ | and X ;. if A(X7 ;) is a rooted cluster
subalgebra ofA(Zf]Ole), then let h{,‘;’{}l be the natural inclusion; otherwise, let
h(I]‘;’IJll be the trivial ideal rooted cluster morphism satisfying h{f;’{}l () =1 for
any x € A(X7, ;). It is easy to see that A = {hﬂ‘;{}l} satisfies the conditions
in Definition 3.20 (ii).

In this definition, note that g op f is ideal since the composition of ideal
rooted cluster morphisms is ideal and g, h{?’ﬁ are ideal rooted cluster mor-
phisms, f’ is also ideal by Lemma 3.17 (20) ‘Hence, (goa [,21,,1,,2") is a
partial ideal rooted cluster morphism in Homp,, (A(X), A(X")).

For j=1,2,3, let f;: A(Xy ;y) = A(X) be ideal rooted cluster mor-
phisms. Denote X,/ o0 = (f])S(Eg];{) and then fj(A(EIé-J{)) = ‘A(Elg’,l-{’)'
Also denote ¥, 5, = (f2oa fl)S(Z(IZ?;{Afl)) and then we have

1/ 1/
131

A g.5) = (faon f)ARELL)) = (fahys 12 (AR n0)-

According to Lemma 3.17, f; is decomposed into fj:A(EISJ{)—]#

A ) SN A(X). Hence, we have the following commutative diagram:

11
AZpn) —— ACpn) —— A1)

17 .17
I I
- 01
id h§ T
l 1511

o f
A(E[l Il) e .A(Elg’[lz) E— .A(Z]gf’flz/),

0s°°1

where there are an inclusion 7: A(¥y, s,) = A(Xp 27) and a surjective

morphism 7 : A(X v 1) — A(2y,,,) by Lemma 3.17 since féhﬁ’;’[?/ is ideal.
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By definition of composition, we have

12,17 VESY B
(fson f2) on f1 = fshyh 1 fahps 72 f1,

fson (faon f1) = fshfgj}iiﬂf{-

2/ 12/
]0 711

By Definition 3.20, h?‘jl‘]j = hy5 s 7; hence, we have
09%1 041

27 72/ 2/ 72/ 17 71/
IO 711 IO 711 IO 7Il

JouJ
faon(faon f1) = f3h[§’]131ﬂ—f{ :f?)h[g»’[f Tﬂ—f{ :f3h[g’]13 féh]ng? f{

= (fsoa f2)on fi,

where the second equality is due to Definition 3.20 (ii). This means the
associative law holds for the composition oy.
Analog to Proposition 3.10, we have the similar result on the following.

Proposition 3.22. The associative law of the composition ox of partial
ideal rooted cluster morphisms in Endpa:(A(X)) holds. Then, with op as
multiplication, Endpa: (A(X)) is a semigroup with zero the zero-morphism,
including some zero-divisors.

In the sequel, we will use the theory of seed homomorphisms to discuss
on the Green’s equivalences of Endpa, (A(X)) with Endpar(3).

4. Green’s equivalences in semigroup of partial seed
homomorphisms

It is well known that the theory of Green’s equivalences plays a signifi-
cant role in the algebraic theory of semigroups. They are concerned with
mutual divisibility of various kinds, and all of them reduce to the universal
equivalence in a group. For the use in this part, we need to introduce a
fundamental knowledge of the theory of Green’s equivalences and regular
semigroups referring to [17].

Given a semigroup S with a multiplication -, there are five equivalent
relations, £, R, H,D and J, called Green’s equivalences on S. More pre-
cisely,

L on S is defined by the rule that for z,y € S, 2Ly if Sz U {z} = Sy U
{y} (left ideals).

R on S is defined by the rule that for z,y € S, 2Ry if tS U {z} = yS U
{y} (right ideals).
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H = L AR, the intersection of £ and R, that is, for x,y € S, xHy if xLy
and zRy.

D = LV R, the join of £ and R. It is known that D =LoR =R o L.
Then for x,y € S, Dy if and only if 9 z € S such that £z and zRy and if
and only if 3w € S such that xRw and wLly.

J on S is defined by the rule that for x,y € S, xJy if SzSUxS U Sz U
{z} = SySUyS U SyU{y} as two-side ideals.

The equivalent classes of £L,R,H,D and J are called L-classes, R-
classes, H-classes, D-classes and J-classes. For x € S, the equivalent
class, including z, is written as L., R,, H;, D, and J, respectively.

From the definition, we have the relations among these equivalent classes
asthat: HCLCD, HCRCDand D C J.

The following results are well-known.

Proposition 4.1. ([17]) If H is a H-class in a semigroup S, then either
H?>NH =0 or H> = H and H is a subgroup of S.

Proposition 4.2. ([17]) Let x and y be two idempotents in a semigroup
S. Then xDy if and only if there exists an element a € S and an inverse a’
of a such that aa’ = x and a’'a = y.

An element x of a semigroup S is called regular if there exists another
element y € S such that zyx = . The semigroup S is called a regular
semigroup if all of its elements are regular. We have the following propo-
sitions.

Proposition 4.3. ([17]) If © is a regular element in a semigroup S, then
every element of D, is reqular. In this case, the D-class D, is called regular.

Proposition 4.4. ([17]) In a regular D-class of a semigroup S, each L-
class and each R-class contain at least one idempotent.

By Proposition 3.10, Endp,, () is a semigroup with zero element (). We
will characterize the classification of mixing-type sub-seeds of a seed under
isomorphisms and then give the classification of sub-rooted cluster algebras
in a rooted cluster algebra using the method of Green’s equivalences of
semigroups as mentioned above.

In general, the semigroup Endp,,(X) is not regular. For example, if ¥ is
the seed associate with the quiver () : 1 —— 19 <—— x3 , then the partial
seed homomorphism f on X, satisfying f( 1 ——= 29 ) = 29 <——=1x3 and
f(x1) = x3 and f(xz2) = x2, is not regular. Indeed, if f is regular, there exists
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g € Endp,:(X) such that fogo f = f. From this, it follows that g(x2) = 2
and g(z3) = 1, and then [baz| = 2 > 1 = [by(2)4(3)| = [b21], which contradicts
the fact that g is a partial seed homomorphism.

By Proposition 4.1, the H-class Hidzo,zl is a group with identity idy,
under the multiplication of Endpar(X). According to Proposition 4.3, the
D-class Djq, ,, is regular since idy, 1, is regular.

Denote by Aut(Xr, 1,) the group of automorphisms of the mixing-type
sub-seed X, 1, in Seed.

Lemma 4.5. For f,g € Endpar(2), (a) if fLg, then ¥y = Xg4; (b) if fRg,
then f(Xf) = g(Xg).

Proof. (a)If fLg, then ho f = g and b/ o g = f for some h, ' € Endpar(X).
By Fact 3.8 (a), ¥, is a mixing-type sub-seed of ¥ ¢ since h o f = g. Similarly,
¥ is a mixing-type sub-seed of ¥,. Thus, ¥, = 3,.

