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TWIST CHARACTER OF THE LEAST AMPLITUDE
PERIODIC SOLUTION OF THE FORCED PENDULUM*
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Abstract. In this paper, we will derive some twist criteria for the periodic solution of a periodic
scalar Newtonian equation using the third order approximation. As an application to the forced
pendulum # + w?sinz = p(t), we will find an explicit bound P(w) for the L' norm, ||p||1, of the
periodic forcing p(¢) using the frequency w as a parameter such that the least amplitude periodic
solution of the forced pendulum is of twist type when ||p||1 < P(w). The bound P(w) has the order
of O(w1/2) when w is bounded away from resonance of orders < 4 and w — 4o0.
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1. Introduction. This paper is motivated by studying the twist character of
the least amplitude periodic solution x,,(t) of the forced pendulum

(1.1) i+ w?sine = p(t),

where the frequency w > 0 and the forcing p € C(R/27Z).

Such a simple model presents very interesting dynamical phenomena and has been
attracting much attention in the literature. See, e.g., the surveys [12, 13]. Before going
to our topic, let us recall some interesting phenomena for (1.1).

The first one is from You [27]. The net flux (or Calabi invariant) of system (1.1)
is given by the mean value of p(t). When this is zero, it is shown in [27] that the
Poincaré map of (1.1) satisfies the hypotheses of the Moser twist theorem [10, 14, 23]
for large enough @, and there are infinitely many invariant circles for  large. When
the net flux is nonzero, there exist solutions such that & are unbounded. These give
a portrait for solutions of (1.1) with very high energy.

The second one is an interesting result which is proved by Wiggins [25] and
proved again by Hastings and McLeod [6] using a different approach. They show that
there are many chaotic solutions of (1.1) in the following sense. For any sequence
of positive integers ni, na,...,Nok—1, N2k, - .., (1.1) has a solution z(t) such that it
rotates ni times clockwise and then rotates no times counterclockwise, and rotates ns
times clockwise and then rotates n4 times counterclockwise, etc. This phenomenon
happens in the region of phase space with high, but not too high, energy.

The third one is the chaotic phenomenon obtained from the homoclinic orbit of
unforced case. It can be analyzed using the Melnikov method. This deals with the
solutions with a suitable energy.

As for the present paper, we are interested in the stability and twist character
of the periodic solution of (1.1) which is near the stable equilibrium z(¢) = 0 of the
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unforced system. Suppose that the forcing p(t) ensures that (1.1) has 27-periodic
solutions. Then there exists one periodic solution z,(¢) such that the L* norm
|£w]loo is smallest among all of the 2m-periodic solutions of (1.1). Such a periodic
solution is called the least amplitude periodic solution. This corresponds to the stable
equilibrium z(t) = 0 for the unforced case. A basic problem concerning z,,(t), namely,
stability, is the main object of this paper.

More generally, let us consider the scalar Newtonian equation

(1.2) E+ f(t,z) =0,

where f(t,x) is 27m-periodic in ¢ and is sufficiently smooth in (t,z), e.g., f € C%*(R/
27Z x R). Suppose that z = u(t) is a 2m-periodic solution of (1.2). A basic method to
study the stability of w(t) is to consider the third order approximation of (1.2) along
the solution u(t):

(1.3) i+ alt)z+bt)z: +c(t)x® +--- =0,
where the coefficients a(t), b(t), c(t) € C(R/27Z) are

a(t) = L (ut), be) = 59 Lt (), elt) = ¢ oLt u(D)

(We have transformed the solution u(t) to = 0 in the above equation.) The linear
part of (1.3) is the Hill equation:

(1.4) Z+a(t)z=0.

The stability problem of z = 0 (as a periodic solution of (1.3)) has the nonlocal
character because (1.3) is a perturbation of (1.4) which cannot be integrated explicitly.
Although there are some results for this problem in previous works such as [15, 23]
which are based on the twist theorem [14], a breakthrough is Ortega’s works [19, 20,
21]. In these papers, he has derived the (first) twist coefficient for the Birkhoff normal
form of the Poincaré map of (1.3) when the linearization equation (1.4) is R-elliptic
and is 4-elementary (for definitions, see section 3.2 or [21]). Under an assumption
on (1.4) which implies that it is within the first stability zone [24], he obtained some
interesting twist criteria for nonlinear equation (1.3). The results obtained there
are based on the comparison between the coefficients b(t) and ¢(t). They have the
characteristic that no small parameters are involved. An interesting application of his
results is on the swing (or the pendulum of variable length)

(1.5) &+ at)sinx = 0,

where a(t) (> 0) is a periodic function. It was proved that the periodic solution
x(t) = 0 of (1.5) is of twist type (and consequently, is almost stable) and is “almost”
equivalent to its linear stability; i.e., the corresponding linearization equation

(1.6) I+alt)r=0

is elliptic. This result works when (1.6) is in higher order stability zones. Some further
development in [17] shows that even when (1.6) is (unstable) parabolic, the nonlinear
equation (1.5) may be stable in some cases. See also Liu [9] for a related problem.
Compared to (1.1), problem (1.5) is relatively simple, because the periodic solution of
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(1.5) is known, i.e., z(t) = 0. Another advantage is that the second coefficient b(t) for
(1.5) vanishes everywhere. At this moment, it is worth mentioning a result of Ntnez
[16]. He obtained some twist results when b(¢) and ¢(t) in (1.3) can change sign but
with a more restricted assumption on the linear equation (1.4) than that obtained by
Ortega. In particular, Nifiez’s results are applicable only to the case that (1.4) is in
the first stability zone.

As for the forced pendulum (1.1), three factors need to be considered: (1) The
least amplitude periodic solution z,,(t) is not a priori known, although we can find in
section 2 an upper estimate for ||z, ||o when ||p[/; is not too large. (2) When we use
the third order approximation of (1.1) along z,,(¢), the coefficients are

5
)

(1.7) a(t) = w?coszy(t), b(t) = —% sinz,(t), c(t) = —% COS T ().

So the second coefficient b(t) changes sign. (3) A more serious disadvantage is that
if w is large, then a(t) will be large. So the linearization equation (1.4) will be in
any higher order stability zone in this case. Thus the results in [16, 19, 21] are not
applicable to (1.1). Thus one needs to find new twist criteria in order to study the
twist character of the least amplitude periodic solution x,,(t) of (1.1).

