ON CENTRAL STABILITY

WEE LIANG GAN AND LIPING LI

Abstract. The notion of central stability was first formulated for sequences of representations of the
symmetric groups by Putman. A categorical reformulation was subsequently given by Church, Ellenberg,
Farb, and Nagpal using the notion of FI-modules, where FI is the category of finite sets and injective maps.
We extend the notion of central stability from FI to a wide class of categories, and prove that a module is
presented in finite degrees if and only if it is centrally stable. We also introduce the notion of d-step central
stability, and prove that if the ideal of relations of a category is generated in degrees at most d, then every
module presented in finite degrees is d-step centrally stable.

1. Introduction

Let R be a commutative ring. For any small category C, a C-module over R is, by definition, a (covariant)
functor from C to the category of R-modules. A morphism of C-modules over R is, by definition, a natural
transformation of functors. The category of C-modules over R is an abelian category. One can define, in a
natural way, the notion of a finitely generated C-module over R.

Let FZ be the category of finite sets and injective maps, and denote by Z, the set of non-negative

the automorphism group of [n] in the category FZ is the symmetric group S,, an FZ-module V over R
gives rise to a sequence {V,,} where V,, is a representation of S,,. It was shown by Church, Ellenberg, Farb,
and Nagpal (see [3] and [4]) that many interesting sequences of representations of symmetric groups arise in
this way from finitely generated FZ-modules. A principle result they proved is that any finitely generated
FZI-module over a commutative noetherian ring is noetherian. They deduced as a consequence that if V
is a finitely generated FZ-module over a commutative noetherian ring, then the sequence {V,,} admits an
inductive description, in the sense that for all sufficiently large integer N, one has
(1.1) V, ZcolimV (S) foreachneZ,;

SC[n]

[SI<N
where the colimit is taken over the poset of all subsets S of [n] such that |S| < N.

To provide the context for our present article, let us briefly describe the way in which is proved in

[4]. Suppose that V is a finitely generated FZ-module over a noetherian ring. For any finite set T, there is
a canonical homomorphism of R-modules

(1.2) cggqrpV(S) — V(T):
[SISN
Since V is finitely generated, there exists an integer N’ such that V is generated by L;<n/V;. It is easy to see
that the homomorphism (|1.2)) is surjective if N > N’. To prove the injectivity of ([1.2)) when N is sufficiently
large, Church, Ellenberg, Farb, and Nagpal constructed a (Koszul) complex §_,V of FZ-modules which has
the property that:
(H($_.V))(T) = Ker cglijm V(S) = V(T)
C

IT|-2<|S|<|T|-1

They verified that one has:

(1.3) colim V(S) = colim V (S):
SCT SCT
IT|-2<18I<|T| -1 IS|<|T]
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From the noetherian property of V , they proved that there exists an integer N’ such that (H;($_,V))(T) =0
if [T| > N”. As a consequence,
(1.4) cs(')ligﬂnV(S) =V (T) if [T|>max{N’;N"}:
C
[S1<|T|
Set N = max{N’;N”}. The homomorphism in (1.2} is an isomorphism if |T| < N, for T is terminal in the
poset {S | S C T}. It now follows by an induction on |T| that (L.2) is an isomorphism too if |T| > N, for:
colimV (S) = colim colimV (S) = colim V (U) =V (T);

SCT UucT Scu ucT
[SI<N UI<IT| |SISN [UI<IT|

where the first isomorphism is routine, the second isomorphism is by the induction hypothesis, and the third
isomorphism is by .

It was subsequently proved by Church and Ellenberg that for any FZ-module V over an arbitrary com-
mutative ring, if V is presented in finite degrees (in a suitable sense), then there are integers N’ and N’
such that V is generated by U;<n/V;, and (H1($_.V))(T) = 0 if |[T| > N”. Consequently, using the same
arguments as above, they showed that the isomorphism holds for all N sufficiently large. This extends
the result of their joint work with Farb and Nagpal to FZ-modules which are not necessarily noetherian
(since every finitely generated FZ-module over a commutative noetherian ring is presented in finite degrees).

The left-hand side of is isomorphic to the central stabilization construction of Putman [11, §1].
In their joint work, Putman and Sam generalized the isomorphism in to modules over complemented
categories with a generator of which FZ is an example. A complemented category with a generator X is the
data of a symmetric monoidal category and an object X satisfying a list of axioms. Their proof is similar to
the one for FZ described above.

