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ABSTRACT 

 

This paper starts with an interesting property of the sequence of the naturals { }nA , i.e.

{ }: {1,2,3,...}nA  .Considering the generated sequence { }nL  by eliminating all the factor 2 

in nA  if it has, we show that the partial sum of the new sequence { }nL  from 12n th term 

to (2 1)n   th term is square number 2 22 n .  

This property is further extended to the more general case: { ( )}H n is the sequence with 

each term ( )H n  generated according to the following transforming rule: 

ER 1 2({ , ,..., })mp p p : Given m primes , 1,2,...,ip i m , for each {1,2,..., }i m , if nA  

has factor ip , then substitute nA with /n iA p  until it does not have factor ip . 

We focus on the partial sum of { ( )}H n . In section one, we research on Question 1: 

Given one prime p , we eliminate all the factor p in { }nA  according to the transforming 

rule ER ({ })p . Then the new sequence { }nL  obtained has the property as follows: 

1

1n

n

kp

i

i kp

L






 =
2 2 1( 1)

2

np
k p 

. 

The main results in this section are Theorem 1, 2 and the relative corollaries. 

In section two, we mainly study Question 2: Given two prime ,p q , we eliminate all 

factors p and q in { }nA  according to the transforming rule ER ({ , })p q . Then the new 

sequence { ( )}H n  obtained has the property as follows: 

1

( )

r skp q

i

H i


 ＝
2 2 2( 1)( 1)

2( 1)( 1)

r sk pq p q

p q

 

 
+

1 1 1

( ) ( ) ( )

r skp kq k

i i i

H i H i H i
  

     

（or ( )

r s

r

kp q

i kp

H i


 ＝
2 2 2( 1)( 1)

2( 1)( 1)

r sk pq p q

p q

 

 
+ ( )

skq

i k

H i


 ). 

We also focus on the number of valued “1” point of { ( )}H n  from this section, where 

the term in { }nA  which becomes the number 1 in { ( )}H n  is called a valued “1” point of 
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{ ( )}H n .Let ( ) { | ( ) 1, , }Y n i H i i N i n    , we have 

| ( ) | | ( ) | | ( ) | | ( ) |r s r sY kp q Y kp Y kq Y k rs    , 

The main results in this section are Theorem 3, 4, 5, 6 and the relative corollaries. 

In section three, we extend to the case of given m  primes , 1,2,...,ip i m , i.e. 

Question 3, and obtain similar results in Theorem 7,8,9,10 and the relative corollaries. 

In section four, we propose Question 4 and obtain several concise inequalities to 

estimate the partial sum of the first n terms and the number of valued “1” point in the first n 

terms. Furthermore, we derive a new proof for the noted fact that the set of primes is infinite. 

For given two primes case, we have (Theorem 11,12)  

2 22 ( ) 2
2( 1)( 1) 2( 1)( 1)i x

pq pq
x x H i x x

p q p q

   
   

  

1 log log 1 log log
1 | ( ) | ( 1)( 2)

2 log log 2 log log

x x x x
Y x

p q p q

 
     

 
       (where p q ) 

For given m primes case, we have (Theorem 13,14)  

2 1 2 1

1 1

1 1
2 ( ) 2

2 1 2 1

m m
m mi i

i xi ii i

p p
x x H i x x

p p

 

 

   
 

  .       

1

1

1 log
| ( ) | (log )

!
log

m
m

m

i

i

x
Y x O x

m
p





 


.               

Finally, we point out that the multiplicative functions ( ), ( )H n H n  have further 

research value. 

 

Key words: sequence of the naturals, multiplicative function, partial sum, valued “1” 

point. 
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Section 1 

 

The set of naturals is buried with numerous secrets. Among those, I find an interesting 

rule. Let { nA } be the sequence of the naturals i.e.{ } {1,2,3,..., ,...}nA n .We obtain a new 

sequence { nL } by eliminating all the factor 2 for every term of { }nA  according to the 

following rule: 

(1)If nA  has factor 2,then we substitute nA  with / 2nA  until it does not have factor 

2; 

(2) If nA  does not have factor 2,then keep it unchanged. 

Thus, we obtain a new sequence { }nL  as follows: 

1,1,3,1,5,3,7,1,9,5,11,3,13,7,15,1,17,9,19,5,21,11,23,3,25,13,27,7,29,15,31,1,33,17,35,9

,37,19,39,5,41,…                                                       （1） 

We can dig out some secrets if we divide it into groups with 1 being the first term of 

each group as follows: 

(1),(1,3),(1,5,3,7),(1,9,5,11,3,13,7,15),(1,17,9,19,5,21,11,23,3,25,13,27,7,29,15,31),(1,3

3,17,35,9,37,19,39,5,41,…… 

Summing up each group, we derive that the sum of these groups are 1,4,16,64,… 

respectively. Thus we have the following conjecture： 

Conjecture 1. The sum of the new sequence { nL } from 12n th term to (2 1)n   th term is 

2 22 n . 

Since { nL } contains lots of 3,5,…, we also can divide them by setting 3,5…be the first 

term of each group as follows: 

(1,1),(3,1,5),(3,7,1,9,5,11),(3,13,7,15,1,17,9,19,5,21,11,23),(3,25,13,27,7,29,15,31,1,33,

17,35,9,37,19,39,5,41,…… 

(1,1,3,1),(5,3,7,1,9),(5,11,3,13,7,,15,1,17,9,19),(5,21,11,23,3,25,13,27,7,29,15,31,1,33,1

7,35,9,37,19,39),(5,41,…… 
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We find that if we divide { nL } by 3, the sums of second, third, fourth,…groups are 

9,36,144,… respectively; if we divide it by 5, the sums of second, third, fourth,…groups are 

25, 100, 400,… respectively;… 

Hence, we put forward the second conjecture. 

Conjecture 2. The sum of the new sequence { nL } from 12nk  th term to ( 2 1)nk   th 

term is 2 2 22 nk  ,where k N . 

The above transformation is eliminating all the factor 2 for every term of { }nA . But 

what property does the new sequence have if we eliminate all the factor 3 for every term of 

{ }nA ? Or even more generally, we consider the following question: 

Question 1: Let p be a prime. We obtain a new sequence { nL } by transforming { }nA  

according to the rule ER ({ })p  as follows: 

(1)If nA  has factor p, then we substitute nA  with /nA p  until it does not have factor 

p; 

(2) If nA  does not have factor p, then keep it unchanged. 

What properties does { nL } have? 

The rule ER ({ })p above can also be written as follows: 

If ,r

nA p X   where 0, 1r X  are integers， ( , ) 1X p  ，then nL X . 

For this question, we derive the following theorem. 

Theorem 1. Let p be a prime. Let { nL } be the sequence generated by transforming { }nA  

according to the rule ER ({ })p of Question 1. Then for ,k N n N  ,the following equality 

holds: 

               
1

1n

n

kp

i

i kp

L






 =
2 2 1( 1)

2

np
k p 

                              （2） 

Proof. The sum 
1

1n

n

kp

i

i kp

L






 is from 
1nkp 
th term to ( 1)nkp  th term，which means the number 
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of the terms is 1 11 1 ( 1)n n nkp kp k p p      . 

Now, we claim that the 1( 1) nk p p   terms are different from each other. 

Indeed, assume that there are positive integers i and j such that 1 1n nkp i j kp     ，

with i jL L . Then by the definition of sequence{ nL }, we have that 
r

ii p L  ,
s

jj p L   

where r and s are nonnegative integers. Under the assumption, we have , 1s rj i p s r    , 

which contradicts with 1 1n nkp i j kp     . 

Furthermore, those 1( 1) nk p p   terms are just the positive integers no larger than nkp  

except those multiples of p. In fact, the set of positive integers which are no larger than nkp  

contains 1nkp   multiples of p. Thus, there are 1( 1) nk p p   terms left exactly, after these 

1nkp   multiples of p removed. 

Note that the sum of these 
1nkp 
 multiples of p removed is 

1

1

nkp

i

p i





 ，so we have 

1

1n

n

kp

i

i kp

L






 ＝
1

nkp

i

i


 -

1

1

nkp

i

p i





 ＝    1 11 1
1 1

2 2

n n n nkp kp p kp kp       

＝  
2

11 1

2 2

n n nkp kp kp  ＝
2 2 1( 1)

2

np
k p 

                                 □ 

 

Theorem 2 is derived from Theorem 1. 