The paper is organized as follows. In section 2, we will prove the existence of the
least amplitude periodic solution z,,(¢) of (1.1) and give the upper bounds for z,(¢)
under the assumption on the L! norm of the forcing p(t). See Theorem 2.1. In section
3, we will derive the formulas for the twist coefficient of (1.3) when the linearization
equation (1.4) is elliptic and is 4-elementary. See (3.23) and (3.24). Then we will
give some new twist criteria; cf. Theorem 3.1 and Theorem 3.2. In doing so, we find
that it is crucial to find the estimates for the growth of the Floquet solutions of (1.4).
This will be realized using several equations derived from the Hill equation (1.4),
including the Ermakov—Pinney equation [22] and the Riccati equation. In section 4,
we apply the results developed in sections 2 and 3 to obtain the twist character of
z,(t) when w is away from resonance of orders < 4 and satisfies an explicit condition
of the form ||p|s < P(w). See Theorem 4.1. A remarkable conclusion is that p(t)
may be large in some sense, because P(w) is of order O(w'/?) when w is bounded
from resonance of orders < 4 and w — oco. As a result of the Moser twist theorem,
Zy(t) is stable in the sense of Lyapunov. Furthermore, (1.1) has, in a neighborhood
of z,,(t), infinitely many subharmonics with periods tending to infinity, and infinitely
many quasi-periodic solutions.

Throughout this paper the following notation will be used. Denote by ZT =
{0} UN the set of all nonnegative integers, where N is the set of positive integers. Let

Qo :={w e (0,00) : w#p/q forall p, g€ Nwith1<q<4},
O :={0€(0,00):0#2nw/3 forall ne N}

For ¢ € [1,00] and a 27-periodic function r(t), we use ||7||; to denote the L’ norm of
r(t) over [0,27]. For two functions f(¢) and g(¢), f < g means that f(¢t) < g(¢) for
all £ and f(t) < g(t) holds for ¢ in a subset of positive measure.

2. The least amplitude periodic solution. In this section, we consider the
periodic motion of the forced pendulum equation (1.1). When w ¢ N and ||p||; is not
too large in some sense, we will prove that (1.1) has a unique 27-periodic solution
x = x,/(t) such that it is near zero and will make the L™ norm ||z, ||~ be smallest
among all of 2m-periodic solutions of (1.1). In this sense, z,(t) is called the least
amplitude periodic solution of (1.1).
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The proof of the following result is elementary.
LEMMA 2.1. Let a and v be positive parameters. Then the cubic equation

aX?+y=X

has a positive root if and only if 27ay? < 4. In this case, the minimal positive root
is given by

9
X = X*(a,) = 2(3a) "2 cos j, 9 = arccos §“y(305)1/2 € (O, E) ,
3 2 2
(2.1)
which satisfies

(2.2) X*(a,y) < gv-

Now we give the existence of the least amplitude periodic solution.
THEOREM 2.1. Consider the forced pendulum equation (1.1). Assume that w ¢ N.
Let

(2 3) o= f:ﬂ—|COSS|dS _ ||pH1

’ 6| sinwm| 2w sinwr|’
If the condition
(2.4) 27ay? < 4

is satisfied, then equation (1.1) has a unique 2m-periodic solution x = x,,(t) such that
|Zw]loo s the smallest among all of 2m-periodic solutions of (1.1). Moreover, x,,(t)
satisfies

3|lpllx
2.5 olloe < X () < 2P
(25) Jralloe < X" (09) € r Pl
Proof. Let G(t,s) be the Green’s function associated with the problem
i+ wiz = f(t), x(t) is 2m-periodic.

Explicitly,

2w sin wm

cosw(m—t+s) ¢ 0<s<t<or,
G(t,s) =

cosw(n—stt) if <t<s<2m.

2w sin wm
Now z is a 2m-periodic solution of (1.1) if and only if x € C(R/27Z) satisfies

27

x(t) = G(t,s)(p(s) + w?(x(s) — sinxz(s)))ds =: (Tx)(t).

0

The operator T is a completely continuous operator from C(R/27Z) (with the uniform
norm || - [|o) to itself. It follows from the basic estimate |y — siny| < 1|y|® that we
have, for any = € C(R/27Z),

w2 2
(7)) < max]Glt,) ol + 5 (e [ 1600 9)1ds ) el =+ ol
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where « and ~ are as in (2.3). This yields
1T 2lloo <+ allzll3

for all x € C(R/27Z).

If o and v satisfy (2.4), then 7 maps the closed ball B = {z € C(R/27Z) :
|2]lcc < X*(a,y)} into itself. Thus it follows immediately from the Schauder fixed
point theorem that 7 has a fixed point x,, in B, namely, x,, is a 2r-periodic solution
of (1.1).

Now we prove the uniqueness. Let x, y € B. Then, using the estimate (2.2), we
have

|(z(s) —sinz(s)) — (y(s) —siny(s))| <

and

[(T2)(®) = (Ty)(#)| =

(X (a,7))?|2(s) = y(s)| < 277 f(s) —y(s)|

DN | =

2
G(t, s)w?((x(s) — sinx(s)) — (y(s) — siny(s)))ds

0
9 9 9 2
< 5 [ 168 lals) ~ y(o)lds.
0

Hence

9 5, 2 21
ITe ~ Tyl < Jto? (max [ 16 9)lds ) o = yloe = 707l ~ vl
0

for all x, y € B. Thus, if the strict inequality in condition (2.4) is satisfied, we know
that 7 : B — B is actually a strict contraction. So 7 has a unique fixed point z,, in
5.

Note that if 272 = 4, one can also obtain the uniqueness from the proof above,
although 7 may not be a strict contraction.

By the uniqueness of the 27-periodic solution of (1.1) in B, we know that ||z ||co
is smaller than other possible 27-periodic solutions of (1.1). d

Remark 2.1. (1) The existence condition (2.4) can be expressed as

42 w|sinwr|?/?

2
(2.6) lIpllx < =: P (w).
3 (Jo I cos s|ds)1/2

Note that when w is bounded away from resonance, i.e., when dist (w,Z%) > o > 0,
then

Pi(w) = O(w'/?) as w — +00.
It follows now from (2.2), (2.3), (2.5), and (2.6) that
(2| sinwn|)1/? _
(2.7) [zolloo < Qw) == —— i O(w™/?)  asw — +oc.
(Jo ™ | cos s|ds)
A more precise upper bound for z,,(t) can be derived from (2.1) and (2.5).

