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1. Introduction

We consider the initial-value problem of the Camassa-Holm equation

oeu+udyu+ 0P =0, t>0,xeR,
1 1

P(t.x) = ~ / e <u2 n fu,%) (t.y)dy. (1.1)
2 Je 2

u(0,x) = up(x), x€R (1.2)

where u = u(t, x) is a scalar. The symbols P, P(u), P(t, x) and P(u(t, x)) will be used interchangeably, as are Py, asz etc.
The momentum density is defined by m := u — u,,, or equivalently

1 Cxe
u(t, x) = f/-e K Yim(e, y)dy. (1.3)
2 Jr
The momentum density form of (1.1) is
orm + udym = —2(d,u)m, (1.4)

as can be seen by applying 1 —83 to (1.1).In this article, we study regular solutions u € C([0, T]; H*(R))NC'([0, T]; H~'(R))
of (1.1)-(1.2) with s > 5/2, and even s > 7/2 in some theorems. For s > 3, u satisfies (1.1) almost everywhere if and only

* Corresponding author. Tel.: +86 0731 52377619; fax: +86 0731 58292400.
E-mail addresses: gwwxtu@126.com (W.-W. Guo), taimantang@gmail.com, tmtang@xtu.edu.cn (T.-M. Tang).
1 Current address: College of Natural Sciences, Ningxia Institute of Science and Technology, Shi Zui Shan, Ningxia 753000, PR China.

0362-546X/$ - see front matter © 2013 Elsevier Ltd. All rights reserved.
http://dx.doi.org/10.1016/j.na.2013.04.010


http://dx.doi.org/10.1016/j.na.2013.04.010
http://www.elsevier.com/locate/na
http://www.elsevier.com/locate/na
http://crossmark.dyndns.org/dialog/?doi=10.1016/j.na.2013.04.010&domain=pdf
mailto:gwwxtu@126.com
mailto:taimantang@gmail.com
mailto:tmtang@xtu.edu.cn
http://dx.doi.org/10.1016/j.na.2013.04.010

W.-W. Guo, T.-M. Tang / Nonlinear Analysis 88 (2013) 16-23 17

if the corresponding m satisfies (1.4) almost everywhere. For s > 7/2, the statement with ‘almost everywhere’ replaced by
‘everywhere’ holds.

The Camassa-Holm equation is a model for the unidirectional propagation of shallow water waves over a flat bottom.
It was obtained by approximating the incompressible Euler equations under the special assumptions of the shallow water
regime [1-3]. It was actually discovered much earlier [4] as an example of bi-Hamiltonian equation. It can model wave
breaking phenomena and have peaked solitons called peakons [1]. The peakons capture a feature of water waves of
great height, or precisely solutions of the largest amplitude to the free-boundary Euler equations [5-8]. Moreover, the
shape of some peakons is stable under small perturbations, making these waves recognizable physically [9,10]. Numerical
computations indicate that global solutions tend to a train of peakons moving at different speeds [11], but theoretically their
asymptotic behavior is open. In this article, we use techniques originally developed for studying the incompressible Euler
equations to investigate the behaviors of the momentum density, the deformation tensor (or velocity gradient) u, and the
nonlocal term Py in local and global regular solutions of (1.1). This gives information on the asymptotic properties of global
solutions, finite-time blow-up properties and the blow-up time of local solutions.

Not surprisingly, the Camassa-Holm equation is similar to the incompressible Euler equations. The momentum density,
deformation tensor and the nonlocal term in the former are analogous to the vorticity, deformation tensor and the pressure
term in the latter. These latter objects have been investigated partly for studying the open problem of the possibility of
finite time blow-up of regular solutions of the three dimensional Euler equations, and finding conditions that can guarantee
their global existence. Results in these directions include the Beale-Kato-Majda (BKM) criterion for finite time blow-up of
regular solutions [12,13], sufficient conditions for global existence in terms of the direction of the vorticity [ 14,15], and more
recently the works of Chae on a blow-up criterion in terms of these objects [ 16] and their dynamics with an eye on detecting
possible absurdities arising from the assumption of global existence of regular solutions [17].

