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1. Introduction

We consider applications which involve the solution of Poisson’s equation on evolving domains that can change shapes,
merge, and split up. Such applications include multiphase fluid computations [5], Mullins-Sekerka type free boundary prob-
lems [37,52] and iterative solutions to certain inverse problems, e.g. [7]. In these applications, one of the main challenges is
to accurately capture the evolution of the domain boundaries which depends on the solution of Poisson’s equation on the
evolving domain with appropriate boundary conditions. For such type of applications, the level set method [39] is widely
used to track the evolution of the boundary. With all these considerations in mind, we propose a novel technique based
on integral equations for solving Poisson’s equation with a class of boundary conditions defined on the interface. We con-
centrate on

Au(x) = o (x) in Q
{ u(x) =(x) or %% — g(x) on o0 M

Y

for a fixed domain Q, but we will keep in mind that Q may depend on some other variables, for example time in our target
applications. Various numerical methods have been proposed to solve elliptic problems such as (1), including finite element
methods [4,14,23,24,26], finite difference techniques [5,10,19,27,28,30], the immersed interface method [30,31] and bound-
ary integral methods [3,25]. The theory of finite element methods for elliptic problems is well established, and there are
sophisticated and highly accurate algorithms for solving such problems. In addition, finite element based methods can han-
dle the variable coefficient version of (1) and therefore many other elliptic problems. On the other hand, finite element meth-
ods require an explicit representation (e.g. triangulation) of the domain which makes these types of methods less tractable in
the case of an evolving domain. Indeed, if the domain is changing in time it will be necessary to constantly remesh it in order

* Corresponding author.
E-mail addresses: kublik@math.utexas.edu, ckublikl@udayton.edu (C. Kublik).

0021-9991/$ - see front matter Published by Elsevier Inc.
http://dx.doi.org/10.1016/j.jcp.2013.03.049


http://crossmark.dyndns.org/dialog/?doi=10.1016/j.jcp.2013.03.049&domain=pdf
http://dx.doi.org/10.1016/j.jcp.2013.03.049
mailto:kublik@math.utexas.edu
mailto:ckublik1@udayton.edu
http://dx.doi.org/10.1016/j.jcp.2013.03.049
http://www.sciencedirect.com/science/journal/00219991
http://www.elsevier.com/locate/jcp

280 C. Kublik et al./Journal of Computational Physics 247 (2013) 279-311

to track its shape and movement, and frequent remeshings can be costly, particularly if the domain is subject to large defor-
mations or topological changes.

In [5], the authors present a second order accurate method for solving elliptic problems on irregular domains. Their ap-
proach is to use a hybrid finite difference-element method and embed the domain in a cartesian grid. The solution is then
obtained by minimizing an energy functional. They also use a polygonal representation of the domain boundary which leads
to extra computations when finding intersection points between the boundary and the grid. One of the main benefits of this
technique, outside its second order accuracy, is its ability to handle variable coefficient elliptic equations. In addition, this
numerical scheme is natural for Neumann boundary conditions in the sense that the resulting linear system can be solve
efficiently. However, the extension of the method to Dirichlet boundary conditions is not as natural and extra care has to
be taken to solve the linear system efficiently.

Finite difference techniques are also popular choices for solving (1) in applications of the level set methods [20,32]. In the
work of Gibou and Fedkiw [19], the domain boundary is described implicitly by a level set function and the elliptic operator
discretized using a finite difference scheme. On grid nodes away from the interface a standard centered finite difference sten-
cil is used. For grid nodes near the interface, the parts of the finite difference stencil that lie outside of the domain are re-
placed by values that are constructed by extrapolation using the boundary condition at the interface and the grid nodes
inside the domain. The accuracy of this scheme depends on the order of the stencil used in the finite difference method
and on the order of the extrapolation method. The authors can achieve fourth order accuracy by using a fourth order stencil
and a cubic extrapolation. This scheme can solve elliptic equations with variable coefficients and is natural for the interior
problem with Dirichlet boundary conditions but is likely more involved if Neumann boundary conditions need to be imposed
or if the equation needs to be solved on the exterior of the domain. In the work of Min etal. [36] the authors propose a sec-
ond-order finite difference scheme for solving the variable coefficient Poisson’s equation on regular domains using non-
graded adaptive grids (i.e., grids for which the difference in size between two adjacent cells is not constrained). For numer-
ical efficiency, they use quadtrees (in 2D) and octrees (in 3D) to represent the Cartesian grid. This scheme is extended in the
work of Chen et al. [8] to irregular domains and the heat equation. Using these schemes the solution of Poisson’s equation
and the heat equation is obtained efficiently on locally adaptive grids. We note that most of the finite difference based
schemes described above (except for the work of Min et al. [36] and Chen et al. [8] which are already on locally adaptive
grids) may be difficult to extend to local level set methods in which the grids are created only in narrow bands around
the interface.

The Immersed Interface Method (IIM) [30,31] is a popular technique for solving elliptic equations on arbitrary domains,
particularly if the coefficients in the equation are discontinuous. This technique uses an adaptive finite difference scheme
with a locally adaptive stencil. When the stencil is applied at points near the interface, it may be necessary to use points that
lie outside of the domain. The method adaptively assigns values to these points based on the jump conditions of the coef-
ficients or sources along the interface. Unlike finite element methods, the immersed interface method can be used with an
implicit representation of the domain boundary.

In contrast with the schemes described above, boundary integral methods use an integral representation of the solution,
namely the solution is defined by an integral of a suitable potential over the interface. Boundary integral methods could be
restrictive however, since they are only practical on problems where the fundamental solution of the PDE can be conve-
niently calculated. Consequently, it is not convenient to solve variable coefficient elliptic problems using these formulations.
Nevertheless, boundary integral methods provide a powerful and accurate technique for the solution of linear boundary va-
lue problems with constant coefficients, which arise in many applications including sonar, cell phone and radio antenna de-
sign. In addition, these methods enable boundary conditions to be treated automatically, including boundary conditions at
infinity. For instance, if Dirichlet boundary data are given, boundary integral methods reformulate the problem as an integral
equation of the form

fx) = / K Y(©)ds + 7). x€ o0 )

where K is a kernel that relates to the fundamental solution of (1) and y(s) is a parameterization of 9Q. To obtain the solution
of (2), we first solve for the unknown density function y defined on the domain boundary 9Q and then construct the solution
u as

ux) = ,)QV(Y(S))K(XJ(S))ds, XeQ,
where K may be a different kernel related to the fundamental solution of (1). Numerical schemes based on boundary integral
equations typically use high order quadratures on smooth explicitly parameterized boundaries, and may be made compu-
tationally more efficient through various techniques such as Fast Multipole Methods, e.g. [17,22,41], the hierarchical matrix
framework [6], wavelet based techniques [12,34] and multidirectional algorithms [16].

In this paper we present a formulation for computing integrals of the form [, (x(s))ds in the level set framework, and
with it we propose a boundary integral method where the domain boundary is described by its signed distance function to
the boundary and an equivalent integral equation is formulated on a thin tubular neighborhood around the boundary. With-
in the tubular neighborhood of the boundary, the integral is discretized directly by the underlying grid. Typically in a level
set method, to evaluate an integral of the form f, v(x(s))ds where 0Q is the zero level set of a continuous function ¢, it is
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necessary to extend the function v defined on the boundary 0Q to R", such that its restriction onto 9Q coincides with ». The
extension of ¢, denoted 7, is typically a constant extension of ». The integral is then approximated by an integral involving a
regularized Dirac-é function concentrated on 0, namely

[ vixsnds~ [ o) Vol
JOQ R"

Various numerical approximations of this delta function have been proposed, see e.g. [15,45,47,51]. In this paper, by parame-
terizing integrals over 0Q using nearby level sets of ¢ and averaging over these different parameterizations, we derive the
identity

/ V(x(s))ds = / PR (X)3(P(X)) |V ()],
aQ JRY

where J(x) on the right hand side is the Jacobian that accounts for the change of variables made in each parameterization of
the integral on the left hand side. With this formulation, we propose a numerical method based on integral equation formu-
lations for solving the Poisson problem with constant coefficients, subject to Dirichlet, Neumann, Robin or mixed boundary
conditions. Our formulation involves projecting grid nodes located nearby the domain boundary onto their closest points on
the boundary. As a result, our algorithm is simple, solves both the interior and exterior problem, handles moving boundaries
easily and is applicable to various meshes without the need to approximate the interface by finding the intersection points
between the boundary and the grid. In addition, since our algorithm does not rely on uniform grids, it can be naturally used
in applications that utilize different narrow banding, local level set, or adaptive gridding techniques [1,35,40,46]. We note
that the formulation we propose here gives an exact formulation for computing boundary integrals in the level set frame-
work, and provides a natural way of defining and computing boundary integrals in applications using the closest point for-
mulations [33,43].

The paper is organized as follows. In Section 2, we present the integral equations we shall solve in this paper and give a
brief description of previous numerical methods that have been developed for solving these types of integral equations. We
describe our new formulation in Section 3 and introduce the corresponding algorithm in Section 4. We finish by presenting
some numerical results in two and three dimensions in Section 5 and conclude in Section 6.

2. Boundary integral methods for the Poisson problem

We present below the boundary integral formulations most relevant to this paper. For simplicity, we limit our presenta-
tion to the solution of Poisson’s equation in the interior of a bounded domain Q. The solution of the exterior problem can be
derived accordingly. We note that in this paper, the exterior problem describes Poisson’s equation on an unbounded domain
with adequate boundary conditions. In Appendix B, the reader can find a detailed derivation of these formulations.

2.1. Integral equation formulations for Poisson’s equation

We begin by considering the Dirichlet problem for Poisson’s equation,

Au(x) = yo(x) in Q,
tu

X) =f(x) on 9Q. 3

Since Dirichlet boundary conditions are imposed, we introduce an unknown density f defined on the boundary 0Q and rep-
resent the solution u of (3) using the double layer potential formulation

up) = [ py(s) 22V

ds+/¢>xyn,bo(y)dy xeQ,
oQ any

where @ is the fundamental solution of Laplace’s equation defined in (48) in Appendix B. The Dirichlet problem is solved as
follows:

1. Find the density 8 defined on 9Q such that

[ o) "2 ds 4300 =10 - [ e ybolyidy. forxe 00 @)

2. Reconstruct the solution u in Q using the double layer potential formulation

/ﬂ 8<ny ds+/(bxyw0( Ydy, forxeQ.

