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1. Introduction

1.1. Graph IFS. Let (V, I") be a directed graph with vertex set V ={1,..., N} and edge set I". We call {f.; e € I'}, a collec-
tion of contractions f. : RY — RY, a graph-directed iterated function system (graph IFS).
Let I3; be the set of edges from vertex i to j, then there are unique non-empty compact sets {E,-}IN: , satisfying [27]

N
Ei={J U feEp. 1<i<N. (11)

j=leeljj

We call (Eq, ..., En) the invariant sets of the graph IFS.
The graph IFS is said to satisfy the open set condition (OSC), if there exist open sets Uq,..., Uy such that

N
U U feWpcui, 1<i<n,

j=1eeljj

and the left-hand side are non-overlapping unions [14,27]. In addition, if Ui N E; # @ for all 1 <i < N, then we say the
graph IFS satisfies the strong open set condition (SOSC) [31].

Let us define M = (mjj)1<i,j<n to be the associated matrix of (V, I"), that is, m;j = #I'j; counts the number of edges
from j to i. We say (V, I') is primitive if M is a primitive matrix, i.e., M" is a positive matrix for large n. From now on, we
will always assume the graph (V, I') in consideration is primitive.
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1.2. Single-matrix IFS. If a graph (V, I") contains only one vertex, then the graph IFS {f,; e € I'} simplifies to an iterated
function system {fj}?’:1 ([14]). If all f; have the form

fimy=A""x+dj, 1<j<N, (1.2)

where A is a d x d expanding matrix and d; € R4, then we call {fj}j:l a single-matrix IFS. (A matrix is expanding if all its
eigenvalues have moduli larger than 1.) Let us denote by g = |det A|.

Some special cases of system (1.2) define number systems. The study of such number systems goes back as early as
1970’s [18,28,15]. See also a recent survey [6].

Another special case of (1.2) is the so-called self-affine tiling system, when N = q := |det A| and the OSC holds. The self-
affine tiling system has been studied by many authors [4,16,17,11,22-24,3].

In the above studies, we generally concern the following questions:

(Q1) When does the system satisfy OSC?
(Q2) If the OSC holds, how to compute the Hausdorff dimension and Hausdorff measure of E, the invariant set of (1.2)?
(Q3) Does OSC imply SOSC?

e If A is a similitude, these questions have satisfactory answers.
Let D ={d1,...,dn} be the set of translations in (1.2). Define
Dy=A"'D4...4+ AD+D, n>1.
Let dim E denote the Hausdorff dimension of E, and let H*(E) be the s-dimensional Hausdorff measure of E. A set G is said

to be r-uniformly discrete if |x — y| > r for any x, y € G. Then

(i) OSC holds if and only if #D, = N" and D, is r-uniformly discrete for some r > 0 independent of n.
(i) If OSC holds, then s = dim E = 41%6N qnd 0 < HS(E) < +o0.
logq
(iii) OSC implies SOSC.

Especially in the self-affine tiling system case, many deep results on (Q1) and (Q2) have been obtained by Fourier
transformation method [16,11,24]. For (Q3), Schief [31] gives a positive answer for general self-similar IFS.

e In case of A is not a similitude and N does not equal to |det A|, it is much more complicated. Actually, in this case the
second assertion does not hold. McMullen’s carpets provide counter-examples [26].

To overcome the difficulty that A is not similitude, Lemarié-Rieusset [20] introduce a weak norm w of RY such that
w(Ax) = q"/4w(x). Under the weak norm, A is a ‘similitude’. He and Lau [12] introduce Hausdorff dimension and Hausdorff
measure w.r.t. the weak norm, which will be denoted by dim,, and H3, respectively. [12] proved that the above results still
hold except the second assertion is replaced by

(i) I OSC holds, then s = dimy, E = 48X and 0 < 1, (E) < +-oc.

1.3. Single-matrix graph IFS. In this paper, we investigate the graph IFS {f.; e € I'} with the form

fe) = AT (X +de), (13)
where A is a d x d expanding matrix and d. € RY. The paper is motivated by the questions posed by Professor S. Ito in a
conference in Beijing in 2006. To state the questions, we need some notations.