(b) If fRg, then foh =g and goh' = f for some h,h' € Endpa(X).
By Fact 3.8 (b), g(¥,) is a mixing-type sub-seed of f(¥f) since foh =g.
Similarly, f(Xy) is a mixing-type sub-seed of g(X,). Thus, f(X¢) = g(X,).

O

Lemma 4.6. In the semigroup Endps(X), for Iy, I € X and I, 1] C X,
the following statements hold:

(1) If ¥q, 1, £ Y1 in Seed and f :=idy ;¢ and fl=idy ot €
Endpar(E), then fﬁid[m]l,fflRid[m[l and f'R,Z'd[(f)7 {,fﬁlﬁid[(f”[{.

(2) 1,1, = Xy, 1; in Seed if and only if idy, 1, Didy; ;.

(3) Hidzo,zl = Aut(EIOJI).

Proof. (1) As foidy, 1, = f and f~'o f =idy, 1, we have fLidy, ;. Simi-
larly, f_lR’L'd[OJl.
Dually, we can get fRZ'd[(/)J{ and f_lﬁid[{]’]{.

(2) “Only if’: Assume that Xp, g, £ Y0, by (1), fLidp,;, and
Z‘d[(l)’[{Rf. Then, Z‘d[m[l'DZ'd[é’]{.

“If”: If idy, 1, Didyy 1;, by Proposition 4.2, there exist f,g € Endpa(X)
such that go f = idlo,h and fog= id[(/y[{. By Lemma 4.5, f(zfo,h) = 2167[{
and fi: Xy 5, — X1 is an isomorphism, where fi(z) = f(x) for all x €
X\ L.

(3) We have H,q, , as a group with identity idy, r,. According to (1),
for Ip = I}, and I = I} and ¢ € Aut(Xy, 1,), we have idy, 1, ¢Hidy, 1, and
then idy, 1, € Hiq,, ,, - So, Aut(2y,1,) — Hig, ,, * ¢ — idy, 1, is an injec-
tive group homomorphism.
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Conversely, assume f € Hiq,, , - Then fLidg, 1, and fRidg, 1, . It follows
that there exists g, g € Hjq, , such that fog=idy, s, and ¢'o f =idy, 1,
and then, by Lemma 4.5 (b), we have f(¥y,1,) = Xy, 1, Since g € Hiq, , ,
then gLidy, 1,. By Lemma 4.5 (a), ¥, = 3, 1,. Similarly, ¥, = Xy, 1,. Then,
we have g(Xp, 1,) = ¥,,1, and ¢'(31,,1,) = X1, 1, -

Owing to fog=idy, , and ¢ o f =1idj, 1,, we have, respectively, the
maps of sets:

(f 09)\;?\11 = id;}\h and  (f Og)’X\(IDUh) = idX\(Ioull)a

(9 o Nlg\y, =idgy, and (9 o flx\aun) = idx\(run)-

It follows that g\;(\]l :g/\;(\]l and g|x\(r,un) = 9'|x\(run)- Hence, by
the definition of seed homomorphisms, we have g = ¢’ : ¥, ;, — X, which
means fi : 210,11 — f(E[OJl) = 210,11 € Aut(EIO,Il) and then, Aut(ZIO’Il) —
Hiq, ,, : ¢ —id, 1, is a surjective group homomorphism. So, (1)
holds. O

Lemma 4.7. Let R be an R-class of Endpar(X). Then R is regular if and
only if there is an (Iy, I1)-type sub-seed of ¥ such that idy, ;, € R.

Proof. Assume that idy, ;, € R for some Iy, I;. Since idy, 1, is idempotent,
it is regular, and also, R is regular by Proposition 4.3.

Conversely, assume R is regular. By Proposition 4.4, there exists
an idempotent partial seed homomorphism (f, ¥y ,%) in R. Denote
f(X1.1) = X1,,1,- Hence, as a map of sets, f: X \I{ — X \ I; is surjective
and f = f|()~(\li)ﬂ()~<\h) o f. It follows that

#(X\ )N (X \ 1) = #(Im(f2) = #Im(f)) = #(X \ Lh).

Thus, (X \ I}) N (X \ [;) = X \ I;, which means X \ I; C X \ I}.

For any ye€ X\ I, there exists € X\ I, such that f(z)=y.
So, f(y) = f(f(x)) = f(x) = y; thus, we have f|)~(\11 = idf(\h' Therefore,
flsy s, = idpy 1,- Then, foidy, j, = idy, 1,

Now we show idj, 1, of=f. Indeed, it suffices to prove that
Dom(idy, 1, o f) = Dom(f). It is easy to see that Dom(id, 1, © f)ex = {x €

Dom(f)em | f(l‘) S Dom(idlo,h)ex} = Dom(f)exv If Dam(id[m[l © f)fr C
Dom(f)¢r, then there exists a x € Dom(f)s such that f(x)e
Dom(idy, 1, )ex. According to the definition of image seed, it means

there exists a y € Dom(f)e, such that f(y) = f(x). Since fo f=f,
if f(z)= f(y), then z,y € Dom(f)es or z,y € Dom(f)sr. It contradicts



Structure of Cluster Algebras 469

to x € Dom(f)sr,y € Dom(f)ez. Therefore, we have Domidy, 1, o f)sr =

Dom(f) ¢y
Thus, we have fRidy, r,. Hence, idj, 1, € R. O

Corollary 4.8. For a rooted cluster algebra A(X), a D-class D in the semi-
group Endpa, (X) is regular if and only if there exists an (1o, I1)-type sub-seed
of ¥ such that idy, 1, € D.

A seed homomorphism f : X1 — Y is called a retraction if there exists
a seed homomorphism g : ¥9 — ¥ such that fg = idy,.

Lemma 4.9. Let f € Endpar(X) from Xy 1. Then, for a mizing-type sub-
seed X, 1, of X, fRidy,. 1, if and only if the following statements hold:

(a) fEn.n) =2X5,5;

(b) f1: 2, — Xp,.1, is a retraction from X 1 to Xy, 1,, where fi is
defined from f by Remark 3.9;

(¢c) For xz,y € Dom(f), if f(x) = f(y), then either x,y € Dom(f)ex or
z,y € Dom(f)yr.

Proof. By Remark 3.9, fi is defined to satisfy fy(z) = f(z) forallz € X \ I].
“If”: Since f1 is a retraction, there exists g1 : Xy, — X 1 such
that idzlo’ll = figr. If g= Z'd](/”[{gl, then fog=idy 1 fi10 idlé,[{gl =
idr, 1, f191 = idy, 1,, where the second equality is due to the definition of
composition of f and g.
Since

Dom(idy, 1, © f)ex = {& € Dom(f)ex | F(x) € Dom(idgy 1)ex} "= Dom(f)ea,

Dom(idy, 1, o f)r = {& € Dom(f) sy | f(x) € Domlidyy 1) e} "= Dom(f) g,

and (idy, 1, o f)(z) = idy, 1, (fi(x)) = f(z) for all € Dom(f). Hence, we
have f = idIOJl o f Thus, fRid[O,[l.

