Higher dimensional generalizations of twistor spaces

Hai Lin', Tao Zheng?

Abstract. We construct a generalization of twistor spaces of hypercomplex manifolds and hyper-
Kihler manifolds M, by generalizing the twistor P* to a more general complex manifold Q. The
resulting manifold X is complex if and only if @ admits a holomorphic map to P*. We make
branched double covers of these manifolds. Some class of these branched double covers can give rise
to non-Kahler Calabi-Yau manifolds. We show that these manifolds X and their branched double
covers are non-Kéhler. In the cases that @) is a balanced manifold, the resulting manifold X and
its special branched double cover have balanced Hermitian metrics.

1. Introduction

Non-Kahler geometries exist in both heterotic string theory and type II string theory, in the presence
of fluxes. In the compactification of heterotic string theory to four dimensional Minkowski spacetime
[12, 61, 52], the internal six-manifolds can become non-Kéahler in the presence of fluxes. Various
models of constructing heterotic manifolds and their vector-bundles have been put forward, see for
example [52, 9, 17, 18, 10, 5, 36, 6, 13, 4]. They play an important role in searching for realistic
string theory vacua with four dimensional Minkowski spacetime. The non-Kéhler manifolds and
balanced manifolds can also occur in type II string theory, in the presence of three-form fluxes and
five-brane sources. For example, they have appeared in the context of eight-dimensional Hermitian
manifolds in type IIB string theory, see [34, 38, 45, 49].

An interesting type of non-Kéhler manifolds are the balanced Hermitian manifolds (see [37]). They
are Hermitian manifolds with a Hermitian form w and a holomorphic form. For a non-Ké&hler
balanced manifold, its Hermitian form w is not closed, however, wP~! is closed, where p is the
complex dimension of the manifold. Under appropriate blowing-downs or contractions of curves,
some classes of non-Kéhler balanced manifolds can become Kéhler and have projective models in
algebraic geometry (see for example [43, 32, 35]).

Twistor spaces [42, 7] provide an important type of non-Kéhler manifolds. Given an oriented Rie-
mannian four-manifold M, there is an associated twistor space of M, sometimes denoted as Tw (M ).
The construction of the twistor spaces uses a special twistor P'. The twistor P! parametrizes the
set of almost complex structures of the associated twistor space [7].

There are several classes of manifolds whose twistor spaces are of great interest. One class of
manifolds are the four-manifolds with self-dual conformal structure [43, 41, 7], such as the connected
sum of n copies of P%s, i.e., nP2. Their twistor spaces are complex (see for example [32, 44, 31]).
For the simplest cases n = 0 and 1 respectively, the manifolds are S* and P? respectively, and
their twistor spaces are P2 and the flag manifold Fy 5 respectively, which are Kéhler [23]. For the
cases n > 2, the twistor spaces Tw(nP?) are non-Kihler manifolds (see [32, 44, 31]). The branched
double covers of the twistor spaces were analyzed in [35, 22], in which by choosing appropriate
branch divisors, the branched double covers can give rise to non-Kéhler Calabi-Yau manifolds, with
trivial canonical bundle. They provide interesting examples of non-Kéahler Calabi-Yau manifolds

(see for example [56, 54, 35]). We can also construct various vector bundles on them [35].
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Another class of manifolds whose twistor spaces are very interesting are the hyper-Kéahler and
hypercomplex manifolds. Hypercomplex manifolds are complex manifolds with a two-sphere’s worth
of complex structures satisfying quaternionic relations (see for example [11, 51, 26, 48]). They are
generalizations of the hyper-Kéhler manifolds, but their associated Hermitian forms are not closed.
The hyper-Kéhler manifold is a special case of the hypercomplex manifold when it has a Kahler
structure. Their twistor spaces [47, 28] are also complex manifolds, equipped with balanced metrics
(see for example [27, 28, 55]). There are also twistor spaces of various other manifolds, see for
example [3, 40, 25] and the references therein.

In this paper, we construct a generalization of the twistor spaces of hypercomplex manifolds and
hyper-Kihler manifolds, by generalizing the twistor P! to a more general complex manifold Q, to
obtain a higher dimensional manifold X. We will also make branched double coverings of these
manifolds X, branched along appropriate divisors. Some of these branched double covers produce
non-Kahler Calabi-Yau manifolds. In the cases that @ is a balanced manifold, the resulting manifold
X and its special branched double cover have balanced metrics.

The organization of this paper is as follows. In Section 2.1, we give a preliminary account of the
hypercomplex and hyper-Kéahler manifolds, and their twistor spaces. In Section 2.2, we present a
generalization of the twistor spaces of hypercomplex manifolds and hyper-Kéahler manifolds M, by
changing the twistor P! to a general complex manifold . Then in Section 2.3, we make branched
double covers of these manifolds X, branching along appropriate divisors. Some of these branched
double covers can generate non-Kéhler Calabi-Yau manifolds. In Sections 3.1 and 3.2, we describe a
useful Lemma and discuss positivity methods that will be useful for showing the Hermitian metrics
of these manifolds that we construct. In Sections 3.3 and 3.4, we show that the resulting manifold
X and its special branched double cover have balanced Hermitian metrics, if in addition @ is a
balanced manifold. In Section 3.5, we show that these manifolds X and their branched double
covers are non-Kéhler. Finally in Section 4 we briefly make conclusions and discuss some related
directions.
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2. Higher dimensional analogs of twistor spaces

2.1. Twistor space of hyper-Kahler and hypercomplex manifolds. Let us first give prelim-
inary accounts of hyper-Kéhler and hypercomplex manifolds and their twistor spaces.