Theorem 2. Let p be a prime. Let { nL } be the sequence generated by transforming { }nA  

according to the rule ER ({ })p of Question 1. Then for ,k n N ,the following equality 

holds: 

1

nkp

i

i

L


 ＝
1

2 2( 1)
 

2( 1)

k

i

i

nk p p
L

p




                             （3） 

Proof. 
1

nkp

i

i

L


 ＝
11 1 1

j

j

kpk n

i i

i j i kp

L L
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＝
1

2 2 1

1

( 1)
  

2

k n

i

i j

jkL
p

p









   

＝
1

2 2

1

1 1
   1
2

k n

j

j

i

i

L k p
p 

 
 

 
   

＝
2 2

2

2
1

1 1 (1 )
  1
2 1

k

i

i

n

L
p p

k
p p

  
 

 
  

＝
1

2 2( 1)
 

2( 1)

k

i

i

nk p p
L

p




 .                                                □                                   

For the case k＝1，the following corollary holds： 

Corollary 1. Let p be a prime. Let { nL } be the sequence generated by transforming { }nA  

according to the rule ER ({ })p of Question 1. Then for n N ,the following equality holds: 

（1）
1

1n

n

p

i

i p

L






 =
2 1( 1)

2

np
p 

 

（2）
1

1

np

i

i

L




 ＝
2( 1)

2( 1)

np p

p




 

For the case p＝2，both conjecture 1 and conjecture 2 are correct.  

 

 

 

Section 2 

 

In first section, we study the properties of the new sequence generated by eliminating 

all the factor p in { }nA . Naturally, we wish to generalize it for the case of eliminating more 

primes. In this section, we consider the case of given two primes. 

Question 2. Let p and q be primes. We obtain a new sequence{ ( )}H n  by transforming 

{ }nA according to the rule ER ({ , })p q  as follows: 

(1)If nA  has factor p, then we substitute nA  with /nA p  until it does not have factor 
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p; If nA  has factor q, then we substitute nA  with /nA q  until it does not have factor q; 

(2) If nA  does not have factors p and q, then keep it unchanged. 

What properties does { ( )}H n  have? 

The rule ER ({ , })p q  above can also be written as follows: 

If ,r s

nA p q X   where 0, 0, 1r s X   are integers，( , ) 1X pq  ，then ( )H n X . 

For instance, let p=2, q=3. Then the generated sequence { ( )}H n  is:  

1,1,1,1,5,1,7,1,1,5,11,1,13,7,5,1,17,1,19,5,7,11,23,1,25,13,1,7,29,5,31,1,11,17,35,1,37,1

9,13,5,41,7,43,11,……                                                   （4） 

This sequence becomes much more complicated. What can be seen is that more number 

1 occurs in this new sequence. In the following part, we study the partial sum of this new 

sequence and the frequency of number 1. 

Firstly, the number-theoretic function ( ) :H n N R  is a completely multiplicative 

function (cf. [1], p77-79) where R is the set of real numbers. And the function has following 

properties. 

（1） ( ) ( ) (1) 1;H p H q H    

( ) ,H p p  when p  is a prime, ,p p p q   . 

（2） ( ) ( ) ( ), ( ) ( ), ( ) ( )H mn H m H n H pn H n H qn H n   ； 

（3） ( ) ,H n n when n does not have factor p or q. 

 

Theorem 3. Let p and q be primes. Let { ( )}H n  be the sequence generated by transforming 

{ }nA  according to the rule ER ({ , })p q of Question 2. Then for k N ,the following equality 

holds: 

1

( )
kpq

i

H i


 ＝
2

( 1)( 1)
2

k
pq p q  +

1

( )
kp

i

H i


 +
1

( )
kq

i

H i


 -
1

( )
k

i

H i


              （5） 

Note that this equality can be written as the following briefer forms： 
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( )
kpq

i kp

H i


 ＝
2

( 1)( 1)
2

k
pq p q  + ( )

kq

i k

H i


  

or         ( )
kpq

i kq

H i


 ＝
2

( 1)( 1)
2

k
pq p q  + ( )

kp

i k

H i


                       (5 ) 

Proof. we divide{ ( ), 1,2,..., }H i i kpq into two groups and sum up for each group. 

In the first group, i is neither a multiple of p nor a multiple of q. Then ( )H i ＝i. By 

Principle of cross-classification (cf. [2], p123) ，the sum of this group is  

1

1 1 1 1

kpq kq kp k

i i i i

S i p i q i pq i
   

        

In the second group, i is a multiple of p or q. By Principle of cross-classification as well, 

we derive that this group sums is 

2

1 1 1

( ) ( ) ( )
kq kp k

i i i

S H pi H qi H pqi
  

     . 

Hence 

1 2

1

( )
kpq

i

H i S S


   

＝
1 1 1 1

kpq kq kp k

i i i i

i p i q i pq i
   

      +
1 1 1

( ) ( ) ( )
kq kp k

i i i

H pi H qi H pqi
  

     

＝
1 1 1 1

(1 ) (1 ) (1 ) (1 )
2 2 2 2

kpq kpq p kq kq q kp kp pq k k           

  +
1 1 1

( ) ( ) ( )
kq kp k

i i i

H i H i H i
  

     

＝ (1 1 1 1 )
2

kpq
kpq kq kp k       +

1 1 1

( ) ( ) ( )
kq kp k

i i i

H i H i H i
  

     

＝
2

( 1)( 1)
2

k
pq p q  +

1

( )
kp

i

H i


 +
1

( )
kq

i

H i


 -
1

( )
k

i

H i


                            □                        

 

Theorem 4. Let p and q be primes. Let{ ( )}H n be the sequence generated by transforming 

{ }nA according to the rule ER ({ , })p q of Question 2. Then for , ,k r s N ,the following 
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equality holds: 

1

( )

r skp q

i

H i


 ＝
2 2 2( 1)( 1)

2( 1)( 1)

r sk pq p q

p q

 

 
+

1 1 1

( ) ( ) ( )

r skp kq k

i i i

H i H i H i
  

    .       （6） 

Similarly，this equality can be written as the following briefer forms： 

( )

r s

r

kp q

i kp

H i


 ＝
2 2 2( 1)( 1)

2( 1)( 1)

r sk pq p q

p q

 

 
+ ( )

skq

i k

H i


  

or            ( )

r s

s

kp q

i kq

H i


 ＝
2 2 2( 1)( 1)

2( 1)( 1)

r sk pq p q

p q

 

 
+ ( )

rkp

i k

H i


 .                (6 ) 

Proof. We prove (6) by induction on r and s. It follows from Theorem 3 that (6) holds if r＝1，

s＝1.  

Assume that the equality hold for all r≤u，s≤v，then if r＝u+1，s≤v，by assumption we 

have that 

1

1

( )

u skp q

i

H i





 ＝
2 2 2( ) ( 1)( 1)

2( 1)( 1)

u skp pq p q

p q

 

 
+

( ) ( ) ( )

1 1 1

( ) ( ) ( )

u skp p kp q kp

i i i

H i H i H i
  

     

＝
2 2 2( ) ( 1)( 1)

2( 1)( 1)

u skp pq p q

p q

 

 
+

1

1 1 1

( ) ( ) ( )

u skp kpq kp

i i i

H i H i H i



  

     

＝
2 2 2( ) ( 1)( 1)

2( 1)( 1)

u skp pq p q

p q

 

 
+

1

1

( )

ukp

i

H i





  

2 2 2

1 1 1 1

( 1)( 1)
( ) ( ) ( ) ( )

2( 1)( 1)

ss kp kq kpk

i i i i

k pq p q
H i H i H i H i

p q    

  
        

     

                             （unfold 
1

( )

skpq

i

H i


 by the induction hypothesis） 

＝
2 2( 1)

2( 1)( 1)

sk pq q

p q



 
×

2 2 2 2( 1)up p p p    +

1

1 1 1

( ) ( ) ( )

u skp kq k

i i i

H i H i H i



  

     

＝
2 2( 1)

2( 1)( 1)

sk pq q

p q



 
×

2( 1)( 1)up   +

1

1 1 1

( ) ( ) ( )

u skp kq k

i i i

H i H i H i



  

    , 

then (6) holds for r＝u+1,s≤v. 

Similarly one can prove that (6) holds if r≤u+1, s＝v+1.  