“Only If” If fRidy, 1,, then fog=1idy, , and idj, 1, oh = f for some
g,h € Endpa(X). By Lemma 4.5 (b), we have f(Xy; 1) = (idy,,1,)(31,,1,) =
Y11, ie. (a) holds. As we have idy, ;, = fog=idy 1, fig1, hence,
id]o’[lidzl(w1
= idy, 1, fig1. Then by Remark 3.9 (b), it follows that fig1 = idy, , ,i.e. (b)
holds. B

For z,y € X\ I{ = Dom(f), let f(xz)= f(y). Assume that z €
Dom(f)¢r and y € Dom(f)es. Since idy, 1, o h = f, by Fact 3.8 (a), we have
x € Dom(h) s and y € Dom(h)e,. Moreover, h(z) = idy, 1, (h(z)) = f(z) =
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fly) = idy, 1, (h(y))

= h(y). Owing to the above assumption, we have = € Dom(idy, 1, © h)yr
and y € Dom(idy, 1, © h)ez. Then by (7) and (8), h(xz) € Dom(idy, 1,) ¢ and
h(y) € Dom(idy, 1, )ex- But, it contradicts with h(x) = h(y). Therefore, the
above assumption is not true. Similarly, x € Dom(f)e, and y € Dom(f) ¢,
are also impossible. Hence, (c) follows. ]

Lemma 4.10. For any mizing-type sub-seeds X, 1, and X 1y of 3, it holds
that

(1) Z'd]m[lﬁid[&[{ Zf and only Zf 210,11 = 2167]{;

(2) Z'd]m[lRid[{”]{ Zf and only Zf 2107[1 = E](/),I{.

Proof. 1t follows immediately by Lemma 4.5. U

Let f, f" € Endpar(A(X)) be two noncontractible partial rooted cluster
morphisms. Now assume that the restricted partial seed homomorphisms
£ and f"¥ in Endpa(3) via Proposition 3.14 are regular. Then we have the
following.

Lemma 4.11. Let (f, Xy, 1,,%) € Endpar(A(X)) be a noncontractible ideal
partial rooted cluster morphism with f° the restricted partial seed homo-
morphism by Proposition 3.14. Denote f°(3p,1,) = Sy,.0,- If fIRidy, s,
in Endpa,(X), then there exists an ideal rooted cluster homomorphism g :
A(Zgy,0) = AZ1,,1,) such that f o g =1id s, ,,) and thus, fRidas,, )
in Endp,, (A(X)).

Proof. Since f is ideal, we have A(Xy, j,) = A(f*(X1.1)) = f(ASL.1))-
Owing to fSRidy, s, by Lemma 4.9, f¥ : %5, 1, — %, is a retraction,
where fi(z) = f(z) for all # € X \ I]. Hence, there exists a seed homomor-
phism ¢% : %, 5, — 7,1, such that fPg% = idy,, , » which means that
¢° gives a bijection between the set of variables of ¥ Jo,J» and that of its
image seed. Owing to g% (X U Jo) \ J1) C (Xpr UIo) \ I, ¢° (Zgp.,) 18 2
mixing-type sub-seed of ¥y, j, of (0, I]) type for

L={zeX\Ii|egq"(X\J)}
For any z,y € X \ Ji, we have [byy| < [bys (2)5" ()| < [0fsg5 (@) 595 ()| =

bay|. Thus, |bgy| = [bgs' ()¢5’ (y)|- Therefore, by definition of seed isomor-
phisms, we have

(13) Ssot = Cro)on = 9° (Suen),
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so g% is injective.

Now we will use ¢°" to induce an injective rooted cluster morphism g.
Claim: A((Xp,,1,)p,1;) is a rooted cluster subalgebra A(X, 1, ).

In fact, for any x €I, we have g¢° f7(x)# x since g% f(z) €
g% (X \ J1), whereas x ¢ ¢ (X \ Jy). For any ye X\ (IyUl, UI}), by
CM3, we have f(uy(y)) = psu)(f(y)). Moreover, since f(g% fP(x) =
(fPg S)(fls(:n)) = f(x), comparing the exponents of f(y) in both sides of

fluy(Y) =y (f(y)), we get

(14) by (g5 5)(2)| + [bya| < > |byz| = [bgs () 15()-
2€X\I1,f(2)=f(z)

As f(g% f2(y)) = f(y), we have ¢° f¥(y) = y since two exchangeable vari-
ables can not have the same image for a rooted cluster morphism according
to CM3. Furthermore, since f{(y) and f(z) € X \ Ji, we obtain

(15) bss w12 @) = 10’ 18y w05 1) @) | = 1Py(es £5) (@) |-

Combining (14) and (15), we obtain that by, =0. By Theorem 3.18,
A((X1,,1,)0,1;) is a rooted cluster subalgebra of A(¥y, 1, ).
Following this claim, we have an injective rooted cluster morphism ¢ :

A(Xr10,0)0.1) = AXr,1,)-

g

Let A(Xy,0,) = A((X1,,1,)0,;) be the rooted cluster isomorphism
obtained from the seed isomorphism (13).

We then obtain an injective rooted cluster morphism g =g :
‘A(EJO,JJ - A(IEIO,IJ'

Since f7g% = ids,, ,, we get fng,’X\Jl =idg, ;; thus, it follows
fng/ = id.A(EJO.’Jl)'

Denote <210711)@,I{ = EK(),KI for Ko = I \ Ii and K1 =L U I/

: . S Ko, K, Io, 11
Since ¢ A(Xk,k,) = A1) is  injective, Ayt = hy IIL—

id (s, )t by Definition 3.20 (ii). Thus, we have fopg= fRE%R g =

frg' = ldA (S

By Lemma 3.17, f: A3, 1,) S A g,.0) < A(Y) with f; and 7,
respectively, the surjective and injectwe rooted cluster morphisms. Then,
it hOldS ZdA(E, i ) OA f ZdA Efo ]1 Jz f1 Z‘dA(EJo,Jl)id-A(EJo,Jl)gfl =

TZd.A(EJO,Jl)fl
=7f1 = f. Hence, fRidys,, , ) in Endpar(A(X)). O



472 Min Huang and Fang Li

5. Proofs of Theorem 1.1, Theorem 1.2 and Theorem 1.3
5.1. Green’s equivalences in Endp,, (X)

Now we can obtain the characterization of Green’s equivalences in
Endpar(2), as follows as given in Theorem 1.1 except of the J-relation.
Proof of Theorem 1.1.