Compared to the 3D incompressible Euler equations, the well-posedness theory for the Camassa-Holm equation in
regular function classes is better developed. For results on weak solutions, see Bressan and Constantin [18,19]. In sufficiently
regular function classes, (1.1)-(1.2) is locally well-posed [20-22]. The same references contain sufficient conditions for global
well-posedness, but in general that does not hold. In fact, a large class of regular initial data guarantee the finite time blow-up
of regular solutions [1,20-24]. In the following theorem, we quote some of these results directly from the literature, though
some of the conditions can be relaxed. For a Banach space X, for k = 0, 1, ..., we say that v belongs to the set C¥([0, f); X)
ifforall T € (0, f), v is in the Banach space C¥([0, T1; X).

Theorem 1.1 ([20,22,25]). Let uy € H*(R) for some s > 3/2.
(a) There is a maximal time T* = T (ug) € (0, oo] so that on [0, T*), (1.1)-(1.2) has a unique solution
u=u(-, up) € C([0, T"); H*(R)) N C' ([0, T"); K~ (R)).
(b) If the solution blows up in finite time, i.e. T* < oo, then
lim sup [lu(t, ) ||ps®) = oo.
t /T*
(c) The solution blows up at T* < oc if and only if
litrETiglf {Jl/g]g ux(t,y)} = —o00.
For s > 3, u blows up at T* < oo implies that

lim {inf[ux(t,y)](T* - t)} = -2. (1.5)
JT* |yeR

t
(d) (a sufficient condition for finite time blow-up) Suppose s > 3. If there is an xo € R such that my := up — Upx > 0on
(—00, X9, mg < 0 o0n [xo, 00) and mq changes sign, then the solution blows up in finite time.

(e) (sufficient conditions for global existence) Suppose s > 3. If mg does not change sign, or if there exists an x, € R such that
mg < 0on (—o0, Xg] and mg > 0 on [xg, 00), then the solution exists globally.

We now state theorems for the momentum density, the deformation tensor and the nonlocal term in the Camassa-Holm
equation similar to those for the corresponding terms in the Euler equations investigated in [12,13,16,17]. For a regular
solution u of (1.1)-(1.2), with s > 3/2 so that u(t, -) is Lipschitz in the second variable, the trajectory starting froma € R is
the solution X (¢, a) of the problem

%X(t, a) = u(t,X(t,a)), t=>0,
X(0,a) = a.

(1.6)

The following two theorems describe the relative behaviors of m, u, and P, or terms derived from them. More precisely, the
ratios —u,/|m| and —Pxx/uﬁ are ‘vaguely monotonic’ along the trajectories. They correspond to [17, Theorems 1.1, 1.2].
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Theorem 1.2. Let ug € H°(R) withs > 7/2 and u be the solution of (1.1)-(1.2) given in Theorem 1.1(a). If m(t, X(t, a)) # 0,
define
ot q) = —2EXECD) g e Rlug(e, X (. @) < O},
Im(t, X(t, a))|
Suppose a € X1(0) and mg(a) # 0. Then one of the following holds.

1. m cannot be extended indefinitely along X (t, a), and hence the solution of (1.1)-(1.2) blows up in finite time.
2. One of the follovging holds. ~
(a) There exists t € (0, 0o) such that uy(t, X(t, a)) = 0.
(b) There exists a sequence {tj}]‘.’:"1 withty < t < -+ < tj < tijq —> ooasj — oosuchthatforj = 1,2,...,
@1(0,a) > @1(t1,a) > --- > P1(f, a) > P1(Gj41,a) > 0,and for t € [0, ], D1(t, a) = D1(f, a) > 0.