A goal of our present paper is to give a very simple and transparent proof of a generalization of the above
results. In particular, our proof does not require consideration of the complex §_,V or similar complexes.
Moreover, the setting for our generalization is much simpler than the one of complemented categories with
a generator used by Putman and Sam [I2], and include many more examples; our generalization is, in fact,
motivated by the fact that several combinatorial categories studied by Sam and Snowden in [I4] do not fall
within the framework of [I2]. Another goal of our paper is to explain the role of the quadratic property of
FZ in the isomorphism .

Outline of the paper. This paper is organized as follows.

In Section [2] we define our generalization of the notion of central stability and introduce the notion of
d-step central stability. We show that in the special case of complemented categories with a generator studied
by Putman and Sam, our notion of central stability is indeed equivalent to their notion of central stability.
We also show that for the category FZ, it is equivalent to the inductive description .

In Section [3] we give a reminder of a key lemma from Morita theory. We then prove our first main result,
that a module is presented in finite degrees if and only if it is centrally stable. We deduce that if every finitely
generated module is neotherian, then every finitely generated module is centrally stable. We prove that the
converse of the preceding statement holds under a local finiteness assumption on the category when the base
ring is a commutative noetherian ring. To illustrate the wide applicability of our results, we recall examples
of combinatorial categories introduced by Sam and Snowden in [I4] which fall within our framework but are
not complemented categories with a generator.

In Section 4] we prove our second main result, that if the ideal of relations of a category is generated in
degrees at most d, then every module presented in finite degrees is d-step centrally stable; for example, if
the category is quadratic, then every module presented in finite degrees is 2-step centrally stable.

To apply our second main result, one needs to have a practical way to check that the ideal of relations of
a category is generated in degrees at most d. In Section [5] we give sufficiency conditions which allow one to
do this.

2. Generalities

2.1. Notations and definitions. We prefer to formulate our main results in the more familiar language
of modules over algebras. Throughout this paper, we denote by R a commutative ring and Z, the set of
non-negative integers.
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Let A be an R-linear category, i.e. a category enriched over the category of R-modules. We assume that
Ob(A) =Z, and Hom4(m;n) =0 if m > n. We set
M
(2.1) A= Hom 4(m; n):
m,n€Ob(A)

There is a natural structure of a (non-unital) R-algebra on A. (In the terminology of [I], A is a Z-algebra.)
We call A the category algebra of A. For each n € Ob(A), we denote by e,, the identity endomorphism of n.
For any m;n € Ob(A) with m < n, we set

€mn i=€m + €1+ -+, €A

One has: Ae,, ., = A&y, @A 11 @ @ Ae,. L

A graded A-module is an A-module V such that V = nEOb(A) e,V . Observe that if V is a graded
A-module, then any A-submodule of V is also a graded A-module.

A graded A-module V is finitely generated if it is finitely generated gp_an A-module. Equivalently, V
is finitely generated if for some N € Ob(A), there is an exact sequence ., Aegy — V — 0 where the
indexing set | is finite. A graded A-module V is noetherian if every A-submodule of V is finitely generated.

A graded A-module V is finitely presented if for some N € Ob(A), there is an exact sequence of the form

M M
Agg Ny — Aggy —V — 0

jeJ i€l
where both the indexing sets | and J are finite.

A graded A-module V is presented in finite degrees if for some N € Ob(A), there is an exact sequence

M M
(2.2) Aeg n — Agpy —V — 0

jeJ icl
where the indexing sets | and J may be finite or infinite. The smallest N for which such an exact sequence
exists is called the presentation degree of V|, and we denote it by prd(V ).

Remark 2.1. It is easy to see that if V is a graded A-module presented in finite degrees, then for every
N > prd(V ), there exists an exact sequence of the form (2.2), where | and J may depend on N.

The main definitions of this paper are as follows.
Definition 2.2. A graded A-module V is called centrally stable if for all N sufficiently large, one has
(2.3) Ae ®cac eV =V  where e =gy y:

Definition 2.3. Let d be an integer > 1. A graded A-module V is called d-step centrally stable if for all N

sufficiently large, one has
M
Ae ®ca. €V & e,V where e =ex_(4_1),N"
n>N—(d—1)

2.2. Inductive descriptions. We now explain the relation of our definition of central stability given above
to the notion of central stability given by Putman and Sam in [12] for complemented categories with a
generator, and the relation to the inductive description in the special case of FZ-modules as given by
Church, Farb, Ellenberg, and Nagpal [2, [4].