Denote by FI'} the paths from vertex i to vertex j with length n. For I =eq---e; € F,'} set fi(x) := fe; 0 fe, 00 fe,(X)

and define

di:=A""de, + A" %de, + -+ Ade,_, +de,,
then fj(x) has the form: fj(x) = A" (x +d;). Set

Djj:={di; 1eT}j}. (14)
(P1) Does r-uniformly discreteness ofD?j imply 0SC?

(P2) Does OSC imply SOSC?
(P3) Let w; be the stationary Markov measures on E;, are wu; ‘translation invariant’ on E;?

Stationary Markov measures will be introduced in Section 2. For a measure p supported by a set E, we say u is
translation invariant on E if for any B1, B C E and By = B3 + k, it holds that @ (B1) = (B>).

1.4. Main results. In this paper, we generalize the results of [12] to single-matrix graph IFS. These results are worth to be
documented, since graph IFS are frequently encountered in practice, for example, in the study of IFS with overlap structures
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[30,7,13], in self-similar tiling theory [33,34,5], in Rauzy geometry [29,2,32,19], etc. Our results are in great general form
and contain many previous results as special case. Also, they give satisfactory answers to the questions of Professor Ito.

Theorem 1.1. For graph IFS (1.3), the following are equivalent:

(i) OSC.
(ii) #D;} = #Fi'} and there is an r > 0 such that D?j is r-uniformly discrete forall 1 <i, j < Nandn > 1.
(iii) SOSC.

In Section 6, we show by examples that OSC does not imply SOSC if the system is not a single-matrix system.

Theorem 1.2. For graph IFS (1.3), let A be the maximal eigenvalue of M, the associate matrix of (V, I"). If OSC holds, then for any
1<i<N,

(i) s=dimg E; =dlogx/logq.
(i) 0 < H;,(Ei) < 4o0.
(iii) The right-hand side of (1.1) is a disjoint union in sense of the measure H3,.

Remark 1.3. For Theorem 1.1 and Theorem 1.2, the case that A is a similitude has been studied by Li [21]. The case that
(1.2) is a tiling system has been settled by Lagarias and Wang [25].

The next theorem answers question (P3). The translation invariance of a measure on a fractal set has never been con-
sidered before. Theorem 1.4 seems to be the first result of this type. Moreover, although the result seems very nature, it is
hard to prove without using the weak norm technique.

Theorem 1.4. For 1 < i < N, the stationary Markov measure (; is equal to ﬂleZ)IE,, where a; = H;,(E;). Consequently, [; is
translation invariant.

1.5. Applications. Recently, Furukado, Ito and Rao [9] apply the above results to the study of atomic surfaces of hyperbolic
substitutions and obtain some interesting results. According to a substitution o, [9] constructs a single-matrix graph IFS.
They define a fractal domain-exchange transformation @ on E = va=1 E;, the union of the invariant sets. ¢ preserve the
stationary measure @ by our results. [9] shows that (E, @, i) is (measure theoretically) isomorphic to the substitution
dynamical system defined by o, i.e., there exists a measure-preserving bijection between two systems except a measure zero
set.

Akiyama and Loridant [1] apply our results to study the parametrization of boundaries of self-affine tiles.

The paper is organized as follows: In Section 2, we recall some known results on Markov measures. In Section 3, we
give a brief introduction to weak norm. Theorem 1.1 is proved in Section 4, Theorem 1.2 and Theorem 1.4 are proved in
Section 5. In Section 6 we give some remarks on SOSC.

2. SOSC and Markov measures

In this section, we consider general graph IFS (1.1).

2.1. Markov measures. Let M (R?) denote the collection of probability Borel measures on R¢ with bounded support.
Let p: I" +— (0, 1] be a function satisfying

N

3> pe=1, 1<i<N.

j=1eelj;

We shall call p a probability weight on graph (V, I').
It is well known that there is a unique vector (i1, ..., un) € (M@ERH)N satisfying the equations

N
pi=) D Pe-ijofs!. 1<i<N, (21)
j=leel};

we call p1,..., un the Markov measures determined by the weights {p.; e € I'}.

Remark 2.1. For an IFS, Eq. (2.1) simplifies to u = Z?J:l pi- Mo fl.’l. The measure p is called a self-similar measure when
the mappings f; are similitudes [14].
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2.2. Measures on symbolic space and their projections. Let X = U?’ﬂ U,<2l 1“19‘ denote the collection of all finite paths

with initial state (or vertex) i and ¥* = N, X*. Denote XN to be the collection of infinite paths with initial state i,
denote = =JY, X} be the set of all infinite paths.