Hence the conclusion holds.                                             □ 

 



A family of sequences generated by eliminating some prime factors from the sequence of the naturals                                                                     

 12 

In the case k＝1，the following corollary holds： 

Corollary2. Let p and q be primes. Let{ ( )}H n be the sequence generated by transforming 

{ }nA according to the rule ER ({ , })p q of Question 2. Then for ,r s N ,the following 

equalities hold: 

(1)  ( )
pq

i p

H i


 ＝
( 1)( 1)

2

pq p q 
+

1

( )
q

i

H i


  

（ or   ( )
pq

i q

H i


 ＝
( 1)( 1)

2

pq p q 
+

1

( )
p

i

H i


  ） 

(2)  ( )

r s

r

p q

i p

H i


 ＝
2 2( 1)( 1)

2( 1)( 1)

r spq p q

p q

 

 
+

1

( )

sq

i

H i


  

（ or   ( )

r s

s

p q

i q

H i


 ＝
2 2( 1)( 1)

2( 1)( 1)

r spq p q

p q

 

 
+

1

( )

rp

i

H i


  ）. 

 

Now we work on the times that number 1 occurs in{ ( )}H n . Similar to zero point, we 

call the term in { }nA  which becomes to the number 1 in the new sequence{ ( )}H n  a valued 

“1” point of { ( )}H n . We define ( ) { | ( ) 1, , }Y n i H i i N i n    , and the cardinality of Y(n) 

is denoted by | ( ) |Y n . 

Our idea is to transform calculating number of valued “1” points to the partial sum of a 

sequence. Set a number-theoretic function ( ) :H n N R   as follows: 

( ) ( ) 1H n H n   ，when ( ) 1H n  ； ( )H n ＝0，when ( ) 1H n  .             （7） 

It is clear that ( )H n is a completely multiplicative function as well. And 

( ) ( )H p H q  1 . If n has prime factors other than ,p q , then ( ) 0H n  . 

Clearly, | ( ) |Y n 
1

( )
n

i

H i


 , that is one can transform the number of valued “1” point of 

{ ( )}H n  to the partial sum of ( )H n . 
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Theorem 5. Let p and q be primes. Let{ ( )}H n be the sequence generated by transforming 

{ }nA according to the rule ER ({ , })p q of Question 2. Then for k N , the following equality 

holds: 

| ( ) | | ( ) | | ( ) | | ( ) | 1Y kpq Y kp Y kq Y k                            （8） 

Proof. Let ( )n Y kpq  satisfy ( ) 1H n  . Then n can be divided by p or q if n does not 

equal to 1.  

Case 1: if |p n，since ( ) 1H p  ，it follows that ( ) ( ) ( ) ( ) 1
n n

H H H p H n
p p

   . 

Hence ( ), ( )
n

Y kq n pY kq
p
  ； 

Case 2: If |q n，since ( ) 1H q  ，it follows that ( ) 1
n

H
q

 ， ( ), ( )
n

Y kp n qY kp
q
  . 

So, ( ) ( ) ( ) {1}Y kpq pY kq qY kp , and ( ) ( ) ( ) {1}Y kpq pY kq qY kp  is clear. 

Hence ( ) ( ) ( ) {1}Y kpq pY kq qY kp . 

The above ( )pY kq and ( )qY kp stand for the sets { | ( )}pn n Y kq and 

{ | ( )}qn n Y kq  respectively. It is clear that 

( ) ( ) { | ( )} ( )pY kp qY kp pqn n Y k pqY k   ， 

| ( ) | | ( ) |pY kq Y kq ， | ( ) | | ( ) |qY kp Y kp ， | ( ) | | ( ) |pqY k Y k . 

By Principle of cross-classification, we get that 

| ( ) | | ( ) | | ( ) | | ( ) ( ) | 1Y kpq pY kq qY kp pY kq qY kp     

＝ | ( ) | | ( ) | | ( ) | 1Y kq Y kp Y k   .                                   □                                        

 

Theorem 6. Let p and q be primes. Let{ ( )}H n be the sequence generated by transforming 

{ }nA according to the rule ER ({ , })p q of Question 2. Then for k N , the following equality 

holds: 
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| ( ) | | ( ) | | ( ) | | ( ) |r s r sY kp q Y kp Y kq Y k rs                      （9） 

Proof. Let number-theoretic function ( )H n  be defined by（7），and we have | ( ) |Y n 

1

( )
n

i

H i


 ,（9）can be written as follows: 

1

( )

r skp q

i

H i


 ＝
1

( )

rkp

i

H i


 +
1

( )

skq

i

H i


 -
1

( )
k

i

H i rs


  .                 ( 9 )  

We prove (9 )  by induction in the following part. It follows from Theorem 5 that (9 )  

holds if r＝1，s＝1. 

Assume that (9 )  holds for all r≤u, s≤v . If r＝u+1, s≤v, we have 

1

1

( )

u skp q

i

H i





 ＝
( )

1

( )

ukp p

i

H i


 +
( )

1

( )

skp q

i

H i


 -
1

( )
kp

i

H i


 +us 

＝

1

1

( )

ukp

i

H i





 +
1 1 1

( ) ( ) ( ) 1

skp kq k

i i i

H i H i H i s
  

 
       

 
   -

1

( )
kp

i

H i


 +us 

                            （unfold
( )

1

( )

skp q

i

H i


  by induction hypothesis） 

＝

1

1

( )

ukp

i

H i





 +
1 1

( ) ( ) ( 1)

skq k

i i

H i H i u s
 

      . 

So, if r＝u+1, s≤v , (9 ) holds. Similarly one can prove that if r≤u+1, s＝v+1, (9 )  holds as 

well. Hence the result follows from induction principle. 

                      

For the case k＝1，the following corollary holds： 

Corollary3. Let p and q be primes. Let{ ( )}H n be the sequence generated by transforming 

{ }nA according to the rule ER ({ , })p q of Question 2. Then for ,r s N , the following 

equality holds: 

| ( ) | | ( ) | | ( ) | 1r s r sY p q Y p Y q rs     

 

For the case p, q equal to 2, 3 respectively, the following interesting corollary holds： 
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Corollary4. Let p=2, q=3, { ( )}H n  be the sequence generated by transforming { }nA

according to the rule ER ({ , })p q of question two. Then for , ,k r s N , the following 

equalities hold: 

(1)  
2 3

1

( )

r sk

i

H i


 ＝
2 2 2(2 1)(3 1)

4

r sk  
+

2 3

1 1 1

( ) ( ) ( )

r sk k k

i i i

H i H i H i
  

     

（or   
2 3

2

( )

r s

r

k

i k

H i


 ＝
2 2 2(2 1)(3 1)

4

r sk  
+

3

( )

sk

i k

H i


  ） 

（or   
2 3

3

( )

r s

s

k

i k

H i


 ＝
2 2 2(2 1)(3 1)

4

r sk  
+

2

( )

rk

i k

H i


  ） 

(2)  
2 3

2

( )

r s

ri

H i


 ＝
2 2(2 1)(3 1)

4

r s 
+

3

1

( )

s

i

H i


  

（or   
2 3

3

( )

r s

si

H i


 ＝
2 2(2 1)(3 1)

4

r s 
+

2

1

( )

r

i

H i


  ） 

 (3) 
2 3

3 1

( )

s

si

H i


 

 ＝
2 13 1

4

s 
,           

3 2

2 1

( )

r

ri

H i


 

 ＝ 2 12 r  

(4)  
6 3

2

( ) ( )
k k

i k i k

H i H i
 

  ＝ 26k ,        
18 9

2

( ) ( )
k k

i k i k

H i H i
 

  ＝ 260k  

(5)  | ( 2 3 ) | | ( 2 ) | | ( 3 ) | | ( ) |r s r sY k Y k Y k Y k rs     

| (2 3 ) | | (2 ) | | (3 ) | 1r s r sY Y Y rs     

 

 

 

Section 3 

 

In this section, we extend the problem to the situation including m  arbitrary primes 

as follows. 

Question 3: Given m primes ip , 1,2,...,i m , we obtain a new sequence { ( )}H n  by 
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transforming{ }nA according to the rule ER 1 2({ , ,..., })mp p p  as follows: 

(1)For each {1,2,..., }i m , if nA  has factor ip , then we substitute nA  with /n iA p  

until it does not have factor ip  

(2) If nA  does not have factor , 1,2,...,ip i m , then keep it unchanged. 

What properties does { ( )}H n  have? 

The rule ER 1 2({ , ,..., })mp p p  above can also be written as follows: 

If
1

,i

m
r

n i

i

A X p


  where
1

( , ) 1, 0, 1,2,..., , 1
m

i i

i

X p r i m X


    are integers, then 

( )H n X . 

For instance, let the given primes be 2, 3,5, then the generated sequence { ( )}H n  is:  

1,1,1,1,1,1,7,1,1,1,11,1,13,7,1,1,17,1,19,1,7,11,23,1,1,13,1,7,29,1,31,1,11,17,7,1,37,19,

13,1,41,7,43,11,1,23,47,1,49,……                                          （10） 

The new sequence is more complicated. As in the previous section, we know ( )H n  is 

a totally multiplicative function. 