Theorem 1.3. Let ug € H°(R) withs > 5/2 and u be the solution of (1.1)-(1.2) given in Theorem 1.1(a). If uy(t, X(t, a)) # 0,
define
—Pu (t, X(t, a))
w2(t, X(t, @)
ZF(6) = {a € Rlu(t, X(t, ) > 0, ®,(t, a) > 1},
X5 (t) = {a € Rluy(t, X(t, a)) <0, D,(t,a) < 1}.

Dy (t,a) .=

Fora e 2; (0) U X, (0), one of the following holds.

1. The solution of (1.1)-(1.2) blows-up in finite time.
2. One of the following holds.
(a) There exists t € (0, 0o) such that u,(t, X (f, a)) = 0.
(b) Either there exists Ty € (0, co) such that @ (T, a) = 1, or there exists a sequence {t] SiWitht; <) < -+ <t <
tiy1 — oo asj — oo such that one of the following holds:
i.Ifae 22*(0),forj = 1,2,..., we have ,(0,a) > Py(t1,a) > -+ > Po(tj,a) > Po(tjyq,a0) > 1, and
‘pz(f, (1) > (pz(tj, a) > 1.
ii.If a € X5(0), forj = 1,2,..., we have @,(0,a) < @,(t1,a) < --- < Dy(tj,a) < DPy(tiq,a) < 1, and
@z(t, a) < @2([}', (1) <1

In Theorem 1.2, we require s > 7/2 as we need m, to make sense pointwise and (1.4) to hold everywhere (see (2.2)). In
Theorem 1.3,s > 5/2 is enough as we only need u,, and P, to be meaningful pointwise. From the proofs of the theorems,
even for solutions blowing up in finite time, the vaguely monotonic behavior of &; and &, indicated in scenario 2(b) still
holds until the blow-up time if scenario 2(a) does not hold.

The following theorem corresponds to the BKM blow-up criterion for the Euler equations [ 12]. We record it as it highlights
the correspondence between the momentum density here and the vorticity in the Euler equations. Moreover, it will be used
in Theorem 1.5.

Theorem 1.4. Let s > 3 and uy € H*(R). Suppose that forany T € (0, T*),u € C([0, T], HS(R)) N cl([o, T], H~ 1(R)) is the
unique solution of (1.1)-(1.2). Then T* is the maximal time of existence of u if and only if fo Im(t, )|l o dt =

Anther equivalent condition is fo lux(z, )|l ®)dTt = 00. It corresponds to the result in [13] for the Euler equation and
will be proved after the proof of the theorem.

The next theorem gives an upper estimate of the blow-up time and a blow-up criterion in terms of the short time behavior
of u, and P, along the trajectories. It corresponds to [ 16, Theorem 2.1].

Theorem 1.5. Let ug € H*(R) withs > 7/2 and u be the solution of (1.1)-(1.2) given in Theorem 1.1(a). Let

S = {a € Rlmo(a) # 0, up(a) < 0, uy(a)® — Py(0, a) < 0}. (1.7)

Suppose that there is an € € (0, 1] and an a € R such that

sup \/Z(uf — P4 (£, X(t,a)) < —2(1 — €)uy(a), (1.8)

05r§1/(—26u(’)(a))

then the momentum density of u cannot be extended past t,(a) = 1/(—2€ugy(a)) along the trajectory X(t, a). Moreover, there
exists T* < t,(a) such that

lim sup |Ju(t, -) [|us@®) = oo, (1.9)
t—T*
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and
T*
/ Im(t, ) llioo@)dt = o0. (1.10)
0
Furthermore
1
T* < (1.11)

= 2infeuj(a)’
aes

From Theorem 1.5, we can also obtain information on a global solution u. As (1.8) fails for every € € (0, 1], choosing
€ = 1shows that uf speeds past P, along (t, X(t, a)) in the time period (0, —1/[2ug(a)]).