Let C be a small category such that Ob(C) = Z4, and Home(m;n) = @ if m > n. We denote by Ac the
R-linear category with Ob(A¢) = Z4 and Hom 4, (m;n) the free R-module with basis Home(m; n) for each
m;n € Z,. Let Ac be the category algebra of A¢; see .

Recall that a C-module over R is, by definition, a (covariant) functor from C to the category of R-modules.
For any C-module V over R and n € Z, we write V,, for V (n). If V is a C-module over R, then .,y Vn
is a graded Ac-module. This defines an equivalence from the category of C-modules over R to the category
of graded A¢-modules. V\ie_say that a C-module V over R has a certain property (such as centrally stable)
if the graded Ac-module nEOD(C) V,, has the property.

For any M;N € Ob(C) with M < N, we write Cps n for the full subcategory of C on the set of objects
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where € = ey n. Let an : Car,nv — C be the inclusion functor. We define the restriction functor Resys, n
along a7 N by
Resps v @ (category of C-modules over R) — (category of Cps y-modules over R);
V+—Vo M,N-
The left Kan extension functor Lanps y along as n is aleft adjoint functor to Resys, v ; for every Cps y-module
V over R and n € Ob(C), one has:
(2.4) (Lanp NV ), = goslg% Vg
M<s<N

where Vg = V (s) and the colimit is taken over the (comma) category whose objects are the morphisms
:S — nin C such that M <'s < Nj see [7, Theorem 2.3.3] or [10] Section X.3, (10)].
The following proposition gives a reformulation for the notions of central stability and d-step central
stability for C-modules over R.

Proposition 2.4. LetV be a C-module over R. For every M;N € Ob(C) with M < N, one has:
M M
(2.5) (LanM,N(ResMyNV ))n = AL ®ee € vV, where A = A¢c and e = eym,N:
n€Ob(C) neOb(C)

In particular, V is centrally stable if and only if for all sufficiently large N, one has

V,, = S%ILH}L Vs for eachn € Z,:
s<N

Moreover, V is d-step centrally stable if and only if for all sufficiently large N, one has
V, & colim  V,  foreachn>N —(d—1):

S—n
N—(d=1)<s<N

Proof. Let e = ey, n. For any C-module V over R, one has
M M
(ReSMJvV )n =€ Vn .
M<n<N n€eOb(C)

Since the functor:

(category of eAe-modules) — (category of graded A-modules);
W — Ae ®cae W,

is left adjoint to the functor:

(category of graded A-modules) — (category of eAe-modules);

V — eV;
it follows that for any Cps,y-module W over R, one has
M M
(LanM,NW)n =~ Ae Rede W, :
M<n<N M<n<N

We have proven the isomorphism (2.5). The remaining statements now follow from the formula (2.4). O

A complemented category with a generator, in the sense of Putman and Sam [12], is the data of a
symmetric monoidal category A and an object X of A satisfying a list of axioms. We do not recall those
axioms here since we will not need them; however, a consequence of the axioms is that the full subcategory
C of A on the set of objects X™ for n € Z, is a skeleton of A, and Hom¢(X™; X") = @ if m > n. We may
identify the set of objects of C with Z, in the obvious way. Following Putman and Sam [12, Theorem E], an
A-module V over R is centrally stable if for all sufficiently large N, the functor V is the left Kan extension of
the restriction of V to the full subcategory of A spanned by the objects isomorphic to X™ for some n < N.

Corollary 2.5. Let A be a complemented category with a generator X. Suppose that C is the skeleton of A
spanned by the objects X™ for alln € Z,. LetV be an A-module over R, and regard V also as a C-module by
restriction along the inclusion functor C — A. Then V is centrally stable in the sense of Putman and Sam
[12, Theorem E] if and only if V is centrally stable as a C-module over R.

Proof. This is immediate from ([2.5)). |
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The full subcategory of FZ spanned by the objects [n] for all n € Z is a skeleton of FZ. In the following
corollary, we identify the set of objects of this skeleton with Z, in the obvious way.