For | =ejey---ex € Fllf we define b(I) =i be the initial state of I, and t(I) = j be the terminate state of I. Denote
E;:= fi(Ej) where j=t(l).

Denote [I]:={eiey---ex---€ X :eqex---e, =1}, and call it a cylinder of X. Given I, ] € X* with t(I) = b(J), denote by
1] the concatenation of I and J.

Let S be the shift operator on X where S(ejezes---) =eze3---.

Let P; be the probability measure on Z‘,N satisfying the relations

Pi([e1---enl) = Pe, -+ De,»  €1---€n € X (2.2)
According to formula (1.1), it is seen that {fe,...e, (Etee,))}n>1 is a decreasing sequence of compact sets and their inter-

section is a single point in Ep,). Define a projection 7 : (£, ..., Z§) = (RY,...,RY), where 7; : TN > RY is defined
by

{miterez---eq--)} = ﬂ fer-en(Et(en))-

n>1

Then for e € Ij and | € E;‘,

flomie])=mjoS(el)). (2.3)

Set i =Pjo ni_1, then w; is a probability measure supported by E;.
Proposition 2.2. The projection measures (L1, ..., iun) satisfy Eq. (2.1) and thus are Markov measures on E;.

Proof. Pick any Borel set A in RY. For any edge e € I;j, set
-1 —
He=m"0 f; 1(A).

Then H, C E}\’ and thus e] € EIN for any ] € He. Denote eHe :={e]: ] € H}, then P;j(eHe) = pelPj(He) by the definition
of P;’s.
First we show that

N
Ay =J | eHe. (2.4)
j=1eel}
Suppose I € 7117] (A) and the initial edge of I is e € Ijj, then
len ' (A) < f omi(l) e [ 1(A)
= mjoS)e f (A (byformula (2.3))
= Shen"of(A)=H,
<=l eeH,.
So formula (2.4) holds. Applying P; to both sides of (2.4), we obtain

N N
1i(A)="% PieH)=)_ Y peoPj(He)

j=1eelj; j=1eeljj
N

=YY peoPjon; o fl(A)
j=1eelj;
N

=YY peopjof,(A). O
j=1eelj;

Two paths are said to be comparable if one of them is a prefix of the other one; otherwise, they are incomparable. The
following measure separation property, proved by Fan and Lau [10, Theorem 2.2], illustrates the importance of SOSC.
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Proposition 2.3. Suppose a graph IFS { fe; e € I'} satisfies the strong open set condition with open sets {U;}1<i<n- Let i be Markov
measures on E;, 1 <i < N. Then

(i) pi(Up) =1,
(ii) wi(Ey N Ej) =0 for any incomparable I, | € X}

Question. Does the inverse of Proposition 2.3 hold? That is, does the measure separation property imply SOSC?

2.3. Stationary Markov measures. Recall that M = (m;j)1, j<n is the associated matrix of graph (V, I"). Then M is a non-

negative primitive matrix. Let (cq,...,cn) be the left eigenvector of M corresponding to the maximal eigenvalue A. By
Perron-Frobenius Theorem, A > 0 and (cq,...,cy) is a positive vector. Let us assume that ¢c; +---+cy =1.
For e € I3;, set
Ci. _
pe=—1"".
Ci

It is easy to see that Zb(e):i pe =1 for each i. Therefore {p.; e € I'} is a probability weight. Let Py, ..., Py be the measures

on ZJF‘, e Eﬁ defined by formula (2.2), and let w1, ..., un be the Markov measures on Eq, ..., Ey defined by the weight
{pe; e I'}. We shall call wq,..., un the stationary Markov measures of the graph IFS {f.; e I'}.

Lemma 2.4. Suppose the SOSC holds for a graph IFS { fe; e € I'}. Then forany I € Fl’]‘ we have
Ci. _
wi(fi(Ej) = C—{?\ k.

1

Proof. It is obvious that w;(Ey) > P;([I]).
The strong open set condition implies that w;(E; N E;) =0 for any incomparable I, ] € X} (Proposition 2.3). Hence
mwi(ED = wi(Er\U[Ep; IJI=111, J#1, J € ) <Pi(l0).
Therefore

1i(Fi(E) = wi(En) = Pi(I1]) = e, -+~ Doy = %r". O

3. Pseudo-norm

Let A be a d x d real expanding matrix with |det A| = g. With respect to A, [20] defines a pseudo norm @ on RY as
follows (see also [12]).