Proof. Denote the image seeds as X, 5, = f(21,,1,) and X5 5, = f'(315.17)-
(1) “If”: According to Lemma 4.7 and Lemma 4.9, since f, f’ are regular,
we have fRidy, s, and f'Ridy, j,; thus, fRf’.
“Only If”: By Lemma 4.7, there exists idyy j; such that fRidyy ; and
f'Ridpy 1 hold. By Lemma 4.9, (a) holds.

g
(2) “If”: We have Ejmjl = EJéﬂ]{ and f/ = (Y:djé’J{g) ] f Thus,

(idjy,0,.97 ") o f = (idgy,7,97") 0 ((idys.009) © f) = f.

Therefore, fLf'.

“Only If”: Owing to fLf’, by Lemma 4.5, (c) follows.

From f'=gofand f=¢g'of, weget f=g ogofand f/=gog o
f'. Denote ¥, =Xk, x, and ¥y =Yg ;. Let g =idg, x,g1 and ¢ =
idg; k19 By the definition of composition of partial seed homomor-
phisms, for any y € X \ K7, there exists x € X \ I; such that y = f(x); thus,
9191(y) = 9'9(y) = ¢'9(f(x)) = f(z) = y. Hence, we have gig1 =idg -
Similarly, gi1g] = id)?\K;' It means gy g1 = ids, ., and gig) = idEK[’),Ki' By
Lemma 3.4, g1 : ¥y, 7, — X5, 7, is a seed isomorphism, that is, (e) follows.

(3) It follows directly from the definition of H-relation and by (1) and
(2).

(4) According to Lemma 4.7 and Lemma 4.9, since f, f’ are regular, we
have fRZ.dJO’Jl and f/RidJO’Jl.

“Only If”: Since fDf’, we get id;, j, Didy; ;. Therefore, by Lemma 4.6
(2), EJO’Jl = EJ(g’J{.

“If”: Since X, 5, = X, 57, we have idy, j, Didj; y by Lemma 4.6 (2).
Thus, we have fDf’. d

As a remaining question, it needs to be considered in further work how
to characterize the J-relation in Endp,, (X).

As a simple application of Green’s equivalences, we now give an fact of
regular elements in Endp,, (X(Q)) for a linear quiver @ of type A,,, where
¥ = ¥(Q) means the seed determined in by @, whose cluster variables are
correspondent to the vertices of () including frozen variables corresponding
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to the frozen vertices of () and whose exchange matrix is the skew-symmetric
matrix determined by the number of arrows between vertices.

Two subsets S1, Sy C of X are said to be linked if there are s1 € S1, s9 €
Sy such that bs s, # 0.

Each (1o, I1)-type seed Xy, 1, of ¥ can be decomposed as | |3;, where
the mixing-type sub-seed ¥; is determined by a connected component of
the corresponding quiver of Xp, 7,. All such ¥; are called the connected
components of Xy, . Write ¥; = (X, E) Let f: 3,1, — X be a partial
seed homomorphism, denote f; = f |x..

Lemma 5.1. Let ¥ = ¥(Q), with a partial seed homomorphism f : X, 1, —
¥ in Endpar(X). Give two statements:

(a) Fori,j, if f(X;) and f(X;) are linked, then there is k € Qo such
that f(X; U Xj) - f;(Xk)

(b) Forz,ye X\ I, if f(z) = f(y), thenx,y € X \ (JoUI) orz,y €
(XfT \ Il) U .
Then,

(1) If f is regqular, then (a) and (b) hold.

(2) Conversely, assume Q is a linear quiver of type Ay, then if (a) and
(b) hold, we have f: Xy, 1, = X is regular in Endp,, (X).

Proof. Assume that f(Xp,,1,) is decomposed as | |3}, (see [18]) for a finite
index I'. Denote X, = (X!, Bl), where the mixing-type sub-seed X, is
determined by a connected component of the corresponding quiver of
fEn,n)-

(1) We have g € Endpar () such that fogo f = f. Without loss of gen-
erality, assume Dom(g) = f(Xr,,1,). The condition (b) holds. Otherwise,
there exist x € X \ (lpU I1) and y € (Xy, \ [1) U Iy with f(z) = f(y), then
2 and y can not both in the domain of f o g o f according to the definition.
It is a contradiction.

For (a), if f(X;) and f()~(j) are linked, then there exists = € f(X;),y €
f()?j) such that b,, # 0, that is, f(X;) and f()if,) are in the same connected
component 3, of f(Xp, r,). Thus, F(Xi UE(VJ) = f(X) U f(X;) C X,

As fogof=f, so g(X}.) C X, for some k. Since f(z') =2z and
fogof=f, we have z = fof(@') e f(g(X},)) € f(Xg). Therefore, z €
F(Xp)N X},- As ¥}, is a connect component and f(¥y) is connected,
we have f(X}) C Xj,. For any z € X],, there exists w € X\ I such that
f(w) =2 By fogo f=f, we have faf(w) = fg(z) = f(}g) = z. Moreover,
since z € X}, and g(X},) C X}, we have z = fg(z) € f(X}), it means that
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X,’C,NQ f(ECN) Thus, we obtain that X, = f(jf\;) Therefore, f(ijl UXj;) =
F(Xs) U f(X;) € X}, = f(X)) which means the result.

__ (2) The condition (a) means that there exists an i € I such that f (5(:) =
X!, for each ¢ € I'. Otherwise, we may assume that X/ = F(X1) U f(Xa).
As ¥/ is connected, so f (3{1) and f ()?2) are linked. Hence by (a) there exists
i such that X/, = f(jvaU )/(vg) - f(ijZ) As ¥; is a connected component of
f(31,,1,), so we have X/, = (X)),

The condition (b) ensures that f(z) € X/, is frozen if x € ¥; is frozen.
In fact, note that x is in the image seed f(X, 1, ), if f(x) is exchangeable in
¥/, then there is an exchangeable variable y such that f(y) = f(z) by the
definition of image seed. It contradicts to (b).

Since @ is a linear quiver of type A, it is easy to see that f|y, : ¥; —
¥/, is an isomorphism for each i. Thus, for the seed homomorphism f; :
Y10, — [(31,,1,) satisfying fi(z) = f(z) for all z € X \ I, we have a seed
homomorphism g : f(Xy,,1,) = Xp,,1, such that fig =idyx, , ). Therefore,
fRidf(Ezo,zl) by Lemma 4.9, and then f is regular by Proposition 4.3. [

By Lemma 5.1, we have the following byproduct.

Corollary 5.2. Let Q be a linear quiver of type A, and ¥ =3(Q). If a
partial seed homomorphism f : X, 1, — 3 in Endp,, () is regular, then its
fi 3., — f(X1,1,) is a retraction.

Proof. By Lemma 5.1 (1), the conditions (a) and (b) hold. Then from the
proof of Lemma 5.1 (2), we have a seed homomorphism g : f(X7,1,) = 1,1,
such that fig = Z'df(Ezo,zl)' O

5.2. Continuation of Green’s equivalences

Here, we characterize in Theorem 1.2 the Green’s equivalences in
Endpar(A(X)) via the corresponding relations in Endpa,(2).
Proof of Theorem 1.2.