Let 
1

m

i

i

p


 , /l lp  ,
, , ,/ , /l j l j l j t l j tp p p p p     ,…;

1

i

m
r

i

i

p


 ,

/ lr

l lp  , , , ,/ , /j jl l t
r rr r r

l j l j l j t l j tp p p p p     ,…1 l m  ,1 l j m   ,…        （11）    

 

For the sum problem of { ( )}H n , we propose the following Theorem 7 and Theorem 8. 

Theorem 7. Given m  primes 1 2, ,..., mp p p , let { ( )}H n  be the sequence generated by 

transforming{ }nA according to the rule ER 1 2({ , ,..., })mp p p of Question 3. Let ,, , ,...l l j   be 

described as (11), then for k N , the following equality holds: 

1

( )
k

i

H i




 ＝
2

1

( 1)
2

m

i i

i

k
p p



 +
1

m

l


1

( )
lk

i

H i




 -
,

1 1

( )
l jk

l j m i

H i



   

  +… 
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+ 2( 1)m  
1

m

l


1

( )
lkp

i

H i


 + 1

1

( 1) ( )
k

m

i

H i



  .                （12） 

Proof. Similar to the proof of Theorem 3, we divide{ ( ), 1,2,..., }H i i k into two groups and 

sum up for each group. 

In the first group, i is not any multiples of , 1,2,......,ip i m . Then ( )H i i .By 

Principle of cross-classification，the sum of this group is: 

,

1 1 2

1 1 1 1 1 1

...... ( 1) ...
l jl

kkk m k
m

l l j m

i l i l j m i i

S i p i p p i p p p i



       

                       （13） 

Now we want to show the following expression by induction 

2

1

1

( 1)
2

m

i i

i

k
S p p



                                    （14） 

     For 2m  , (14) can be easily proved by Theorem 2 and Theorem 3. Now assume that 

(14) holds for each m w . Then for 1m w   we conclude that 

,1
1

1 1 2 1

1 1 1 1 1 1 1

...... ( 1) ...
l jl

kkk w k
w

l l j w

i l i l j w i i

S i p i p p i p p p i

  




        

            

1( )

1

wkp

i

i




  -
1

1 1 1

lkw k

l w

l i i

p i p i
 



  

 
 

 
                                （ 1wk k  

 ） 

,

1

1 1 2 1

1 1 1 1 1 1

...... ( 1) ...
l j l

k k k
w

l j l w w

l j w i l j w i i

p p i p p i p p p i

 



 

         

 
      
 
          

（
, 1l l wk k  
 ） 

＝
1( )

1

wkp

i

i





1( )

1 1

w lkpw

l

l i

p i


 




 

1 ,( )

1 1

w l jkp

l j

l j w i

p p i



   

   -
1( )

1 2

1

...... ( 1) ...
wkp

w

w

i

p p p i





  


  

                                          （
1 1 , ,,w l l w l j l jkp k kp k    

   ） 

  1 1 1 1 2

1 1 1 1

. . . . . . ( 1 ) . . .
lkk w k

w

w w l w w

i l i i

p i p p i p p p p i


  

   

 
      
 

      

＝
1( )

1

wkp

i

i







 -

1( )

1 1

w lkpw

l

l i

p i


 

  +
1 ,( )

1 1

w l jkp

l j

l j w i

p p i



   

  -
1( )

1 2

1

...... ( 1) ...
wkp

w

w

i

p p p i
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1 1 2

1 1 1 1

. . . . . . ( 1 ) . . .
lkk w k

w

w l w

i l i i

p i p i p p p i




   

 
     

 
     

(Applying the hypothesis to two parts of the above expression respectively)                           

＝
2

1

1

( )
( 1)

2

w
w

i i

i

kp
p p



 1wp  
2

1

( 1)
2

w

i i

i

k
p p



  

＝
2 1

1

( 1)
2

w

i i

i

k
p p





  

So, the situation of 1m w   is proved and (14) holds.    

In the second group, i is at least one of the multiples of , 1,2,......,ip i m . Also due to 

Principle of cross-classification, the sum of this group is: 

,

1

2

1 1 1 1 1

( ) ( ) ...... ( 1) ( )
l jl

kkm k
m

l l j

l i l j m i i

S H p i H p p i H i





      

            

＝
1

m

l


1

( )
lk

i

H i




 -
,

1 1

( )
l jk

l j m i

H i



   

  +……+ 2( 1)m
1

m

l


1

( )
lkp

i

H i


 + 1

1

( 1) ( )
k

m

i

H i



   

Hence, 

1

( )
k

i

H i




 ＝
2

1 2

1

( 1)
2

m

i i

i

k
S S p p



    

+
1

m

l


1

( )
lk

i

H i




 -
,

1 1

( )
l jk

l j m i

H i



   

  +……+
2( 1)m

1

m

l


1

( )
lkp

i

H i


 + 1

1

( 1) ( )
k

m

i

H i



  .     □ 

 

Theorem 8. Given m  primes 1 2, ,..., mp p p , let { ( )}H n  be the sequence generated by 

transforming{ }nA according to the rule ER 1 2({ , ,..., })mp p p of Question 3. Let ,, , ,...l l j   be 

described as (11), then for k N ,the following equality holds: 

1

( )
k

i

H i




 ＝
22

1

( 1)

2 1

irm
i i

i i

p pk

p




 +

1

m

l


1

( )
lk

i

H i




 -
,

1 1

( )
l jk

l j m i

H i



   

  +… 

+
2( 1)m  

1

m

l


1

( )

rl
lkp

i

H i


 + 1

1

( 1) ( )
k

m

i

H i



                      （15） 

Proof. Similar to the proof of Theorem 4. We prove (15) by induction on the power of ip . It 
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follows from Theorem 7 that (15) holds with the power of ip  being 1, 1,2,...,ir i m  . 

Assume that the power of ip  is no more than , 1,2,....,ir i m , the equality holds. 

Without loss of generality, we first consider the power of 1p  changing from 1r  to 1 1r  . 

Let 1

1

2

i

m
r r

i

i

p p


  , 1 1

1

2

,i

m
r r

i

i

p p 



   ,, ,......l l j  ,, , ......l l j   be described as (11), then we 

have 

1 1 1 1, 1, 1, , 1, ,, , , ,......,j j j t j tp               

1 1 , , 1 , , , ,, , ,......,1 ...l l l j l j l j t l j tp p p l j t m               . 

From the induction hypothesis we have 

1

( )
k

i

H i
 



 ＝
1( )

1

( )
kp

i

H i




 ＝
22

1

1

( 1)( )

2 1

irm
i i

i i

p pkp

p




 +

1

m

l


1( )

1

( )
lkp

i

H i




 -
1 ,( )

1 1

( )
l jkp

l j m i

H i



   

  +…… 

+ 2( 1)m  
1

m

l


1( )

1

( )

rl
lkp p

i

H i


 +
1( )

1

1

( 1) ( )
kp

m

i

H i



  .                      （16） 

Now we analyze right part of (16) one by one. 

1( )

1 1

( )
lkpm

l i

H i


 

  =
1( )

2 1

( )
lkpm

l i

H i


 

  +
1 1( )

1

( )
kp

i

H i




                   

=
2 1

( )
lkm

l i

H i
 

 

  +
2 22

1 1

2 1

( 1) ( 1)

2 1 1

irm
i i

i i

p p p pk

p p

 


 
 +

1

1

( ( )
k

i

H i




 +
1 1,

2 1

( ))
lkpm

l i

H i



 

   

                                  （ 1 l lkp k  ） 

1,

1 1

( ( )
jk

l j m i

H i



   

   +
1 1, ,

1 1

( )) ......
l jkp

l j m i

H i



   

  + 1

1

( 1) ( )
k

m

i

H i



   

=
2 22

1 1

2 1

( 1) ( 1)

2 1 1

irm
i i

i i

p p p pk

p p

 


 
 +(

2 1

( )
lkm

l i

H i
 

 

  +
1

1

( )
k

i

H i
 



 )       （ 1 1k k  ） 

+（
1 1,

2 1

( )
lkpm

l i

H i



 

  -
1 1, ,

1 1

( )
l jkp

l j m i

H i



   

  +
1 1, , , 1

2

1 1 1

( ) ...... ( 1) ( )
l j tkp kp

m

l j t m i i

H i H i





     