Denote B(x,r) the open ball with center x and radius r. Then V = A(B(0, 1)) \ B(0, 1) is an annular region. Choose any
0<é< % and any C* function ¢;s(x) with support in B(0, §) such that ¢s(x) = ¢s(—x) and [ ¢s(x)dx =1, define a pseudo
norm w(x) in RY by

w(x) = Zq_”/dh(A”x), (3.1)

nez

where h(x) = xv * ¢s(x) is the convolution of the characteristic function xy and ¢s(x).
We list some basic properties of w(x).

Proposition 3.1. (See [12].) The w(x) is a C* function on R? and satisfies

(i) w(x) > 0; w(x) =0ifand only ifx = 0.
(ii) w(x) = w(—x).
(iii) w(Ax) =qw(x) > w(x) forall x € R4
(iv) There exists B such that w(x + y) < g max{w(x), w(y)} forany x, y € R4

Item (iii) says that matrix A is a similitude in this weak norm, a fact plays a central role in [12] as well as in our paper.
The next proposition shows that the pseudo-norm w(x) is comparable with the Euclidean norm |x| through Apax and
Amin, the maximal and minimal modulus of the eigenvalues of A.

Proposition 3.2. (See [12].) For any 0 < &€ < Amin — 1, there exists C > 0 (depends on &) such that
c! |X|IHQ/dln(?~1nax+8) <ok < C|X|IHQ/d1H(7~min*8), if|x] > 1,

AN
c1! |X|IHQ/dln(?»min—8) <ok < C|X|IHQ/dan~max+8)’ if x| < 1.
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Let E be a subset of RY. Define diam,, E = sup{w(x — ¥): X,y € E} be the w-diameter of E. Now we can define a
Hausdorff measure of E with respect to the pseudo norm w(x).

oo
H;, 5(E) =inf Z(diamw Ei)*: EC UE,-, diamy, E; <68 ¢}.
i=1 i
Since HZ)’B(E) is increasing when § tends to 0, we can define
H (E) = Bli_r:})’l-[;!a(E).
It is shown that H; (E) is an outer measure and is a regular measure on the family of Borel subsets on RY. 1t is translation
invariant and has the scaling property; precisely,
H(E+x) =H5,(E) and HS,(A7'E) = q~*/9HS (E). (3.2)
A Hausdorff dimension with respect to the pseudo norm thus can be defined to be
dimy, E = inf{s; 7 (E) =0} =sup{s; 1,(E) = oo}.

The relation of dim,, E and the classical Hausdorff dimension dimy(E) has been studied in [12].
4. Uniform discreteness and OSC

We prove Theorem 1.1 in this section. Our proof is an analogue of [12], where the basic idea belongs to [31].

Proof of Theorem 1.1. (i) = (ii). Suppose the open set condition holds and Uy, ..., Uy are open sets such that
N
U U fewpcui, 1<i<n, (41)
j=leeljj

and the left-hand side of (4.1) is a disjoint union.

First we note that f;(Uj) C U; holds for I € 1“1’]

Let =e;---e; and I'=¢) ---e}, be two elements of FJ’ Using (4.1) repeatedly, one can show that fj(U;) and fy(U;)
belong to U; and they are disjoint. Hence A™"(U;j+d;))NA™"(U;j+dy) =¥ and so that (Uj+d;)N(U;+dy)=9. It follows
that d; — dy # 0 and thus #D?j = #Fz?

Set nj = infpaf{lxl: (Uj +x NU; =0}, then n; > 0 since U; is an open set. Put r = min{n;: 1 < j < N}. Since
(Uj+dpNU;j+dp) =43, we conclude that |d; —dy| >r for I,I' € DZ

(ii) = (iii). This is the difficult part of this theorem.

We define the §-parallel body of a set E with respect to the weak norm « as follows: [E]® = {x € R%:
w(x —y) < ¢ for some y € E}. (Usually [E]s stands for the §-parallel body of E. Here we use an unusual notation to
avoid confusion.)

Pick any § > 0 and fix it. For any J € 1",’]1 define

Gy =fi(IEfP).
then G; = [E]]‘r"/d‘S by Proposition 3.1(iii). We define V (J), neighbors of J, to be a collection of paths giving by
V(h={lex Il=nand E;N G| #¥}.