Proof. Denote f*(r,r,) = Xy, and f/%(Sg 1) = .17

First, we prove in the case for F = R. “If”: By Lemma 4.7 and Theorem
1.1 (1), we have f9Ridy, ;, and f/SRidJ67J1. According to Lemma 4.11, we
have fRidys,, ) and f'Rid s, ,,)- Therefore, we have fRf’.

“Only If”: Since fRf’, there exist g, ¢ € Endp,(A(X)) such that f =
f'on g and f' = fop g. By Lemma 3.17, we have g = 7¢g1 and ¢’ = 7/¢g] for
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some surjective rooted cluster morphisms gi, ¢j and injective rooted clus-
ter morphisms 7,7’. Thus, fopr g = fhgr = " and f'op ¢ = f'hg] = f for
some ideal rooted cluster morphisms A and A'. It follows that

(16) fhgr = f and  f'h'g| = f.

Since f is noncontractible, we have f(x) ¢ Z for all z € X \ I;. Then, using
(16), h'g} is noncontractible. Similarly, hgi is noncontractible. Hence, the
partial seed homomorphisms (hg;)® and (h'g})® determined by hg; and g},
respectively, due to Proposition 3.14 are in Endpa,(X). From (16) , Lemma
3.19 and by definition, we have f%o (hg;)® = f** and f"“o (h'g})° = f5.
Therefore, fSRf'S.

Second, we prove in the case F = L. By Lemma 3.17, we have

fi T fl i
f A(Elo,h) .A(EJOJI) — A(Z) and f A(E[( ]/) .A(ZJ(;J{) — A(E)

“Only if”: By Theorem 1.1 (2), we have ¥, ;, = X, ;; and there exists
a seed isomorphism ¢ : X5, 5, — X j; such that 'S = ¢f°. By Proposition
3.16, there is a rooted cluster isomorphism ¢ : A(2 Jo,Ji) — A(X;,5). Since
'S = ¢f°, we have ¢ fi(z) = ¢f%(z) = f*S(z) = fj(x) for any x € X \ I,
that is, f1|% SV =¢ fl\ Ve Moreover, since f] and ¢f; are noncontractible,
by Lemma 3.15, it follows that f] = ¢fi.

Let g = 7'¢ and ¢’ = 7¢~!. Therefore,

gon f=7oh T f =7 didas,, , h=T1fH=Ff

Similarly, f = ¢’ op f’. Thus, we have fﬁf’.

“If”: Since fﬁf’ there exist g, ¢’ € Endpa(A(X)) such that goy f =
ghfi=f and ¢ op f'=g¢'h'f{ = f for some h,h' € A. Tt is clear that
1o, = 21,1, Now we show 15 = (idg g0 @) o fS with a seed isomorphism
LR A=D

From f(A(Xr,,1,)) = A(Xs,,1) and fi(A(Zr,,n)) = A(X;,0), we have
gW(AZ,0)) = A(Xs,,1,)- By Lemma 3.17, there exists a surjective rooted
cluster morphism ¢ : A(Xy ) = A(Xy,,5,) such that ¢g'h' =7p. Thus,
Tofi =gl fi=f=rh.

But, since 7 is injective, we get gp f1 = fi. Similarly, there exists a
surjective rooted cluster morphism ¢’ : A(Xy, 5) — A(Z 7;,7;) such that

¢ fi = fi. Hence, p¢'f1 = f1 and ¢'of] = fi.
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Moreover, since Imf; = A(Xy,, ;) and Imf; = A(Xy ), we obtain
py' =ids,, ) and ¢'p = idA(ZJ(,)J{). Thus, the restricted seed homomor-

phisms ¢° and ¢’ of p and ¢/, respectively, are isomorphisms:

/

IR,
S
9}

I

ZJ/»J{ ZJUJl and EJ07J1 EJ',J{-
0 0

Owing to f{ = ¢'f1, analyzing on each initial cluster variables, we have
15 = (idg g1¢"%) o f5.

In summary, by Theorem 1.1 (2), the result holds for the case F = L.

Since H=LAR and H =LV R, the cases F = H and F =D follow
immediately. U

We call the connection given in this theorem and its proof the contin-
uation of Green’s equivalences from Endp.(X) to Endp,, (A(X))

5.3. Iso-classes of sub-rooted cluster algebras via regular
D-classes

As the embody of the meaning of Green’s equivalences in cluster algebras, we
now give in Theorem 1.3 a one-to-one correspondence between the isomor-
phic classes of sub-rooted cluster algebras of A(X) and the regular D-classes
in Endpar(X).

An isomorphism of two sub-rooted cluster algebras of a rooted cluster
algebra is under the meaning of rooted cluster isomorphism, replying on the
fact from Proposition 3.16.

Proof of Theorem 1.3.

Proof. By the definition of sub-rooted cluster algebra, A(X') = A(X, 1,) for
some Iy € X and I; C X, then [A(X)] = [A(21,.1,)]- By Proposition 3.16,
P 210,11 in Seed.

According to Lemma 4.6, ¢ is well-defined. By Corollary 4.8, for any reg-
ular D-class D, there exist Ip and Iy such that idy, ;, € D, which is equivalent
to Djg, , = D. Therefore, p([A(2y, 1,)]) = D, that is, ¢ is surjective.

If D= Didzo,zl = Didz’,ﬂ , then ’L'd[()’[l'DZ'd[(/),]{. By Lemma 4.6, if we have
Y11, = X1, then [A(EOIOI,II)] = [A(Zp,1;)]- It means that ¢ is injective.

O

By this theorem and Theorem 3.18, as an application, we obtain the
following.
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Corollary 5.3. For a rooted cluster algebra A(X) and its mizing-type sub-
rooted cluster algebra A(X'), the following hold:

(1) A(YX') is a pure cluster subalgebra of A(X) if and only if there exists
Io C X such that idy, g belongs to the corresponding regular D-class of A(X').

(2) A(X') is a pure sub-cluster algebra of A(X) if and only if there exists
Iy C X such that idy ;, belongs to the corresponding regular D-class of A(X).

(3) A(X') is a rooted cluster subalgebra of A(X) if and only if there exist
In € X and I € X such that idy, 1, belongs to the corresponding reqular
D-class of A(YX) and byy =0 forx € X \ (IpU L) and y € I1 in B.

In summary of the above discussion, for a given rooted cluster algebra
A(X), we now obtain the following conclusions:

(1) In a regular D-class D, each R-class R contains just one idempotent
in the form idy, j, (by Lemma 4.7, Corollary 4.8 and Lemma 4.10(2)).

(2) In a regular D-class D, each L-class L contains at most one idempo-
tent in the form idy, j, (by Lemma 4.10(1)).

(3) The number of H-classes containing identity in the form idy, 1, is
equal to that of the regular R-classes and is not larger than that of the
regular L-classes (by H = L AR, (1) and (2) and Proposition 4.1).

(4) The H-class Hy, 1, containing idy, j, is isomorphic to the automor-
phism group of Xy, j, (by Lemma 4.6(3)).