Let (M, I1,J,K,g) be a hypercomplex manifold with dim¢ M = r = 2k, where I,J,K are the
complex structures: TM — T M, with relations

P=)=K’=-1,1J=K,JK=I KI=1J
and g is the Riemannian metric compatible with I, J, K. Then we can define real two-forms
wi(X,Y) :=¢(IX,Y), ws(X,Y):=9JX,Y),

wk(X,Y) =g(KX,Y), VX,Yex(M)
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where X(M) is the space of vector fields on M. Let
e, - ek, ley,- - Ieg, Jey, - ,Jeg, Key, -+, Keg
be the orthonormal basis for M. Then
et -6l —Tet, ... =Tk —Jel, ... —JeF, —Kel, ... —KeF
is the dual basis. Here we remark that, for example, 1J el = —Ke' by the extended definition
(Ie")(er) = €'(Iex). Hence if we consider

€1, ", €Lk, Jel?"' aJeka I€1,"' 7Iek:a K@l,"' aKek

and define
of = —VZ1Iel, ni=—Je' —V=1Ke', i=1,---k,

then we can deduce
v—1
wr = T

(2.1) Z (' AT +0' AT

k
=1

(2

Similar to this process and using some simple calculation, we can also get

7

(2.2) w3 :% Z (ai Ant+a /\ﬁi) ,
i=1
— k
(2.3) WK :T_l (—ozi Ant+a A ﬁi) .

1

Let us parametrize the twistor P! with [Z1, Z5], where Z;, Zs are complex numbers. Then the
standard biholomorphic map between P! and S? is defined by

¢:Pl —§?

(21, Zo) — <21Z2 + 2179 \/j17122 — 2175 ’Z1|2 — |ZQ‘2)

|Z112 + | Zof?” 212+ | Z2|? 7 | Z1|2 + | Zo)?

In this paper, considering the extended definition of the complex structures on forms above, we use
the map

c:P—§?

Zo|? —|Z\* Z1Zy+ 772 Z\Zy — 217
(2.4) [Z17Z2],_>(| o — |4° Z1Z2+ 212, Joilil =4 2>.

Z1? + |22 |21 + |22 21| + | Z2]?
Therefore, our orientation on S? is opposite with the ordinary one.

We can consider the twistor space Z of hypercomplex manifold M with a product smooth structure
Z = M x P! (see for example [24]). However, the complex structure on Z is given by

(2.5)

T | Zo|* = |21 1 Zo+ Z1Zs 717y — Z1Zo >
1= I+ VI1—5——5K, ).
<|212+|22|2 |Z1[2 + | 222 Z1 2+ (22

where I is the standard complex structure on P!
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2.2. Higher dimensional analogs of the twistor space of hyper-Kéahler and hypercom-
plex manifolds. We can generalize the twistor space of hypercomplex manifolds M to higher
dimensional analogs, by changing the twistor P! to a more general and usually higher dimensional
complex manifold ). In this subsection we present the construction of this generalization.

Let @ be a complex manifold with dim¢ () = n and
(2.6) h:Q — P!

be a smooth map. Assume that (U,z!,---,2") and (V,( = Z1/Z,) are the local coordinates of Q
and P! respectively. The map h can be expressed as

h: Z:(Zlv"'7zn)'_><:<:(z)'

Using (2.5) and the map Soh : Q — S% we can define an almost complex structure on the
manifold X = M x @ with product smooth structure by (for later use, we use local coordinates to
express it)

(2.7) I:= Iy, 1)
where I is the complex structure on (), and
B el (R S ¢
L= 1o |C|2(z)1+ T mz(z).] + ﬁl n MQ(z)K.

Theorem 2.1. Using the notations above, (X, I) is a complex manifold if and only if h is a
holomorphic map.

Proof. We use the Newlander-Nirenberg theorem [39]. This theorem says that complex coordinates
exist if for any (1,0) form 6, i.e., # is a complex-valued one-form with If = /—16, one has

do = 6" A B,
for (1,0) forms #° and general one-forms 3. This can be seen as the complex version of the
Frobenius integrability condition. For any (1,0) form ¢ on M for the complex structure I on M,

this can also be seen as a one-form on X, and it follows that (cf. [24])(Note the remarks about the
complex structure on forms above)

L (p — (Kyp) = V=1(p — (Kyp).
Therefore, let !, --- , " be a local basis of (1,0) forms for the complex structure I on M. Then
cpi—CKgoi, dzj, 1<i<r, 1<5<n
give a basis for the (1,0) forms of X.

Write a (1,0) form 6 for the complex structure I as 6 = ¢ — (K, where ¢ is a (1,0) form for the
complex structure I. Then we have

df = dur(p — (Kp) — 9o ANKp — dg¢ AKep.