(2) The existence of periodic solutions of (1.1) is a central problem in nonlinear
analysis; see [11, 13]. However, when we study the twist character, it is necessary
to give a quantitative estimate to the periodic solution. In previous works such as
[16, 18], this is done using the method of upper and lower solutions [2]. However, this
method is applicable to (1.1) when the frequency w is small. Although the estimate
in Theorem 2.1 is not optimal, it will yield a satisfactory result in section 4 when we
study the twist character of x,,(t).
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3. Twist results basing on the third order approximation. For the forced
pendulum equation (1.1), we will consider the case that w is bounded away from
the resonance and w is large. Recall from (1.7) and (2.7) that a(t) = au(t) =
w?cosz,(t) > 0, c(t) = c,(t) = —(w?/6)coszy,(t) < 0, and b(t) = by(t) =
—(w?/2) sin z,,(t) changes sign, and all of them will be large in general when w is
so. In particular, A = 0 is not within the first stability zone (defined at the end of the
next subsection) of the linearization equation

F+ (A + ay(t)z = 0.

We will follow [16, 19, 20, 21] to derive some new twist results for (1.3) which are
applicable to the forced pendulum equation. The results obtained in this section are of
independent interest, because we are mainly concerned with the case of higher order
stability zones for the linearization equations. In doing so, we mostly concentrate
on linearization equation (1.4). Since (1.4) cannot be integrated explicitly, a lot of
theories for the Hill equations and their variants will be engaged in the discussion
below.

3.1. Rotation numbers and Floquet multipliers. We consider the Hill equa-
tion (1.4). Let = rcosvy and & = —rsine in (1.4). Then the equation for i (t) is

(3.1) ¥ = sin? 4 + a(t) cos® .

Since the right-hand side of (3.1) is periodic in both ¢ and %, it is well known that
the rotation number of (1.4),
p=pla) = lim 3(1)/t,

does exist and is independent of the choice of the solution ¢ (t) of (3.1) in defining the
rotation number. See Hartman [5].

Some well-known properties on rotation numbers are listed in the following lemma.

LEMMA 3.1.

(1) 0 < p(a) < .

(2) p(a) is continuous in a(-) with respect to the L* norm of a’s.

(3) p(a) is monotone with respect to a(t). More precisely, if a1 < ag, then
plar) < p(az).

(4) When a(t) = w? is a constant, then p(a) = w.

Some further properties on rotation numbers and their applications can be found
in [28].

Rewrite (1.4) as an equivalent planar, linear system:

(3.2) T =vy, y = —a(t)x.

Let M be the Poincaré matrix associated with (3.2). The eigenvalues A\ o of M are
called the Floguet multipliers of (1.4). Since det M = 1, Ay - Ao = 1. As usual, we
say that (1.4) is elliptic, parabolic, and hyperbolic if A1 2 € S'\{£1}, A1 2 = £1, and
|A1,2] # 1, respectively.

In the following we are interested only in the elliptic case, which can also be
described using rotation numbers.

LEMMA 3.2. Equation (1.4) is elliptic if and only if p = p(a) ¢ SZ*. In this
case, the Floquet multipliers of (1.4) are given by A\ 2 = et where

(3.3) 0 = 2mp.
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Proof. An elementary proof for this fact is given in [4]. a

Note that the 6 in the expression of the Floquet multipliers is only defined by
modulo 27. However, we will always take 6 as in (3.3) when (1.4) is elliptic.

Let n € N. If 6 is contained in the interval ((n — 1)m, nr), we say that 0 is in
the nth stability zone of (1.4) (see [24]), or simply that a(t) is in the nth stability
zone. This is equivalent to the fact that A = 0 is in the nth spectrum interval of the
parameterized Hill equation

i+ (A +a(t)z = 0.

3.2. Ellipticity and twist coefficients. Let U(t) = ¢:(t) +i¢2(t) be the (com-
plex) solution of (1.4) with the initial data ¥(0) = 1 and ¥(0) = 4, where ¢; and ¢2
are, respectively, the real and imaginary parts of ¥. Now the Poincaré matrix of (3.2)
is

(600 6
M = ( $r(2m)  do(27) )

When (1.4) is elliptic, it is easy to see that ¥(¢) # 0 for all ¢. Thus it can be
written in the form W¥(t) = r(t)e’*®), where r, ¢ € C?(R), r(t) > 0, and they have
initial data
(34) r(0)=1, #0)=0, ¢(0)=0, ¢0)=1

We say that an elliptic equation (1.4) is 4-elementary if its multipliers A = e**
satisfy A4 # 1 for 1 < g < 4. This is simply equivalent to

(3.5) p=0/(2m) € Qo,

where () is as in the end of section 1.
We say that (1.4) is R-elliptic (with respect to e) if (1.4) is elliptic and

(3.6) U(t +27m) = W (1).

In this case, the Poincaré matrix M is simply a rigid rotation with the angle 6.
Furthermore, r(t) is 2m-periodic and ¢(¢) is strictly increasing (see (3.20) below) and
satisfies

(3.7 ot +2m) = p(t) + 0.

This gives an expression for 6 in the Floquet multipliers using the function ¢(t). In
particular, ¢(0) = 0 and ¢(27) = 6. Condition (3.6) means also that U(t) is a Floquet
solution with the multiplier e?. For another expression of 6, see (3.22) below.
From now on we consider the nonlinear equation (1.3), where a, b, ¢ € C(R/27Z).
At the moment, we assume that a € C(R/27Z) is such that (1.4) is R-elliptic. How-
ever, we will not confine ourself to the case that a(-) is in the first stability zone.
Let

F(xo,yo) = (F1($0790)7F2($0,y0))

be the Poincaré map of (1.3). Write F in the complex form, with z = z¢ + iyo,

F(2,2)=F ((z+2)/2,(z— 2)/(20) + iF5 (z + 2)/2, (z — 2) /(2i))..
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When A = €% is 4-elementary, it is well known that F(z, ) is O conjugate, in
the group of area-preserving diffeomorphisms, to

N(z,2) = Mz +i8|z]*z + - --),

where 8 € R. Such a form of N(z,z) is called the Birkhoff normal form of F. The
coefficient @, which depends only on a, b, ¢ and is invariant under conjugacies of
area-preserving diffeomorphisms, is called the (first) twist coefficient of (1.3). When
B # 0, we say that the solution x = 0 of (1.3) (as a 2m-periodic solution) is of twist
type. In this case, the Moser twist theorem is applicable and will yield the typical
dynamical behavior near 0, as mentioned in the introduction.