We now consider the Neumann problem
Au(x) =(x) inQ,
”(‘;Tf =g(x) on 0Q such that [, g(x(s))ds = [, ¥o(x)dx
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We observe that

_ ou(x(s)) ,
/QAu(x)dxflQ “on, dsf/szO(x)dx

Thus, in order for the Neumann problem (5) to have a solution, it is necessary to impose the compatibility condition

/ g(x(s))ds = / Yo(x)dx (6)
oQ Q

on g. Let us note also that the solution to the Neumann problem is not unique. As a result, it is necessary to prescribe addi-
tional conditions on the solution u in order to make it unique. In fact the number of conditions that need to be imposed on u
is the number of connected components of the domain Q. In this work we choose to impose that the solution u takes specific
values at a few chosen points inside Q, namely if the domain Q has m connected components, we pick m points such that
each point lies inside a distinct connected component. We shall solve the Neumann problem using the single layer potential
formulation. Unlike the Dirichlet problem where both formulations may be used (see Appendix B), the single layer potential
formulation is the only practical representation of the solution of the Neumann problem. The steps for solving the Neumann
problem are as follows:

1. Find the density « defined on the domain boundary oQ such that

/ a(y(s))%ds—%a(x):g(x) /M)(X Y yo)dy,  for x € 6Q. (7)
oQ X JQ

2. Reconstruct the solution u in Q using the single layer potential formulation

ux) = / A+ / O, yWoy)dy, forxeQ

Remark 1. Our algorithm also solves Poisson’s equation subject to boundary conditions of the form

) + per) 2 — gix), (8)

Ny

where x € 9Q, and ¢ and p are functions in L' (9Q, R). Note that if ¢ and p are constant we recover the Robin boundary con-
ditions. In addition, if o(x) = 6o(x)1r,(x) and p(x) = py(X)1sa\r, (X) Where I'g is a subset of 9Q and 1, (-) is the characteristic
function of Iy, we recover the mixed boundary conditions u(x)|r, = go(x) and ‘7 = po(x). For the general boundary
conditions (8), the algorithm becomes

1. Find the density « defined on the domain boundary 9Q such that

" ob(x,y(s X od(x,
[ (ot00eyis) + o0 5D Yoty ds - L300 g0 - [ (o0 + 000202 )potidy. forxe o
oQ X Q X
2. Reconstruct the solution u in Q using the single layer potential formulation

u(x) = / Ay + L DX,y)o(y)dy, forx e Q

2.2. A brief overview of numerical methods for boundary integral methods

For each of the boundary integral equations obtained in the previous section, we need to solve a Fredholm equation of
either the first or second kind. In other words, we need to find a function y defined on 9%, such that

/ P($)K(,Y($))ds + Cop(x),

where Cy is a constant and K is either the fundamental solution of Laplace’s equation or its normal derivative to 9Q. To solve
these equations numerically it is necessary to discretize the above integral. Three discretization methods are typically used:
the Nystrom method [2,38], the collocation method [2] and the Galerkin method [2,11]. In the Nystrém method, the bound-
ary 0Q is described by a set of quadrature nodes, thus enabling the integral to be discretized using a quadrature rule. The
resulting solution 7y is first found at the set of quadrature nodes, and then extended to all points in Q by means of an inter-
polation formula. The collocation method uses subspace approximations, namely a finite-dimensional space of basis func-
tions defined on the boundary 9Q. Additionally, a set of points on the boundary, called collocation points, are chosen
such that the solution, expressed as a linear combination of the basis functions, satisfies the given equation at each of the
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collocation points. The Galerkin method is a collocation method with an orthogonal basis. Each of these discretization meth-
ods leads to a discrete system of the form

(I+EKA)y =q,

where [ is the identity matrix, X is a dense matrix, A is a diagonal matrix (for example containing the quadrature weights of
the Nystrém method), y is the vector of unknowns, and q is a known vector obtained from the boundary conditions. Since X is
dense this system is usually solved using an iterative procedure. In addition, low rank approximations may be constructed to
improve the efficiency of the numerical solver. One very successful approach is the Fast Multipole Method introduced by
Greengard and Rokhlin in 1987 [22]. The idea is to expand the fundamental solution using a multipole expansion in order
to group sources that lie close together and treat them as a single source. The use of hierarchical matrices [6] to solve this
dense system is also popular. In this case the dense matrix is partitioned into sub blocks based on a hierarchical subdivision
of the points where the off-diagonal blocks are compressed in low rank forms, while the diagonal and the next-to-diagonal
blocks are stored densely. Finally, a different approach to solving the dense system is to consider the dense matrix as a two
dimensional image and compress it using wavelets [12,34]. In the appropriate wavelet basis or frame, dense matrices may
have sparse wavelet coefficients which can be used to perform matrix multiplications in the wavelet domain at a much lower
cost and higher efficiency. The solution of the original system is then obtained by inverting the solution found in the wavelet
domain. For more information on numerical methods for boundary integral equations we refer the reader to Atkinson’s book
[2]. Even though these numerical methods are quite efficient for solving integral equations, they all rely on a discretization of
the explicitly parameterized interface.

In this paper, we propose an implicit boundary integral method that does not require an explicit parameterization of the
domain boundary. Instead, the boundary is described by a level set function, thus enabling us to perform all the computa-
tions on a fixed grid regardless of the location of the boundary. Should the interface evolve in time, all computations will be
performed on the mesh that is used by the level set function at each time step. This makes our algorithm easy to implement
for evolving interfaces in two and three dimensions. In addition, computational techniques such as Fast Multipole Methods
(FMM) [21,22] may be incorporated into our algorithm to improve its computational speed.

3. Boundary integral equations using signed distance functions

In this section we rewrite the boundary integral Egs. (4) and (7) in Section 2.1 as integrals over the embedding Euclidean
space with appropriate delta measures, see (16).

3.1. Derivation

We use the signed distance function d defined as
inf [x—y| ifxeQ,
yeQ©

d(x) =

—inflx —y| if x€ Q.
yeQ

We recall a few properties of the signed distance function that will be important in the implementation of our algorithm.
These properties hold more generally in R", (see e.g. [13,18]). First, if 0Q is sufficiently smooth, then d is smooth in some
tubular neighborhood T of 9Q and linear with slope one along the normals to the boundary:

|[Vd| =1 for all x € T,with boundary condition d|,.,, = 0. 9

Second, if 0Q is sufficiently smooth, the Laplacian of d at a point x gives, up to a multiplicative constant, the mean curvature
of the isosurface of d passing through x:

Ad(x) = (1 = n)H(x), (10)

where H(x) denotes the mean curvature of the level set {¢: d(¢) = d(x)} and n is the number of dimensions. Given a general
domain Q, we will need to compute its signed distance function to its boundary. A common approach is to choose a level set
function which is positive inside Q and negative outside (e.g. 1o(-)) and then apply a “redistancing” process to obtain d at
least locally near the boundary 9Q. Since we only need d near the boundary we will use this approach. This redistancing step
is computationally efficient since there exist fast algorithms for constructing signed distance functions (O(N log N) where N is
the total number of grid points) such as fast marching, fast sweeping, etc. [9,42,44,48-50].

Given a domain Q described by its signed distance function constructed as explained above, we project all grid nodes lo-
cated inside an € tubular neighborhood of the boundary 9Q onto the boundary 9Q. This operation is easily performed using
the signed distance function and its gradient, see (11). We let T, be the € tubular neighborhood of 9Q defined as

Te:={x:]d(x)| < €},

where € > 0. For x in the tubular neighborhood T, we consider its projection x* onto 9Q (its closest point on the boundary)
which is obtained using the equation
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X' =x—dx)Vd(x). (11)

We note that the idea of using the closest point mapping for solving partial differential equations has been previously used
by Ruuth et al. in [33,43].

We now continue with the single layer potential formulation. The result for the double layer potential is obtained sim-
ilarly. For clarity in the upcoming derivations, we define the following quantities: we let 9Q, be the # level set of d defined as

0Q, = {x:d(x) =n}
for n1 € [—€, €], and define

B 3 1+ nicy ifn=2
b ={3 e, i3

K(1]+K’(72>

where k;, is the unsigned curvature of the curve 9Q, at y(s,), Hy is the mean curvature of the surface 9Q, at y(s,) (H, = -5
with KE;) its ith principal curvature), and G, is the Gaussian curvature of the surface 9Q, at y(s,). Using the change of variable
described in detail in Appendix A, we write the single layer potential integral equation as

[ a)00c2(5)ds = [ a0y 500,y (5, sy (12)
C O Ul
where z(s) is a parameterization of 9Q and y*(s;) is the projection of y(s,) € 9Q, onto 9Q. We remark that (12) still holds in
the case where 9Q is a hypersurface in R" (n € N*). In that case the Jacobian J, is an nth order polynomial in # (see (46) in
Appendix A.2).

Let 5.(n) be a regularized delta function (or averaging kernel) compactly supported in [—¢, €] satisfying the moment
conditions

[octnan = [ sonan =1 (13)
and

/Rn"éf(n)dn =0 for1<j<p (14)
for p € N*. By the moment condition (13) we have

[ e [ sty )@y snasdn = [ sty s)00y(s)ds.
since the interior integral does not depend on #. Using such a delta function J, as a weight we average (12) in # and obtain

[ atrspoy s = [ s [ S SO0y 50y (15)
Using the coarea formula as well as Eqgs. (9) and (10), we rewrite the right-hand side of (15) as

Jam [ a0y s dsidn = [ a0 )sd@ (o) V(e e

- /R wz)0(x,2)5.(d(2)) (2)dz, (16)

with z2 =z — d(2)Vd(z) for z € R" and

J2) = { 1—d(2)Ad(z) ifn=2

2 . . (17)
1—d(2)Ad(z) + d(2)*(Vd,adj(Hess(d))Vd) ifn=3

where (-, -) is the Euclidean inner product and adj(Hess(d)) is the adjugate matrix of the Hessian of d. Combining (15) and (16)
we obtain for x € Q,

[ zspomzs)ds = [ az)oxz ) d@ed: (18)
oQ R?
Similar calculations can be made for the double layer potential formulation to obtain the identity
" 8(I> X,z(s 8<I> (X,2%)
B(z(s)) —5— D gs - / Bz . dc(d(2))](2)dz. (19)
oQ z*

In fact, the result is general and can be summarized in the following theorem:
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Theorem 3.1. Consider a C> compact hyper surface I’ c R" and let d be the signed distance function to T. Define 5 : R — R to be a
regularized delta function compactly supported in [—€, €] satisfying the moment conditions (13) and (14). If v is a continuous
function defined on T, then for sufficiently small € > 0 we have

[ vixs)ds = [ vz~ 2Vd@)s @@z
T R"

where J(z) is defined in (17) for n = 2,3 and in (46) in higher dimensions.
Eqgs. (18) and (19) are particular cases of Theorem 3.1 for the single and double layer potentials respectively.

3.2. Truncation of the Jacobian polynomials

In this section we investigate the error made when evaluating (16) using a truncated Jacobian. We assume that x € R" is
sufficiently distant from the boundary so that «, 8, ®, and 42 are smooth and bounded. Therefore in the following discussion,
we shall replace the integrant «® or 3 by a smooth functlon f. As shown in Appendix A.3, the Jacobian J, is a d — 1 degree
polynomial in #. We look at the error made when J, is replaced by the polynomial ] ™ where the m + 1 lowest degree terms
in 57 from J, are kept. We have

[ [ sorsvdsidn— [ o [ s spugdsidn= [ [ o smmiaqVds,dn
aQy aQy —€

oy,
/ 17m+1 )d”h

where Q""" is a polynomial in 77 of degree n — (m + 1) and Z(1) = [,q, f(v*(sy))Qy" ™*"ds,. Writing Z(n) in its Taylor ser-
ies around zero

I(}’]) = aO(X) +a (X)}’] + az(x);/lz 4
it follows that if the kernel, i.e. d, has p vanishing moments, we have

'/; noc(t) d”‘ / noc(n (xn'dn| = i )a,-(x) [iwni+ldn _ {O(ﬁm“) ?fp < m,.

i=max(0,p—m O(Epﬂ) ifp>m
o0)

Thus if the kernel has the same (or a higher) number of vanishing moments than the order of the approximation of the Jabo-
bian, the error will be governed by the number of vanishing moments in €. In this case, it actually does not matter which
approximations of the Jacobian is used as long as its order m is smaller than the number of vanishing moments. On the other
hand, if the number of vanishing moments is smaller than the order of the approximation, the error is dominated by the
order of approximation of J,. In this case, it is advantageous to use the best approximation to J,.

The above estimates suggest that in the two dimensional case the maximum error made by the use of],()) scales like eP+1
for any moment p of the averaging kernel. In other words, for symmetrlc de, it suffices to use ] in the computations. In the
three dimensional case the maximum error resulting from the use of],7 scales similarly to the two dimensional case, namely
€P+1, On the other hand, 1f],1 is used, the error scales like P! if p > 1 and €2 if p = 0. Consequently in three dimensions, if
the averaging kernel has moment one or higher, the error incurred by either approximation ] or J, (M will be the same.

3.3. Algorithms

The Dirichlet problem (3) with the double layer potential formulation can be solved using the following procedure:

Solution of the Dirichlet problem (3) with the double layer potential formulation.
Let Q be a bounded set in R" (n = 2, 3) with boundary 9Q defined through its signed distance function d(x).

1. Find the density f defined on 9Q such that

[ 3P s d@p@rdz+ 500~ - [ @xvoly (20

n,

where z* =z — d(z)Vd(z) and ] is defined in (17).
2. Reconstruct u in Q using

u = [ ) s d@n@iz+ [ ooy

ong.
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The Neumann problem can be solved with the single layer potential formulation by the following procedure:

Solution of the Neumann problem (5) with the single layer potential formulation.
Let Q be a bounded set in R" (n = 2, 3) with boundary 9Q defined through its signed distance function d(x).
1. Find the density o defined on 9Q such that

[ =) VL) s (d@ @)z - 50) = £(x) - A o

where z- =z — d(z)Vd(z) and ] is defined in (17).
2. Reconstruct u in Q using

Yo(y)dy, (21)

u) = [ @00 2)d@N @)z + | O yio(dy.