Obviously, the Nirenberg tensor of I/ is zero, which implies dys (o —(Ke) € A29M @AM M, where
AP M is for the complex structure Iy;. Then we get

df =d(p — (Kp) = —0g¢ AKp  (mod ol — (Kl - " — CKy", d2t, -, d2").
Therefore, I is integrable if and only if
(2.8) ¢ =0,

i.e., h is a holomorphic map. O



Grauert and Remmert [19] proved that for any proper holomorphic map f : M — N between
complex spaces M and N, if A C M is a subvariety, then f(A) C N is also a subvariety. Since the
subvarieties of P! are discrete points or P! itself, in the case where Q is compact, h is a surjective
holomorphic map or local constant map. We can also prove this conclusion directly. Indeed, if h is
not surjective and p € P!\ h(Q), then since P\ {p} is biholomorphic to C, we can consider h as a
holomorphic function on (), which is a local constant function by the maximum principle.

By the definition of I, we can deduce the following obvious properties.

Proposition 2.2. Using the notations as above, assume that h : Q — P is holomorphic. For
the higher dimensional analogs X of twistor spaces, there hold

(1) The canonical projection w: X — Q given by (w,q) — q is holomorphic.

(2) For anyp € M fized, iy, : Q — X defined by q — (p,q) is also holomorphic.

We remark that for the case ) = P!, this property can be found in [27] and ip is the twistor line
or twistor P! corresponding to the point p € M.

The holomorphic map h : @ — P! is non-constant if and only if there exists a holomorphic line
bundle L on @Q such that we can find s1,s2 € H%(Q, L) with no common zero points. Indeed, for
the “if” direction, we can define

h: Q— Pl g [s1(q),s2(q)]

It is easy to see that h is well defined. For the “only if” direction, note that h can be written locally
as
h|Ua i Ug — ]Ply q+— [flOc(Q)’ f2a(Q)] S Plv

where fio : Uy, — C, i = 1,2 are holomorphic functions with no common zero points by the
definition of h. On U, N Ug, we have [fia(q), f2a(q)] = [f18(q), f28(¢)] and hence there exists a
holomorphic function hag : Uy N Ug — C* such that (fia(q), foa(q)) = hap(@)(f15(q), f25(q)),
for all ¢ € Uy, NUg. It is easy to check the cocycle condition that h,ghg, = hay and haq = 1.
Hence {hqs} define a holomorphic line bundle L and {fin} € H°(Q, L), i = 1,2 have no common
zero points.

In the case dim¢ @Q = 1, this condition can be always satisfied since by the Riemann-Roch theorem,
there exists non-constant meromorphic functions on any Riemann surfaces which are equivalent to
holomorphic maps to P'. Also all such maps are the branch covering of P!. This case was analysed
by [16], and see related discussions of g = 3 case [35] and g = 1 case [22].

As a result, there must exist a meromorphic function on @, i.e., Q must have positive algebraic
dimension. However, in the case dim¢ () > 2, we do not have a similar simple conclusion as in the
n = 1 case since meromorphic functions can not always define holomorphic maps to P*.

However, we can give some examples of () with dim¢ @ > 2. We first consider compact examples of
Q. Assume that 7 : E — P! is a holomorphic vector bundle with rank r + 1. We get a projective
bundle P(E) associated to E which is the quotient of E minus zero section by the natural action
of C*. Tt is well-known that P(E) is a compact Kiihler manifold and 7 : P(E) — P! induced from
7 is a holomorphic map (see [60, Proposition 3.18, Remark 3.19]). Let Y C P(F) be a complex

sub-manifold (Y can be discrete points). Then we can obtain a blowup P(E)y of the projective

—~—

bundle P(E). It is easy to deduce that P(E)y is a compact Kéhler manifold and the blowup map
7: P(E)y — P(E) is a holomorphic map ([60, Proposition 3.24]). Hence, we can take Q as P(E)

—_—~—

or P(E),. We can obtain a series of manifolds by these methods which can be chosen as Q). Here
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we just mention one of the simplest examples, the n-th Hirzebruch surface ¥,, which is of the form
P(C @ Op1(n)), where Op1(n) is the holomorphic line bundle on P!. For example, ¥ is P! x P!,
is the blowup of P? on one point, and for n > 2, ¥£,, can be obtained by desingularizing the cone in
P+ over a rational normal curve spanning P" and more details about the Hirzebruch surface can
be found in [8, 21].

We can also take ) as a non-compact complex manifold. For this aim, we first consider a natural
holomorphic line bundle Opr(—1) over P”, whose fiber at A € P is the vector subspace A C C"+!
with rank 1. We denote by Opr(1) the dual of Opr(—1). For any k € Z, we define Opr(k) =
(Opr (sgnk))@)'k‘. Note that Opr(0) is the trivial line bundle on P". Then, we can construct a
natural relative line bundle on P(E) as follows. Let Op(g)(—1) be the line subbundle of 7*E over
P(E) whose fiber at a point (x, A C E) is vector subspace A C E with rank 1. We define Op(g(1)
as the dual of Op(gy(—1). The restriction of Op(gy(1) on each fiber of 7 isomorphic to P is naturally

isomorphic to Opr(1). For any integer k € Z, we can define Op(g) (k) := (OP(E) (sgnk))@)‘k‘. Again
Op(pg)(0) is the trivial line bundle on P(E). Then we can take @ as Op(g)(k) or its blowup along
its compact complex sub-manifolds.