Under the assumption that (1.4) is 4-elementary and is R-elliptic (cf. (3.5) and
(3.6)), Ortega [19, 21] uses the expansion of F(z,Z) at z = 0 to have derived the
formula of the twist coefficient 5. See formula (2.6) and Proposition 4.4 of [21]. If
one exploits the notation above § can be written as

3

3.0 3(4)0—ie(®) 1 .30 / 304,300 (1)
(3.8) +16 cot 5 /[0 . b(t)r(t)e dt| + 16 cot 2 Jom b(t)r°(t)e dt|
where
1 inz — 2sin®
(3.9 x1(z) = §(2 + cos2z)sinx = w, x €[0,0].

Formula (3.8) can be written in a more compact form [29]:

10 g=—3 [ crtoars [ opartor onalon - s,

where the kernel xo(+) is

3 cos(x—0/2) 1 cos3(x—0/2)
(8:11) @) =6 5@z T 16 sm@02)

x €10,0).

Roughly speaking, the twist coefficient 3 is the sum of a linear functional of ¢(-)
and a quadratic form of b(-). However, the kernels in the functionals are dependent
upon the solutions r(¢) and ¢(t) of the Hill equation (1.4) in a complicated way. The
properties of § are far from being understood completely. For discussions on some
hidden mystery of it, see the recent work [29]. Some applications of Ortega’s works
can be found in [8, 18].

Suppose now that (1.4) is elliptic (not necessarily R-elliptic) and 4-elementary.
Ortega has shown in [19, Proposition 7] that there exist some tg € R and o > 0 such
that the change of variables

(3.12) E=z, T=0(t—t)
will transform (1.4) into an R-elliptic equation,

e,

(3.13) S +at(nE=0.
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Correspondingly, (3.12) transforms (1.3) into

2
(314) (e + D (E e (e =0,

Here
a* (1) =0 2a(to+ o7 '7), b (1)=0"2b(to+0o"'7), (1) =0 c(to+0o'7),

and the new period is T* = 2no.

Note that the R-ellipticity condition for (3.13) may be with respect to e~*. How-
ever, this can be transformed into the R-ellipticity defined as in (3.6) by reversing
time. Thus we always assume that (3.13) is R-elliptic as in (3.6) (with 27 replaced
trivially by the new period T*).

If we introduce U* (1) = r*(1)e’?" (7) for the R-elliptic and 4-elementary equation
(3.13) as before, then the first twist coefficient of (3.14) is given by (cf. (3.8))

.
B* = 7%/0 c*(T)r*4(T)dT+/[O’T*]2 b*(T)b*(C)T*S(T)T*3(C)X1(|<p*(7’) — 5% (0))drdc
3 6" VI T i N
+ 16 cot 5 /0 b (r)r*? (r)e= " Ddr +T6 cot 5 /0 b (1) (r)e* ¥ (Mar

(3.15)

Note that (3.13) has the same 6 as (1.4). A basic relationship between  for (1.3) and
B* for (3.14) is

sign 3 = sign #*.

Thus we are mainly concerned with the estimates of 8* in the following.
Let us use the solutions of (1.4), not that of the transformed equation (3.13), to
express the coefficient 5*. Set

(3.16) r(t) =0 (ot — ), @(t) = ¢"(a(t —to)).
Using initial conditions (3.4) for r*(7) and ¢*(7), we see that r(¢) and ¢(t) satisfy
(3.17) r(to) =o', i(to) =0, @(te) =0, ¢(to) =o0.

Since r* (1) is T*-periodic, r(t) is 2n-periodic. Another fact is that W(t) := r(t)e?(*) =
o~ 2W* (o (t — tg)) satisfies (1.4). Substituting this into (1.4), we have

0="T(t) +a(t)¥(t) = e [(F — rp? + a(t)r) +i(20¢ + 1)) .
Thus
(3.18) 2 +rp=0, F—r?+alt)r=0.
From the first equation, we have

p=c/r?
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for some constant ¢. Using the initial data (3.17), one sees that ¢ = 1. By the second
equation of (3.18), r(t) satisfies the so-called Ermakov-Pinney equation [22]

(3.19) P+a(t)r = —,

while (t) satisfies

(3.20) o=~
In conclusion, the function r(¢) in (3.16) is a positive 2m-periodic solution of

(3.19). In Lemma 3.3 below, we will prove that the Ermakov—Pinney equation (3.19)

has a unique positive 27-periodic solution r(t) when (1.4) is elliptic. As (t) satisfies
o(to) = 0 and ¢(to + 27) = 6 and r(t) is 2m-periodic, we obtain from (3.20) that

boat
21 = " 1
(3.21) o(t) /to 20 for all ¢,
and
to+2m 27
(3.22) / de / Aty
w ) Joo (1)

The latter implies that ¢(t) also satisfies (3.7) for all ¢.

Exploiting these r(t) and ¢(t), we make use of the change of variables 7 = o(t—ty)
in (3.15) and obtain the following “explicit” formula for g*.

PROPOSITION 3.1. The twist coefficient 3* can be rewritten as

to [to,to+2m]?

to+27
§=c [—2 [ cortwa [ b(£)b(s)r (1) ()1 (i (8) — p(s)] )t

R
16CO

+3 t
= cot —
2

to+2m 5 S ()
ip(t
2 cot g /t b1 () eHie D dt

to+2m )
[ ot we e
to

.

(3.23)

where r(t) and o(t) are as above, while the constant o is related with the critical value

r(to) (see [19, Proposition 7]) and is not of importance in the estimates below.
Analogously, we obtain from (3.10) another “explicit” formula for 3*.
PRrRoOPOSITION 3.2.

3 / T (e

pfr=o
8 to

(3.24) L OO ) — ol

where 7(t), ¢(t), and o are as in Proposition 3.1, and x2(-) is given by (3.11).

Note from (3.23) and (3.24) that it is important to estimate the growth of r(t),
the (unique) positive 27-periodic solution of the Ermakov—Pinney equation (3.19), in
estimating 6*. This will be done in subsection 3.5.
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3.3. Discussion on the kernels. In this subsection, we estimate the kernels
xi(+), ¢ =1,2,in (3.23) and (3.24).
The estimate for yi(x) is simple:

max (o)) < V3/8.
z€[0,60]

Combining this with the third and fourth terms in formula (3.23), we introduce the
following function of :

V2 3 .0 130
(3.25) K1(6) .—?—i—max —Ecoti,o -+ max —Ecot?,O .
Note that K;(0) is well defined in § € ©¢ and is 27-periodic in 6.
Sometimes, we will use (3.24) to estimate the twist coefficient 8*. We can rewrite
the kernel x2(z) in another form:

~ 2cos®(x —0/2) + 3cosf cos(z — 0/2)

(326)  ale) T . ach)

Let

K(0) := Jmax, Ix2()].