Note that the integrals in (20) and (21) are now over a tubular neighborhood around dQ rather than over the boundary
0Q. These integrals are very easily discretized on a mesh that embeds the boundary 6Q.

4. Discretization

In this section we present the discretization of (20) and (21) and introduce the full algorithm. We focus mainly on (20)
and (21) since the double layer potential formulation for the Dirichlet problem leads to a discrete system with a better con-
dition number than the one obtained with the single layer potential. However, the single layer potential is needed to solve
the Dirichlet problem when the more general boundary conditions (8) are used.

We embed the domain Q into the rectangle R = [a,b]", where n = 2,3, and a,b € R are chosen so that Q lies completely
inside R. The rectangle R constitutes our computational domain. For simplicity in the presentation of our algorithm, we work
with a uniform discretization of R and let h = 22 denote the grid size in each of the coordinate directions, however we note
that our algorithm can be used on any non uniform discretization of the computational grid. We compute the projected
points x; € 9Q as

X; = x; — d;Vpd;,

where x; € T, d; = d(x;) and V,, is the centered discrete gradient operator operating on d at grid node i, namely
Vidi = (D} pdi, ..., Dy pdi),

where

DSy =

di+ej - di—ej _ dil,....jjﬂ,...,in - dil ..... i
2h N 2h
is the central difference quotient in the jth coordinate direction, for 1 <j < n. We define the following quantities

fi=f(x)- hnzq’(X?7Yj)l//o(,Vj)H(dj)v
J

where H is the Heaviside function,
O;; = O(x;,X;),

51’ = (55((1()(1)).,
o = ou(X})
and
]7{1—diAhdi ifn:Z,
YT U1 — didnd; + d (Vd;, adj(Hess(d;))Vidi) if n =3,

where A; is the discrete Laplacian operator defined as
n
Andi := "D}y D;ydhi,
=

with

di+e}- - di - dil,...,ijﬂ ..... in T dil ..... in
h

D;hdi = A
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and

Ddi di — di B di iy — iy ... ij—1in
S h

the forward and backward difference quotients respectively in the jth coordinate direction, for 1 <j < n. In the rest of this

section, V,,; (m = 1,2) will denote the discrete centered gradient with respect to the mth variable. We discretize the integral

in (20) using the Riemann sum

hnz 8nu oj ]ﬁ;(7

where i:”—VZhCD( X5, X5) - My Since d is the signed distance function to 9Q, we can express the normal Ny as

—Vhd( j) Vhd It follows that = —Vz_h(I)i*J . Vhdj’f. However, since d (and thus V;d;) is only known on the regular grid,

4)n
we compute Vhdj at the projected points by interpolating the values of V,d; from the regular nodes to the projected points.

We use a bilinear interpolation technique in two dimensions and a trilinear interpolation in three dimensions. It follows that
the discretization of (20) becomes

i = WY (Vs Vi) o+
or in matrix forr{n

<B+%1)ﬂ* —f (22)
where B;; = —h"(Vz‘hCD,fj - Vnd;)dyJ; and I is the identity matrix. The final solution u is obtained by computing

u=Ap + h”Z@(xi,y,-wo(y,-)H(dj),

o0(x;.y?)

where A;j = —h" % 5] and 2
J 1
In a similar fashion, we discretize the integral in the left-hand side of (21) as

(?n on;

h"Z(Vl.hq)i*j Ty )0yJ05 -

J
We remark that
Vip® My = Vi@, Xj)-n i = -V, 0], ])-nx;, using Theorem (B.1) in Appendix B
= VZ.h(D(Xj X)) - My
= (V2u®j; - ) = (V20 ®i; - 1))
Thus, we can write the discrete system for (21) as
g = —h"_(Van®}; - Vad;)o;o; 2 %,
J
or in matrix form
(C‘%Qo‘* _ g (23)

where Cjj = —h"((V2,®}; - nx;)i_j)Téi]j and g; = g(x;) — h"Y; "d’mf %) 0(y;)H(d;), with H the Heaviside function. The solution u is
constructed using

u=A0x+ hnZ‘D(th]‘)Wo(yj‘)H(dj)a
J

where A;; = —h"® O(x;,y7)0;.

The matrix A derived above typically has a very bad condition number that increases as the density of the projected points
increases. This is caused by the singularity of the gradient of ®(x,y) as x approaches y. It is therefore necessary to regularize
92 when x and y are too close.

Remark 2. When solving the Neumann problem, it is necessary to impose additional conditions on the solution in order to
make it unique. As described in Section 2.1, we impose that the solution takes specific values at a few chosen points inside Q,
where the number of points selected depends on the number of connected components of Q. For convenience, we write Q as
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the union of its connected components Q = | I, Q; such that any two ¢; and Qj (i # j) are disjoint. For each ©; we impose an
extra condition by selecting a point inside Q; and a value »; € R, and prescribe

u(x) = / Y)Y (9)ds + / DX YWoW)dy = v, fori=1,...,m

which discretized becomes
RS (¥ = v~ B> @ yo(y)H(dy), fori=1,....m. (24)
j j

These conditions are used to replace m rows of the matrix C — ]I defined in (23). For the best condition number, we select the
rows that correspond to the m farthest grid points x; to the interface. Additionally, we scale (24) in order to keep C — 11 diag-
onally dominant. To be explicit, if the rith row of the matrix C — 1I is to be replaced (i ranging from 1 to m), we replace it
using the left-hand side of the following equation

Sihnzq)(xid’j*)(sj]j“j‘ =S§i (Vi - hnzq)(xi,‘yj)lllo(yj)H(df)>7 (25)

where S; = The scaling factor S; ensures that the r;th term in the r;th row (a diagonal term in the matrix) is still

2h"0(x ,J', Jor ;"
— 1. This ensures that all diagonal terms in the modified version of C — 11 are —1 as they all were before the modification. This
choice ensures that the new matrix is still diagonally dominant.

4.1. Regularization of the normal derivative of the fundamental solution

In this section we describe our regularization for "d’ "y . The same regularization applies to "‘b "”

4.1.1. Two dimensions
In two dimensions we have
oD(x,y) 1 x-y
= =V, 0(x,y) ny=—-——""-5-n
an, y®(x,y) -ny 7 |x_y‘2 ys

where n, is the outward unit normal at the point y on the boundary Q. To understand the behavior of""’nx*” we assume that x
is on the osculating circle of 0Q at y. To further simplify our calculations, we consider a local frame such that the osculating
circle is a circle of radius R centered at (0,0),y is the fixed point (R,0) and x = (Rcos 6, Rsin 0) for 0 € [0,2m]. In this case the
normal derivative becomes

obx,y) 1 (cos6—1) 1
ony 27R (cos 0 — 1)> +sin*0  47R’
Thus, regardless of the location of the point x on the osculating circle, O‘D(” has a constant value when the two points x and y
are both on the osculating circle. For a general smooth boundary, we con51der the approximation of the boundary locally
around a point y by its osculating circle, and obtain, for sufficiently close x,y € 6Q,

aq)(xvy) Ki L
o) ol ),

where i = x,y for x,y € 0Q, k; is the curvature of the osculating circle at i, ¢ = 1 for a general curve and ¢ = 2 if y is a vertex,
namely the contact ord%r between the curve at y and its osculating circle is at least 4 (see Appendix C.1).
Thus we regularize - as follows:

0D}, {ﬁ;cj* 1f lxf —x] <,

(26)

Ad*

H(I)i_l
on;
J

*

i e else,

where «; is the curvature of the interface at the point x; and 7 is taken to be O(h), with h denoting the mesh size.

4.1.2. Three dimensions
In three dimensions the expression of the normal derivative of the fundamental solution is
ob(x,y) 1 x-— xX-y

on, VyO(.y) -y = = 4 |x — y\ My

where n, is the outward unit normal at the point y on the boundary Q. Unlike the two dimensional case, in three dimen-
sions the point wise limit of% (x,y) as y — x does not exist. We therefore look at the full integral

I(x;00) := gqi (x,y)ou(y)dS(y), xe€0Q,

Q
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where o : R> — R is a smooth function. We write I(x; o) as

Lo o, 02000+ [ SR Gey)atyast)

Joouz) Oy
and approximate 2 (x y) weakly locally in a small neighborhood U(x; T) C 9Q of x and assume that

sup mya(X,y) < T
yeU(x7)

where myq(x,y) is the geodesic distance between x and y on 9Q. We replace %(x,y) by a function K(x,y) = Kyxx) (X, y) for
y € U(x; 7) such that

L. eaas) ~ Tt = [ Ko (.y)2)a509),

Ux:T) 8”;'

Expanding o around x we have

L. on eeasty) a0 [ SRy + V- [ Sy - ds) +

Ux;t) any (x;7) 8”}/ U(x;T) 8”}/

We may therefore seek a function K(x,y) that satisfies the following conditions

oD
/U(x:r> K(x,y)dS(y) = /” 3 y(x ,)dS(y) 27)
and
v od v
/  Keeyyasty) = / [y 28

where y* = Iy, for y = (.¥,,¥3) € U(x;7) and v = (v1,v2,v3) € R* with v; > 0, j = 1,2, 3. Since the interface 9Q is not
known explicitly, it is difficult to carry out the integrations (27) and (28). Instead we approximate the interface near x € oQ
by a surface, the equation of which is known, and carry out the above integrations analytically on that surface. In this paper
we only use the first moment condition (27) and choose K to be

1 oD
K(x,y) = K.(x) == T T)‘/” on, ——(X,y)dS(y),

where f](x; 7) is a neighborhood of x on the approximate surface.
The simplest strategy is to approximate the interface near x by its tangent plane 7 at x € 9Q. In this case,

ds(y) =0,

(x)
T |U X T ‘ U(x;7) any
(see Appendix C.2), where U(x; ) is a local neighborhood of x on the tangent plane 7. This regularization amounts to throw-
ing out the points that are too close to x, for each x € Q. Even though this approximation gives decent results, the accuracy
resulting from this regularization can be further ameliorated.

Here, we propose one convenient improvement: We approximate the interface near x by its osculating paraboloid at
x € 9Q. In this case, we obtain

K:(X) = o— (K1 + K3) — 175 (K3 +13) + 25 KKz (K1 + K2) )T+ O(%) (29)
W =gV TR TR Gz e TR Fsggtatelia e ’

where x; and k; are the two principal curvatures of the surface 9Q at x € 9Q and 7 is the Euclidean distance from x computed
on the tangent plane to the surface 9Q at x. With this choice of kernel we have

aD(x, ) B 1 1/5 25
/U(m ony a(y)dS(y) = a(x) <8m(ic1 +Ky) — <512 (13 +K3) + 1536 K16y (161 + K2)>‘E> + O(1P),

where p = 2 in general and p = 3 if x is a vertex. More details on the r((e)!bevant calculations are presented in Appendix C.2.
Using this regularization we implement the discrete normal derivative ;¥ in 3D as follows:

P {KT( x) if x; —x; |Pxi>< <71,

Y 30
. (30)
on; . o else,

where K. is given by (29), 7 is a small tolerance and |.|_ is the Euclidean distance computed on the tangent plane to the sur-
face at x € 9Q . Once regularized, we solve the discrete systems (22) and (23) using a bi-conjugate gradient stabilized solver.
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4.2. Algorithms

Algorithm 1.  Solution of Poisson’s equation with Dirichlet boundary conditions on Q, namely
Au(x) = Yo x), in Q,
ux) =f(x),  onoQ,

using the double layer potential. Given Q defined through its signed distance function d(x) and € > 0,

1. Define the tubular neighborhood T, and project points from T, onto 9Q:
X;‘ =X — d;V;,d,-, X € Tf.
2. Form the matrix A = (B+1I) where

w00
Bij = —h"o; on:
J reg

and the vector f* such that
fi =F) ="y 0,y H(d), X € Te.
J

is defined in (26) and (30) for the two dimensional and three dimensions cases respectively.
J reg

3. Solve the system Ap* = f* using a bi-conjugate gradient method.
4. Form the matrix A such that
n oD u n
=-h"s JJ . X €la,b", xjeTe..