Though the theorems here are similar to those for the Euler equations, there are two factors favorable for our
investigations. First, as the Camassa-Holm equation is of spatial dimension one and the three quantities we study are scalars,
the results are probably more transparent. Second, the better developed well-posedness theory for the Camassa-Holm
equation in regular function classes provides a better foundation for studying the regular solutions. The theorems here
describe actual behaviors of the solutions, in addition to being blow-up criteria and dichotomies. For example, combining
conditions for finite time blow-up like Theorems 1.1(d) and 1.4, we know a class of solutions of the Camassa-Holm equation
with accumulated momentum density blowing up in finite time. On the other hand, there is no known example of a local
regular solution to the 3D incompressible Euler equation with similar behavior for the accumulated vorticity. Similarly, for
the solutions with initial data satisfying the hypothesis of Theorem 1.1(e), we know that the dynamics described in scenario
2 of Theorems 1.2 and 1.3 hold.

In Section 2, we prove Theorems 1.2 and 1.3. Theorems 1.4 and 1.5 will be proved in Section 3.

2. Behavior of global regular solutions

Let u be the solution of (1.1)-(1.2) given by Theorem 1.1(a). We prove Theorems 1.2 and 1.3 in this section. For a smooth
f(t,x):(0,T) x R — R, we write f'(t, X(t, a)) = g—ft(t,X(t, a)) = %f(t,X(t, a)) = (f + uf) (t, X(t, a)). We will clarify if
there is any possible confusion. We prove a lemma before proving Theorem 1.2.

Lemma 2.1. Let s > 7/2. Let uy(a) < 0. and € > 0 be such that

1
ug(a)imo(a)| < —5€|mo(a)|2~

Let T, = 1/(e|mg(a)|). Then either m(t, X(t, a)) blows up in (0, T,], or thereisat € (0, T,) such that

ux(t, X(t, a))|m(t, X(¢t, a))| > —%€|m(t,X(t, ).

Proof. Suppose that m(t, X(t, a)) does not blow-up in (0, T,] and that for all t € (0, T,),

uy(t, X(t, a))|m(t, X(t, a))| < —%e|m(t,X(t, a) 2. (2.1)
Multiply (1.4) at (t, X(t, a)) by 2m(t, X(t, a)) to get

Dim|

D|m|? )
= —4uy|m|* and hence D = —2uy|m| (2.2)

Dt

along (t, X(t, a)). Egs. (2.1) and (2.2) gives |m(t, X(t, a))|" > e|m(t, X(t, a))|?. Hence |m(t, X(t, a))| > |mg(a)|/(1 —
€|mp(a)|t) — oo within (0, T,], contradictory to our assumption. O

Proof of Theorem 1.2. Eq. (2.2) implies that

t
|m(t, X(t, a))| = |mo(a)| exp <—/ 2ux(r,X(r,a))dr>.
0

Hence m(t, X(t, a)) # 0 if and only if my(a) # O (or see [20]). This property was exploited to investigate the propagation

speed of a localized disturbance in [26,27]. Choosing € = —2ug(a)/|mg(a)| in Lemma 2.1, we conclude that either m(t,

X(t, a)) and hence [|m(t, -)|| ;o) and |Ju(t, -)[lus®) blows-up in (0, T, = —1/2uy(a)], or thereis a t; € (0, T) such that
—Ux(t1, X(t1, @)

e —uy(a)
Di(tj,0) = ——————— < — = =
Im(t, X(t1, @))| 2 |mo(a)]

D4 (0, Cl).
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Suppose scenarios 1 and 2(a) do not hold. The latter implies that &, (t;, a) > 0, or equivalently u,(t;, X(t;,a)) < 0 and
hence a € X((t;). Now repeat the above reasoning with initial time t;. In Lemma 2.1, take
_ 2u(ty, X (4, )
Im(ty, X(t1, a))]