Then K5 () is defined in 6 € O and is 2w-periodic in . Using the expression (3.26),
we see that

70 (0) — |2 + 3cos |/ (8]sin(36/2)]) if 0 € (0,27/3) U (47/3, 27),
2(0) = { | cos O]/ —2cos0/(8|sin(30/2)]) if 6 € (27/3,47/3).

For most of 6, K1(0) < K3(f). However, K;(0) > K(0) when 6 tends from left
to 2nm/3, n € N. Define

By (3.26), we have

K(0) < — 6 € 0.

— 8|sin(36/2)|

Both of the functions K;(f) and K (¢) are increasing for ¢ in any interval from ©y.
In particular, we have

5
2 Ki(0) = Ki(6s) < ———
(3:28) odhs Ka(0) = Ka(0e) < groma ooy

when 61, 0, with 6; < 05, are from the same interval of ©¢. The graph of K(#) is as
in Figure 1.

3.4. Estimating periodic solutions of the Ermakov—Pinney equation. In
this subsection, we concentrate on estimating the growth of the positive 2m-periodic
solution r(t) of (3.19). This is the crucial estimate to be used in the next subsection
where we estimate the twist coefficients.
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/

L
6

o5 J "‘_/‘_/f
7 5

L 1 L
0 1 2 3
(]

F1G. 1. The graph of K(0).

LEMMA 3.3. Assume that a € C(R/27Z) such that (1.4) is elliptic with the
Floquet multipliers e**®. Then the Ermakov-Pinney equation (3.19) has a unique
positive 2m-periodic solution, denoted by r(t). Moreover, r(t) satisfies (3.22). (This
gives another expression for 0 of (1.4) using the function r(t) associated with (1.4).)

Proof. The existence result of a positive periodic solution r(¢) of (3.19) has been
explained in subsection 3.2 using Floquet solutions, where the connection between the
Hill equation (1.4) and the Ermakov—Pinney equation (3.19) is used.

Now we prove the uniqueness result. Let r1(t) be another positive 2r-periodic
solution of (3.19). Take t; as a critical point of r1(¢), i.e., #1(¢1) = 0. Define ¢1(t) by

pi(t) = / d()

cf. (3.21). Then (r1(t), @1(t)) satisfies the system (3.19)(3.20). So Wy (t) = 1 (t)e?r(®)
is a solution of (1.4). Moreover, as r1(t) is 2m-periodic, we obtain from the definition
of ¢1(t) that ¢1(t 4+ 2m) — ¢1(t) is independent of ¢ and equal to

2m
ds
01 - / SN
o Tri(s)
Thus W, (t) satisfies ¥y (t+27) = €91 ¥ (¢) and is also a Floquet solution of (1.4) with
the multiplier ¢*. By the uniqueness result for Floquet solutions, we have

01 = 0+ 2mm, r1(t) = cr(t)

for some m € Z and some ¢ > 0. Since both r(¢) and 71 (¢) satisfy (3.19), we have
necessarily that ¢ = 1. Thus r1(t) = r(¢). This proves the uniqueness result and
(3.22) is satisfied. O

Since the positive 2m-periodic solution 7(t) of (3.19) is uniquely determined by
a(t) when (1.4) is elliptic, we know that the minimum and the maximum of r(¢) are
also uniquely determined by a(t). These facts have been generalized in [1, 3, 26]
to Ermakov—Pinney-type equations when they study the nonresonance problem of
equations with singularities.
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Now we give the estimates of the L* norm ||r||4 of 7(t). The estimate for lower
bounds of ||r||4 is made simple by using the constraint (3.22).
LEMMA 3.4. Assume that r(t) is a positive 2w-periodic function satisfying (3.22).
Then, for any £ > 2,
I7lle > (2m)'/*(27/6)"/2.

Proof. Let £ > 2. Set the exponents p = (2+£)/2, g = (2+¢) /¢, and o = 2¢/(2+¢).
Using the Holder inequality, we have

27 27
27 = / 1dt = / reorTdt
0 0
1/p 1/q
< </ ro‘pdt> </7‘”‘th>
1/p 1/q
= (/ redt> (/ r2dt>
1/p
= gl/a (/ rgdt) .

rlle > (27)7/¢ 167/ (@0,

Thus

which is just the inequality described in the lemma. a

In order to estimate the upper bounds of ||r||4, we need the following comparison
result for Riccati equations.

LEMMA 3.5. Assume that a; € C(R). Let &;(t; z;) be (real) solutions of equations

i =a%+ a;(t), j=1,2,
satisfying &;(0) = z;. If a1(t) > aa(t) and z1 > zo, then
E1(t, 21) > &(t, 22) for all t € ]0,t),
where t* is such that &;(t, z1) < +oo fort € [0,t*), j =1,2.
In the next lemma, we use (a, b) to denote the interval [a, b] for a < b or the

interval [b, a] for a > .
LEMMA 3.6. Let Mo = (0,4), M, = (2,2+41), and M,;; = (2—1,%) forn € N.

n 2

Assume that a € C(R/2n7Z) satisfies
(3.29) o <a(t) <ol for all t,
where o1 and oo satisfy one of the following conditions:

(330) o1, 02 € M(],
(3.31) o1, 03 € M, n €N,

(332) o1, O'QEM,”_7 n € N.
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Then we have the following estimates.
(1) Equation (1.4) is elliptic with the Floquet multipliers e**®, where 0 satisfies

(3.33) 2o < 0 < 2mos.

(2) The positive 2m-periodic solution r(t) of (3.19) satisfies

r(t) € <(0102 tan 2woq cot 27702)_1/4, (0109 cot 2moy tan 27702)_1/4> for all t,

(3.34)
and
27
27 tan?2 27 tan?2
(3.35) / ri(t)dt e ( = 202T02 0 ST DARSTOL
0 0109 tan2woy’ 0109 tan 2mwog

Proof. Conclusion (1) follows immediately from Lemma 3.1. Conclusion (2) will
be established using the connection between the Hill equation and the Riccati equation
[7]. Let r(¢) be as in the lemma. Suppose that o is a critical point of 7(¢). As in the
proof of Lemma 3.3, let ¢(¢) be defined by

Then ¥(t) = r(t)e*?") is a solution of (1.4). Define

W(t) P
= —Ff = —— — —
w(t) U(t) roor?’
which is 2m-periodic. It is well known that w(t) is a (complex) solution of the Riccati
equation

(3.36) W= w? + a(t).