J reg

5. Construct the solution u as u = Z\ﬁ*.

Algorithm 2. Solution of Poisson’s equation with Neumann boundary conditions on Q where Q = Un, 9 such that
the intersection of any two Q;, Q;, i#j is empty,

Au(x) = o (%), in Q,
('?nj) = g(X), on 897

Joo &(x(5))ds = [ o(x)dx

using the single layer potential. Given Q defined through its signed distance function d(x) and € > 0,

1. Define the tubular neighborhood T, and project the points from T, onto 9Q:
X? =X — diV,,d,-, X; € Tg.

2. Form the matrix A = (C — 1I) where

T
oP;;
n
oy (an; )
reg

and the vector g* such that

oD(x;,y
— Z 8" lﬁo y)) (j), x; € Te.

Here is defined in (26) and (30) for the two dimensional and three dimensions cases respectively.

J reg
3. Replace m rows of the matrix A according to (25) and form the new matrix A;,.
4. Solve the system A0 = g* using a bi-conjugate gradient method.
5. Form the matrix A such that

Aij = —h"5J;0(x;,y;) for x € [a,b]", x; € Te.

6. Construct the solution u as u = Ao*.
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Remark 3. In practice, the matrices A, An, A and A are never assembled since their storage requires a significant amount of
memory which will limit the size of the problem that can be computed. Instead, only the matrix-vector products A" and
Ano are evaluated in the iterative solver for the inversion, and Ag* and Ao* in the reconstruction of the solution. These
computations can be further sped up with the use of Fast Multipole Methods.

In the next section we present our numerical results on various domains in two and three dimensions.

5. Numerical results

In this section we investigate the convergence of our numerical quadrature in the integration of (19), as well as the con-
vergence of the complete algorithm in two and three dimensions. In the computations we use two different averaging
kernels:

. L(1+cos () iflxl<e
()COS _ 2¢€ € ’ 31
() {0 e 31)
and
1K oif x| <e
éhu[ X\={¢ & A 32
(x) {0 e (32)

Both kernels have one vanishing moment.
5.1. Convergence studies

We start by presenting convergence studies of the numerical quadrature used in the evaluation of integral (19). The con-
vergence of the numerical evaluation of integral (18) is similar. In the study we use the exact density f and compare the
accuracy of the numerical integration using various approximations of the Jacobian J,. We denote ],(70) =1, 157” =1+nH,
where H, is the mean curvature at a point on the # level set of d. In three dimensions we should further consider
jff) =1+ 25H, + n*G,, where G, is the Gaussian curvature at a point on the # level set of d. We first present the convergence
of the numerical integration for a fixed width € of the tubular neighborhood T.. We then present the errors produced by the
numerical integration on a fixed grid as the width of the tubular neighborhood increases. In the numerical integration the
solution is evaluated at one point far away from the boundary and compared with the value of the exact solution at that
same point.

Eventually we focus on the complete algorithm presented in Section 4. We present the convergence of the density g,
which is the solution of the integral equation, as the grid size increases using various Jacobians. We also present the accuracy
of computed solutions to a few Poisson’s equations. To see the behavior of our algorithm using extremely thin tubular neigh-
borhoods around the interface, in most of the computations listed below we use € that scales as

€ = 2|Vd|,h, (33)

where d is the signed distance function to the interface, h is the grid size, and | - |; denotes the ¢; norm of a vector in R". This
choice of width for the tubular neighborhood is motivated by the results of Engquist et al. [15] on convergent approximation
of surface integrals on Cartesian grids. We present our convergence studies in two and three dimensions. In each of the stud-
ies we measure the relative error between the exact and computed solution inside the domain Q, as well as the relative error
between the exact and computed density « or B. In all the computations we use the double layer potential formulation to
obtain the solution of the Dirichlet problem. All the computations with the complete algorithm use the exact Jacobian in
the integrations.

In the following presentation, the computational results are obtained using uniform grids on [-1,1]" for n = 2,3, and the
relative errors computed by the proposed algorithm are reported.

5.1.1. Two dimensions

Most of the numerical experiments presented in this section involve the exact solution of Laplace’s equation on a circle
with Dirichlet and Neumann boundary conditions. For clarity in the exposition of our results, we describe the calculations of
the exact solution and the exact density for Laplace’s equation on a circle with Dirichlet and Neumann boundary conditions.
We first start with the exact solution of Laplace’s equation on a circle with Dirichlet boundary conditions. The exact solution
is obtained using separation of variables and expressed in polar coordinates for a circle centered at (0,0) as

Ue(r,0) = o + »_1"(ay cOs(nf) + b, sin(no)), (34)
n=1
where a,, b, are real numbers. In the general case where the circle is centered at ¢ = (cy, ¢,) the solution for x,y € R? is ob-
tained using (34) with x = ¢, +rcos 0, and y = ¢, + rsin 6. In this simple case the double layer solution vy is obtained from
the expression of u, in (34) as
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va(r,0) = i:( ) a, cos(no) + by, sin(nd)),

n=1
for a,, b, given in (34). The exact density S, is given by
Be(X) = Ue(X) = Var(X). (35)

In the computations presented in this paper, we use ay=0, a; =-7, by =2, a =15, b, =13, a3 =19, b3 = 16,
a;=—-14, by =-9,and a, = b, =0 for n > 4.

The exact solution to the Neumann problem is also given by (34) but since we are solving the Neumann problem we use
the single layer potential formulation. In this simple case the exact exterior solution vy is expressed as

(1, 0) = i( ) a, cos(n) + by, sin(nf)) = —vy(r, 0)

n=1
for a,, b, given in (34). The exact density ¢, is given by

_0vg(X)  Oue(x)
%e(X) = ony ony

(36)

where n, is the outward unit normal to the circle at the point x. In Example 5.5 we use the same values for the constant a,
and b, as the ones chosen in Example 5.4.

Example 5.1. Convergence of the numerical integration of (19)

We present the convergence of our numerical quadrature when, (a) the width of the tubular neighborhood T, is
fixed and the number of grid points is increasing, and (b) the grid size is fixed but the width of the tubular neigh-
borhood is increasing. For this study we use a circle as the interface, and the solution is computed at one point away
from the boundary. The solution is obtained using the exact value for the density 8 given in (35), as well as the exact
normal derivative of the fundamental solution 2%. In the computations we take . to be the cosine kernel given in (31).
The results are displayed in Fig. 1 and Table 1 where we compare the errors using ],1 and Jn The errors are very

10
—ax®
_—-- JO
107} RE
--RE”
2107
L
107° |
-10
10 : :
107 10 107 107
dx

Fig. 1. Convergence of the numerical integration of (19) with the exact value of the density f as described in Example 5.1. In these convergence studies we
used a constant width of the tubular neighborhood € and took the averaging kernel to be the cosine function (31). The interface was chosen to be a circle and
the error in the solution was measured at a point far away from the interface. This is a loglog plot of the relative error in the solution computed usmg],? and
JV. This figure refers to Example 5.1.

Table 1

Convergence of the numerical integration of (19) with the exact value of the density g. In these convergence studies we used a fixed resolution of 513% and took
the averaging kernel to be the cosine function (31). The interface was chosen to be a circle and the error in the solution was measured at a point far away from
the interface. This table refers to Example 5.1.

Epsilon Error in the solution with Ji Order Error in the solution with J{" Order
€0 5.306304988 x 108 - 8.836347155 x 1078 -
2¢€9 2.861647354 x 1078 0.89 3.504417392 x 1078 133

4€o 6.320256577 x 10°° 218 8.006345883 x 107° 213
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Table 2

Condition number for the matrix built for solving Laplace’s equation with Dirichlet and Neumann boundary conditions using the
double layer potential. The exact curvature correction is used. We denote by C, the condition number without regularization of
the fundamental solution and by C,, the condition number with regularization. In these computations the interface is one circle.
is to the tolerance used to determine the onset of the regularization. This table refers to Example 5.2.

T Co, Dirichlet BC Creg, Dirichlet BC Co, Neumann BC Creg, Neumann BC
n=1282

4dx 11.6427 6.9807 13.7324 9.7054

dx 11.6427 6.9808 13.7324 9.7053
n=1024°

4dx 107.4301 8.0026 103.6829 11.4458

dx 107.4301 8.0026 103.6829 11.4458

similar between using /i and Ji", and this is due to the fact that the cosine kernel has moment one, therefore making
any first order contribution in # irrelevant. We have observed numerically that in two dimensions the contribution of
the curvature correction does not make much of a difference, but it does lower the errors slightly in the complete
algorithm.

Example 5.2. Study of the condition numbers for the inversion step

In this example we demonstrate the effect of the regularization of the normal derivative of the fundamental solu-
tion on the condition number of the matrices that are assembled in Algorithms 1 and 2. The results are displayed in
Table 2 when the interface is a circle. We see that the regularization lowers the condition number of the matrix
significantly.

Example 5.3. Convergence of the density g

We present the convergence of the density p obtained for a circle using the double layer potential formulation. For this
study we use the exact normal derivative of the fundamental solution £2. In the computations we use a constant width of the
tubular neighborhood € and take the averaging kernel §. to be the cosme function (31). In Fig. 2 we see that the errors with
],, and ],1” are very similar. This is due to the fact that the averaging kernel has moment one.

Example 5.4. Solution of Laplace’s equation on a circle with Dirichlet boundary conditions

We present the convergence of Algorithm 1 for the solution of Laplace’s equation on a circle subject to Dirichlet boundary
conditions. The convergence results on this example are presented in Fig. 3. Fig. 5(a) shows the computed solution of La-
place’s equation on a circle of radius R = 0.7 centered at (0.0061,0.0061) subject to Dirichlet boundary conditions.

Example 5.5. Solution of Laplace’s equation on a circle with Neumann boundary conditions

We present the convergence of Algorithm 2 for the solution of Laplace’s equation on a circle subject to Neumann bound-
ary conditions. The convergence results are displayed in Fig. 3.
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Fig. 2. Convergence of the density $ as described in Example 5.3. In these convergence studies we used a constant width of the tubular neighborhood € and
took the averaging kernel to be the cosine function (31). The interface was chosen to be a circle and the error in ﬁ was computed usmgj(o) and];”. Thisis a
loglog plot of the relative errors in the solution computed at a point far away from the interface usmg] and] . These two errors are so similar that they
line up perfectly (dashed line). This figure refers to Example 5.3.
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Fig. 3. Convergence of Algorithms 1 and 2 for the solution of Laplace’s equation on a circle with Dirichlet and Neumann boundary conditions as presented in
Examples 5.4 and 5.5. In these computations the averaging kernel 5. was taken to be the hat function (32), the width of the tubular neighborhood was
€ = 2|Vd|, h and the tolerance for the regularization of the normal derivative of the fundamental solution was 7 = L. This loglog plot displays the relative
errors in the solution, and in the densities g (with Dirichlet boundary conditions) and o (with Neumann boundary conditions).
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Fig. 4. Convergence of Algorithm 1 on a flower domain. In these computations, the averaging kernel J. was taken to be the hat function, the width of the
tubular neighborhood was € = 2|Vd|, h and the tolerance for the regularization of the normal derivative of the fundamental solution was 7 = & This loglog
plot shows the relative error in the solution. This figure refers to Example 5.6.

Example 5.6. Solution of Poisson’s equation on a flower domain with Dirichlet boundary conditions

We present the convergence of Algorithm 1 for the solution of Poisson’s equation on a flower domain subject to Dirichlet
boundary conditions where the exact solution is given by
Ue(X,y) = X° + ¥° + sin(7x) + sin(7y) + cos(7x) + cos(7y).

This example was used in the work of Gibou and Fedkiw in [19]. The convergence results from this example are displayed in
Fig. 4. In Fig. 5(b) we show the computed solution of Poisson’s equation on the flower domain subject to Dirichlet boundary
conditions.