(5) The number of isomorphism classes of sub-rooted cluster algebras of
type ({o, 1) in A(X) is equal to that of regular D-classes in Endpa(2) (by
Theorem 1.3).

6. Sub-rooted cluster algebras from Riemannian surfaces

In this part, we firstly characterize sub-rooted cluster algebras of rooted
cluster algebras from oriented Riemanian surfaces via paunched surfaces.
Moreover, we build the relation between sub-rooted cluster algebras from
Riemannian surfaces and the corresponding surfaces by cutting and paunch-
ing at arcs, which is called paunched surfaces from the original surfaces,
defined in the sequel, and then find the connection to regular D-classes of
the semigroup consisting of partial seed homomorphisms.

Cluster algebras arising form surfaces are introduced in [8][9]. Let (.S, M)
be a Riemannian surface with M the set of marked points. A tagged arc
is an arc in which each end has been tagged in one of two ways, plain
or notched, which satisfies some conditions. A tagged triangulation T is a
maximal collection of pairwise compatible tagged arcs in (S, M). A lamina-
tion L on (S, M) is a finite collection of non-self-intersecting and pairwise
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non-intersecting curves in S, modulo isotopy relative to M, subject to some
restrictions. For details, refer to [9]. A multi-lamination £ is a finite family
of laminations.

It is well known [9] that the seeds of a cluster algebra A(S,M) are
one-to-one correspondent to the tagged triangulations of (S, M), as well as
the exchangeable variables are one-to-one correspondent to the tagged arcs
in (S, M) and the frozen variables are one-to-one correspondent to multi-
laminations.

In [9], 7 is defined as the map from the untagged arcs to the tagged
arcs. More precisely, if v does not cut out a once-punctured monogon (i.e.
a loop with a puncture point inside), then 7() is v with both ends tagged
plain. Otherwise, let v be a loop, based at a marked point a, cutting out a
punctured monogon with the sole puncture b inside it. Let 8 be the unique
arc connecting a and b and compatible with ~. Then 7(7) is obtained by
tagging B plain at a and notched at b.

Theorem 6.1. ([8/,Theorem 7.11) Assume that (S, M) is not a closed sur-
face with one or two punctures. Let A be a cluster algebra with B(A) =
B(S,M). Then the cluster complex of A is isomorphic to the tagged arc
complex.

Theorem 6.2. ([9],Theorem 13.6) For a fized tagged triangulation T, the
map L — (by 1(T))yer is a bijection between integral unbounded measured
laminations and Z".

In Theorem 6.2, b, (1) = by(T, L) is the Shear coordinate of L with
respect to the triangulation 7', which is defined as a sum of contributions
from all intersections of curves in L with the arc «. For details, see [9].

This theorem means that the laminations on a surface (S, M) are one-by-
one correspondence to the frozen variables in the cluster algebras associate
with (S, M). So, we also use x to denote the Lamination on (S, M) in case
x is a frozen variable.

Definition 6.3. Assume that T is a tagged triangulation of (S, M), x is
an exchangeable cluster variables in the seed X(T) from T. Without loss of
confusion, we also write x as the corresponding tagged arc in T. Let (Sy, M)
be the new Riemaninan surface which is constructed from (S, M) through
cutting along the arc x. More precisely, there are five cases respectively, see
Figure 1 corresponding to (1) x is not a loop with the two end points are
on the boundary, (2) x is a loop with the endpoint on the boundary, (3) x
connects one marked point on the boundary and one puncture, (4) x is not a
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loop with the end points are two punctures, (5) x is a loop with the endpoint
is a puncture. For details, see [23], [25]. In order to use such surface in the
five cases conveniently, we call it the z-paunched surface from (S, M).

Figure 1
T T, T 1
(1) (2)
Figure 2

Denote by T, the corresponding tagged triangulation of (S,, M). More
precisely, assume that T is the ideal triangulation associated with T and x°
is the arc in T corresponding to x. If z° is not in a self-fold triangle, then
T, is obtained by delete z and making all arcs are tagged plain at the end
points of z. See Figure 2 (1); if 2° in a self-fold triangle in 7°, assume that
y° is the another arc of the self-fold triangle and y is the tagged arc in T
corresponding to y°, then T, = (T \ {z,y}) U {z}, where z is the unfolded
arc in the self-fold triangle, see Figure 2 (2).

Now we give the corresponding lamination L, when we freeze an
exchangeable cluster variable z.
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In case (1), when x is not a loop with the two end points are on the
boundary. Choose an unmarked point a™ (a™ respectively) on the boundary
of S which lying on the counterclockwise (clockwise respectively) orientation
of a. Similarly, we can pick up b*and b~ on the boundary. Let L} be the
curve (up to isotopy relative to M ) in S, connecting a™ and b~ such that
the arcs a a+L+b b and 2’ are isotopy relative to M, where a /a+ means the
arc on the boundary of S, which from a’ to a™. Dually, we can define curve
L, . In this case, setting L, = {L}, L, }. See Figure 3 (1).

In case (2), when x is a loop with the endpoint on the boundary. Choose
an unmarked point a® (a~ respectively) on the boundary of S which lying
on the clockwise (counterclockwise respectively) orientation of a’ (a” respec-
tively) Let L} be the curve (up to isotopy relative to M) in S, connecting

T and ‘a” such that the arcs a a+L+a a” and ' are isotopy relative to M,
Where a'a™ means the arc on the boundary of S, which from a’ to a+ Let
L be a loop (up to isotopy relative to M) in the area enclosed by z” such
that there are no marked points between L and z” excepting a. In this
case, setting L, = {L;, L, }. See Figure 3 (2).

In case (3), when z connects one marked point on the boundary and one
puncture. Choose an unmarked point a™ (a~ respectively) on the boundary
of S which lying on the counterclockwise (clockwise respectively) orientation
of a’ (a” respectively). Let L7 be the curve (up to isotopy relative to M) in
S, connecting a* and ‘a_ such that the arcs o/ atLia—a" and 2’ are isotopy
relative to M, where a’a™ means the arc on the boundary of S, which from
a’ to a™. See Figure 3 (3).

In case (4), when x is not a loop with the end points are two punctures.
Let L, be a loop (up to isotopy relative to M) surroundings 2’ and z” such
that there are no marked points between L, and the loop formed by z’ and
2" excepting a and b. See Figure 3 (4).

In case (5), when z is a loop with the endpoint is a puncture. Let L} be
a loop (up to isotopy relative to M) surroundings 2’ such that there are no
marked points between L) and 2 and 2’ excepting a’. Let L, be a loop
(up to isotopy relative to M) in the area enclosed by z” such that there
are no marked points between L, and z” excepting a”. In this case, setting
L, ={L},L;}. See Figure 3 (5).