     ） 

+
1,

1 1

( ( )
jk

l j m i

H i



   

   +
1, ,

1 1

( ) ......
j tk

l j t m i

H i



    

 
1

1

( 1) ( )
k

m

i

H i



  ） 
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=
2 22

1 1

2 1

( 1) ( 1)

2 1 1

irm
i i

i i

p p p pk

p p

 


 
 +

1 1

( )
lkm

l i

H i
 

 

   

+（
1 1,

2 1

( )
lkpm

l i

H i



 

  -
1 1, ,

1 1

( )
l jkp

l j m i

H i



   

  +
1 1, , , 1

2

1 1 1

( ) ...... ( 1) ( )
l j tkp kp

m

l j t m i i

H i H i





     

     ） 

+
1,

1 1

( ( )
jk

j m i

H i

 

  

  +
1, ,

1 1

( ) ......
j tk

j t m i

H i

 

   

 
1

1

( 1) ( )
k

m

i

H i



  ）            （17） 

                                      （
1, 1,j jk k  ，

1, , 1, ,j t j tk k  ） 

1 ,( )

1 1

( )
l jkp

l j m i

H i



   

  =
1 1,

1 1

( )
jkp

l j m i

H i



   

  +
1 ,

1 1

( )
l jkp

l j m i

H i



   

   

         =
1 1,

2 1

( )
jkpm

j i

H i



 

  +
,

1 1

( )
l jk

l j m i

H i

 

   

                   （
1 , ,l j l jkp k  ）  （18） 

1 , ,( )

1 1

( )
l j tkp

l j t m i

H i



    

  =
1 1, ,

1 1

( )
j tkp

l j t m i

H i



    

  +
1 , ,

1 1

( )
l j tkp

l j t m i

H i



    

   

=
1 1, ,

1 1

( )
j tkp

j t m i

H i



   

  +
, ,

1 1

( )
l j tk

l j t m i

H i

 

    

               （
1 , , , ,l j t l j tkp k  ） （19） 

...... 

      
22

1

1

( 1)( )

2 1

irm
i i

i i

p pkp

p




 +

2 22

1 1

2 1

( 1) ( 1)

2 1 1

irm
i i

i i

p p p pk

p p

 


 
  

       = 1

22
2 2 2 21
1 1 1

2 1

( 1)
( 1)

2 1 1

irm
ri i

i i

p p pk
p p p

p p






   

 
  

       =
12 2( 1)2

1 1

2 1

( 1) ( 1)

2 1 1

ir rm
i i

i i

p p p pk

p p





 


 
                                  （20） 

Connecting (16) with (20), we obtain 

1

( )
k

i

H i
 



 =
12 2( 1)2

1 1

2 1

( 1) ( 1)

2 1 1

ir rm
i i

i i

p p p pk

p p





 


 
 +

1 1

( )
lkm

l i

H i
 

 




   

+（
1 1,

2 1

( )
lkpm

l i

H i



 

  -
1 1, ,

1 1

( )
l jkp

l j m i

H i



   

  +
1 1, , , 1

2

1 1 1

( ) ...... ( 1) ( )
l j tkp kp

m

l j t m i i

H i H i





     

     ） 

+
1,

1 1

( ( )
jk

j m i

H i

 

  

  +
1, ,

1 1

( ) ......
j tk

j t m i

H i

 

   

 
1

1

( 1) ( ))
k

m

i

H i
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1 1,

2 1

( )
jkpm

j i

H i



 




  +

,

1 1

( )
l jk

l j m i

H i

 

   





   

+
1 1, ,

1 1

( )
j tkp

j t m i

H i



   




  +

, ,

1 1

( )
l j tk

l j t m i

H i

 

    





  +…… 

＝
12 2( 1)2

1 1

2 1

( 1) ( 1)

2 1 1

ir rm
i i

i i

p p p pk

p p





 


 
 +

1 1

( )
lkm

l i

H i
 

 




   

+
1,

1 1

( )
jk

j m i

H i

 

  




 

,

1 1

( )
l jk

l j m i

H i

 

   


 


   

+
1, , , ,

1 1 1 1

( ) ( ) ......
j t l j tk k

j t m i l j t m i

H i H i

  

        

 
   

 
    1

1

( 1) ( ))
k

m

i

H i




  


  

＝
12 2( 1)2

1 1

2 1

( 1) ( 1)

2 1 1

ir rm
i i

i i

p p p pk

p p





 


 
  

+
1

m

l


1

( )
lk

i

H i
 



 -
,

1 1

( )
l jk

l j m i

H i

 

   

  +……+ 1

1

( 1) ( )
k

m

i

H i



   

So, when the power of 1p  changing from 1r  to 1 1r  , (15)  holds. We can use the 

same method to prove the conclusion for , 2,3,...,ip i n . Hence the conclusion holds.         

□ 

 

When 1k , we have the following corollary: 

Corollary 5. Given m  primes 1 2, ,..., mp p p , let { ( )}H n  be the sequence generated by 

transforming{ }nA according to the rule ER 1 2({ , ,..., })mp p p of Question 3. Let ,, , ,...l l j   be 

described as (11), then, the following equality holds: 

1

( )
i

H i




 ＝
2

1

( 1)1

2 1

irm
i i

i i

p p

p




 +

1

m

l


1

( )
l

i

H i




 -
,

1 1

( )
l j

l j m i

H i



   

  +… 

+
2( 1)m  

1

m

l


1

( )

rl
lp

i

H i


 +
1( 1)m . 

 

Now we focus on the times that number 1 occurs in{ ( )}H n . Similarly, we call the term 
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in { }nA  which becomes to the number 1 in the new sequence{ ( )}H n  a valued “1” point of 

{ ( )}H n , and define ( ) { | ( ) 1, , }Y n i H i i N i n    . 

Set a number-theoretic function ( ) :H n N R   as follows: 

( ) ( ) 1H n H n   ，when ( ) 1H n  ； ( )H n ＝0，when ( ) 1H n  .            

It is clear that ( )H n is a completely multiplicative function as well. It follows that 

| ( ) |Y n 
1

( )
n

i

H i


 , and we propose the Theorem 9 and Theorem 10. 

Theorem 9. Given m  primes 1 2, ,..., mp p p , let { ( )}H n  be the sequence generated by 

transforming { }nA according to the rule ER 1 2({ , ,..., })mp p p of Question 3. Let 

, , ,, , , ,...l l j l j t    be described as (11), Then for k N ,the following equality holds: 

1

| ( ) | | ( ) |
m

i

i

Y k Y k 


 -
,

1

| ( ) | ...i j

i j m

Y k
  

 + 2

1

( 1) | ( ) |
m

m

i

i

Y kp



  + 1( 1) | ( ) |m Y k +1    (21) 

Proof. Similar to the proof of Theorem 5, let ( )n Y k  satisfy ( ) 1H n  , then either 

1n  or n  can be divided by ip . If |ip n , then ( ) ( ) ( ) ( ) 1i

i i

n n
H H H p H n

p p
   .It 

follows that 

( )i

i

n
Y k

p
 ， ( )i in pY k , 

So,    
1

( ) ( ) {1}
m

i i

i

Y k pY k 


 ，and 
1

( ) ( ) {1}
m

i i

i

Y k pY k 


  is obvious. 

Hence 
1

( ) ( ) {1}
m

i i

i

Y k pY k 


 . 

Noting that 
,( ) ( ) ( )i i j j i j i jpY k p Y k p p Y k   ， 

, ,( ) ( ) ( ) ( ),......,i i j j t t i j t i j tpY k p Y k pY k p p pY k    ， 

| ( ) | | ( ) |i i ipY k Y k  ， , ,| ( ) | | ( ) |i j i j i jp p Y k Y k  ， ......,1 ...i j t m     , 

we can get the conclusion by Principle of cross-classification.                       □ 
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Theorem 10. Given m  primes 1 2, ,..., mp p p , let { ( )}H n  be the sequence generated by 

transforming{ }nA according to the rule ER 1 2({ , ,..., })mp p p of Question 3. Let ,, , ,...l l j    

be described as (11), then for k N ,the following equality holds: 

2 1

,

1 1 1

| ( ) | | ( ) | | ( ) | ... ( 1) | ( ) | ( 1) | ( ) |i

m m
rm m

i i j i

i i j m i

Y k Y k Y k Y kp Y k    

    

        
1

m

i

i

r


  

                                                                     （22） 

Proof. Similar to the proof of Theorem 6, we introduce the completely multiplicative 

function RNH  : , ( ) 1, 1,2,..., ; ( ) 0,iH p i m H p p     is any other primes.  