Example 5.7. Solution of Laplace’s equation with Dirichlet boundary conditions on a domain whose boundary contains
cusps

Fig. 5(c) shows the computed solution of Laplace’s equation on a domain whose boundary contains cusps. In these com-
putations we used constant Dirichlet boundary conditions where the constant was equal to 1.

Example 5.8. Solution of Laplace’s equation on a circle with mixed boundary conditions

Fig. 6 shows the computed solution of Laplace’s equation on a circle subject to boundary conditions of the form given in
(8). In these computations we chose g(x) =1, o(x) = 1r,(x) and p(x) = {51oa\r, (X) where 0Q was the circle and I'y the left
half of the circle. This choice is equivalent to imposing mixed boundary conditions.
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(a) Computed solution of Laplace’s  (b) Computed solution of Poisson’s (¢) Computed solution Laplace’s
equation on a circle equation on a flower equation on a domain with cusps

Fig. 5. (a): Computed solution of Laplace’s equation with Dirichlet boundary conditions on a circle. (b): Computed solution of Poisson’s equation with
Dirichlet boundary conditions on a flower domain. (c): Computed solution of Laplace’s equation with constant Dirichlet boundary conditions on a domain
containing cusps. In these computations the averaging kernel . was taken to be the hat function (32), the width of the tubular neighborhood was
€ = 2|Vd|, h and the tolerance for the regularization of the normal derivative of the fundamental solution was 7 = & The computations were performed on a
512 by 512 grid and the solution was reconstructed on a 128 by 128 grid. This figure refers to Examples 5.4, 5.6 and 5.7.
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Fig. 6. Computed solution of Laplace’s equation with mixed boundary conditions. In these computations the averaging kernel 5. was taken to be the cosine
function (31), the width of the tubular neighborhood was € = 2h and the tolerance for the regularization of the normal derivative of the fundamental
solution was t = h. The computations were performed on a 128 by 128 grid and the solution was reconstructed on a 128 by 128 grid. This figure refers to
Example 5.8.

5.1.2. Three dimensions

As in the two dimensional case we first describe the calculations of the exact solution and the exact density for Laplace’s
equation on a sphere with Dirichlet and Neumann boundary conditions. We first start with the exact solution to Laplace’s
equation on a sphere with Dirichlet boundary conditions. The exact solution can be obtained using separation of variables
and expressed in spherical coordinates, for a sphere centered at (0,0,0), as

00 1
Ue(r,0,0) = > 1"y " (am COS(M@) + by Sin(mep) fi" (cos 0), (37)

=0 m=0
where aj, bim € R and f/" are the Legendre functions satisfying the ODE

2
%((1 —x)f' (%)) + (l(l+1) —1”_7—)(2))‘(;0 —0, 1>0, meN,

with the conditions that f should remain finite at the end points x = 1 and x = —1 corresponding to # = 0 and 0 = 7 through
the change of variables x = cos 0. These finite conditions can only be satisfied if | € N* and m < I. The solutions f/" are derived
from the Legendre polynomials P, by the formula

m

) = (11— x4

Py(x).
ax" l(x)
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In the general case where the sphere is centered at (cy, ¢y, ¢;) the exact solution of Laplace’s equation in (x,y,z) € R® is ob-
tained using (37) with x = ¢, +rsinfcos ¢,y =c, +rsinfsin¢ and z = ¢, + rcos 6. Since the boundary conditions are of
Dirichlet type we use the double layer potential formulation with exact exterior solution v, given by

R2[+1 1 .
va(r,0,0) = ZI—H ~iir 2 (@ Cos(m@) + by sin(me))f" (cos 0) (38)
m=0

for ay,, b, as in (37). The exact density S, is given by (35), where u, is given by (37) and vy by (38). In these computations
we use dop = 07 dip = 77, ay = 37 bn = 87 dyo = 75, az;, = 3, ayy = 5, bz] = 757 b22 = 74, azg = 6, aszy = 79,
(132:77 ass :1, b31 :47 b32:—47 bgg.:831'1('1(11"1:blr,-,:OfOl'l>37 m<l

The exact solution to the Neumann problem is the same as for the Dirichlet problem and is given by (37). We use the
single layer potential formulation. In this simple case the exact exterior solution vy is obtained from the interior solution
u, and expressed as

00 R21+]

1
vy(r,0,p) = T Z Ay COS(MQ) + by, sSin(me))f™ (cos 0), (39)

1=0 m=0

for ajn, by as in (37). The exact density . is given by (36), where vy is given by (39) and u, by (37). We use the same values
of a;, and by, as for the Dirichlet problem given above.

Example 5.9. Convergence of the numerical integration of (19) when x is away from the boundary

We present the convergence of our numerical quadrature when, (a) the width of the tubular neighborhood is fixed and
the number of grid points is increasing, and (b) the grid size is fixed but the width of the tubular neighborhood is increasing.
For this study we use a sphere as the interface, and the solution is computed at one point away from the boundary. The solu-
tion is obtained using the exact value for the density g given in (35), where u, is given by (37) and v by (38), as well as the
exact normal derivative of the fundamental solution 22. In the computations we take S¢ to be the cosine kernel (31). The
results are displayed in Table 3 and Fig. 7 where we compare the errors using J, j and]

Table 3

Convergence of the numerical integration of (19) with the exact value of the density g. In these convergence studies we used a fixed resolution of 200% and took
the averaging kernel to be the cosine function (31). The interface was chosen to be a sphere and the error in the solution was measured at a point far away from
the interface. This table refers to Example 5.9.

Epsilon Error with J{¥ Order Error with J{" Order Error with J§?) Order
€ 0.000216219 - 0.000216315 - 1313118131 x 10~/
269 0.000865085 —2.00 0.000865090 —2.00 5.425436281 x 10°8 1.28
4ep 0.003460350 —2.00 0.003460350 —2.00 6.553840441 x 10~° 3.05
0
10
-2
10 1
-4
_10 1
2 4
L0 —dx
-6
10 -v-gJ0 .
- EJ1
-8
10 ---ER]
-10 ) )
10 -3 -2 —1 0
10 10 10 10

dx

Fig. 7. Convergence of the numerical integration of (19) with the exact value of the density g. In these convergence studies we used a constant width of the
tubular neighborhood € and took the averaging kernel to be the cosine function (31). The interface was chosen to be a sphere and the error in the solution
was measured at a point far away from the interface. This figures shows the loglog plot of the error in the solution computed using J{”, J\" and Ji. We see
that when]“” and] D are used, the error saturates, but is still quite small (around 10™*). When the c:orlectja.coblemj(2> is used, the error seems to be fourth
order accurate ThlS figure refers to Example 5.9
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The results in Fig. 7 show that the errors in the solution obtained with ] , and ] quickly, and already at very coarse grids,
saturate to a relatively small magnitude of the order of 10~*. This is due to the fact that the errors are dominated by the ana-
lytical error (we are not using the correct Jacobian) which scales with e. Since € is fixed in these computations, the errors
w1thj(°) and](” are also stationary. Indeed, as Table 3 shows, the error gets larger as € increases. On the other hand the com-
putatlons w1th the correct Jacobian ],1 display a decrease in the error in the solution as the resolution increases.

Example 5.10. Convergence of the numerical integration of (19) when x is on the interface

As in Example 5.9, we present the convergence of our numerical quadrature when, (a) the width of the tubular neighbor-

hood is fixed and the number of grid points is increasing, and (b) the grid size is fixed but the width of the tubular neigh-
borhood is increasing. For this study we use a sphere as the interface, and the integral is evaluated at a point on the
boundary. In this example we take the density g = 1 and use the result of Theorem 6.4 in Appendix B to compare the com-
puted value with the exact value of 1. The purpose of this study is to test the effect of the regularization of the normal deriv-
ative of the fundamental solution on the result of the integration. In the computations, we take (SE to be the cosine kernel
(31). The results are displayed in Table 4 and in Fig. 8 where we compare the errors using J j, and j, .
As in Example 5.9, the results in Fig. 8 show that the errors in the solution obtained with ]“] and j are basically constant
as the grid spacing decreases. This is due to the fact that the errors are dominated by the analytlcal error which scales with e.
Since € is fixed in these computations, the errors with ] and ],1 are also stationary. On the other hand, when the exact Jaco-
b1an]f72 is used, the errors become much smaller and seem to converge with a globally third order trend. The results in Ta-
ble 4 show that the error scales quadratically with the width € when the incorrect Jacobian j,7 or]}; is used. This result is
consistent with the one displayed in Table 3 where the integral was evaluated at a point far from the boundary.

Example 5.11. Study of the condition numbers for the inversion step when the interface is made of several connected
components

In this example we study the condition number of the matrices assembled in Algorithms 1 and 2 when the interface is
made of several connected components. We compare the condition number of these matrices when the tangent and the
paraboloid regularizations are used. We display the computed condition numbers in Table 5 in the case where the interface
consists of two disjoint spheres.

Table 4

Convergence of the numerical integration of (19) with the exact value of the density g. In these convergence studies we used a fixed resolution of 200* and took
the averaging kernel to be the cosine function (31). The interface was chosen to be a sphere and the error in the solution was measured at a point on the
interface. This table refers to Example 5.10.

Epsilon Error with Ji Order Error with J{) Order Error with Ji Order
€ 0.003980277628161 - 0.003675494063089 - 141307015 x 10-4 -
26 0.015319781365319 ~1.94 0.015229122258640 ~205 38369953 x 10-5 1.88
4¢, 0.061092589758195 ~2.00 0.061058214575044 ~2.00 1.0870387 x 10-5 1.82
0
10
-2 - s
102t Aokl XL SISt ]

S, 4
5 10 —dx3
--dX2
=JO
107 - EJ1 .
‘-.-‘E
...EJ2
-8
10 ' '
107 107 10™ 10°

dx

Fig. 8. Convergence of the numerical integration of (19) with the exact value of the density g. In these convergence studies we used a constant width of the
tubular neighborhood € and took the averaging kernel to be the cosine function (31). The interface was chosen to be a sphere and the error in the solution
was measured at a pomt on the interface. This figure is a loglog plot of the error in the solution computed at a point on the interface using J; © ]‘” and]
We see that 1f]LD and] are used the error remains stationary around 1072. On the other hand, if the <:orrectjacob1an]< ) is used, the error seems to follow a
third order accuracy trend This figure refers to Example 5.10.
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Table 5

Condition number for the matrix built for solving Laplace’s equation with Dirichlet and Neumann boundary conditions using the double layer potential. The
exact curvature correction is used. We denote by Cgr the condition number with the tangent regularization and Cgp the condition number with the paraboloid
regularization. In these computations the interface consists of two disjoint spheres. This table refers to Example 5.11.

T Cregr, Dirichlet BC Cregp, Dirichlet BC Cregr, Neumann BC Cregp, Neumann BC
n=50°

4dx 6.0734 8.2257 12.6043 25.1914

dx 7.0869 8.0414 20.3432 24.3847

n=_80°

4dx 6.3995 7.9259 14.8948 23.8252

dx 7.1536 7.8570 21.1952 23.8336

Example 5.12. Solution of Laplace’s equation on a sphere with Dirichlet boundary conditions

We present the convergence of Algorithm 1 for the solution of Laplace’s equation on a sphere subject to Dirichlet bound-
ary conditions. The convergence results are displayed in Fig. 9.

-1

10 T
107} 1
_ _dX1.6
- pebe
Irichles
 RE;
-3 | 1
10 _,_RENeumann
RENeumann
- o
-4
10 *
107 107 10°

dx

Fig. 9. Convergence of Algorithm 1 for the solution of Laplace’s equation on a sphere with Dirichlet boundary conditions and Algorithm 2 for the solution of
Laplace’s equation on a sphere with Neumann boundary conditions. In these computations the averaging kernel 5. was taken to be the hat function (32), the
width of the tubular neighborhood was € = 2|Vd|, h and the tolerance for the regularization of the normal derivative of the fundamental solution was 7 = h.
This loglog plot displays the relative errors in the solution, and in the densities g (with Dirichlet boundary conditions) and o (with Neumann boundary
conditions). This figure refers to Examples 5.12 and 5.13.