For the non-compact case, we can also take ) = C". For this case there are some Picard (type)
theorems. For any non-constant holomorphic map h : C — P!, the Picard theorem states that
P!\ h(C) contains at most 2 points. In the case of n > 2, for any non-constant holomorphic map
h: C" — P!, there exists (22, - -, 2,) € C""! such shat

h(-y 22, ,2n) : C — P!

is a non-constant holomorphic map. This yields that P! \ A(C") also contains at most 2 points.
More details about this aspect can be found in [20] and the references therein. Therefore, we can
also take @ as C™.

2.3. Branched double covers and non-Kéahler Calabi-Yau manifolds. Using the holomor-
phic map h : Q — P!, we construct a complex manifold (X, I) for the hypercomplex manifold M.
Let us consider a branched double cover of X constructed in the previous subsection to obtain X.
By choosing appropriate divisors for the branch locus, the resulting double covers can have trivial
canonical bundle and hence they provide examples of non-Kéahler Calabi-Yau manifolds.

We construct branched double covers of X by branching along a divisor D C X. Therefore we
define a double covering map

o: X = X,

branched along D. Such a double cover exists provided that Ox (D) = L®? for some holomorphic
line bundle L, where Ox (D) is the line bundle defined by the divisor D. The canonical class of X
is given by

(2.9) Ky=0¢"(Kx®L).

We can have different branched covers, depending on different types of branch divisors, similar to
those of [35, 22]. There are several interesting types, particularly the divisors in the linear systems
| —mK x| with m = 1 or m = 2 respectively. One type is by choosing the divisor class [D] = —Kx
(see for example [22]). Another type is by choosing the divisor class [D] = —2Kx (see for example
[35]), which produces non-Kéhler Calabi-Yau manifolds (manifolds with trivial canonical bundle

but are nevertheless not Kéhler) since Ky is trivial by the above adjunction formula (2.9).
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Since the non-Kéahler Calabi-Yau manifolds and Kéahler Calabi-Yau manifolds can be connected by a
sequence of blowing downs and blowing ups (see for example [43, 32, 44, 35]), the non-Kéhler Calabi-
Yau manifolds play important roles in understanding the moduli space of Calabi-Yau manifolds (see
for example [46]). Also note that we can construct various vector bundles on non-Kéhler Calabi-
Yau manifolds, see for example [35]. For more discussions on non-Kéahler Calabi-Yau manifolds,
see for example [56, 54] and references therein.

3. Balanced metrics on higher dimensional analogs of twistor spaces and their
branched covers

In this section, we consider the balanced metrics and non-Kéhlerity of the higher dimensional
analogs and their branched covers.

3.1. Exterior differentials on higher dimensional analogs of twistor spaces. Let (X, I) be
the higher dimensional analogs of twistor spaces for a hypercomplex manifold (M, I,J,K, g) with
dim¢ M = r and a holomorphic map

h: Q— P
Then we define

1-¢C +¢ ¢—
(3.1) anr = g(Tr(), ) = T+ T O + VT (e
and 2 e L4
M= T e T e Y T g e

We have some basic properties of wy, slightly different from [55] as follows.

Lemma 3.1. Using the notations above, we have

(3.2) downr € AN1Q @ A*OM,
(3.3) dgwn € NH'Q @ A% M,
(3.4) vV —16@5@&11\4 = —2(h*wp1) Awyy.
In particular, for r > 2, we have
= 4
(3.5) V—=10gwn A Dgum A whp® = —3 (h*wp1) Awh
(3.6) V=100wi ;b = V=10 0wt +2(r — 1) (Brwp) AWt

Here wpr is the Fubini-Study metric on P

_ V/=TdgAadS

AT

Proof. Since ( is a holomorphic map of z, the chain rule implies

(1=, ¢+T T-¢
8Q<1+KP“”1+KP“”VC1L+KP@O

I T S S
—2¢ 1-¢ 1+ ¢ ) _
= T (2)) 3
(T T ™ T i) 7
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ie., 5QwM = EQZ A oypr. For any vector fields U, V € X(M), a direct computation gives

Mm(U+V—=11I,U, V) =0,
which implies o3y € A29M. Hence (3.2) holds and taking conjugation implies (3.3).

As for (3.5), since P! is a homogeneous manifold, we can take (m, z) such that (m,((z)) = (m,0).
Then using (2.1), (2.2), (2.3) and (3.1), a little complicated and direct computation gives (3.5)
(cf.[55]).

Furthermore, we have

o (1=CC . ¢+ c-¢
V%% (1+\<\2<”‘)’ TrRpt VTRt ))

52 —2( 1— CQ 14+¢ -
T ocac ’ ’ ﬁ) V—=18¢ A O
9¢o¢ <(1 +1¢12)? (1+1¢)?)? (1+]|¢[2)? (2) Q¢ N 0q¢

: 1-C 48 z- .
=V ) (T T e VT ) VTR e

i.e., vV—10g0gwn = —2 (h*wp1) A wpr and hence (3.4) holds.