Note that E; NGy # ¢ if and only if (E¢qy +d;) N ([Ej1° +d)) # 0.
We shall show that #V (J) have a uniform bound, namely,

y =sup{#V(J)): ] € Z*} < +oo.
Let R be a real number such that U1<J<N E;j C B(0,R), and let n be a positive number such that U?’ﬂ [Ej]‘s C B(0, n).
Then for | € 1"1’]
#V())=#{l e} [I|=n, (Eq)+d)n (1P +dy) #0}
<#|Ie Zf |l =n, (Eqy+dp) N (BO,n) +dj) # 0}
<sup #{l € X1 [I|=n, (Eqqy +dp) NB(x,n) # 0}

xeRd
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N
< Z sup #{d;: dj € B(x,n+R) N Df;}
j=1xeR?

< 00,

by the uniform discreteness of D?J Therefore y < +o0.
Let J € X¥* be a path such that #V (J) = y attains the maximum. We claim that if I ] € X*, then

V) =I1v()):= {IL: Le V(])}.
For any L € V(J), we have E; NG #, hence E;p NGy = fi(EL) N fi(Gy) #@. 1t follows that IL € V(I]) and so that

IV (]J) c V(I]). By the maximality of #V (J), we obtain IV (J) = V(I ]). The claim is proved.
Let us assume that J € Fh’}. Let §' = % where the constant 8 is as in Proposition 3.1(iv). Define

ui=J U fy(EQY). 1<i<N. (4.2)

n=1 lel“l.?l

Clearly U; N E; # (. We shall show these open sets satisfy SOSC.
For e € Iy, we have

fe = U fy(E*) cJ U Fry(Ej¥) c Ui

n=1lel} n=2I'el}

So

N
U U fewo cu. (43)

k=1eerlj

It remains to show that the left-hand side of (4.3) is a disjoint union.
Suppose this is false. Then fo(Uy) N for(Uy) # @ for some e € Iy, e’ € I, e # €’ (it may happen that k =k’). By the
construction of the open sets, there exist two paths Iy from k to h and I, from k’ to h such that

Ferr g (TE”) N forry (LEj1) # 0.
Suppose y is a point in this intersection, then

V= fer, ;1) = ferr, 1 (¥2)
for some yq,y; € [Ej]‘y. Choose z1, 22 € Ej such that

o(y1—z1)<8,  oy2—z2)<8.
Without loss of generality, we assume that |I1] < |I2].

On one hand, as f;(x) = A~!"l(x+d;), we have
(fer,1(21) = ferty(22)) = O(fer, j(z1) =y + ¥ — fer,(22))
= (AT —y1) + ATy, — 29)

lely J1

el

<pmax{s'q- 4 ,8'q” 4"} (by Proposition 3.1(iv))
) _lell
= 136 q d
_lelyJi
= q d
On the other hand, for any L € X} with length |L| = |I1 ]|, clearly e'L ¢ V (el1]) =el1V(]); so we have
fert (Eewy) O fery g (IEj1°) = 9. (4.4)

As |e'L| =lel1 J| < |e'I2 ]|, we have

fer,y By €| fer(Ery),
L

where L runs over the paths in X} with length [L| = |I1 ]|. Therefore, the point fe,(z2) € fer,j(Ej) must belong to some
cylinder of the form f.[ (E¢z)); as a result, it does not belong to feh]([EjP) by (4.4). It follows that

_lelqpJl
o(fer, j(21) = ferryj(22)) 2 q~ 4
which is a contradiction.
(iii) = (i) is trivial. O

8,
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5. Hausdorff measure in weak norm

Mass distribution principle is a powerful method to estimate the lower bound of Hausdorff dimension (cf. Falconer [8]). It
also works for Hausdorff dimension w.r.t. a weak norm.

Let w be a weak norm and . be a measure of E. If there exist constants ¢ > 0 and § > 0 such that w(B) < c(diamy, B)® for any set
B with diam,, B < § and BN E # (J, then

HE,(E) > ¢ ().

The proof is analogues to the classical case.