We also have | ( ) |Y n
1

( )
n

i

H i


 , and (22) can be written as follows: 

1

( )
k

i

H i




 
,

2 1

1 1 1 1 1 1 1 1

( ) ( ) ... ( 1) ( ) ( 1) ( )

rl
l jl l

k kpk mm m k
m m

i

l i l j m i l i i i

H i H i H i H i r


 

         

                

                                                                     ( 2 2 )  

We prove (22 )  by induction. It follows from Theorem 9 that (22 )  holds if the 

power of ip  is 1, 1,2,...,ir i m  . 

Assume that the power of ip  is no more than , 1,2,....,ir i m , (22 )  holds. Without 

loss of generality, we first consider the power of 1p  changing from 1r  to 1 1r  . Let 

1

1

2

i

m
r r

i

i

p p


  , 1 1

1

2

,i

m
r r

i

i

p p 



   ,, ,......l l j  ,, , ......l l j   be described as (11), then we 

have 

1 1 1 1, 1, 1, , 1, ,, , , ,......,j j j t j tp               

1 1 , , 1 , , , ,, , ,......,1 ...l l l j l j l j t l j tp p p l j t m               . 

From the hypothesis we have 

1

( )
k

i

H i
 



 =
1( )

1

( )
kp

i

H i




 =
1

m

l


1( )

1

( )
lkp

i

H i




 -
1 ,( )

1 1

( )
l jkp

l j m i

H i



   

  +…… 
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+ 2( 1)m  
1

m

l


1( )

1

( )

rl
lkp p

i

H i


 +
1( )

1

1

( 1) ( )
kp

m

i

H i



  +
1

m

i

i

r


                （23） 

Similar to Theorem 8, we analyze right part of (23) one by one. 

1( )

1 1

( )
lkpm

l i

H i


 

  =
1( )

2 1

( )
lkpm

l i

H i


 

  +
1 1( )

1

( )
kp

i

H i




  

=
2 1

( )
lkm

l i

H i
 

 

  +
1

1

( ( )
k

i

H i




 +
1 1,

2 1

( ))
lkpm

l i

H i



 

                   （ 1 l lkp k  ） 

1,

1 1

( ( )
jk

l j m i

H i



   

   +
1 1, ,

1 1

( )) ......
l jkp

l j m i

H i



   

   + 1

1

( 1) ( )
k

m

i

H i



  +
2

1
m

i

i

r


  

=(
2 1

( )
lkm

l i

H i
 

 

  +
1

1

( )
k

i

H i
 



 )                             （ 1 1k k  ） 

+（
1 1,

2 1

( )
jkpm

j i

H i



 

  -
1 1, ,

1 1

( )
l jkp

l j m i

H i



   

  +
1 1, , , 1

2

1 1 1

( ) ...... ( 1) ( )
l j tkp kp

m

l j t m i i

H i H i





     

      ） 

+
1,

1 1

( ( )
jk

j m i

H i



  

  +
1, ,

1 1

( ) ......
j tk

j t m i

H i



   

  
1

1

( 1) ( )
k

m

i

H i



  ）+
2

1
m

i

i

r


  

=
1 1

( )
lkm

l i

H i
 

 

  

+（
1 1,

2 1

( )
jkpm

j i

H i



 

  -
1 1, ,

1 1

( )
l jkp

l j m i

H i



   

  +
1 1, , , 1

2

1 1 1

( ) ...... ( 1) ( )
l j tkp kp

m

l j t m i i

H i H i





     

      ） 

+
1,

1 1

( ( )
jk

j m i

H i

 

  

  +
1, ,

1 1

( ) ......
j tk

j t m i

H i

 

   

  
1

1

( 1) ( )
k

m

i

H i



  ）+
2

1
m

i

i

r


        （24） 

                                               （
1, 1,j jk k  ，

1, , 1, ,j t j tk k  ） 

1 ,( )

1 1

( )
l jkp

l j m i

H i



   

  =
1 1,

2 1

( )
jkpm

j i

H i



 

  +
1 ,

1 1

( )
l jkp

l j m i

H i



   

   

=
1 1,

2 1

( )
jkpm

j i

H i



 

  +
,

1 1

( )
l jk

l j m i

H i

 

   

                 （
1 , ,l j l jkp k  ）      （25） 

1 , ,( )

1 1

( )
l j tkp

l j t m i

H i



    

  =
1 1, ,

1 1

( )
j tkpm

l j t m i

H i



    

  +
1 , ,

1 1

( )
l j tkp

l j t m i

H i
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       =
1 1, ,

1 1

( )
j tkpm

j t m i

H i



   

  +
, ,

1 1

( )
l j tk

l j t m i

H i

 

    

             （
1 , , , ,l j t l j tkp k  ）       （26） 

...... 

Connecting (23) with (26), we obtain that 

1

( )
k

i

H i
 



 =
1 1

( )
lkm

l i

H i
 

 





   

+（
1 1,

2 1

( )
jkpm

j i

H i



 

  -
1 1, ,

1 1

( )
l jkp

l j m i

H i



   

  +
1 1, , , 1

2

1 1 1

( ) ...... ( 1) ( )
l j tkp kp

m

l j t m i i

H i H i





     

      ） 

+
1,

1 1

( ( )
jk

j m i

H i

 

  

  +
1, ,

1 1

( ) ......
j tk

j t m i

H i

 

   

   + 1

1

( 1) ( )
k

m

i

H i



  ）+
2

1
m

i

i

r



 


  

1 1,

2 1

( )
jkpm

j i

H i



 





  +

,

1 1

( )
l jk

l j m i

H i

 

   


 


  +

1 1, ,

1 1

( )
j tkpm

j t m i

H i



   





  +

, ,

1 1

( )
l j tk

l j t m i

H i

 

    


 


  …… 

+
1( )

1

1

( 1) ( )
kp

m

i

H i



  +
1

m

i

i

r


  

=
1 1

( )
lkm

l i

H i
 

 

   

+
1,

1 1

( )
jk

j m i

H i

 

  


 


 

,

1 1

( )
l jk

l j m i

H i

 

   


 


  +

1, ,

1 1

( )
j tk

j t m i

H i

 

   


 


 

, ,

1 1

( )
l j tk

l j t m i

H i

 

    


 


   

+……+ 1

1

( 1) ( )
k

m

i

H i



  +
2

1
m

i

i

r


 +
1

m

i

i

r


  

=
1

m

j


1

( )
jk

i

H i

 



 -
,

1 1

( )
l jk

l j m i

H i

 

   

  +
, ,

1 1

( )
l j tk

l j t m i

H i

 

    

   …… 

+ 1

1

( 1) ( )
k

m

i

H i



  + 1

2

( 1)
m

i

i

r r


   

So, when the power of 1p  changing from 1r  to 1 1r  , (22 )  holds. We can use the 

same method to prove that for the situation of the power of , 2,3,...,ip i n , (22 )  holds as 

well. Hence the theorem is proved by induction.                                  □ 

                                      

When 1k , we have the following corollary: 



A family of sequences generated by eliminating some prime factors from the sequence of the naturals                                                                     

 26 

Corollary 6. Given m  primes 1 2, ,..., mp p p , let { ( )}H n  be the sequence generated by 

transforming{ }nA according to the rule ER 1 2({ , ,..., })mp p p of Question 3. Let ,, , ,...l l j    

,, , ,...l l j    be described as (11), then, the following equality holds: 

(1)
1

| ( ) | | ( ) |
m

i

i

Y Y 


 -
,

1

| ( ) | ...i j

i j m

Y 
  

 + 2

1

( 1) | ( ) |
m

m

i

i

Y p



  + 1( 1)m +1 

(2) | ( ) |Y  
1

| ( ) |
m

i

i

Y 


 ,

1

| ( ) | ...i j

i j m

Y 
  

  + 2

1

( 1) | ( ) |i

m
rm

i

i

Y p



  + 1( 1)m
1

m

i

i

r


  

Section 4 

 

In previous sections, we studied the properties of the sequences generated by 

transforming { }nA  according to the rules of Question1,2,3, and established equalities about 

the partial sum and the number of valued “1” point, such as the sum from first term to r skp q

th term, and the number of valued “1” point in the first r skp q  terms, and so on. But it is 

usually difficult to establish the equality about the sum of the first n terms and the number of 

valued “1” point in the first n terms. So we propose the following question. 

Question 4. Given some primes, let{ ( )}H n  be the sequence generated by transforming{ }nA

according to the rules of Question 2 and 3, | ( ) |Y n  be denoted as the number of valued “1” 

point in the first n terms of { ( )}H n . Can we establish some inequalities to estimate the sum 

of the first n terms and the number of valued “1” point in the first n terms? 