From (3.2), we have

dgunr € NOVQ & ABO M,
which implies
(3.7) Idouwn Awir? e AODQ @ ArTLr=2 31 = {0},
Similarly, we have
(3.8) Ondgwy A w2 e ABOQ @ AT=2 A = {0},
For r > 2, at the same time, we can deduce that
(3.9) owar A Oy Awhd € AODQ @ ATHLT=2 81 = {0},
Similarly, we can obtain
(3.10) downr A dywyr Awhd e ABOQ @ A2 A = (0},
Since

V=100wi 1 = (r — 1)V/=190wy Awhp 2+ V—1(r — 1)(r — 2)dwr A dwpr Awhy

and
dwnr =0gwmr + Opmwar,
gwM ngwM + EMUJM,
using (3.4), (3.5), (3.7), (3.8), (3.9) and (3.10), we can deduce (3.6). O
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3.2. Positivity and balanced metrics. In this subsection we discuss the methods of positivity
and their relations to balanced metrics.

Assume that @ is a complex manifold with dim¢ Q = n. The basic concepts of positivity can be
found in for example [14, Chapter III]. A (p,p) form ¢ is said to be positive if for any (1,0) forms
vj, 1 < j <n—p, then

OAV=INAFTA - AV1Ynp AVp
is a positive (n,n) form. Any positive (p,p) form ¢ is real, i.e., ® = . In particular, in the local
coordinates, a real (1,1) form

(3.11) ¢ = V—1¢;dz' AdZ

is positive if and only if (¢;7) is a semi-positive Hermitian matrix and we denote det ¢ := det(¢;7).
Similarly, a real (n —1,n — 1) form
n
n(n+l) | .| . =.
(312) w :( /_1)71—1 Z (_1)%1+Z+J+1¢]7,
ij=1
dz' A AdZE A A" AdZ A AdE A AdE"

is positive if and only if (¢/7%) is a semi-positive Hermitian matrix and we denote det v := det(z/7?).
We remark that for (1,1) and (n — 1,n — 1) forms one also has the stronger notion of positive
definiteness, which is to require that the Hermitian matrix (¢;;) (resp. (1)) is positive definite.
In this paper, we need this stronger notion and have the following lemma.

Lemma 3.2 (Michelsohn [37]). Let Q be a complex manifold with dimc @ = n. Then there exists
a bijection from the space of positive definite (1,1) forms to positive definite (n — 1,n — 1) forms,
given by

¢n—1
(n—1)I

(3.13) ¢

Proof. For a positive (1,1) form ¢ defined as in (3.11), we can deduce a positive (n —1,n — 1) form

n

n—1 n(nil -
o — (=T Z (_1)%+k+é+1det(¢ﬁ)¢zk

_ |
(n—1)! )

dZPA - AdZEA AP AdZ A AdZEA A AdE?
— noo_—. .
where (¢%) is the inverse matrix of (¢:5), Le., E; Py = 6.

On the other hand, given a positive (n — 1,n — 1) form v defined as in (3.12), there is a positive
(1,1) form

. L ~ . .
(3.14) £=+/—1 (det(W’)) " adat A dE
such that
gnfl
(n—1)! =¥
where (@kz) is the inverse matrix of (wﬁ)7 ie., z; ¢Zjlzkz = 6%. O
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We remark that the above bijection can be found in [37] (cf. [55]) and proved by orthonormal basis.
Our proof here gives the explicit formulae involved.

Assume that M is complex manifold with dim¢ M = r and 9 is a positive (1,1) form. In local
coordinates, it can be written as

(3.15) 0 =v=1) dsdz! Adz.
ij=1
Now positive (1,1) form ¢ on @ defined in (3.11) and positive (1,1) form 9 on M defined in (3.15)

can be seen as real (1,1) form on M x Q. For any positive function A, B € C*°(M x Q,R), we can
deduce that

(3.16) A9 AL+ BYTTLA @

is positive (n+r —1,n+r — 1) form on M x Q. Using (3.14), it is easy to deduce that

r—1

(3.17) €= ((n— DA 75T ((r = DtB) T + (n — DIrlA) T (r — 1)lnlB)” 71

satisfies
énJrrfl

_ n—1 r n r—1
CrT— A" LAY + B AL

Definition 3.1. Let P be a complex manifold with dim¢ P = p. Then a positive (1,1) form & on
P is called balanced metric if déP~! = 0.

Obviously, the Kéhler metric is balanced. Gray and Hervella observed that on a compact complex
manifold (M, w) with dimc M > 3, the condition dw® = 0 for some 2 < k < n — 2 implies
that M is Kaher, i.e., dw = 0. Indeed, dw® = 0 implies w3 A dw = 0, ie., L' 3(dw) = 0,
where L is the Lefschetz operator defined as wedging by w. By the Lefschetz decomposition for
Hermitian manifolds, it follows that L"™3 : A3M — A?"73M is bijection and hence dw = 0.

We can also use the fact Ow A w™™2 = 0 in this case, and use a routine computation to get
*0w = —(nif;)!gw A w3 = 0, as required.! Therefore, it is meaningful to consider the balanced

metric on non-Kahler complex manifolds.