Theorem 1.2. For graph IFS (1.3), let A be the maximal eigenvalue of M, the associate matrix of (V, I'). If OSC holds, then for any
1<i<N,

(i) s=dimg, E; =dlogX/logq.
(if) 0 < H;,(Ei) < +oo.
(iii) The right-hand side of (1.1) is a disjoint union in sense of the measure Hs,.

Proof. Recall that M is the associated matrix of the graph (V, I"), A be the Perron-Frobenius eigenvalue of M, and q =
|det A|. Let s=dlogx/logq.
(i) and (ii). We first show that 7 (E;) < oo, 1 <i < N. Let o = max;gjgndiamy(E;). Then U?’:l{fI(Ej); Ie I‘lf}

provides a §,-covering of E; with §, = q’ga and consequently,

N

N
Sa ED<Y Y (qua)s —a ket Y #rk < cot

j= k j=
J=lrerk j=1

by Perron-Frobenius Theorem. Since {8x}r>1 decreases to 0, we obtain 7 (E;) < oo.
To prove H; (E;) > 0, we use the mass-distribution principle.

Pick any set F with diam, (F) =& < 1. Let k be the integer such that q’g <8< q’$, then 1 < diam,, (A¥F) < q'/4. By
Proposition 3.2, we have that |A¥F| < Cq, where C; is a constants independent of F.
Let u; be the stationary Markov measure on E;. Let

N
N=|J{rerf; EinF£0)
j=1

be the set of cylinders intersecting F. Clearly

1i(F) <) pi(Ey). (11)
IeN

Notice that E; N F # ¢ if and only if (E; +d;) NAKF £ . Set R =Cy + maxigjgn |Ej| and pick any xq € AXF, then [ e N
implies that d; € B(xo, R). By the uniform discreteness of d;, there exists a constant C; such that #/N < Cs.

Set C3 =max{cj/c;; 1<i, j <N}, where (c1,...,cn) is the left maximal eigenvector of M. Then by Lemma 2.4 we have
wi(Ep) < €327k So by (1.1), we have

wi(F) < #N)C3AF < (20307 = €203 7/ < €5 C3(diam,, F)°.

Now the mass distribution principle implies that 7} (E;) > "C'z(é) > 0. Therefore, dimy(E;) =s =dInA/Ing and 0 <
HZ)(Ei) < 00.

(iii) By formula (3.2), for e € I}, H,(fe(Ej) = )L—]HZ)(EJ). Therefore, by E; = U?’:] Ueer,-j fe(Ej) and the subadditivity
of HZ,, one has

N
1
Hep(ED) < 5 > mjit, (E)).
j=1
So

Aay,...,ay) < (ay,...,an)M
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where a; = H;, (E;). Since (ay, ..., an) is a positive vector, by Perron-Frobenius Theorem, the inequality above is actually an
equality. Therefore (aq,...,ay) is an eigenvector of M and

N
H,(E) =) Y H5,(fe(Ep)). O
j=leeljj
We denote by H; | the restriction measure
Hey|g(F) =H;,(F N B).

Theorem 1.4. For 1 < i < N, the stationary Markov measure ; is equal to ai_leulgi, where a; = H;,(E;). Consequently, j; are
translation invariant.

Proof. For any [ € lef Wwi(Ep) = i—fk‘k by Lemma 2.4, H5,(E;) = ajA~* by the scaling property of #£,. Since both (c1, ..., cn)
and (aq,...,ay) are Perron-Frobenius eigenvectors of M, we have
(€1,...,cN) =k(ay,...,an)
for some « > 0. Hence w;(E|) =af1Hj)(E1).
To show ju; = a; 'H3) |, it suffices to show that
wi(GNEy) =a; "M, (G NE;) (5.2)
for any open set G C RY. For I =e; ---ey, let us denote by I* :=e; ---e;_; the ancestor of I. Clearly G N E; can be written
as
GNE=|J{E;: I =} withE; CGand Ef- ¢ G}.
Moreover, if E; and E; belong to the union above, then I and J are incomparable. Thus, by Theorem 1.2(iii), we have
H,(GNE) =Y {H,(ED: 1€ 5}, ECG, Ej» ¢ G}:
on the other hand, by Proposition 2.3,
1i(GNE) =Y {wi(Ep: 1€ Zf, E; CG, Ei= ¢ G}

Since wi(Ej) = ai’leU(EI) holds for arbitrary I € X}, (5.2) follows from the above two equations.
Wi is translation invariant since 7} |, is translation invariant. O

6. Two remarks on SOSC

In Section 4, we show that OSC implies SOSC for single-matrix systems. The following examples show that OSC does not
imply SOSC in general.
Let K be the unit square [0, 1]2. Let A, B be two 2 x 2 non-singular matrices such that

AK CK, BK CK, AK N BK ={0}.