 

Firstly, we studied the case that the number of given primes is two, and we proposed the 

following theorem. 

Theorem 11. Let p and q be primes. Let{ ( )}H n be the sequence generated by transforming 

{ }nA according to the rule ER ({ , })p q of Question 2. Then for any 0x  , the following 

inequality holds: 

2 22 ( ) 2
2( 1)( 1) 2( 1)( 1)i x

pq pq
x x H i x x

p q p q

   
   

 .          （27） 
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Proof. Let RG ),0[:  be a function defined by 

 ( ) (1 2 ... ) (1 2 ... ) (1 2 ... ) (1 2 ... )
x x x

G x x p q pq
p q pq

     
                    

     
, 

and we set (1 2 ...... ) 0
x

p
p

 
   

 
for 0

x

p

 
 

 
 (similarly, for 0









q

x
 and 0









pq

x
). 

According to Principle of cross-classification, for a fixed 0x , ( )G x  denotes the 

sum of the first  x  terms of the sequence of the naturals, with all multiples of p and 

multiples of q removed. 

We establish a class of sets to classify and analyze every term of ( )
i x

H i


 . Let 

log log
,

log log

x x
t s

p q

   
    
   

, then we have the following results. 

Denote (1) { | ( , ) 1}t sA i x i p q   , then 
(1)

( ) ( )
i A

H i G x


 ; 

Denote ( ) { | ( , ) }t sA p i x i p q p   , then 
( )

( ) ( )
i A p

x
H i G

p

 ; 

Denote ( ) { | ( , ) }t sA q i x i p q q   , then 
( )

( ) ( )
i A q

x
H i G

q

 ; 

Denote ( ) { | ( , ) }t sA pq i x i p q pq   , then 
( )

( ) ( )
i A pq

x
H i G

pq

 ; 

Denote 
2 2( ) { | ( , ) }t sA p i x i p q p   , then 

2
2

( )

( ) ( )
i A p

x
H i G

p

 ; 

... 

Noting that the number of the sets ),...(),( qApA is finite, the intersection of any two 

different sets is empty, and the union of them is the set of the first  x  terms of }{ nA .Thus, 

2(1) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ......
i x i A i A p i A q i A pq i A p

H i H i H i H i H i H i
     

            

＝
2

( ) ( ) ( ) ( ) ( ) ......
x x x x

G x G G G G
p q pq p

      

＝  (1 2 ...... ) (1 2 ...... ) (1 ...... ) (1 ...... )
x x x

x p q pq
p q pq
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2 2
(1 2 ...... ) (1 2 ...... ) (1 ...... ) (1 ...... )

x x x x
p q pq

p p pq p q

       
                    

       
 

2 2
(1 2 ...... ) (1 2 ...... ) (1 ...... ) (1 ...... )

x x x x
p q pq

q pq q pq

       
                    

       
 

2 2 2 2
(1 2 ...... ) (1 2 ...... ) (1 ...... ) (1 ...... )

x x x x
p q pq

pq p q pq p q

       
                    

       
       

2 3 2 3
(1 2 ...... ) (1 2 ...... ) (1 ...... ) (1 ...... )

x x x x
p q pq

p p p q p q

       
                    

       
 

+...... 

Analyzing the above equality, we note that every term of the form (1 2 ... )
u

x

p

 
    

 
 

only appears in 
1

( )
u

x
G

p 
 and ( )

u

x
G

p
 which are (1 2 ... )

u

x
p

p

 
     

 
 and 

(1 2 ... )
u

x

p

 
    

 
. 

Every term of the form (1 2 ... )
v

x

q

 
    

 
 appears only in 

1
( )

v

x
G

q 
 and ( )

v

x
G

q
 which 

are (1 2 ... )
v

x
q

q

 
     

 
 and (1 2 ... )

v

x

q

 
    

 
. 

Every term of the form (1 2 ... )
u v

x

p q

 
    

 
 appears only in 

1 1
( )

u v

x
G

p q 
,

1
( )

u v

x
G

p q
,

1
( )

u v

x
G

p q 
and ( )

u v

x
G

p q
 which are (1 2 ... )

u v

x
pq

p q

 
    

 
, (1 2 ... )

u v

x
p

p q

 
     

 
, 

(1 2 ... )
u v

x
q

p q

 
     

 
 and (1 2 ... )

u v

x

p q

 
    

 
, where u  and v  are positive integers.  

Then we have that 

 

( )
i x

H i


 ＝
   ( 1)

2

x x 
2 2 3 3

1
{ ( 1) ( 1) ( 1) ......}

2

p x x x x x x

p p p p p p

           
                 

           
 

2 2 3 3

1
{ ( 1) ( 1) ( 1) ......}

2

q x x x x x x

q q q q q q
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2 2 2 2

( 1)( 1)
{ ( 1) ( 1) ( 1) ......}

2

p q x x x x x x

pq pq p q p q pq pq

            
                 

           
     

(28) 

( 1)

2

x x 


2 2 3 3

1
{( 1) ( 1) ( 1) ......}

2

p x x x x x x

p p p p p p


        

2 2 3 3

1
{( 1) ( 1) ( 1) ......}

2

q x x x x x x

q q q q q q


        

2 2 2 2

( 1)( 1)
{ ( 1) ( 1) ( 1) ......}

2

p q x x x x x x

pq pq p q p q pq pq

 
        

＝
( 1)

2

x x  2 2 2

2 3 2 4 6

1
{ ( ......) ( ......)}

2

p x x x x x x

p p p p p p


          

2 2 2

2 3 2 4 6

1
{ ( ......) ( ......)}

2

q x x x x x x

q q q q q q


          

2

2 2 2 4 2 4

( 1)( 1) 1 1 1 1 1 1 1 1
{ ( ......)( ......) ( ......)( ......)}

2

p q
x x

p p q q p p q q

 
           

＝
( 1)

2

x x  2

2

1
( )

2 1 1

p x x

p p

 
 

 

2

2

1
( )

2 1 1

q x x

q q

 
 

 
 

2

2 2

( 1)( 1) 1 1 1 1
( )

2 1 1 1 1

p q
x x

p q p q

 
     

   
 

＝
2

24 ( 1) ( 1) 1

2 2( 1)( 1)

x x q p
x

p q

     
 

 
  

＝ 2 2
2( 1)( 1)

pq
x x

p q


 
 , 

which implies the right side of (27).  

In above inequality, we used the inequality  y yy -1<  for any y . 

Noting that (28) is an equality, similarly, one obtains that by (28) 

( )
i x

H i



( 1)

2

x x 


2 2 3 3

1
{ ( 1) ( 1) ( 1) ......}

2

p x x x x x x

p p p p p p


        

2 2 3 3

1
{ ( 1) ( 1) ( 1) ......}

2

q x x x x x x

q q q q q q
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2 2 2 2

( 1)( 1)
{( 1) ( 1) ( 1) ......}

2

p q x x x x x x

pq pq p q p q pq pq

 
        

＝
( 1)

2

x x  2 2 2

2 3 2 4 6

1
{( ......) ( ......)}

2

p x x x x x x

p p p p p p


         

2 2 2

2 3 2 4 6

1
{( ......) ( ......)}

2

q x x x x x x

q q q q q q


         

2

2 2 2 4 2 4

( 1)( 1) 1 1 1 1 1 1 1 1
{ ( ......)( ......) ( ......)( ......)}

2

p q
x x

p p q q p p q q

 
            

＝
( 1)

2

x x  2

2

1
( )

2 1 1

p x x

p p


 

 

2

2

1
( )

2 1 1

q x x

q q


 

 
 

2

2 2

( 1)( 1) 1 1 1 1
( )

2 1 1 1 1

p q
x x

p q p q

 
      

   
 

＝ 2 2
2( 1)( 1)

pq
x x

p q


 
, 

which means that the left side of (27) holds.                                      □   

Following is the analysis of valued “1” point of { ( )}H n .  

One obtains by ( ) 1H n   that u vn p q , where 0, 0u v   are integers.  

If 
u vp q x , we have log log logu p v q x  . 

Let 
0 0

log log
,

log log

x x
u v

p q

   
    
   

 and let 00,1,2,...,v v , then we obtain that 

02
log log log

log log
| ( ) | ...

log log log log log

v

x x x

x x q q q
Y x

p q p p p

     
        

             
        
          

+1,           （29） 

and we can estimate | ( ) |Y x  by (29).  