10° :

107"t :
2107} 3
L

2
3 Ellipsoid
10 - Poisson 1
—4

10 *

107 10™ 10°

dx

Fig. 10. Convergence of Algorithm 1 for the solution of Poisson’s equation on an ellipsoid. In these computations the averaging kernel 5. was taken to be the
cosine function (31), the width of the tubular neighborhood was € = 2h and the tolerance for the regularization of the normal derivative of the fundamental
solution was 7 = h. This figure refers to Example 5.14.
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Example 5.13. Solution of Laplace’s equation on a sphere with Neumann boundary conditions
We present the convergence of Algorithm 2 for the solution of Laplace’s equation on a sphere subject to Neumann bound-
ary conditions. The convergence results are displayed in Fig. 9.

Example 5.14. Solution of Poisson’s equation on an ellipsoid with Dirichlet boundary conditions
We present the convergence of Algorithm 1 for the solution of Poisson’s equation on an ellipsoid subject to Dirichlet bound-

ary conditions. In our computations we use the ellipsoid described by the equation 25 40 ’b?)z +&9” 1, with
cx=0.02, ¢, = —0.026, c; =0.012, a = 0.784, b = 0.465 and c = 0.634. The exact solution of Poisson’s equation is taken to be

Ue(X,y,2) = x* +y* +2* + cosx + cosz.

The convergence results are displayed in Fig. 10.

6. Conclusion

We proposed a formulation for computing integrals of the form [, 2(x(s))ds in the level set framework and presented an
implicit boundary integral method for solving Poisson’s equation in domains of any shape. Our algorithm is based on the
solution of an integral equation on the domain boundary, which is implicitly defined by a signed distance function. One
of the main advantages of our proposed algorithm is its flexibility and simplicity of implementation. Indeed, our algorithm
can solve Poisson’s equation on any domain with various boundary conditions (i.e. Neumann, Dirichlet, Robin and mixed
boundary conditions) and can also solve the interior and exterior problem with no additional changes. The other main
advantage of our proposed algorithm is that it is grid independent, thus eliminating the need to compute intersection points
between the domain boundary and the grid. One immediate consequence is that this algorithm handles complicated do-
mains and moving interfaces easily. The other consequence is that local level set techniques can be incorporated into our
algorithm with almost no modification. Furthermore, our algorithm is compatible with Fast Multipole Methods and other
established computational techniques that can be used to further improve its numerical efficiency.
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Appendix A. Jacobian for the integration over an offset hypersurface

Let Q be a n dimensional domain (n = 2, 3) such that the boundary 8Q is of class C2. Then for each x € 9Q there is a neigh-
borhood N (x) of x on which the signed distance function to the boundary 99, denoted by d(x), is a C* function. Thus, at any
point x € 9Q, we can define the unit normal vector (outward by convention) n(x). Moreover we have the following property:

Proposition 6.1. If d is differentiable at a point x € R", then there exists a unique x* € 99, such that d(x) = |x — x*|, and
X—Xx

dx) =——.

vd(x) a0

x* is called the projection of x onto 9Q and the projection map x — x* is a diffeomorphism.

Let € > 0 and consider 99, for 1 € [—¢€, €], where 0Q,, := {x : d(x) = n}. We assume that any x € 9Q, for all 7 € [—¢€, €] is
included in a neighborhood on which the signed distance function d is C® In other words at any point
x € Te := {x : |d(x)| < €}, the characteristics are straight lines and are normal to 0Q, for any # € [—€, €].

A.1. Two dimensions

Consider the two integrals
[ty sy (s)ds (40)
Joo,
and
| oty oy sas. (41)

where « is a continuous function defined on 9Q and ¢ is a continuous function defined on R? x R?. Without loss of generality
we assume that the length of the interface 9Q, is 1 and let s, € [0, 1] — R be its arc length parameterization. Then

1
/ a(y*(5)) 2.y (5))ds = / oy (5)) L%,y (),
o0y, 0
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and

1

[ty sty spds = [ aty sy slis)ids,
The pointwise projection map can be written as

y*(sﬂ) :y(sn) - d(y(sﬂ))Vd(y(s,,)) = Y(Sn) - d(y(sn))ny(swv

where y(s;) € 9Q, and ny,) is the inward unit normal to the curve 9Q (ny,) is also the normal unit vector in the Frenet
frame). Since s, is the arc length parameterization of the curve 9Q it follows that 7, = T/(y(s;)) = K(Sy)nys,) = K(Sy)N(Sy),
where 7(y(s)) is the tangent vector to the curve 9Q at y(s,) and n(s,) = nys,. Moreover, since y(s,) € 9Q,, we have
d(y(sy)) = n, which gives

T,

Vi (sy) =y(sy) — . 42
(50) =(s2) =3 (42)
Differentiating (42) with respect to s, we obtain
N/ , Ts,s, 1 (Sy) + Ts, K/ (Sy)
Sy) =Y (sy) — ,
W) (sy) =y (sy) =1 K(S”)z
which, using 15, = K(s;)n(s,) and n,, = —K(s,)7(s,), can be simplified as
W) () = ¥ (sy) + nK(sy)T(Sy)- (43)
Since s, is the arc length parameterization of 9Q, it follows that y'(s,) = s, and thus (43) can be rewritten as
W) () = (1 +mr(sy))T(Sy)-
Consequently if # is chosen such that 1 < minycq, Klw we have
) (sp)l = 1+ nic(sy) = 1+ 1y,
Thus
. 1 1
/m a(y(s)C(x,y"(s))ds :/0 o(y* ()%, Y (sy)) I (Sy)|dsy :/O a(y" (sy)) X%,y (sy)) (1 + 11y )ds
= [ sty sy st + s, (44)
0y

Using the signed distance function d(z), we compute the signed curvature x(z) at a point z € R? sitting on 9Q,, as
K(z) = Ky, = —Ad(2).

A.2. Three dimensions

In this section we provide the reader with a simple and intuitive derivation of the change of variables for surfaces. We
consider the two integrals

/a . oY) (S, ) (X, Y (Sy, A))dSy A2y
and
[ty ey (s, dsdt

By a simple calculation we will relate the surface element dsd/ to the surface element ds,d2,. We pick a point x on the
zero level set surface and consider its two principal directions. We assume without loss of generality that s is the param-
eterization of the first principal direction and /4 the parameterization of the second. We assume also that the curvature
along the first principal direction at x is x; and that the curvature along the second principal direction at x is k5. In this
situation we call R; the radius of the osculating circle associated to the first principal direction and R, the radius of the
osculating circle associated to the second principal direction. From x we now consider a surface element dsd2, where
ds = R0, and R,0,. See Fig. 11. Since the offset surface is defined as {x : d(x) = 1}, the two principal curvatures of the offset
surface element at x, = x — nVd(x) (x, is the projection of x onto the offset surface) are x = Rl]—w and K = ﬁ. Therefore
the offset surface element can be expressed as ds,d4,, where ds, = (R — )0; and d/,, = (R, — 1)0-. Relating the two surface
elements we have
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Fig. 11. The two surface elements on the zero and the 7 level set surfaces.

dsdi RiR, Ri—Ra =) +nR =+ R, — 1) Ui

ds,diy — (R —m)(Ra — 1) (Ri = m)(Ra — 1) TR R )

1 1 172 nz
=1 =1 (K] KD 4 L = 14 2H,n + 00,
+<R1—11+R1—11>17+(R1—n)(Rz—n) O K+ Ry~ = 1 2+ 007)

(1), ,.(2)
K” +K

where H, = .= is the mean curvature of the # level set at x,. So it follows that if 77 is chosen such that # < minscq, %m we
have

/mOf(y*(57i))C(Xay*(57/’L))dei= o oUY" (S, 2)E(X,Y" (S, 2) (1 + 200Hy)dsyd iy + O(1%)),

where H, is the mean curvature of the offset surface at y*(s,, 4,).
The exact Jacobian in three dimensions is actually a polynomial of degree 2 in # so that the integral becomes

/aQ oy (s, 2))L(x,y*(s, 2))dsdA = » LY (Sys 2n))E (X Y (Sys 7)) (1 200Hy + 17> Gy )dsy d iy, (45)
i

where G, is the Gaussian curvature of the offset surface at y*(s;, 4;).
Using the signed distance function d(z), we compute the mean curvature H(z) and the Gaussian curvature I'(z) at a point
z € R? sitting on 9Q, as

H(z)=H, = f%Ad(Z)
and
G(z) = G, = (Vd, adj(Hess(d))Vd)
= di(dyy ez — dy,) + dy (dodez — o) + 0 (dundly — ) + 2[dacly(dedye — duydlz)
+ dyd;(dydy; — dy,dx) + ded; (dyydy, — dydyy)],
where adj(Hess(d)) is the adjugate matrix of the Hessian of d.
In the next section we present a detailed derivation of the closed formula for the change of variables in any dimension.

A.3. Closed formula for the Jacobian in any dimension

In this section we provide the reader with a sketch of the derivation of the complete change of variables in dimension
(n+1),n € N*. The proof was obtained by Dan Knopf.

Consider the hyper surfaces 9Q and 9Q, in R""', and a domain & ¢ R™"! such that v : & > R" is a parameterization of 0.
Then the induced metric g on 9Q, has components
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gx] = <Div7DjU>7
wherei,j=1,...,n,and Div = Div(x) = (9iv1(X), ..., din.1(X)). If v is the inward unit normal to 9Q, we define the second fun-
damental form h as

hij = <DiV,Djl)>.

The area of 9Q, is then computed by
Aoey) - [ Vdetgax.
where dx is a Lebesgue measure on R". From the parameterization of §Q, we obtain a parameterization of 9Q as
D(x) = v(x) + nv(v(x)),
with induced metric
i = (Div + nD;v,Djv + nD;v) = g; + 2nhy + n*(D;v, D;V).
Using the fact that D;v = hy gDy, (using Einstein summation convention), we obtain that
(Div,Djv) = (hyg"'Dyv, himg™ Dyv) = hyg ' hjmg™ (D10, Dy0) = hyg ' hjm g;"t/g_,g = hyg"hy = h+g=h.
-2 —a
Thus we obtain the tensor identity
g=g+2nh+n*h+g=h
By applying g-! to the above equation we obtain
(g7'8)} = & + 2nh] + i hit,

in which we can now diagonalize the Weingarten map induced by h to obtain

k) 0 - 0 kY 0o .0 (1+nxi)y? 0 0
11- 0 ¥ 0 o0 0 ®P? o 0 0 (1+nxP)? 0 0
P g g)P =1, +2 " P " = M ,
0 N 0 0 0 0
0 - 0 &V 0 o0 () 0 . 0 (1+nky

where P is the change of basis matrix and Kﬁ,” is the ith eigenvalue of the Weingarten map induced by h and the ith principal
curvature of 9Q,. Then

n

Vdetg = \/detg<H(1 + mcﬁ;“)) =1+ i:a,»(h)n", (46)

i=1

where g;(h) is the ith symmetric polynomial in the eigenvalues of the Weingarten map induced by h, 6, (h) = 2H,; is the non
averaged mean curvature (H, =131, K\ with k) its ith principal curvature) and a,(h) = G, = [T, %} is the Gaussian cur-
vature. When n = 1 we recover the Jacobian obtained for curves in two dimensions in (44) and when n = 2 we obtain the
Jacobian delineated in (45).

Remark 4. These changes of variables only hold if # is the constant distance between the two level sets 9Q and 69, and y
is sufficiently small, i.e. less than the focal distance. We also note that the first order curvature correction (in #) obtained in
the above changes of variables is the first variation of arc length (for curves) and area (for surfaces) from Riemannian
geometry.