Alessandrini and Bassanelli [1, 2] proved that for a modification f : M — M, M is balanced
if and only if M is balanced. Here modification is defined as follows. Let M and M be complex
manifolds (not necessarily compact) with dim¢ M = dim¢ M = n. Then a proper modification
f: M —s M is a proper holomorphic map such that for a suitable analytic set Y € M with
codimY > 2 (called the center), E := f~(Y) (called the exceptional set of the modification) is a
hypersurface and f| N\E M\E —s M\Y is biholomorphic.

Michelsohn [37] showed that a compact complex manifold is balanced if and only if there exists no
non-zero positive current L of degree (1,1) such that L is the (1,1) component of a boundary, i.e.,
L =085+ 0S with S degree of (1,0).

By Lemma 3.2, to find a balanced metric, it is sufficient to obtain a d-closed positive (p —1,p — 1)
form. In the following part, we will use this lemma to construct balanced metrics and remark that
in some special branched covering cases, the balanced condition can be preserved.

IThe authors would like to thank Prof. Valentino Tosatti for explaining this point.
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3.3. Balanced metrics on higher analogs of twistor spaces of hyper-Kihler manifolds.
It is easy to get a balanced metric if the higher analogs of twistor spaces come from hyper-Kéhler
manifolds. We have

Theorem 3.3. Let (X, I) be the higher analog of the twistor space of a hyper-Kdhler manifold
(M, 1,J,K,g) with dimc M = r and h : Q — P!, where Q is a Kdihler manifold with Kdihler
form wg and dimc Q = n. Then wy + twq is a balanced metric (not Kdihlerian) on X, where t is
any positive constant.

Proof. Tt is sufficient to prove d(wys + twg)™™" ! = 0. Note that

_9 ofn+r—2 _ 4 fn+r—2 _ _
(3.18) (war + tw)™ 2 =t 2< i )wg ZAWh A+t 1( 01 )wg "Aw?
2
+tn<n—|—r )wg/\wf\/lz,
n—
(3.19) d (wM + tWQ) :5QwM + 8QwM

e AT Q @ AZOM + AMOQ @ AO2M,

where for (3.19) we use that fact that dyswyr = dwg = 0 and lemma 3.1. Note that d (war + twg) #
0. Then from (3.18) and (3.19), we can deduce

dlwar + tu)™ ™ = (n 4 1 — )(wns + twg)™ > Ad (war + twg) =0,

as required. O

Note that, in this case, M and () can be non-compact.

3.4. Balanced metrics on higher analogs of twistor spaces of compact hypercomplex
manifolds and their branched covers. In this subsection, we show that there exist balanced
Hermitian metrics on the higher analogs of twistor spaces of compact hypercomplex manifolds and
their special branched covers. This case also includes compact hyper-Kéahler manifolds. By methods
of positivity we find their explicit Hermitian metrics.

We first introduce a useful lemma which is slightly different from [55, Lemma 2].

Lemma 3.4. Let P be a compact complexr manifold with dim¢c P = p and Z be a holomorphic
vector bundle with rank r. Let Z = E @& F be a decomposition of 2= and H and H' be Hermitian
forms on 2. If H restricted on E is strictly positive and H' restricted on F is strictly positive with
E C KerH', i.e., H(E,-) = 0, then there exists a positive number ¢ such that H + cH' is strictly
positive on =.

Proof. We use the ideas from [55]. Since the manifold is compact, we just need to prove the

conclusion locally. Let ey, - -- , es be the local holomorphic frame basis on F and egy1,- - - e, be the
local holomorphic frame basis on F' such that
(3.20) H(e;,ej) = 0;j, H'(eq,ep) =0ap, 1<i,j<s, s+1<a, <,

where s is the rank of E. Clearly, there exists ¢ such that (H + c¢H') | is strictly positive. Thus,
without loss of generality, we can assume H|p = 0. Then for any

U= Zs: Ule;, V = Z Ve,
=1

a=s+1
11



we may prove
H(U +tV,U +tV) 4+ cH' (X +tV,U +tV)
=H(U,U) + 2tRe(H(U,V)) + t*cH'(V,V) > 0
for any t, which is equivalent to

[Re(H(U,V))]* < cH'(V,VYH(U,U) = ¢ (Z |UZ'\2) ( Z \V"‘\Q) .
=1

a=s+1
On the other hand, we have

[Re(H (U, V))]* = > Re(H;oU'V®)

1<i<s,s+1<a<lr

S T
S| ) () (3 we).
1<i<s,s+1<a<r =1 a=s+1
The summation > |H;o|? | can be locally bounded by ¢, hence H +cH' is positive. [
1<i<s,s+1<a<lr

Theorem 3.5. Suppose that h: Q — P is a holomorphic map, where Q is a compact complex
manifold with balanced metric wg and dimc Q) = n. Let M be a compact hypercomplex manifold
with dime M = r and wys defined as in (3.1). Then there exists a balanced metric on (X, I).

Proof. Note that
AMTITIOX = (ATTMTYOM @ AMTHOQ) + (AMTHOM @ AP THQ) = Ea F.
Using (3.2) and (3.3), we get
dwh; = dywhy + dqwhy + dguwhy = r0gwim Awhy 't + rdgui Awht = 0.