Corollary 2.6. Suppose that C is the skeleton of FZ spanned by the objects [n] for alln € Z,. LetV be
an FZ-module over R, and regard V also as a C-module by restriction along the inclusion functor C — FT.
Then V is centrally stable as a C-module over R if and only if for all sufficiently large N, the isomorphism

(1.1) holds.
Proof. By Proposition it suffices to show that

colim V, = %oli[nfv (S):
[0 %] n Cln
SSN ISI<N

But this is immediate from the observation that the natural functor:
{ | €Homgz([s];[n]) and s <N} — {S|S C[n]and |[S| < N};
— Im( );

is final; see [I0, Theorem IX.3.1]. (Some authors refer to final functors as cofinal functors. See, for example,
[7, Definition 2.5.1].) O

Let us also mention that for a principal ideal domain R, Dwyer defined the notion of a central coefficient
system in [6] to mean a sequence , of GL,(R)-modules and maps F,, : , — 41 such that F, is a
GL,(R)-map (when ,4; is considered as a GL,(R)-module by restriction) and the image of F,+1F, is
invariant under the action of the permutation matrix S, 2 € GL,4+2(R) which interchanges the last two
standard basis vectors of R"™2. Suppose that C is the skeleton of FZ spanned by the objects [n] for all
n € Zy. A central coefficient system defines a C-module V over R with V,, = ,, and such that the
standard inclusion [n] — [n + 1] induces the map F,,. If V is finitely generated as a C-module over R, then
by [, Theorem C] it is a centrally stable C-module over R.

3. Central stability

3.1. Key lemma. The following lemma is a standard result in Morita theory; see, for instance, [5, Theorem
6.4.1]. We recall its proof here since it plays a key role in the proof of our main results.

Lemma 3.1. Let A be any (possibly non-unital) ring, and e an idempotent element of A. IfV is an A-module

such that, for some indexing sets | and J, there is an exact sequence
M
(3.1) Ae — Ae —V —0;

jeJ iel
then Ae ®qa. €V = V.

Proof. Applying the right-exact functor Ae ®.4. €(—) to (3.1)), we obtain the first row in the following
commuting diagram:

I
(3.2) jeJAe RecAc €A —— ;AL R4 BAE — A€ ®cac 8V —0

R N |

Ae ——M— Ae \% 0

jeJ i€l
Both the rows in (3.2) are exact. Since the two leftmost vertical maps are isomorphisms, the rightmost
vertical map is also an isomorphism. O

3.2. Central stability and presentation in finite degrees. Let A be an R-linear category such that
Ob(A) =Z, and Hom 4(m;n) = 0 if m > n. Denote by A the category algebra of A; see (2.1)).

Theorem 3.2. Let V be a graded A-module. Then V is presented in finite degrees if and only if it is
centrally stable. Moreover, if V is presented in finite degrees, then the isomorphism (2.3|) holds if and only
if N > prd(V).
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Proof. Suppose that V is presented in finite degrees, and N > prd(V ). Then there is an exact sequence (2.2))
with e = eg y; see Remark Hence, by Lemma [3.1] one has Ae ®ca. eV =V.

Conversely, sjippose that N_is an integer such that Ae ®ca. €V = V, where € = €y . There is an
exact sequence ;. ;eAe — ,_,eAe — eV — 0 for some indexing sets | and J. Applying the functor
Ae®. 4. (—), we obtain an exact sequence of the form with e = €y . Therefore, V is presented in finite
degrees and N > prd(V). O

Corollary 3.3. If every finitely generated graded A-module is noetherian, then every finitely generated graded
A-module is centrally stable.

Proof. If V is a finitely generated graded A-module, then V is finitely presented, hence centrally stable by
Theorem O

The above proofs are very simple in comparison to the proofs for the special cases given in [2, Theorem
B|, [, Theorem C], and [I2, Theorem E]. Let us emphasize, however, that the crux is to recognize that the
notion of central stability in [2] 4] 12] can be reformulated in Morita theory; this was not a priori obvious.

3.3. Central stability and noetherian property. We prove a partial converse to Corollary [3.3]

Let A be an R-linear category such that Ob(A) = Z; and Hom4(m;n) = 0 if m > n. Denote by A
the category algebra of A; see . We say that A is locally finite if Hom 4(m;n) is a finitely generated
R-module for all m;n € Z,..

Corollary 3.4. Suppose that R is a commutative noetherian ring and A is locally finite. If every finitely
generated graded A-module is centrally stable, then every finitely generated graded A-module is noetherian.

Proof. Let V be a finitely generated graded A-module and U a (graded) A-submodule of V. We want to
prove that U is finitely generated as a graded A-module. Since V=U is a finitely generated graded A-module,
it is centrally stable, hence presented in finite degrees by Theorem Thus, for some N € Ob(A), there is
a commuting diagram

jeJAeo,N — > eI Ae07N V=U 0
S
0 U V V=U 0:

It suffices to prove that both Im(g) and Coker(g) are finitely generated graded A-modules.