Appendix B. Single and double layer potentials for Laplace’s and Poisson’s equations
B.1. Laplace’s equation

Let Q be a bounded set of R", n € N*, and consider Laplace’s equation
Au(x) =0, (47)

in the bounded set Q subject to Dirichlet, Neumann or the general Robin as in (8) boundary conditions on 9Q. We refer to
(47) as the interior Laplace problem. We define the fundamental solution of Laplace’s equation on R" to be the solution ®(x,y)
of

AD(X,y) = d(x — ) (48)
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for x,y € R", where n € N* is the dimension. By noticing that Laplace’s equation is invariant under rotations, (47) can be
solved by searching for radial solutions. The fundamental solution of Laplace’s equation can therefore be expressed as
+Injx —y| forn=2,

n-2 forn>37

” 1 (49)
n(n=2)p, Xy

CI)(X,y) = {

where p, is the volume of the unit ball in R". A few properties of the fundamental solution ® are summarized in the follow-
ing theorem:

Theorem 6.1. (Properties of ®). For all x,y € R", x # y, we have

1. Symmetry: ®(x,y) = ®(y, x),
2. Vy0(x,y) = —Vix@(x,y),
3. V,0(x,y) = -V, 0(y,X).

Since the fundamental solution ® satisfies (48) we can express the solution u of (47) as an integral involving ®. Using
Green’s identity for u and ® defined in Eqs. (47) and (48) respectively, it follows that

_ 90(X,y(s) _ ouy(s)
| w18,009) 0y aum)ay = [ (uyis) 5 ogeyis) D b (50
where n, is the outward unit normal to Q at the point y(s) € 9Q. Since u is harmonic on Q Eq. (50) simplifies to
_ OD(x,y(s)) u(y(s))
Juomoeyay= [ (uyis) P5IE - ot yio) P Jas

We consider two cases:

excQ
In this case, since both x and y in the left-hand side of the above equation are in Q, we obtain

i = [ (w0 25D s 0 s,

ony ony

execQF
In this case, we have A,®(x,y) = 0 since x € Q° and y € Q, and thus Eq. (50) further simplifies to

8<I> 0D(x,y(5)) uy(s))
0= / ( d)(x,y(s))a—ny>ds.

ony

We therefore obtain the following identity:

" oD(x,y(s)) au(y(s)) ux) if xeQ,
[ (w0ro) 25 g yion P Yas - {0 L2 51)

We now define the exterior Laplace problem as the equation
Av(x) =0, (52)

satisfied in Q¢. The boundary condition for v on 9Q will be described later. Using Green’s identity for v we can write

[ v08,0009) - 0,31, 19)dy = (v(y(s)) PORIED i yis)) %} ds (53)
Qc 0 y y
where n; is the outward unit normal to Q¢ at the point y(s) € Q. Noticing that n, = —ny, we rewrite (53) as
9] o0
| 008,03 - 02,00y = [ (066) P - wiy(s) 2D as

Simplifying the above left-hand side in the same manner as we simplified the left-hand side of (50), we obtain the identity
av(y(s)) 8<I)(x,y(s))> {0 ifxeQ,
D(x, — — = )ds = _ 54
_/89 ( (*x.¥(s)) on, vy(s) on, s v(x) if x e Q. (>4)
Adding (51) and (54) we arrive at the following result:
" ov(y(s ou(y(s OD(x,y(s u(x) ifxeQ,
[ (P 20D . y5) + atys) - vty P Yas — {4 (55)

ony on, ony v(x) if xe Q.
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We now define the following two boundary value problems:

Definition 6.1. Single layer boundary value problem

Let Q be a bounded set in R" and define the single layer boundary value problem as
Avg(x) =0 in Q¢
vg(X) =u(x)  onoQ, (56)
‘l‘im vy(x) =0,
X|—00

where u is the solution of (47) with Dirichlet, Neumann, or the general Robin as in (8) boundary conditions.

Similarly we define the double layer boundary value problem in the following way:

Definition 6.2. Double layer boundary value problem

Let Q be a bounded set in R" and define the double layer boundary value problem as
Avg(x) =0 in Q¢
Vg (X) — au(x) on 8Q, (57)

any ony

‘l‘im va(x) =0,

X|—00

where n, is the outward unit normal to Q at the point x € 9Q, and u is the solution of (47) with Dirichlet, Neumann, or the
general Robin as in (8) boundary conditions.

Thus if we choose the function v to be the solution v of the single layer boundary value problem (56), (55) becomes

. .
/ a(y(s))D(x,y(s))ds = {u(x) ifxeQ,
JoQ

va(x) if x € O, (38)

where a(y) = (‘)’(’)—;!i” ‘”‘W)> for y € 9Q. The function [, oi(y(s))®(x,y(s))ds in (58) is referred to as the single layer potential
with density o.

If we choose v to be the solution 7 of the double layer boundary value problem (57), (55) becomes

oD(x,y(s ))d _ {u(x) ifxeQ,

_ 59
on, va(x) if x € Q°, (59)

By(s))
0Q
where f(y) = u(y) — va(y) for y € 0Q. The function [, (y(s) )wds in (59) is known as the double layer potential with
density g. It follows that in the bounded set Q the solution u of (47) can be represented by either the single layer or the dou-
ble layer potential. So far the above single layer and double layer potential functions are only defined on R" \ oQ. It is there-
fore interesting (and also useful for practical applications) to look at their respective limits as x approaches the boundary 6Q.
Standard results in potential theory [29] give the following theorems:

Theorem 6.2. Let 0Q be of class C> and o € C(9Q). Then the single layer potential with density o is continuous throughout R",
namely

lim [ a(y(s))®(x + hny, y(s))ds = / (Y (s)D(x, y(s))ds,
0Q JOQ

h—0*

where x € 9Q and n, is the outward unit normal to Q at the point x € 9Q, and the integral exists as an improper integral.

Theorem 6.3. Let 9Q be of class C2, and p € C(99). Then the double layer potential with density p can be continuously extended
from Q to Q, and from Q¢ to Q° with

tim [ gty P8 s — [ piyts P03 o,

h—0" Jaoq
where x € 9Q and n, is the outward unit normal to Q, and the integral exists as an improper integral.
We also have the following result regarding the normal derivative of the fundamental solution of Laplace’s equation:
Theorem 6.4. Let ® be the fundamental solution of Laplace’s equation defined in (49). Then we have the following:

1 ifxeQ,
/wds: : ifxedn,
a0 Ony 0 ifxer.
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This result is used in Example 5.10. This result also shows that any non zero constant function defined on 0Q is an eigen-

vector for the operator K : v [, 253 y(y(s))ds associated to the eigenvalue J.

o

B.2. Poisson’s equation

For Q a bounded set of R" and a real function v, defined on Q, we consider Poisson’s equation
Au(x) = o (%) (60)

for x € Q, subject to either Dirichlet, Neumann, or the general Robin as in (8) boundary conditions. The solution to this prob-
lem can be obtained using the fundamental solution of Laplace’s equation through integral equations. By following the pro-
cedure described in Section B.2 for Laplace’s equation, we obtain the following single and double layer potential formulations
for the Poisson problem respectively:

ux) ifxeQ,

O] d () dy = _ 61
[ snoyends+ [ oty = {50 X (61)
where a(y) = (”%") - ng)> for y € 0Q and vy is the solution of the single layer boundary value problem (56), and
I0(x,y(s)) / {u(x) if x e Q,
— 2 d O(x, dy = . _ 62
[ poe) =5 s+ [ wwywotiay={ 50 (62)

where B(y) = u(y) — va(y) for y € 0Q and vy is the solution of the double layer boundary value problem (57). Similarly to
Laplace’s equation, the limit of the single layer potential (61) and the double layer potential (62) as x approaches the bound-
ary 0Q are obtained using standard results in potential theory.

We now consider the Dirichlet problem for Poisson’s equation (60),

{ j(L;()X): f (lig)(X) 22 ?Q (63)
and the Neumann problem
Au(x) = yo(x) on Q
B = g(x) on 9Q such that [, g(x(s))ds = [, ¥o(x)dx. (64)
limu(x) = 0.

x| =00

Contrary to the Dirichlet problem which is well-posed, the Neumann problem stated in (64) is ill-posed since a solution to
(64) might not always exist for any function g defined on the boundary 9Q. It is therefore useful to observe that since u sat-
isfies Poisson’s equation on Q, it follows from the divergence theorem that

' " ou(x(s
/ Au(x)dx = / Mds = / Yo (x)dx.
Q o Ony Jo

Thus in order for the Neumann problem (64) to have a solution it is necessary to impose some constraints on the function g
prescribed on the boundary. In particular g should satisfy the compatibility condition

g(x(s))ds = / Yo(X)dx. (65)
oQ Q

Note also the solution of the Neumann problem can only be obtained up to a constant.
Let us now consider the Dirichlet problem (63). To obtain its solution u in Q, we can use two different approaches: one
using the single layer potential formulation (58) or one using the double layer potential formulation (59).

B.2.1. Single layer potential formulation
In this case we represent u in Q as

u(x) = / Y00 y(s))ds + / O(x,y)o(y)dy,

where « is the unknown density on Q. We remark that u is entirely determined by the knowledge of the single layer density
o defined on the boundary 9Q. Letting x go to the boundary 9Q, we use the result of Theorem 6.2 to obtain

fx) = /dQ oy ($))P(x, y(s))ds + /Q O(x,y)o(y)dy, for x € 0Q, (66)

which is an integral equation involving only boundary quantities o and f. This equation is a Fredholm equation of the first
kind (see [29]). Since fand ® are both known quantities it is possible to use (66) to solve for «. The steps to solve the Dirichlet
problem using the single layer potential formulation are thus as follows:
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1. Find the density o defined on 9Q such that
[ atv(spoyisnds =0 - [ O yiomdy. for xe o0

2. Reconstruct u in Q using the single layer potential formulation

u(x) = / Y00 y(s))ds + /Q O(x,y)oy)dy, forxe Q.

B.2.2. Double layer potential formulation
In this case we represent u in Q as

i = [ psn Z5Das o [ o ypwmay

where f is the unknown density on 9Q. Again we remark that u is entirely determined by the knowledge of the double layer
density p defined on the boundary 9. Letting x go to the boundary 9Q from the inside of Q, we use the result of Theorem 6.3
to obtain

/ B(s) ds+/(ny1p0( )dy+ /3() for x € 0Q, (67)

which is a Fredholm equation of the second kind. Note that if we let x go the boundary from the outside of Q we obtain an-
other Fredholm equation of the second kind, namely

tim va(e+ hng = [ piyis) %nf“”ds + [ oy wamdy - 2B, forxe 0@

Unfortunately we do not know the function »,4 nor its limit as x approaches the boundary 9Q. This equation is therefore not
useful in practice. Nevertheless, (67) can be used to solve for . The steps to solve the Dirichlet problem using the double
layer potential formulation are as follows:

1. Find the density 8 defined on 9Q such that
8<I> X, 1
[ p) Z2EE N s 2 00 = o0 [ 0t ypotdy.  forx< o2

2. Reconstruct u in Q using the double layer potential formulation

oD(x,y(s

u(x) = ‘ BOYS)—5, dS+/ D(x, Yo (y)dy, forxeQ.
JoQ y

Between these two approaches the double layer potential formulation is often preferred since the Fredholm equation of the
second kind leads to a numerical system with a better condition number than the system obtained from the Fredholm equa-
tion of the first kind.

B.2.3. Single layer formulation for the Neumann problem
We consider the Neumann problem

Au(x) = o(x) onQ
I = g(x) on 9Q such that [, g(x(s))ds = [, ¥o(x)dx
limu(x) =0.

|x| =00

In this case it is necessary to use the single layer potential formulation (58) and represent u in Q as
) = [ ay(s)Oxy(s)ds + [ Ocy)poly)dy. (68)

where o is the unknown density on 9Q. This formulation however cannot be used directly since the boundary condition of
the Neumann problem is prescribed on the normal derivative of u on 9Q instead of being specified on the function u. It is
therefore necessary to compute the normal derivative of u in (68) and then take its limit as x approaches the boundary
0Q. Here again standard results in potential theory apply and give the following theorem:

Theorem 6.5. Let 9Q be of class C2. Then for the single layer potential u with continuous density o we have

lim M — / a(y(s))wds ila(x%
JoQ

h—0* ony ony, 2



C. Kublik et al./Journal of Computational Physics 247 (2013) 279-311 307

where limy, . 2400
integral.