In case x° is not contained in a self-folded triangle and z has just one
endpoint tagged notch (we regard a loop x with the endpoints are tagged
notch to this case). Let v be a curve in L for some L € L. If 7y does not spiral
into the endpoints of x, assume that x divides v into ~1,- - , 7% for some k,
define v* to be subset of {7; | i =1,--- ,k} obtained by deleting the curves
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Figure 3

which are not allowed in a lamination. If + spirals into an endpoint of x,
let 7/ be the curve spirals into the same point as v with opposite direction,
assume that « divides 4/ into --- ,~4{, -+ ,7;,- - -, define 4* to be the subset
of {y/|i=---,1,--- ,k,---} obtained by deleting the curves which are not
allowed in a lamination. Note that since  spirals into an endpoint of x,
there are only finite curves in 7*. Denote L(*) = U ~*.

cL

In case x° is not contained in a self-folded tr?angle and both endpoints
of x tagged notch or tagged plain. Let v be a curve in L for some L € L.
If v does not spiral into the endpoints of x, assume that = divides v into
Y1, 7 for some k, define 4% to be subset of {v; | i =1, -, k} obtained
by deleting the curves which are not allowed in a lamination. If + spirals
into an endpoint of z, assume that x divides v into - -+ ,y1, -+ , V&, - -, define
~* to be the subset of {v; |[i="---,1,--+ ,k,---} obtained by deleting the
curves which are not allowed in a lamination. Note that since v spirals into

an endpoint of z, there are only finite curves in 4*. Denote L(*) = J ~*.
yeL
In case x° is contained in a self-folded triangle and z° is folded. Let

be a curve in L for some L € L. If v does not spiral into the endpoints of z,
assume that z divides ~ into v1, - - -,y for some k, define v* to be subset of
{vi|i=1,---,k} obtained by deleting the curves which are not allowed in a
lamination. If  spirals into an endpoint of x, let 4" be the curve spirals into
the same point as v with opposite direction, assume that z divides 7' into
Y Y - o, define 47 to be the subset of {7} |[i="---,1,-- k,---}
obtained by deleting the curves which are not allowed in a lamination. Note
that since v spirals into an endpoint of x, there are only finite curves in .

Denote L(®) = J ~°.
yEL
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In case z° is contained in a self-folded triangle and z° is unfolded. Let
be a curve in L for some L € L. If v does not spiral into the endpoints of x,
assume that x divides v into 71, - - - , v for some k, define v* to be subset of
{vi|i=1,---,k} obtained by deleting the curves which are not allowed in
a lamination. If « spirals into an endpoint of z, assume that x divides 7 into
S YLttt Yk, -, define 47 to be the subset of {v; [t =+ ,1,--- Kk, }
obtained by deleting the curves which are not allowed in a lamination. Note
that since v spirals into an endpoint of z, there are only finite curves in .
Denote L) = J 4.

YyeL

In both cases, let L&) = {L@®)| L € L}.

Figure 4 illustrates the case that z° is contained in a self-folded triangle
and x¢ is unfolded and ~ spirals into the endpoints of z.

Figure 4
We have the following observations,

Lemma 6.4. With the assumptions as above, let (S, M) be a marked sur-
face, T be a tagged triangulation and L be a multi-lamination of (S, M).
Denote by (S, M, L,T) the seed determined by L and T. Let x be a cluster
variable of 3(S, M, L,T). Then
(1) A(S(S, M, L, T)p2y) is a cluster algebra arising from certain surface,
more explicitly,

(a) If z is a frozen variable, then A(X(S, M, L, T)y 12y) = A(E(S, M, L\
{2h.T));

(b) If €T is a tagged arc, then A(X(S,M,L,T)y2y) =
A(S(Se, M, L7, T));
(2) AX(S, M, L,T)zy,0) s a cluster algebra arising from the surface
(Sz, M), more explicitly,

A(S(S, M, £,T) (ay0) = A(S(Se, M, L7 U{L,}, Ty)).
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Proof. (1) (a) It is clear since the frozen variable x correspondence to the
lamination x.

(b) Assume E(T) = ( ® B(T) ), E(Tx) =

yL)yET,LEE
B(Tx)
(0y o) yer, Lwrece )

Let T° be the ideal triangulation associate to 7. By the definition, the
exchange matrix B(T") is constructed by 7°. Let T2 be the ideal trian-
gulation associate to T,. If 2 is not in a self-folded triangle, then T is
obtained from T° by deleting x°. Thus, for any two arcs w,w’ # x° in T°,
we have by (T°) = by (T2). If 2° is in a self-folded triangle, assume 2’
is the folded arc in the self-folded triangle. According to our construction,
we have T2 = T°\ {z'}. Thus, for any two arcs w,w’ # 2z’ in T°, we have
buww (T°) = by (Ty). Therefore, in both cases, we have B(T)g (,1 = B(T%).

Let L be a lamination in £, v € L and y(# x) be an arc in (5, M) which
does not intersect with x.

In case z,y share a puncture P as their common endpoints and

~ spirals into P. Assume that z divides ~ into -« i, - Y, --. If
7~Yz) and 77!(y) are not in a self-folded triangle, since the arcs in
{7 Yk -+ \ 7" do not contribute to Shear coordinate. Thus, the

intersections of v* and y are locally the same as the intersections of v and
y. If 771(2) and 77 1(y) are in a self-folded triangle, assume that z is the
unfolded arc in the self-folded triangle, since by, is defined via the arc z. By
the construction of 4%, the intersections of 4* and z are locally the same as
the intersections of v and z.

Otherwise, x, y share a puncture P as their common endpoints but v does
not spiral into P or x,y do not share a puncture as their common endpoints.
Note that for any curve v € L which does not spirals into the endpoints of
x and arc y which does not share a puncture as there common endpoints,
according to our definition of 4%, it can been seen that the intersections of
7* and y are locally the same as the intersections of v and y.

Thus, we have by, = b, .,. It follows (B(T'))p . = B(T%). Therefore, the
result holds.

(2) Assume B(T) = < B(T) ) B(T,) =

(byL)yer,Lec
B(T;)

(blyym) )yeTm,LMeLW

/
(Vyr, Jver. : - : :
By discussion on the corresponding lamination L, while freezing an

exchangeable variable x, analysis case by case (See Figure 3), we can see that
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the Shear coordinate b, (7', L) contributes +1 (—1 respectively) if and only
if there exists a triangle A such that by, =1 (by, = —1 respectively). If the
Shear coordinate by (T, L;) contributes 0, then there exists no triangle such
that by, =1 or by, = —1. For example, in the case (1), we have illustrated
Figure 5 for explanation. In fact, by(T, L) = by, =0, (T, L) = b =1
and by (T, Ly) = by, = —1.

Thus, by, = bg/Lm for all y € T due to the definition of b,, and b;Lm.
Combining the proof of (b), thus, we have (E(T))m@ = B(T,). Therefore,
the result follows. O

Figure 5

For a set I of some arcs in T' (or say, I C X), denote by (S7, M) the new
Riemaninan surface which is constructed from (S, M) through cutting all
arcs « € I, equivalently which is obtained recursively through constructing
x-paunched surfaces at |I]-times. We call (S, M) the I-paunched surface
from (S, M).