By the Snake Lemma, there is an isomorphism Coker(g) = Coker(f), so Coker(g) is a finitely generated
graded A-module.

Since A is locally finite and V is finitely generated as a graded A-module, it follows that €y y'V is a finitely
generated R-module, hence ey xV is a noetherian R-module. But Im(g) is generated as a graded A-module
by eo,nIm(g), and ey yIm(g) is an R-submodule of the noetherian R-module ey xV , hence Im(g) is finitely
generated as a graded A-module. (Il

3.4. Examples. Let us mention some examples of combinatorial categories introduced by Sam and Snowden
[14] which fall within our framework. The central stability of modules presented in finite degrees for these
categories follow from Theorem [3.2] (and were not previously known).

In the following examples, the set of objects of the category C is Z,. For any n € Z,, we set [n] :=

(i) C = FZ, where a is an integer > 1. For any m;n € Z,, a morphism m — n in FZ, is a pair
(f;c) where T : [m] — [n] is an injective map and ¢ : [n] \ Im(f) — [a] is any map. The composition of
(f1;¢1) : m — nand (fz;¢2) : N — © is defined to be (fy 0 fy;¢) : m — © where c(i) = ¢1(j) if i = F(j) for
some j € [n] \ Im(Fy), and c(i) = co(i) if i € [*] \ Im(Fy).

(ii) C = OZ, where a is an integer > 1. For any m;n € Z,, a morphism m — n in OZ, is a pair (f;c)
where T : [M] — [n] is a strictly increasing map and ¢ : [n] \ Im(f) — [a] is any map. The composition of
morphisms is defined in the same way as above for FZ,.

(iii) C = FS°P, the opposite of the category FS. For any m;n € Z,, a morphism n — m in FS is a
surjective map [n] — [M]. The composition of morphisms in FS is defined to be the composition of maps.

It was proved by Sam and Snowden [14] that for the categories C in (i)-(iii) above, every finitely generated
graded C-module over a commuatative noetherian ring is noetherian (and hence they are centrally stable by

Corollary .
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4. d-step central stability

4.1. Ideal of relations. Suppose V is a finitely generated FZ-module over a commutative noetherian ring.
The isomorphism says that, provided N is sufficiently large, V can be recovered from its restriction to
the full subcategory of FZ on the set of objects {S € Ob(FZ) | |S| < N}; using the isomorphism (1.3)), we
see that in fact we can recover V (S) for |S| > N using only the restriction of V to the full subcategory of
FT on the set of objects {S € Ob(FZ) | N —1 < |S| < N}. The purpose of the present section and the
next is to show that this is a consequence of the quadratic property of FZ. More generally, we shall prove
that if the ideal of relations of a category algebra A is generated in degrees < d (in the sense of Definition
below), then any graded A-module which is presented in finite degrees is d-step centrally stable.

Let A be an R-linear category such that Ob(A) = Z; and Hom_4(m;n) = 0 if m > n. Denote by A the
category algebra of A; see . For any m e Z, let

&(m; m) := End 4(m);
for any n > m+ 1, let
A(m;n) := Hom4(N — 1;N) ®gnd 4 (n—1) * * - Q@Bnd.a(m+1) Homa(m;m 4 1):

We define a R-linear category & with Ob(&) = Z, by Hom z(m;n) = &(m;n) if m < n, and Hom z(m;n) = 0
if m > n. There is a natural R-linear functor from £ to A which is the identity map on the set of objects.
For any n > m, let B(m; n) be the kernel of the map &(m; n) — Hom _4(m;n). One has B(m; n) = 0 whenever
nismor m+ 1.

Definition 4.1. Let d be an integer > 1. We say that the ideal of relations of A is generated in degrees < d
if, whenever n > m + 2, the map &(m; n) — Hom_4(mM; n) is surjective, and whenever n > m + d, one has:

>
(4.1) B(m;n) = A(r +d;n) @pna(r+a) BT+ d) @pna ) &AM r):

Remark 4.2. If d = 1, so that the ideal of relations of A is generated in degrees < 1, then B(m;n) = 0 for

every m and n, and so & and A are the same. In most interesting examples, one has d > 2.