Now the estimates (3.34) are reduced to estimate the critical values r(tg) =: 19 > 0
of r(t). Without loss of generality, we assume here that t¢ = 0. Let w(¢;2) be the
solution of (3.36) satisfying w(0;z) = z. When the values are considered on the
Riemannian sphere, w(t; z) is well defined for all ¢ € R. See [7, Chapter 4]. Since the
coefficient a(t) is real, it is well known that the Poincaré map of (3.36) is a Mobius
transformation

az+b
T(z) =w2m;z) = o1 d

where a, b, ¢, d are real. The fixed points zg of T correspond to initial values of
27-periodic solutions of (3.36). In our situation, zg = —i/r3 is a fixed point of 7.
Since zg is purely imaginary, we know that a = d and b/c < 0. Note that if a = d = 0,
then w(2m;0) = T'(0) = oo, which is impossible in our situation (see (3.37) below).
Let us assume that « = d = 1 for simplicity. In this case, we know that rq is given by
ro = (—¢/b)1/%. So the estimate for 7y follows from estimating the coefficients b and
¢ in the Poincaré map T of (3.36).

We will first estimate b = T(0). Then ¢ = —1/T!(c0) can be obtained in a
similar way. The estimates will be done under the following assumption:

n 1 n 1

2 _Z < 4z
(0<)2 4<01_U2<2+4
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It is easy to see that the condition above implies that

Rk—lm _@k—Ur @k+Ur o< k<n
%0 201 209

Consider the equations

. 2 2
wp = wi + o7,

’lbg = wg —+ O'%.
Let wq(t) = o1 tano;t and we(t) = ogtan oot be solutions of above equations with
initial data w;(0) = 0, respectively.

We will construct intervals of Iy, of [0,27] such that Lemma 3.5 is applicable on
each I} and 27 € I,,. Thus b = w(27;0) € [0 tan 270y, 02 tan 2mos] by Lemma 3.5.
Denote w(t) = w(t;0). Then w(t) is real because the initial data w(0;0) = 0 and the
coefficient a(t) are real. Set

Iy =[0,7/(202)),

and for k=1,...,n,

5 ((2k2;11)7r7 (zk;;;)w) 0,27, Jp = ((%2;21)71 (2k2(—fll>w> A [0, 27,

We claim that there exist ¢} € Jj, (the closure of Ji,) such that

tllt{:niow(tk) = +o0.

For example, the existence of ¢7 can be explained as below. From Lemma 3.5, it
is easy to see that wy(t) < w(t) < wq(t) for any ¢ € Iy. Thus w(t) < o0, t € Iy. If
w(t) < 400 for any ¢t € Jy, then for all ¢t € Iy U Jy, we have w(t) > wi(¢). On the
other hand, since limy_, (r/25,)—0 w1 (t) = +00, we have lim;_, (x/25,)—0 w(t) = +oc.
Thus we can always choose a 7 € J; such that lim; 4 o w(t]) = +oo. Consequently,
lim = o w(t]) = —oo. Let Ly := (55-,t]) and La := ({7, 55-). Then w(t) > wi(?)
for all ¢ € L. Since

li t) =—-oc0o < i t
L) = oo s i ealt),

we have w(t) < ws(t) for t € Ly. Next, by

t_ml/igr;ﬁo wy(t) = —oo < w(w/201) < wa(m/209),

we have wq(t) < w(t) < wo(t) for t € I. The existence of ¢} is similar using this

argument step by step. Thus we have ¢} € Ji. such that limt—w;;o w(ty) = too, and
w(t) is finite for ¢ € [0, 27]\{tx}. Moreover, let

% — 1 % — 1
J,;:<(k)”,t;;), J”:(t,’;,w>, k=1,2,....,n.

202 2U—l
Then [0, 27] is divided into intervals Iy, Ji, Ji, I1, J4, J¥, ..., I, by the points

0 . ™ 3 . 3 2n—-1m
<ti<— < —— <th< << o<

(2n— 1)
201 209 201 209

< 2.
20’1 T

0<
20’2
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From the same arguments as above, we have

wl(t) < U}(t) < 'LUQ(t), te Ik7 k= 0,17...,717
w (t) < wl(t), ted, k=12....n,
w(t) < walt), teJ! k=1,2,...,n.

Since 27 € I,,, we have
—00 < oy tan 2oy = wy(27) < T(0) = w(2m;0) < we(27) = 03 tan 2woy < +00,
(3.37)
which implies that
b=T(0) € [o1 tan 2woy, 03 tan 2woy].
Now we consider the estimates of c. Let 7 = —t, u = 1/w. Then u(7) satisfies
(3.38) = a(—7)u? + 1.

Denote the Poincaré map of (3.38) by T*(z). Then T~ !(cc) = 1/T*(0). Similar to
the arguments as above, we have

oy Mtan2noy < T*(0) < o5 * tan 2moy.
Hence
—c=T*(0) € [o; " tan 270 05 ! tan 270
Suppose now that o1, o3 are in I or in Iy. Then 0 < tan 2oy < tan 2mo,. Thus
0 < oytan2moy; < b < o9 tan 2wos, 0 < o9 cot 2moy < —1/c¢ < o1 cot 2oy,
and
—b/c € [o109 tan 2woq cot 2mwog, 0109 cot 2moq tan 2wos)].
If 01, 02 € I, then tan2mo; < tan2moy < 0. So we have
0 < —ogtan2moy < —b < —0q tan27woyq, 0 < —oycot2mo; < 1/c < —oy cot 2moy,
and
—b/c € [o109 cot 2moy tan 2oy, 0109 tan 2oy cot 2wos)].

In both cases, we have

ro = (—b/c)*l/4 € <(0102 tan 2woy cot 27r02)*1/4, (0109 cot 2moq tan 27r02)*1/4> .
The statement (3.35) follows from (3.34) directly. 0
Remark 3.1. The lower bound in (3.35) can be improved as follows. By (3.22)

and (3.33), we obtain from Lemma 3.4 that

Irlla > (2m)V4(27/8)2 > (2m) Y40y /2.
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When o1, 02 € My, (1.4) is in the first stability zone. In this case, a comparison
result for the Hill equations holds within one period. Nunéz proved in [16, Lemma
4.2] that

(3.39) oy P <rt)<orY? forallt.
This improves (3.34) in this case. It seems to us that the estimates (3.39) do not

hold for higher order stability zones. Thus we will use the upper bound in (3.35) for
general cases. Denote

o1 tan?2 Y2/ 9r tan?2 1/2
N (Y

0109 tan 2moq 0109 tan 2mwoy

So we have ||r||3 < N(o1,02).