Denote by T; the tagged triangulation of (S7, M) constructed from
T, for all x € I step by step. For each arc v in S, let I divide v into
Y1, ks - (An example is given in Figure 6). Let 4/ be the subset
of {- -, v, -+ ,Y, -} obtained by deleting the arcs which are not allowed
in a lamination. If I do not intersect with ~, then set 4/ = {v}. Denote
L'= U~ ={1LecL).

L
Ugieng the above lemma step by step, we have the following characteri-

zation on A(X(S, M, T, L)1, 1,)-

Theorem 6.5. With the assumptions as above, let (S, M) be a marked
surface, T be a tagged triangulation and L be a multi-lamination of (S, M).
Let Ip,Iy be two subsets of initial cluster variables with IoN Iy =0, then
A(B(S, M, L,T)1,1,) is a cluster algebra from the surface (S,ur)nx, M),
where X is the cluster in the seed (S, M,L,T). More explicitly, denote



Structure of Cluster Algebras 485

D -

Figure 6

J=(IyUlL)NX, then
AS(S, M, L, Ty, 1,) = AX(Ss, M, (L\ I1) U{L, | x € Io}), Ty).

Following this theorem, we calle (S, M, (L \ I)? U{L.|x € J},T;) the
(1o, I)-paunched surface from the surface (S, M, L,T) for J = (Io U ;) N
X.

Using of the above results, we now discuss the correspondence between
sub-rooted cluster algebras and paunched surfaces.

For two surfaces (S,M) and (S’,M’), a homeomorphism f from
(S, M) to (S, M’) is a homeomorphism (or say, a topological isomorphism)
f:S — S which induces a bijection from M to M’. As a homeomorphism,
f maps boundary points to boundary points and punctures to punctures.
In this case we say (S, M) and (S’,M’) to be homeomorphic under f.
If (S,M) and (S, M') have respectively tagged triangulations 7" and T’
and multi-laminations £ and £', we say (S,M,T,L) and (S',M', T, L)
to be isomorphic if there is a homeomorphic map f from (S, M) to
(S’, M") which maps T to T” and induces bijections from £ to £, denote as
(S, M, T,L)= (S, M, T, ).

Note that every tagged triangulation is ideal triangulation if the surface
without punctures and using Theorem 6.2, we have:

Lemma 6.6. (Proposition 14.1, [8] ) Assume that (S1, My, L1,T1) and

(S2, Mo, L2, 1) are two surfaces without punctures and their correspond-

ing quivers Q(T1) and Q(T>) are connected. Assume there is a bijection

m: Ly — Lo such that by = b;(W)W(L) (respectively, vaL = —b’w(ﬁ/)W(L)) for

any arc v in T and lamination L in Ly. If Q(T1) = Q(T2) (respectively,
%)

Q(T1) = Q(T2)?), then (S1, My, L1,T1) = (S2, Ma, L2, T3).
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This lemma tells us that corresponding quiver is a new algebraic invari-
ant of the oriented surface with tagged triangulation in the case without
punctures. However, it is negative in the case with punctures in general.

For example, we have two cluster algebras A; = A(X(S1, M1, £1,T1))
and Ay = A(X(Sa, My, L2,Ts)) where the surface (S1, M) is the disk with 6
marked points on the boundary with £1 = () and the surface (Sy, Ms) is the
disk with 3 marked points on the boundary and 1 puncture with Lo = (), see
Figure 7. The corresponding quivers, denote Q; = Q(7;) for i = 1,2, are both
of type As. Thus, A; = A(Q1) = Ay = A(Q2) as rooted cluster algebras.
But, @ and Q2 are mutation equivalent. So, there is a triangulation T of
(Sa, M) such that its corresponding quiver Q(7%) equals to @1, i.e. Q(T1) =
Q(T3). However, (Sy, My,0,T1) 2 (S2, M2, 0, T5) as surfaces with punctures
due to | M| # | Ma|.

Figure 7

Remark 6.7. In the case of surfaces with punctures, we refer the readers
to [15] for the analogue discussion of Lemma 6.6.

From this lemma and combining Theorem 1.3 and 6.5, we can give the
proof of Theorem 1.4 as follows.

Proof of Theorem 1.4:

(a) It is enough to prove two (I, I1)-paunched surfaces of (S, M, T, L)
are isomorphic if and only if their corresponding rooted (I, I1) sub-cluster
algebras of A(X(S, M, T, L)) are isomorphic.

First, as ([y,I1)-paunched surfaces from (S,M,T,L), we may
assume (Sy, M, Ty, L) £ (Sy, M, Ty, Ls), where J=(IpUL)NX, J =
(HUul)NX and L1 = (L\ L) U{L|z € J}, Lo=(L\I}) U{L,|z €
J'}. Without loss of generality, assume that the surfaces S; and Sj are
connected respectively, then the quivers Q(7T) and Q(7)) are connected
respectively, too.
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Under the bijection |7, : T1 — T5, when ¢ preserves the orientation
of the surfaces, we have Q(T;) = Q(Ty/); when ¢ inverses the orientation
of the surfaces, we have Q(Ty) = Q(T;)°?. And under the bijection ¢|., :
L1 — L9, we obtain a one-by-one correspondence from the intersections of
laminations in £q with arcs in 77 to the intersections of laminations in Lo
with arcs in 75. Thus, according to the definition, we have b,; = bfp ()o(D)
if ¢ preserves the orientation, and b, = —bfp (1)o(L) if ¢ inverses the orien-

tation. In both cases of ¢, we get X(S;, M, Ty, Lq) < Y(Sy, M, Ty, L) by
Definition 17, it follows A(X(S, M, T, L)),,1, = A(S(S, M, T, L)) 1.1,

Conversely, if A(X(S,M,T,L)),.1, = AX(S,M,T,L))r; 1;, then by
Proposition 3.16 and Theorem 6.5, we have

(17) $(Sy, M, Ty, L1) = 5(Sy, M, Ty, L2),
where J = ([pyUL)NX, J = (Iyul])NX and
L1= L\ U{LzeJ} and Lo=(L\I})" U{L.|xe J}.

We may assume that the seeds in (17) are connected. Then it is obtained
that Q(Ty) = Q(Ty) or Q(Ty) = Q(Ty ), and the numbers of their frozen
variables are equal, which means a bijection between L£; and L. Since
there is no puncture in (S, M), there are no punctures in (S;, M) and
(Sy, M). Hence we see that the conditions of Lemma 6.6 are satisfied for
the seeds Z(SJ, M, Ty, [,1) and Z(S]/, M, Ty, [,2) Thus, (SJ, M, Ty, [,1) =
(Sy, M, Ty, Ls).

(b) It follows immediately from Theorem 1.3 and (a). O

With the assumption as in Theorem 1.4, but the number of punctures
in (S, M, T, L) is non-zero, one can discuss the analogue version of Theorem
1.4.
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