Remark 4.3. If d = 2, so that the idggjjof relation of A is generated in degrees < 2, then A is a quadratic

algebra whose degree K component is Hom 4 (m; m+Kk) for each k € Z;. Many combinatorial categories
mEZLy

such as FZ,, O, and FS°P are quadratic; see Section [5| below.

Example 4.4. Fix a finite totally ordered set 2. Recall (see [8]) that the plactic monoid M on € is the
monoid generated by €2 with defining relations

xzy =zxy ifx<y<z;
yxz =yzx ifx<y<z

An element w € M is said to be of length “(w) = n if w is a product of n elements of ; it is clear that “(w)
is well-defined. Now define C to be the category with Ob(C) = Z, and

‘(W)y=n-m}:
The composition of morphisms in C is given by the product in M. Then the category algebra A¢ is not
quadratic but has ideal of relations generated in degrees < 3.

Home(m;n) ={weM

It is plain that the preceding example can be generalized to any monoid with a presentation whose defining
relations do not change the length of words.

4.2. d-step central stability. The following theorem is the second main result of this paper.

Theorem 4.5. Let d be an integer > 1. Suppose the ideal of relations of A is generated in degrees < d. If
a graded A-module V is presented in finite degrees, then V is d-step centrally stable.

To prove Theorem we need the following lemma.

Lemma 4.6. Suppose the ideal of relations of A is generated in degrees < d. IfV is a graded A-module,
and N >N >m-+d, then

e AT @par fV = e, Ae®cac8V  wheree=¢en N, T =e€npin:
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Proof. Observe that
e, Ae = e, Ae,, ® e, AT, eV =¢,V & TV:
We have a natural map

D : enAf ®fAf fv — enAe ReAe eV:

We shall construct a map ¥ inverse to ®. First, define the maps

E(m;n) @r e,V

lﬂ ~

Hom4 (M + 1;N) ®pnd , (m+1) Homa(m;m + 1) ®r €,V L e AT ®@pap TV

Hom 4(M;n) ®g e,V
where

and are the obvious maps defined using composition of morphisms, and €is defined by & ® ®x) =

® X. The map is surjective and its kernel is the image of . Using (4.1) and Hom4(m+1; m+d) C fAF,

we see that € = 0. Therefore, € factors uniquely through to give a map

:Hom(m;n) @r e,V — e, Af @par FV:

Now define
L e, Ae®peV — Af ®fAf fv
by s
< ( ®x) if €e,Ae, andX€e,V;
¢ 9x)=_ ®X if €e,Af and x € fV;

-0 otherwise :

It is plain that € descends to a map

Ve, Al ®.a. 8V — AT Rraf fV;

and ¥ is an inverse to ®.
We can now prove Theorem

Proof of Theorem[{.5, By Theorem for all N sufficiently large, one has

A€o N Rey v Aeo n BONY EV;

in particular, for each n € Z, one has €,A€y N ®¢, y Aco n 0,8V =€,V
Ifn>N >d—1, then by Lemma [£.6]

€nABN —(d—1),N Pen_a_1) nAen_a—1y.n EN—(d—1),NV ZEnABN_d N Qey 4 yAen gy EN—d,NV
= €,A€0,N Pcy yAcon €0,NV
If N —(d—1) <n<N, the map

enACN _(d—1),N ®en_(a_1ynAen—_(a_1yn EN—(d-1),NY = €V;  ®@X— X

has an inverse defined by X — €, ® X.
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5. Sufficiency conditions

5.1. Sufficiency conditions. To apply Theorem we need to be able to check if the ideal of relations
of A is generated in degrees < d. In this section, we provide sufficiency conditions which allow one to check
this.

Let C be a small category such that Ob(C) = Z, and Home(m;n) = @ if m > n. Recall that Ac is the
R-linear category with Ob(A¢) = Z4 and Hom 4, (m;n) the free R-module with basis Home(m; n) for each
m;n € Z,. Let Ac¢ be the category algebra of Ac; see (2.1)).

Definition 5.1. We say that the ideal of relations of C is generated in degrees < d if the ideal of relations
of A¢ is generated in degrees < d.

Proposition 5.2. Suppose d > 2. The ideal of relations of C is generated in degrees < d if the following
two conditions are satisfied:

(i) The composition map Home(l; n) X Home(m; 1) — Home(m; N) is surjective whenever m <1 < n.