3.5. Estimating twist coefficients. The following theorem gives a sufficient
condition for the zero solution z = 0 of (1.3) to be of twist type.

THEOREM 3.1. Assume a(t) € C(R/27Z) satisfies (3.29) for some o1, og in
an interval from Qo. Then (1.4) is 4-elementary and there exists a constant p =
(o1, 02) > 0 such that = 0 (as a periodic solution of (1.3)) is of twist type provided
that b(t) and c(t) satisfy

_ 2
(3.41) max c(t) < —pbll3.

Proof. Let o1, oo be in an interval from Qg. Thus one of the conditions (3.30)—
(3.32) is satisfied for some n € N. So the estimates in Lemma 3.6 hold in this case.
By Lemma 3.2, (1.4) is 4-elementary.

We will prove that 5* given by (3.23) is positive under (3.41). Note that (r, ¢)
in (3.23) is a solution of (3.19)4(3.20) and r(¢) > 0 is 2m-periodic.

Let C_ := min;(—c(t)) > 0. Then

3 to+2m 3 to+2m 3
_3 / (bt > S0 / ri(t)dt = 2O rl4,

8 to to

where the last equality is due to the 27-periodicity of r(t).
For the terms in (3.23) containing b(-), we use (3.25) to obtain

//[t - b(t)b(s)r ()3 (5)x1(|(t) — @(s)|)dsdt

3 to+2m 3 o) 2 1 39 to+2m 3 Bi(t) 2
— cot — b(t t)e At — cot — b(t t)e?Ptdt
Fgeot| [ vt sty | [ H0re
to+2m 2
>0 ([ WorOa) = -m bR
to

where the Holder inequality is used.
Combining these estimates with Lemma 3.6, we have

. 3 3
5= (Fe- - K@) alirll > (- - Ka@N(or. o)l ) ol
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where N(o1,09) is defined by (3.40). This implies that 8* > 0 if
O > SK (BN (o, o)l
By Lemma 3.6, we get from (3.28) that the constant p in (3.41) can take
(3.42) w=pi(oy,09) := §K1(27T0'2)N(O'1,0'2). 0

Remark 3.2. If we use (3.24) to estimate §*, a similar argument shows that u in
(3.42) can be replaced by

8
W= §K2(27TO‘2)N(0'1, 02).

Consequently, using the function K (-) defined by (3.27), we know that the constant
w in (3.41) can take

8
(3.43) = pa(o1,09) = gK(Zﬂ'O’Q)N(O’l, 02).

In the above proof, the most important factor is just the upper bound of ||r||4 for
the positive 2w-periodic solution r(t) of (3.19). In fact, if some upper bound for |7,
for certain £ > 4 can be found, one can then obtain a twist condition similar to (3.41).
As for our Theorem 3.1, Lemma 3.6 actually gives an L estimate for r(t), although
it may not be optimal. As mentioned in Lemma 3.1, this can be improved especially
when (1.4) is in the first stability zone. This will done in the next subsection.

3.6. An improvement for the first stability zone. Assume that a(t) €
C(R/27Z) satisfies (3.29) for some o1, o3 € My = (0,1/4). In this case 6 € (0,7/2)
and a(t) is in the first stability zone.

For a function f(t), let

f+ () =max{f(t),0},  f-() = max{—f(¢),0}

be the positive and the negative parts of f(t). Note that f = fy — f_.
Let r(t) be the unique positive 2r-periodic solution of (3.19). Denote

ro = min{r(t) : t € [0, 27|}, Too = max{r(t) : t € [0, 2n]}.

We estimate the twist coefficient as follows. The term containing c(t) is

to+2m o 2
—g/ c(t)rt(t)dt = g/o c_(t)rt(t)dt — g/o cy ()ri(t)dt

to
3 3
(3.44) > el — 2rilleslh.
Now we use formula (3.24). Note that when 0 < 6 < 7/2, the kernel y2(x) > 0
for all € [0,6]. Let

~ 3cos(0/2) +2cos(36/2)

Xx20(0) = 2e10,6) xa(z) = x2(0) = 8sin(30/2) 7

3cosf+ 2
= = 2 =
Xzoo(0) 1= max xo(w) =x2(0/2) = Formg o
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Thus the term containing b(-) is

//[f s b(t)b(S)TS(t)rg(S)XQH(p(t) — o(s)|)dtds
= //[t - ]2(b+(t)b+(8) +b_()b_(s))r3 ()3 (s)x2(|p(t) — @(s)|)dtds
//[t . ]2(b+(t)b7(s) +b_ ()b ()3 ()3 (s)x2(le(t) — @(s)|)dtds
= xaol0ro //[to,to+2w]2(b+(t)b+(s) +b_(t)b—(s))dtds

X (O)7 //[ CIRORR ROINBITEE

(345) = x20()rG (14113 + 10-11}) — 2x200 (O)rE b4 [l 11— |1
A very rough result from (3.44) and (3.45) is

3 3
(3.46) f" =0 {8T§IIC—II1 - grioHC+||1 = 2x200 (O)rSllb 11 [lb- 11|, 0 € (0,7/2).

When 0 < 6 < 7/3, which is just the case studied by Nunez [16], we can also use
(3.23) to estimate * as follows. Note that

X10(0) ;= min xi(xz) = x1(0) =0,
z€/[0,0]

o [ (3sin6 —2sin®0)/8, 0<6<m/4,
Xloo(e) T zrél[%,)é] Xl(x) - { \/5/8, 7T/4 S I} S 7T/3

Thus
// b(£)b(s)r® (t)r® (s)xa (|o(t) — ¢(s)])dtds
[to,to+27]2
- //[t . ]2(b+(t)b+(s) F b (b ()P (O () xale(t) — o(s)])dtds
_//[t - ]2(b+(t)b—(8) +b_(t)by ()3 (t)r®(s)x1(le(t) — o(s)])dtds

> 10 O, //[ INCCEOETRUMEIEEE

(347) = —2X100(0)rSollb |1 [1D- 1

Since cot(0/2) > 0 and cot(36/2) > 0 for 6 € (0,7/3], the other two terms in (3.23)
containing b(t) are nonnegative. Thus we get from (3.44) and (3.47) that

3
reollesll = 2x100 O)rS b4l 0=l , 6 € (0,7/3].