Then either m(t, X(t, a)) blows up in (t1, t; — 1/{2uy(t1, X(t1, a))}], or there exists a t; € (t1,t; — 1/{2uy(t1, X(t1, a))})
such that @(t;, a) < @(ty, a). Hence as long as 1 and 2(a) do not hold, we can find an increasing sequence {tj}j?’:"1 such
that @(tj, a) > ®1(tj+1, a) > 0. Obviously, we can choose ¢; such that for all t € (tj_1, t;] (and hence in [0, §;]), ®1(t, a) >
@1 (tj, @). Suppose tj — to, < 00. If Uy(teo, X(to, @) = 0, 2(a) holds. If ux(too, X (tc, @)) < 0O, then by the above reasoning

with t, as the initial time, if 1 and 2(a) do not hold, thereisat > t., such that ®;(t,, a) > @(t, a) > 0.Hence the original
sequence {tj} can be modified to be continued past t... Therefore if scenarios 1 and 2(a) do not hold, {tj} — oo and 2(b)
holds. O

We prove several lemmas before proving Theorem 1.3. Assume s > 5/2 in the rest of this section.
Lemma 2.2. Let ug(a) > 0, and € > 0 be such that
1+ E)u:)(a)z < —Px(0, a).
Let T, = 1/[eug(a)]. Then either the solution u of (1.1)-(1.2) blows-up in (0, T.], or there exists a t € (0, T.) such that

(1+ (L, X(t, @) > —Py(t, X(t, a)).
Proof. Suppose the solution u does not blow-up in (0, T, ] and that on (0, T,),

(14 eul(t, X(t, a)) < —Pu(t, X(t, 0)). (2.3)
Egs. (1.1), (1.6) and (2.3) implies that for t € (0, T,),

%ux(t’X(L a)) = (uxt + quX)(t7X(t’ a)) = (_PXX - u;%)(ts X(t7 a))

v

e (t, X(t, a)).

It follows that u,(t, X(t, a)) > ug(a)/[1 — eug(a)t] — oo no later than T,, = 1/(euy(a)) (or u may have blown-up even
earlier before u,(t, X(t, a)) has the chance to). The Sobolev inequality gives

[ue (8, X(t, )| < lux(t, ) llrow) < Cllut, ) llusm)-
Hence ||u(t, -)|lss®) — oo no later than T, contradictory to the non-blow-up of u on (0, T,]. The lemma is proved. O
Lemma 2.3. Let up(a) < 0, and € > 0 be such that

(1= O)uy(@)? = —Pw(0, @).

Let T, = _ﬁ' Then either the solution u of (1.1)-(1.2) blows-up in (0, T,], or there exists a t € (0, T,) such that
0
(1 — eug(t, X(t, @) < —Pul(t, X(t, a)).

Proof. The proof is similar to that of Lemma 2.2. Suppose the solution u does not blow-up in (0, T*] and that on (0, T,),
(1= U (t, X(t, @) = —Pul(t, X(t, @)). (2.4)

Then(1.1),(1.6) and (2.4) gives (d/dt)u,(t, X(t, a)) < —eu?(t, X(t, a)). Hence u,(t, X(t, a)) < ug(a)/[14+ug(a)et], implying
thatuy(t, X(t, a)) — —oo no later than T,. The Sobolev inequality implies that ||u(t, -)||ns®) — oo on (0, T,], contradictory
to our assumption. O

Lemma 2.4. Suppose uy(a) > 0 and
up(a)® < —Pu(0, a). (2.5)
Let

)
P (0, @) + up(a)?’

Then either the solution of (1.1)-(1.2) blows-up in (0, T,], or there exists a t € (0, T,) such that ®,(t, a) < ®,(0, a).

x =
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Proof. Lete = —[Pw(0, a)/uy (a)?]—1in Lemma 2.2. If the solution of (1.1) and (1.2) does not blow-up in (0, T,], the lemma

givesat € (0, T,) with

—Pw (0, a) - —Pu (t, X(t, a))
ug(a)? uy(t, X (t, @))?