(ii) For every 1; o€ Home(M+1;n) and 1; 2 € Home(mM; m+ 1) satisfying

11= 292 and N>m+4d;
there exists € Home(m-+d;n) and 1; 2 € Home(m+1;m+d) such that the following diagram commutes:
(5.1) m+ 1

>
N

m+1

Proof. Condition (i) implies that & (m;n) — Hom 4. (m;n) is surjective if N > m + 2. We shall prove, by
induction on N — m, that (4.1)) holds. The case n —m = d is trivial. Now suppose n —m > d. Let

.,Qc(m; n) LN Hom 4. (m+ 1; n) ®EndAc (m+1) HOInAc(m; m + 1) 22, Hom 4. (m; n)

be the obvious maps defined by composition of morphisms. It is easy to see (and can be proved in the same
way as |9, Lemma 6.1]) that B(m;n) is spanned over R by elements of the form

(5.2) 1 ® @ m— 1 Q- ®
such that ;; [ € Home(i;i+1) fori=m;:::;n—1land 1+ ;= J,_y--- /.. By condition (ii), there
exists € Home(m+d;n) and ;; 3 € Home(M + 1;m + d) such that

n—1°""" m+l = 1, ;71"':7”1: 2, 1m= 2;,13

We can choose
e=e,_ 1®~~®em+deﬁc(m+d;n);
where €; € Home(i;i+ 1) fori=m+4d;:::; — 1, such that €,_1---€,.4 = . We can also choose
e_e+d 1® - ®€ 1 € Be(M+1;m+d);
where € € Home(i;i+1) fori=m+1;:::;m+d — 1, such that €,,, 4 1---€,,1 = 1. Similarly, choose
=1 ® @8, € Ae(M+1im+d);

where € € Home (i;i+1) fori =m+1;:::;m+d—1,such that €, ,---€ ., = 5. The element in 1'
can be written as:
(e1® @ m1—-eR9® —(1,190® n,1—eR¥ e | +tex®® ,—-%® )

Since

ne1® ® mi1—e®€e B(m+1;n);

Pa®ee® L —e®® e Bm+1;n);

€ n—¥® ! € fmm+d);

the result follows by induction. ]
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Corollary 5.3. Suppose that C satisfies the two conditions in Proposition[5.9 for some d > 2. If a C-module
V is presented in finite degrees, then V is d-step centrally stable.

Proof. By Proposition [5.2] the ideal of relations of C is generated in degrees < d. Hence, we may apply
Theorem A5 O

Remark 5.4. Suppose that C satisfies condition (i) in Proposition and its ideal of relations is generated
in degrees < d. In this case, condition (ii) might not hold, so it is not a necessary condition. For example,
suppose that d = 2, and one has

Home(0;1) ={ 1; 2; 3}y Home(1;2) ={ 1; 5 5 45 Home(2;3)={1; 9}
with the defining relations
i 1= ;/), 31 2 2= 4 3 i

as depicted in the following diagram:

0—F———1 3
x /84/1 /
1— =9
Ba
Let = [ fand o= 4 4. Then one has
o o 7] 7 _ .
11= 11 1= 133~ 2 43= 222~ 22

On the other hand, it is easy to see that there do not exist , 1 and 5 such that the diagram in (5.1) (with
d=2, m=0,n=3) commutes.

5.2. Examples. Using Proposition one can easily check, for example, that (a skeleton of) FZ is qua-
dratic. Let C be the full subcategory of FZ on the set of objects {[n] | n € Z,}. Tt is easy to see that
C satisfies condition (i) in Proposition We need to verify condition (ii). Thus, suppose that we have
injective maps:

1; 2:[mM+1] —[n] and 1 2: M — M+ 1];
such that 10 1= 50 gand N> m+ 2. Since

[Tm( 1) UIm( )| =|Im( 1)+ [Im( 2)|—|Im( 1) NIm( )| < (M+1)+(M+1)—m=m+2;

we can choose S C [n] such that Im( ;) UIm( 2) C S and |[S| = m+2. Let :[m+ 2] — [n] be any
injective map whose image is S. Then there exists a unique map 1 (respectively o) such that o ;= ;4
(respectively o 5 = 5). Clearly, ; and 5 are injective. We have:

© 10 1= 10 1= 20 2= 0 20 9!

Since is injective, it follows that ;o 1 = 50 5. Therefore, it follows from Proposition that C (or
more precisely, the algebra A¢) is quadratic.