(See Fig. 1(a).) Then the IFS {f1(x) = Ax, f2(x) = Bx} satisfies OSC but does not satisfy SOSC. Clearly the interior of K is
an open set for the OSC. Since the invariant set E = {0} is a single point, if U is a strong open set, then U contains a
neighborhood of 0; consequently AU N BU # @.

The above example seems to be the only known example for OSC without SOSC. It is trivial in the sense its invariant set
is a singleton. In the following, we give a second example with this property.

6.1. An IFS satisfying OSC but SOSC fails. We consider the IFS {fi, f2} on R?, where

AR ]

Let U be the interior of the triangle with vertices (0, 0), (%, 1), (1,0), then f1(U) and f>(U) are indicated by Fig. 1(b).
Clearly the IFS satisfies OSC and U is an open set. The invariant set is the segment E = {(x,0); 0 <x < 1}.

Suppose V is a strong open set for the IFS. Then there is a x € [0, 1] such that B((x,0),r) C V. So we can find xg €
(0,1), yo < 0 such that the segment from Gg = (xg,0) to Ho = (Xg, yo) is contained in V. Consequently f;(GoHo) C V for
any finite word I over {1, 2}.
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AK

BK

f(0)| f2(U)

Fig. 1.

Let us denote H, = f'(Ho) = (X, yn) and define s, = x,/yn. Then

1 1
Xn+1  3Xnt z¥n
sn+] = = 1 = Sn + —.
Yn+1 5¥n

Hence sooner or later, s, will be positive and then tends to +o0c. Hence we can choose n large so that %xn - %yn <0.
Let us consider the set fa f'(GoHo), which is a line segment from f3 f{'(Go) to f2 f} (Ho). Since

X0

1 n a1
fzf?(co)=<2ﬁ+§,o>, fzf;l(HO):<X__y_+ Yo )

2 4 "2 ontl

clearly f f{'(Go) is a point on the x-axis and on the right side of L = {(x,y); x=1/2}, and f; f{'(Ho) is on the left side
of L.

A similar argument shows that f1f7(Go) is on the x-axis and on the left side of L, fi f)(Ho) is on the right side of L
and with second coordinate yo/2"+1.

Therefore, f> f]'(GoHo) N f1f5(GoHo) # . It follows that f, f{'(V) N f1 f3 (V) # @, which is a contradiction.

Remark 6.1. The disadvantage of our example is that the invariant set is contained in a subspace of R?, so it is still
degenerated in this sense. It is interesting to find a non-degenerated example.

6.2. A method to construct strong open set. Let {fj}1<j<y be an IFS on RY, namely, f;: R+ R? are contractive and
injective.

Clearly f; are continues. We show that f; are open mappings. Let U C R? be a bounded open set. Choose K = B(0, R)
be a closed ball such that U c K°. Since f; is contractive and it is injection, the compactness implies that f; is a homeo-
morphism form K to f;(K). So f;(U) is a relative open set in f;(K), and thus an open set of R¢.

If U is an open set satisfying the SOSC, we will say that U is a strong open set in short.

Proposition 6.2. Let { fj}1<j<n be an IFS satisfying OSC with open set U, then V = (U)°, the interior of the closure of U, is still an
open set satisfying OSC.

For example, let C be the Middle-third Cantor set, then U =[0, 1]\ C is an open set for OSC but it is not a strong open
set. But V = (U)° = (0, 1) is clearly a strong open set for OSC.

Proof. First we show that fj(V) C V for 1<i < N. Since V c U, we have that f;(V) C f;(U) C f;(U). But f;(V) is an open
set, so we have f;(V) c (fi(U))° c (U)°=V.

Secondly, we show that f;(V) N f;(V) =9 for i # j. Let A, B be two disjoint open sets, then AN B =0, and hence
(A)° N B = ¢. Therefore (A)° N B =¢ and finally (A)° N (B)° =4¢.

Since we have proved that f;(V) C (fij(U))°, from f;(U) N f;(U) =9, we deduce that f;(V)N f;(V)=0. O
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