. 3
348) 5> |Srille- - §

8

Note that Xx100(0) < X200(8) for all 8 € (0,7/3). Thus (3.48) improves (3.46)
when 0 < 6 < 7/3. We simply use the following estimates:

Xioo(0) <V2/8, 0 (0,7/3],
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and
X200 (8) < 7/16, 0 € (n/3,m/2).

Recalling the estimates (3.39) for ry and ro., we conclude from (3.46) and (3.48) the
following result.

THEOREM 3.2. Suppose, in Theorem 3.1, that o1, o9 € My = (0, 1/4). Then for
any b, ¢ € C(R/2nZ) (which may change sign) satisfying

7
(3.49) otlle-lly = o103 fleslh > §U§||b+|\1||b—|\17

then the zero solution © = 0 of (1.3) is of twist type. When oo < 1/6, which implies
that 6 € (0,7/3], (3.49) can be improved as

(3.50) e~ o102l > 22203 bl

Note that (3.50) improves the main of result of [16]. Moreover, Theorem 3.2 shows
that the assumption that 0 < 6 < 7/3 in [16] can be relaxed as 0 < 6 < /2, which is
natural from the 4-elementary condition. See the remark following [16, Theorem 2.2].
As a result, his application to (1.1), which is based on the antimaximum principle [2],
can be improved accordingly.

The proof above shows that, for any 0 < o1 < o9 < 1/4, there always exists some
constant v = v(o1,02) > 0 such that

(3.51) o3lle—lly — otoalleslln > vior, o2)[[b4 111611

ensures the twist character of z = 0 of (1.3). An explicit formula for the constant
v(o1,02) can be obtained by carefully examining the functions x1.(6) and x200(6)
in (3.46) and (3.48). A twist condition similar to (3.51) can be worked out when the
negative part c_(t) of ¢(t) is dominated by the positive part c (t).

As a final remark, we note that

ol llo—1x < (6ll)? < (2m)*/2[b] 3

Thus conditions (3.49)—(3.51) improve (3.41) because we can deal with the case where
b(t) and c(t) may change sign.

4. Applications to the forced pendulum. In this section we apply the results
in section 3 to study the twist character of the least amplitude periodic solution x,(t)
of (1.1), where w > 0 and p(t) € C(R/27Z) satisfy (2.6). We use the notation from
section 2. By Theorem 2.1, ||z,|/cc < X*(a,y) < 37/2. We always assume that

(4.1) X (a,y) <3v/2 < w/2.
Denote
(4.2) n = cos*/%(3v/2) € (0,1].

Recall the formulas (1.7) of ay(t), by (t), cu(t). Then

(wn)? < a,(t) = w? cos (1) < W
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So we can take o1 = wn and 02 = w. Since b,(t) = —(w?/2)sinz,(t), we have
Hb ||4 (2m) /2 (w/4)(1 — ). Usmg co(t) = —(w?/6) cos ,(t), one can take C_ =
w?n?/6.

Let I,, = (an, by,) be an interval from Qo, i.e., I,, is one of the following intervals
for some n € N:

3 3 2 2 1
11:<_1 _*) 12:(_* _*) ISZ(_* _*)
" n , N 1) I n 4,n 3) In n 3,n 5)

1 1 1 1 1
It = (n—§7n—§), I = (n—g,n—i), I8 = (n—i, n)
In the following, we restrict our discussion to w € I,,. If
(4.3) n > Q1(w) = an/w, w € I, = (an,by),

then 01 = wn > a, and o1, o9 € I,,. So Theorem 3.1 is applicable to this case.
By Theorem 3.1 and (3.43), z,(t) is of twist type when 7 satisfies

w2n2 8 1/2 wt

(4.4) > gK(Qﬂ'w)N(wn,w)(Qﬂ') Z(l —nh).
Let
B tan(2wwn) 1/2 tan(27w) 1/2
Slw, ) = max {( tan(27rw) ) ’ (tan(27rw77)) ’
Then
(2m)1/2

N(wn,w) = ms(wﬁl)-

So (4.4) can be rewritten as
(4.5) n°/? > 8rwkK (2rnw)S(w,n)(1 —n*).

Note that both (4.3) and (4.5) are satisfied for 7 = 1. Thus conditions (4.3) and
(4.5) can be rewritten as a single one like

(4.6) n > Q2(w), w € I,.

Here the function Q2(w) can be found numerically and estimated using the facts that
n°/? > n* for all n € (0,1) and S(w,n) — 1 when 1 — 1.
Recall (4.1) and (4.2). Let us introduce a function

(4.7 P3(w) = min { P (w), (4w|sinwr|/3) arccos Q3(w)} , wely.
If w e I, and p(t) € C(R/27Z) satisfies
ol < Po(w),  we€ln,

then all conditions (2.6), (4.1), (4.3), and (4.4) are satisfied and x,,(t) is thus of twist
type. It is not difficult to check that Py(w) has the order O(w'/?) when w is bounded
away from resonance of orders < 4 and tends to co.
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45

3.5

Py(o) P(@)
N o

=
o

F1G. 2. The graphs of Pi(w) and P3(w).

THEOREM 4.1. There exists a nonnegative function P(w) defined for all w > 0
such that if p(t) € C(R/2nZ) satisfies

Iplly < P(w),

then the least amplitude 2m-periodic solution x,(t) of (1.1) is of twist type. Moreover,
P(w) > 0 for all w € Qy and P(w) is of order O(w'/?) when w is bounded away from
the resonance of orders < 4 and tends to co.

Remark 4.1. One can take the function P(w) in Theorem 4.1 as P2(w) given by
(4.7). If (4.2) is replaced by a more precise estimate

n = cos'/? X*(a, ),

where X*(«, ) is given by (2.1), we find that the upper bounds P(w) can be improved
as ||p|li < Ps(w), where

_ Aw|sinwrn| 1 1/2 9
Ps(w) = S3(30)2 cos [3 arccos <2(3a) arccos Q3 (w) | — 7
1/2
42 w|sinwr)?/? fo | cos s|ds / )
= 75 COs | 3arccos arccos Q3 (w) |-
3 (J“™ | cos s|ds) / 8| sin w|
(4.8)

A comparison between Pj(w) and Ps(w), which are given by (2.6) and (4.8),
respectively, is plotted in Figure 2.
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