Similarly, one can apply Proposition to show that the categories FZ,, OZ,, FS°P, and VI(F) are
quadratic, where for any field F, the set of objects of VZ(F) is Z; and the morphisms m — n are the injective
linear maps F™ — F™.

L
Remark 5.5. A twisted commutative algebra E is an associative unital graded algebra E = n>0 En where
each E,, is equipped with the structure of an S,-module such that the multiplication map E,, ® E,;, = E, 1
is S, X Spp-equivariant, and yx = (xy) for every X € E,,, y € E,,, (where € S,,4,,, switches the first n

R-linear category A with Ob(A) = Z; and
Hom 4(m;n) = RS, ®grs E._m:

In particular, when E is the twisted commutative algebra with E,, the trivial S,,-module for every n (and
with the obvious multiplication map), the R-linear category A we obtained is precisely the category Ac
associated to a skeleton C of FZ. One might ask if the category algebra of every category A obtained from

n—m
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wisted commutative algebra is quadratic. This is not true. For example, let d be any integer > 2, and
E be the twisted commutative algebra with E,, the trivial S,-module if n < d, otherwise let E,, = 0; the

multiplication map of E is defined in the obvious way. Then E gives rise to an R-linear category A with
the property that the ideal of relations of its category algebra is generated in degrees < d, but the category
algebra is not quadratic.

(1]

(10]
(11]
[12]

(13]
14]

Co

References

A. Bondal, A. Polishchuk, Homological properties of associative algebras: the method of helices, Russian Acad. Sci. Izv.
Math. 42 (1994), no. 2, 219-260.

T. Church and J. Ellenberg, Homology of FI-modules, to appear in Geo. Topo., arXiv:1506.01022v1.

T. Church, J. Ellenberg, B. Farb, FI-modules and stability for representations of symmetric groups, Duke Math. J. 164
(2015), no. 9, 1833-1910, arXiv:1204.4533v4.

T. Church, J. Ellenberg, B. Farb, R. Nagpal, FI-modules over Noetherian rings, Geom. Top. 18-5 (2014), 2951-2984,
arXiv:1210.1854v2.

P.M. Cohn, Algebra, Vol. 3, Second edition, John Wiley & Sons, Ltd., Chichester, 1991.

W.G. Dwyer, Twisted homological stability for general linear groups, Ann. of Math. (2) 111 (1980), no. 2, 239-251.

M. Kashiwara, P. Schapira, Categories and sheaves, Grundlehren der Mathematischen Wissenschaften, 332, Springer-
Verlag, Berlin, 2006.

A. Lascoux, B. Leclere, J. Y. Thibon, The plactic monoid, in Algebraic Combinatorics on Words, ed. M. Lothaire, Ency-
clopedia of Math. and Appl., Vol. 92, Cambridge University Press, 2002, pp. 164-196.

L. Li, A generalized Koszul theory and its application, Trans. Amer. Math. Soc. 366 (2014), no. 2, 931-977,
arXiv:1109.5760v3.

S. Mac Lane, Categories for the working mathematician. Second edition. Graduate Texts in Math., 5. Springer-Verlag,
New York, 1998.

A. Putman, Stability in the homology of congruence subgroups, Invent. Math. 202 (2015), no. 3, 987-1027,
arXiv:1201.4876v5.

A. Putman, S. Sam, Representation stability and finite linear groups, arXiv:1408.3694v2.

S. Sam, A. Snowden, Introduction to twisted commutative algebras, arXiv:1209.5122.

S. Sam, A. Snowden, Grobner methods for representations of combinatorial categories, J. Amer. Math. Soc. 30 (2017),
159-203, arXiv:1409.1670v3.

Department of Mathematics, University of California, Riverside, CA 92521, USA
E-mail address: wlgan@math.ucr.edu

Key Laboratory of Performance Computing and Stochastic Information Processing (Ministry of Education),
Ilege of Mathematics and Computer Science, Hunan Normal University, Changsha, Hunan 410081, China
E-mail address: 1ipingli@hunnu.edu.cn



	1. Introduction
	Outline of the paper

	2. Generalities
	2.1. Notations and definitions
	2.2. Inductive descriptions

	3. Central stability
	3.1. Key lemma
	3.2. Central stability and presentation in finite degrees
	3.3. Central stability and noetherian property
	3.4. Examples

	4. d-step central stability
	4.1. Ideal of relations
	4.2. d-step central stability

	5. Sufficiency conditions
	5.1. Sufficiency conditions
	5.2. Examples

	References