This together with the fact that dwg]L = 0 implies that wj, /\wg_l isaclosed (n+r—1,n+r—1)
form and positive on F. Furthermore, we get

E C Ker (w}ﬂv[ A wg_l) .
Denote by
a={q: an, =0}

the set of critical point of h which is analytic set. Indeed, for any g € A, there exists a coordinate
chart (U; z%,---,2") such that

oh oh
ANU = evV: —=--=—=0¢.
{q 0z! ozn }
For any ¢ € Q\A, we have h*wp1 # 0 and hence (h*wp1) A wg{l is a closed positive (n,n) form
which is useful to construct a closed positive (n +r — 1, n + r — 1) form later. However, for any
q € A, we have h*wp1 = 0 and hence we need some modification term to obtain a closed positive
(n+r—1,n+r—1) form. At this point, without loss of generality, we can choose a local chart
(Uy, 2%+, 2") such that
ANU, c{z' =0}.
12



Take a cut-off function ¢ € C°°(Q,R) such that suppy C U, and ¢l|y, = 1, where V; is another
open neighborhood of ¢ with Vq C Uy. Then we can define a closed form

£ =vV-190 (1 + |'*) puwi )
with ¢ some positive constant. On the set {2z} = 0}, we have
(3.21) € =v—1ptdzt AdZ A wrM_l +V=1pdouwl,*
+ V=109 N Owl 1 — V=1dgp A dwl
=V =Tt P A A AdE 4 (=1)%272(r — D't A B wpt + V=100 0wl !
+V—=10gp A 0wl T —V=10g¢p N owi; .
By Lemma 3.1, if follows that

(322) \/jlaQ(P /\5{4}521 /\(.Ug_l c AT’T_2M o An7nQ + A’f‘—l,?“M D An,n—lQ
(3-23) me A &u;;l /\wg)_l c AT_QvTM o An’nQ + AT ® An—l,nQ

From (3.21), (3.22) and (3.23), we can deduce that on AN U,

EN wg_l‘E = \/—1g0tw}"\/l_1 Adzt Adzt A w%‘l
is non-negative, and that on ANV,,

EN wg_llE = \/—1thM_1 Adzt Adzh A wg_l

is positive. Since @ is compact, we can choose finite such £ with these V;’s covering A, denoted by
&1, -+, &, to obtain that

4
(t/(—l)%,m /=100t 4+ &) Awpy!
i=1

E

is positive with sufficiently large ¢. Applying Lemma 3.4 to A"t 1T10X Wiy A wgfl and the
(n+7r—1, n+r—1) form obtained right now, it follows that there exists a sufficiently large number
~ such that

L
Qx =iy Awgy 't + (t’(—1)52wﬁaaw;;1 +) gz-) Awyt
i=1

is a closed positive (n+r—1,n+7r—1) form. Then Lemma 3.2 implies that there exists a balanced
metric on (X, I). O

Corollary 3.6. Under the same setup as in Theorem 3.5, and furthermore assume that h is holo-
morphic submersion. Then there exists a balanced metric on (X, I).

Proof. In this setup, A = (), hence the conclusion is obvious and we have

(3.24) Ox =iy Awy '+ (=) =100w} " Awd ™

Moreover, we can give the concrete expression of the balanced metric wx using (3.17). To see this,
we consider the Chern connection on (M, Iy, wys). Using the local coordinates (U, w!,- -, w"),
we write

Wy = \/—lgijdwi A dw .
Note that for any real (1,1) form x = \/—lxﬁdwi A dw? | we have
(3.25) (trun ) whs 1= (97'X5) whr = T A i
13



Then the Christoffel symbol of the Chern connection is Ffj = gak’&-gﬁ, where and henceforth we
denote by 0; the partial derivative /0w’

We define the torsion of the Chern connection by
k k k gk
Ti; = T35 — I = 9" (9igq — 09:q) -
and often lower its upper index using wys, writing

. 7k — 9.4 oy
Tjo = Tij9 = i 7~ 9i9,;7-

Then we get
(3.26) Onw =vV—10g5dw’ A dw’ A dw
e P
V1l . 4
=T, zdw’ A dw’ A dw*
2 It
Similarly, we have
e , ,
(3.27) Onw = == Tdw’ A dw! A dw*
and
_ /—1)2 . ,
(3.28) V=100 Onw = (2,2') (04T352 — 04T ) dw' A dw! A di® A d’,
Moreover, using (3.26) and (3.27), for r > 2, we can deduce
= v
3.2 -1 A A= ——— "
(3.29) V—=10pw A Opyw A w r(r—l)(r—Q)w
where

T -
U=g"9"g" Ty Tiqx — T 159"
Thanks to (3.28), it follows that

(3.30) V—=10y 0w Aw" ™2 = w',

where

b kj 45 ki
®=yg"g" (6ETUZ - aZTZJE) —979" <6ETz'jZ - 82713%) :
By (3.29), (3.30) and Lemma 3.1, it follows that