Using this result we can solve the Neumann problem as follows:

is to be understood in the sense of uniform convergence on 0Q and where the integral exists as an improper

1. Find the density « defined on the domain boundary oQ such that

P00y 4 1 oocy)
[ atyisn 25 ds - o) — gix) -

Yvo(y)dy, for x € 0Q.
Q

2. Reconstruct u in Q using the single layer potential formulation

u(x) = /7Q o(y(s)D(x,y(s))ds + /QCD(X,y)%(y)dy, for x € Q.

Appendix C. Accuracy of the regularizations of 5%

In this section we estimate the errors incurred by our regularizations of the normal derivative of the fundamental solution
in two and three dimensions.

C.1. Two dimensions

Let C be a C* curve in R? and let z be a point on C. We assume that we have a parameterization (x(t),y(t)) of C and
consider the Frenet frame associated to C and centered at z = (x(to),y(to)) € C for some t, > 0. In that frame z is the point
(0,0), the x-axis is the tangent and the y-axis the normal. For simplicity we denote by O the origin of the frame (which
is also z). See Fig. 12. Locally around the origin, the equation of the curve can be written as a function y = f(x). As a
result we have f(0) =0, f'(0) =0 and f”(0) = x(0) =4 is the curvature of the curve at O. This curvature is also the cur-
vature of C at z.

Now we consider the osculating circle of the curve C at O. In the Frenet frame the osculating circle is centered at (0, R). The
equation of the circle (bottom portion) can be written as

y=R- VR -x2,

for |x| < R. For |h| < R a small parameter we consider a point M on the osculating circle with coordinates (h,R — V'R? — h?)
and a point P on the curve with coordinates (h,f(h)). We compute the difference of their y-coordinates:

R & h’ hooh
f(h) — (R—\/R? — ) = f(0) + hf (0) +5-f"(0) + - f"(0) + O(h*) — R+ R<1 — @ Tagi T OM)
h2 h3 " h2 4 3
— 5t "0 = 5+ O = o),
If the point O is a vertex, then f”(0) = 0 and the circle is called overosculating. In this case the contact point between the
curve and its osculating circle is of order > 4. We recall that a vertex of a curve in R? is a point where the contact order
of the curve with its osculating circle is at least 4 (i.e. O(h*)).

\

Fig. 12. The curve and its osculating circle in the Frenet frame.
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Estimate for the normal derivative. Let M be a point on the osculating circle such that its coordinates are (x,R — V/R? — x2)

for [x| < R. Let P be a point on the curve such that its coordinates are (x,f(x)). We compare the two quantities “°*% and
0(P.0)
ong *°
M0 _ 1 M-0 1 R-x-R 1
ong 27‘C|M—O|2 0 anz+(R,,/R2,x2)2_47TR7
o0P0) 1 (P-0) 1 fx _ 1 R- VR —x2 + 0(x3) 7L+0( ).
ang 2mp_of ° 2mx yf(x? 2My2 R— VR —x +003)? ATR
We note that if the curve is locally convex we have
o0(P,0) 1 X
T onp  4mR +0X).

Consequently we have in general

0B(P.0) _ 0B(M.0)

oB(M.0)
ong ong

(91’[0

since |0 — P| = O(x) and where p = 1 in general and p = 2 if the origin O (or z € C) is a vertex.

0(|0 - PP),

+O(XP) =

C.2. Three dimensions

Let S be a C? surface in R?, and let Py be a point on S. For simplicity in the calculations we consider a local coordinate
system centered at Py with axes x, y and z such that the tangent plane to the surface S at Py is the xy plane with the principal
directions being the x-axis and the y-axis. Note that Py is also the origin (denoted now by O). Locally around the origin, the
equation of the surface can be written as a function z=f(x,y). As a result, we have f(0,0)=0, f,(0,0)=0,
f,(0,0) =0, f,,(0,0) = K1, f,,(0,0) = K, and f,(0,0) = f,(0,0) = 0, where k; and x;, are the two principal curvatures of
S at 0.

If we use the tangent plane at Py, (equivalently the origin O), then a point P on the tangent plane can be written as (x,y, 0)
so the normal derivative of the fundamental solution becomes (for x and y small):

oo0O,p) 1 (0-P)-(0,0,-1) 1 (x,,0)-(0,0,-1)

= . =— ’ =0.
onp C4m P -0 4n (x2 +y2)%

This is equivalent to throwing out points on the interface that are too close to Py. As pointed out in Section 4.1, the accuracy
resulting from this regularization can be further improved by approximating the surface locally by its osculating paraboloid
instead of its tangent plane.

We consider the osculating paraboloid of the surface S at 0. We can then write the equation of the paraboloid as

1
zZ(x,y) = E(lez + 165)%).

Near the origin, we consider a point M on the osculating paraboloid with coordinates (x,y,1 (x1x* + 1;y*)) and a point P on
the surface with coordinate (x,y,f(x,y)) and compute the difference in their z-coordinates:

fx,y) - % (k1x* + K2y*) = £(0,0) + £(0,0)x + £,(0,0)y + % (fe(0,0)x* + 2f,,(0,0)xy + £,(0,0)y%) + O(X%, X°y, xy* . y?)

f%(mxz +K2y%) = O, X%y, xy*, y?).

It follows that the osculating paraboloid has contact of order 3 in general. If the point is a vertex, then the contact order is at
least 4.

Estimate for the normal derivative. Let M be a point on the osculating paraboloid with coordinates (x,y,] (k1x? + k,y?)) and
let P be a point on S with coordinates (x,y,f(x,y)). We compare the two quantities 0“’(

tities using cylindrical coordinates. The point M on the paraboloid can be descrlbed as
p(r,0) = (rcos(()), rsin(())% (;q (rcos(0))? + Ky (r sin(0))2>>7
forr € [0,7] and 0 € [0,2x]. Then

ap ap .
> <90 = (—1%1K7 cos(0), —1* K, sin(0), ).

Thus || 2 x Z|| = r\/l + 12((1¢1 cos(0))? + (i3 sin(0))%). Computing the normal derivative of the fundamental solution at the

oM and 2%2P. We compute these quan-

a0
point P on the paraboloid we obtain
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o®(0,P) 1 (0—P)-(z4,2,-1) 1 (=%, -y, —1(K1x% + K2)?)) - (XK1, Y2, —1)

oe A2z, —DIIP=O0P AT 1121 202 £y + 1 (k12 + 192))?

_ 1 XK1 — Yo + 3 (K + YK
4n 2402 212 (x2 241 2 2)2 :
V120G + Y203 (32 4+ 32 + L2 + Ky2)?)
1 KiX* + K2y?

~8m \/1 + 12((1¢1 €08(0))? + (K63 sin(()))2)<x2 +y2 +1(0x% + szz)z)%

r2 (K cos?(0) + K sin® ()

1
8 \/1 + 12((1¢1 cos(0))? + (i3 sin(0))*)r3 ( 2 (K1 €os2(0) + Ky sinz(e))z)%
1 161 €0s2(6) + I, sin’(0)

o VT4 12((0c1 co8(0))* + (162 5in(0)?) (4 + 121 OS2 (0) + 165 5in’ (0))2)

We now compute the average value of the normal derivative of the fundamental solution over the piece of paraboloid defined
2 (161 c082 0 + Ky sin” 0) : 0 € [0,27], r € [0,7] }. Using a Taylor expansion for small z and Maple to simplify the result,

asP =15
the first few terms of the integral of the normal derivafive of the fundamental solution over the piece of paraboloid P are

2n (161 c0S2(0) + K, sin® ))r\/l +12((K1 cos(0))* + (ic3 sin(6))?)
/ / _drdo
\/1 + 12((1c, c0s(0)) + (K, sin(0))*)r(4 + 12 (k1 cos?(6) + K, sin®(0)))?
2n K1 €0S2(0) + K5 sin’ (0 K1+ K 1
/ / 1€05°(0) + 165 .(2) —drdo = VR (5063 1 13) + 3Kk + K2)) T+ O(T).
(4 4 1r?(Kk1 cos?(0) + 12 sin” (0))7)? 8 512
Similarly, the first few terms of the surface area of the piece of paraboloid P are

T 2n 2 2 4 4 242
/ / r\/l +12((K1 cos(0))* + (ic; sin(0))*)drd0 = mt® + 7 M) _ (Kt 1S KRS e, o(t8).
s Jo 8 64 96

Consequently, the first few terms in the average of the normal derivative over P are

1 fo 161 cos? () 15 sin”(0) \/1 +12((1¢1 cos(0))? + (i3 sin(0)))drdo
Avg _ 4+r2(h1 cosz(())+h2 sin®(0))
Jo Jo r\/l +r2 (11 c0s(0))* + (1c, sin(0))?)drdo

1 1 1
= %(Iﬁ +Ky) — o (13013 + 13) + 11K K (Kq + K2))T +3939167 (3086(K21c3 + I K3) + 2139(K i,
+ K1K3) + 2583 (16 + K3)) T3 + O(7).
Now, we look at the error made by approximating the normal derivative of the fundamental solution using the osculating
i on

paraboloid instead of the surface. Let P be the point (x,y,z(x,y)) on the osculating paraboloid and S the point (x,y,f(x,y))

the surface. We have

od(0,P) 1 K1X% + K2)?
—Qr 3
onp 8T 1422 4 2(x2 1 y? 4 22)}
and thus

09(0,5) 10-9 hfh-1)__1 X —yf +fx.y)

s AR SO0 AT T e ey S )

1 Z = Y2y +2(%,y) + O, X%y, xy*,y°)
A1t e+ 002,299 + (2 + 02, x9,7)P (2 + ¥ + (2(x.y) + O(C .2y, 22, %))}
1 KiX + Kay” + O, X%y, xy*.y%)
8T iz2izi0 X3, yx2, xy2, ¥3) (X2 + Y2 + 2(x,y) + O(X5, X4y, X3y2, x2y3, xy4, y5
X Yy
(1 +O(xfiX“y,x3y27x2y37><y“,y“3)>
(x.)) X4y +2(xy)°

3
2

-3
2

K1X% + 160y% + O(x3, X2y, xy? y3)

,/1 +2+22, 1+ ";"2{3’:”3 X +y2+z
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_3
1 KX 1y O YY) |, Oy Xy y) (1 +O(xix“yvx3y2,x2y37xy“7y5)> ’

- 3 2., 2 2
8 N4z 4z +y2 +2) Z+2z,+1 X +y*+z(x.y)
—0(1)

Using polar coordinates for the O term with x = rcos(6) and y = rsin(6), we have

2 2 3
78@@(0,5) = Sl fox 1 Iay” + Or) —(1+0()) #(1 + o)t
ns T N+Z2+2(2+y* +2(x,y)°)7
1 K1X% + K)? 1 K1X* + Koy

+0(1) | (1+0@3) +0(1).

8T\ 1424202 4y + 2(x,y)) 8T 1424200 +y2 +2(x,y))

since K1ty O(}). It follows that

(x2+y2+22)2
a®(0,S)  9D(0,P)
ons -~ omp +0(1).

Now

/U(O;T) wds = /~ wds + /OT /027[ O(l)r\/l +12((1c1 cos(6))* + (i sin(0))*)drdo

ong von  One
— / 8®(O,P(S))d5 + O('L'Z)
Ju:) onp ’

where fJ(O; 7) is a neighborhood of O on the tangent plane to the surface at O (also Py). If the point Py € 9Q is a vertex, namely
if the paraboloid is overosculating, we would have at least a third order accuracy in 7. So in general we can write

/ Mds:/ 9(0.P6) 45 1 o)
U(0;1) |

ong v onp

where p = 2 in general and p = 3 if Py (also the origin O on the tangent plane) is a vertex. Now we estimate the error made
when we approximate the normal derivative of the fundamental solution weakly using the osculating paraboloid as the
approximate surface. We have the following

/ 9B(x.y(5)) oy(s))ds = oc(x)/ 9B(x.y(5)) ds + Vo(x) / 90(x.y(5)) () —x)ds+---
U(x;t) U(x;T)

ony ony veer) Oy
- o[ O asow) + va- [ EEID i) —ws---

1 1
= o(x) <% (K1 +16) — %(13(@ +163) + 115, Ky (761 + Kz))’l?> +O(1h),

where p = 2 in general and p = 3 if x is a vertex.
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