P,(0,a) = = @y(t,a). O

Similarly choosing € = (P (0, a)/u()(a)z) + 1in Lemma 2.3 gives

Lemma 2.5. Suppose uj(a) < 0 and uy(a)® > —Py(0, a). Let

_ uy(a)
P (0, @) + up(a)?

Then either the solution of (1.1)-(1.2) blows-up in (0, T, ], or there exists at € (0, T,) such that &,(t, a) > ®,(0, a).

T, =

Proof of Theorem 1.3. Suppose scenarios 1 and 2(a) do not hold. Suppose that a € 2;“ (0). We will show that 2(b) holds.
The argument is similar fora € X (0). Nowa € Z; (0) means that up(a) > 0and @,(0, a) > 1, the latter being equivalent
to (2.5). Hence Lemma 2.4 shows that there exists t; € (0, T,), T, given by (2.6), such that

D;(t1, a) < D,(0, a).
If @,(s, a) < 1forsomes € (0, t;], then 2(b) holds. Suppose @, (t, a) > 1forallt € (0, t;]. Then from (1.1), for t € (0, ty),

%ux(tvx(tv a)) = (uxt + uuxx)(tax(t7 a)) = (_u)% - PXX)(tvx(t5 a)) > Os

which together with ug(a) > 0 implies that u,(t;, X(t;, a)) > 0.Hencea € 22+ (t1). Apply Lemma 2.4 with initial time ¢; to
see that if the solution does not blow-up in

< uX(tlﬁx(tla a)) :I
t, 61 — 7 |
Pu(ty, X (t1, @) + ux(ty, X(t1, @)

then there exists

t, € (t t — Uy (t1, X(t1, a)) )
2 1. 01 Pxx(tl,X(t1,(1))—|—ux(t1’x(t1,a))2

such that @,(t;, a) < Dy(ty, a). If &,(t, a) < 1, then there exists T, € (tq, t] such that @,(T>, a) = 1 and 2(b) holds.
Otherwise a € 22+ (t2), and we can continue the process using Lemma 2.4.

In conclusion either there exists a t such that @,(t, X(t, a)) = 1 and 2(b) holds, or there is a strictly increasing sequence
{tj}]?'i1 such that @, (tj, a) > P,(tj;1, a). Obviously, the t;’s can be chosen such that for t € (tj_1, tj], @2(t, a) > P,(t;, a).
Suppose t; — to < 00 asj — 00. If @ (ts, a) = 1, 2(b) holds. If @, (tw, a) > 1, we can apply Lemma 2.4 to getat > t
such that @, (t, a) > @,(t, a), and the original sequence of t;'s can be modified to get past t.. In either case, 2(b) holds. O

3. Finite-time blow-up of regular solutions

We prove Theorems 1.4 and 1.5 in this section.

Proof of Theorem 1.4. Suppose the solution u blows up at T* < oo. From (1.3), ux(t,x) = (1/2) [ sgn(y — x)e” "
m(t, y)dy and hence [|ux(t, -)||lro®) < |Im(t, -)||roo(r)- Together with (1.5), we have

T* T*
/ Im(t, e dt > f e, o de
0 0

Z/
0

Conversely, fOT* [m(t)llzodt = oo implies that limsup; -+ [[m(t, )[e = o0. As ||m(t, )lee =< Cllu(t, s,
lim sup; s« [[u(t, -)|lns = 00, and the solution cannot be extended past T*. O

inf uy(t,y)| dt = oo. (3.1)
yeR

Remark. Another necessary and sufficient condition is foT* [[ux () || Lodt = o0. The necessity follows from (3.1). Conversely
if the condition holds, the Sobolev inequality implies that lim sup; 7« [[u(t)|lgs > Climsup; xr [[ux(t)||10 = co. Hence u
blows up at T*.
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Lemma 3.1. If m(t, x) # 0, define ¥ (t, x) = 1/|m(t, X)|. Then

[Dzlp—z(z—P )lll](t X(t,a) =0 (3.2)
D2 u; X s ,a)) =0. .