4 LD

r

\/—18%34—1 =
Hence we have
Qx =iy Awy ™+ (=1)%27V/=100(w); ) Awg

RS
o4 By
=7+ 7“2 w}“\/‘,/\wgfl%—

Wiy +2(=1)%27 (r — 1) (h*wp ) AWl

2(r — 1)try,, (W*wp)
r

r—1 n
Wy Nwg,

where we use the analog of (3.25) on Q.
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Using (3.17), we get

_1yo2r e __n-1
o 4 LR 2(r — 1)try, (h*w T
ox = |1+ = | (e ) T
& - 1711
o+ HEDET g T 2(r — Dt (Brw AT
+ | [r+ 2 (n—1)!r! ( (= 1trug ( Pl)(r—l)!n!> wQ,
T T
ith “X_ —Q 0
WIth w5y = X

Let h : Q — Q be a branched double cover along the smooth divisor S. Then by the new
holomorphic map hoh : Q@ — P!, we get a new complex manifold X = M x Q. This can be seen
as a branched double cover of X along the divisor 7=1(S). By [30, Proposition 4.1.6], h=1(9) is
also a smooth divisor. Theorem 3.5 implies that X is also balanced.

Let (M, I,J,K,g) be a hypercomplex manifold, not necessarily compact, with holonomy group
Hol(V) C SL(n,H), where V is the Obata connection, or a hyper-Kéhler manifold, not necessarily
compact. Then there exists a countable set B C S? biholomorphic to P!, such that for any
(a,b,c) € S*\ B, we can deduce that (M,al + bJ + cK) has no compact divisors (see [50, 58]).
Therefore, let X be the higher dimensional analogs of twistor spaces constructed from compact
hyper-Kéhler manifold or compact hypercomplex manifold M with holonomy group Hol(V) C
SL(n,H), and let D C X be a smooth divisor and hence a complex sub-manifold. If (o how)|p
is a non-constant map, then it is a surjective holomorphic map and for any (a,b,c) € S?\ B, we

know that DN (771 oh™t o< (a,b,¢)) is (M,al + bJ + cK) itself or that it satisfies codim (D N

(77_1 oh~toi(a,b, c)) ) < 2, and the latter case is impossible since we have codimD = 1. The

same conclusion holds when (o ho7)|p is a constant map and (o hon)(D) C S?\ B. From this
point, our choices of the divisors to construct branched double covers are not so limited.

3.5. Non-Kahlerity. In this subsection, we show that the higher dimensional analogs X are not
Kahler.

Theorem 3.7. Suppose that h: Q — P! is a holomorphic map, where Q is a compact complex
manifold with balanced metric wg and dimc Q) = n. Let M be a compact hypercomplex manifold
with dimc M = r and wys defined as in (3.1). Then (X, I) can not be Kdhlerian.

Proof. We use proof by contradiction. Assume that X is Kéhlerian and wyx is the Kéhler form on
it. Since for every ¢ € Q fixed, M can be seen as a fiber m7~!(q) of X, if follows that M is Kiiherian,
and hence is hyperKéhlerian by the result in [59]. Without loss of generality, we can still assume
that wys is a Kéhler form on it, and hence (3.4) implies

V—=100wy; = \/—18Q5QwM = =2 (h*wp1) Awyy.
Then we can deduce that
 (VT108wn) AW

is a real nonnegative (n + r, n + r) form on X and is a strictly positive (n 4+ r, n 4+ r) form on
X\71(A), where A is defined as in the proof of Theorem 3.5, and w~!(A) has zero (n+r) measure.
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Thus, using Stokes’ theorem, we have
0< / (V100w AW = — / d [(V=TBwrr) AWl ™2] = 0,
X X

which leads to a contradiction. Hence the proof is completed. O

4. Discussion

By generalizing the twistor P! to a more general complex manifold @, we constructed a generaliza-
tion of twistor spaces of hypercomplex manifolds and hyper-K&hler manifolds M. We found that
the manifold X constructed in this way is complex if and only if @) admits a holomorphic map to
PL

We showed that these manifolds and their branched double covers are complex non-Kéhler. We
made branched double covers of these manifolds, branching along appropriate divisors. Some of
these branched double covers can provide non-Kéahler Calabi-Yau manifolds. If in addition @ is a
balanced manifold, the resulting manifold X and its special double cover have balanced Hermitian
metrics. We found their explicit Hermitian metrics by methods of positivity.

It may be possible to make blowing-downs of these manifolds, under which they could become
projective. In the context of the twistor spaces for self-dual manifolds and their branched double
covers, these blowing-downs can be performed, see for example [43, 32, 35]. Moreover, these
geometries can be interesting in understanding the moduli space of Calabi-Yau manifolds [46].

One can also construct stable vector bundles on them [15, 57, 33]. They are also interesting in
the context of string theory. The balanced manifolds constructed in this paper would be useful for
the exploration of stable vector bundles on them. The existence of the solution to the Hermitian
Yang-Mills equations on these manifolds is expected to be equivalent to the stability of the vector
bundle on them.

The non-Kéhler geometries considered here could be useful for mirror symmetry [53] in higher
dimensions and in non-K&hler manifolds [29, 38]. It may be interesting to identify a subclass of
these manifolds in this construction that will be useful for the mirror symmetry.
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