Proof. From (2.2), m nonzero at one point on a trajectory implies that it is nonzero everywhere along it. In the following
calculations, the quantities are evaluated along (t, X (t, a)). Differentiate (1.1) to get uy + Ullyy = —uﬁ — Pyy. Together with
(2.2), we have

1D*/m> D (1D|m|2> _ D(=2u,|m|*)

2 D2 Dt \2 Dt Dt
Dm? Duy
=2 - ZmZE = 8uZm® — 2m® (uy, + Ully,)
= (10u2 + 2Py)m?. (3.3)
On the other hand, from (2.2),
D2m? _D%m) o (DM e
D2 7 Dt2 Dt ) 7 Dt2 e
Hence together with (3.3), we get
D?|m| 1 [1D*m)? . )
=—|= —4u;|m|° | = (6bu 2Py)|m]. 34
D2 | [2 D2 L ml (6uy + 2Py |m| (34)
From the definition of ¥, (2.2) and (3.4),
Dy 1 D?|m| 2 (Dim|\? 1 (61 4 2P )+8u§
7 B el N R T P
Dt2 |m2 D2 |mP \ Dt |m| X N m|
2 1 2
= (u? — 2Pxx)m = (2u2 — 2Py )W.

The lemma is proved. O

Proof of Theorem 1.5. Let u be the solution on the maximal interval of existence. Let a € S. Then from (1.8) and (3.2),

2
d—lI/(t,X(t, a)) < (Zu)% — 2Py )+ (£, X(t, )W (¢, X (¢, a))

dt?
< (=2(1 — uy()* ¥ (t, X(t, @)
= ¥ (t, X(t, @), (3.5)
where
h = h(a) .= —2(1 — €)uy(a) > 0. (3.6)
Multiply (3.5) by exp(ht) to get
d? d

W[lll(t,x(t, a)) exp(ht)] — 2h t[lll(t,X(t, a)) exp(ht)] < 0.

dt
Multiply this by exp(—2ht) to get

d d
I {exp(—th)dt[lI/(t,X(t, a)) exp(ht)]} <0.

This can be integrated straightforwardly to get

exp(2ht) — 1
2h ’

v (t, X(t, a)). To see this, let

W (t,X(t, a)) < ¥yexp(—ht) + (hW¥y + ;) exp(—ht) (3.7)

where ¥ := ¥(0, a) and ¥j(a) := %L:o

d d
o(t) = I {exp(—th)dt[lI/(t,X(t, a)) exp(ht)]} <0.
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Integrate this on [0, t] to get
d t
a(lll(t, X(t, a)) exp(ht)) = exp(2ht) </ o(s)ds + ¥y + h%) .
0

Integrate this on [0, t] and use fot ¢(s)ds < 0to get (3.7).

From the definition of ¥, (2.2), (3.6) and (3.7), denoting %|t:0|m(t,X(t, a))| by |me(a)|’ (but ug(a) still means the
ordinary derivative of ug at a), we get

2h
exp(2ht) — 1 -
2h

, exp(2ht) — 1 -
|mo(a)| exp(ht) {1 — [—2uy(a) — h(a)]zh}

, exp(2ht) — 1 -
Im(t, X(t, a))| > {'1/0 exp(—ht) 4+ (h¥ + ¥) exp(—ht)}

Imo(a)|'
Imo(a)

Imo ()| exp(ht) {1 - [ - h(a)}

|mo(a)]
T 14 2eup(ayt’

exp(2ht)—1

(3.8)

where we have used > t. Hence |m(t, X(t, a))| — oo before t reaches t.(a) = 1/(—2€ug(a)), or the solution
has already blown up before it has the chance to. It follows that the maximal interval of existence of u is [0, T*) for some
T* < t.(a). Then (1.9) follows from Theorem 1.1(b). (1.10) follows from Theorem 1.4. That T* < t,(a) implies the estimate
(1.11) of T*. The proof is completed. O
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