Following we obtain the estimation of | ( ) |Y x  by using another method (Best to my 

knowledge, it is difficult to get the same result by (29)). 

Theorem 12. Let p and q be primes such that p q . Let{ ( )}H n be the sequence generated 

by transforming { }nA according to the rule ER ({ , })p q of Question 2, | ( ) |Y x  be denoted as 
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the number of valued “1” point in the first  x  term of { ( )}H n . Then for any 0x  large 

enough, the following inequality holds: 

1 log log 1 log log
1 | ( ) | ( 1)( 2)

2 log log 2 log log

x x x x
Y x

p q p q

 
     

 
.               （30） 

Proof. Since valued “1” point in the first  x  term of { ( )}H n  satisfies u vn p q , one has 

log log logu p v q x   which implies that the point ( , )u v  is the grid point in the triangle 

OAB△ (containing three lines) surrounded by U axis, V  axis and the line 

log log logu p v q x   in the VU  plane. So the number of grid points equals to 

| ( ) |Y x .We use the Pick Theorem (see [4, P41-48] for details) to estimate the number of grid 

points. 

Firstly, we prove the inequality on the left side of (30). We fix a grid polygon  which 

containing OAB△  (Figure 1). And  is formed by the two straight and one fold lines. 

One is the segment 0OW  on U  axis, such that the coordinate of 0W  is 
log

1,0
log

x

p

  
  

  
. 

One is the segment OW  on V  axis, such that the coordinate of W  is 
log

0 1
log

x

q

  
  

  
， . 

The other is the fold line from 0W  to W , such that the horizontal coordinate of the 

intersection point kW  of the fold line and the line v k  is  

0

log
log log log

1 1, 1,2,3,......,
log log log

k

x

x k q xq
k v

p p q

 
     

         
     
  

, 

We get the fold line by linking the points 0W ,
0,...,2,1, vkWk   and W , in turn. Noting 

that the fold line has no intersection points with segment AB , it follows that 

OABS S  △

2log

2log log

x

p q
 . 
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We denote E  as the number of grid points inside the polygon  , and F  as the 

number on the border of  . It is easy to see that, F is equal to the sum of the numbers of 

grid points on the line 0OW , line OW , and the fold line WW0  minus the number of 

repetitive grid points, which means that  

F
log log log

3
log log log

x x x

p q q

     
        
     

. 

By Pick Theorem we have that  

S＝E+ 1
2

F


2log

2log log

x

p q
 , 

then it follows that  

| ( ) |Y x ＝the number of grid points inside OAB△  (including the border) 

＝E+
log log

(1 )
log log

x x

p q

   
    
   

2log 1 log
(1 )

2log log 2 log

x x

p q p

 
    

 
 

2log 1 log

2log log 2 log

x x

p q p
 

1 log log
1

2 log log

x x

p q

 
  

 
, 

and the left side of (30) holds. And it is obvious that we still obtain the inequality when we 

exchange p and q .   

Next we prove the inequality on the right side of (30). We fix the biggest grid polygon 

 (Figure 2) contained in the triangle OAB△ . Similarly,   is formed by the two straight 

and one fold lines. One is the segment 0OW   on U  axis, such that the coordinate of the 

point 0W   is 
log

,0
log

x

p

  
  
  

. One is the segment OW   on V  axis, such that the coordinate 

grid polygon )......( 2100 WOWWWWWOW k   

Figure 1 
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of the point W   is 
log

0
log

x

q

  
  

  
， . The other is the fold line from the point 

0W   to W  , such 

that the horizontal coordinate of the intersection point 
kW   of the fold line and the line 

v k  is 

0

log
log log

, 1,2,3,......,
log log

k

x

x k qq
k v

p p

 
   

    
   
  

. 

 

It is worthy to note that points 
0vW   and W   are both on the line 

0

log

log

x
v v

q

 
   

 
. 

They may coincide or be different, or there may exist some other grid points between them. 

No matter what kind of situation, the number of grid points on the segment WWv


0
 is equal 

to 
0

log

1
log

v

x

q

p

 
 

 
 
  

 (including end points, if the two ends coincide, then 
0

log

0
log

v

x

q

p

 
 

 
 
  

).  

One has by p q  that the point kW   is not on the V  axis and it does not coincide 

with W   when 0k v . Similarly, we get the fold line by linking the points 0W  , kW  ,

01,2,...,k v and W   in turn. 

Since the points A  and B  cannot be grid points at the same time, we have that  

OABS S  △

2log

2log log

x

p q
 . 

We denote E  as the number of grid points inside the grid polygon  , and F  as the 

grid polygon ).........(
002100 OWWWWWWWWWO vvk   

Figure 2 
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number on the border of  . It is easy to see that, F  is equal to the sum of the numbers of 

grid points on the segment 0OW  , segment OW  , and the fold line WW 
0  minus the 

number of repetitive grid points which means that  

F

0

0

log
log log

( 1) ( 1) ( 1) 3
log log log

v

x

x x q
v

p q p

 
    

           
    
  

 

0
log

log log log

log log log log

v

x

x x x q

p q q p

 
      

          
      
  

. 

One has by Pick Theorem that  

S ＝ E +
0

log
1 log log log

1
2 log log log log

v

x

x x x q

p q q p

  
       
          
       
    

2log

2log log

x

p q
 . 

Then it follows that  

| ( ) |Y x ＝the number of grid points inside OAB△  (including the border) 

＝ E +
0

log
log log log

log log log log

v

x

x x x q

p q q p

  
       
          
       
    

 

2log

2log log

x

p q
 +

0
log

1 log log log

2 log log log log

v

x

x x x q

p q q p

  
       
          
       
    

+1 

＝
2log

2log log

x

p q
+

log
log log

log1 log log log

2 log log log log

x
x q

qx x x

p q q p

   
   

                       
   

  

+1 

2log

2log log

x

p q
 +

log log
( ) log
log log1 log log log

2 log log log log

x x
q

q qx x x

p q q p

   
   

                       
   

  

+1 
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2log

2log log

x

p q
 +

1 log log log 1 log
1

2 log log log 2 log

x x x q

p q q p

   
      

   
 

1 log log
( 2)( 1)

2 log log

x x

p q
   

1 log

2 log

q

p

 
 
  . 

Since 
1 1

,
log log

p q
p q

  , for large enough x , we obtain that  

1 log log
( 2)( 1)

2 log log

x x

p q
  

1 log 1 log log
( 1)( 2)

2 log 2 log log

q x x

p p q

 
   

   

(as long as 
1 1 log

log ( )
log log log

q
x

p q p

 
    

   

is satisfied), and the right side of (30) holds.  

□ 

 

Now, we study the case that the number of primes is m . We obtain Theorem 13 and 

Theorem 14 by extending Theorem 11 and Theorem 12. 

Theorem 13. Given m  primes 1 2, ,..., mp p p , let { ( )}H n  be the sequence generated by 

transforming { }nA according to the rule ER 1 2({ , ,..., })mp p p of Question 3. Then for any 

0x  ,the following inequality holds: 

2 1 2 1

1 1

1 1
2 ( ) 2

2 1 2 1

m m
m mi i

i xi ii i

p p
x x H i x x

p p

 

 

   
 

  .        （31） 

Proof. We use induction to prove the theorem. When 1,2m  , we obtain (31) by Theorem 

11 and the proof of Theorem 11 (The proof is same as Theorem 11 for 1m  ).   

Assume that (31) holds for m r . Following is the proof for 1m r  . 

Let { ( )}rH n  be the sequence generated by eliminating all ( 1,2,..., )ip i r  factors for 

every term in { }nA  according to ER( rppp ,...,, 21 ) and 1{ ( )}rH n  be the sequence 

generated by eliminating all ( 1,2,..., 1)ip i r   factors according to ER( 121 ,...,, rppp ). 

One has by assumption that 

2 1 2 1

1 1

1 1
2 ( ) 2

2 1 2 1

r r
r ri i

r

i xi ii i

p p
x x H i x x

p p

 

 

   
 

  .         （32） 

It is easy to see that 1( ) ( )r rH i H i   holds when i x  and i  is not the multiple of 1rp  . 
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Define a function RG ),0[:  by  

1

1

/

( ) ( ) ( )
r

r r r

i x i x p

G x H i p H i




 

   . 

That is, ( )G x  equals to the sum of the first  x  terms of { ( )}rH n  with the all 

multiples of 1rp   in { ( )}rH n  removed.  

Similar to the proof of Theorem 11, in order to classify and analyze every term of 

1( )r

i x

H i



  we establish a class of set which satisfies that the intersection of any two 

different sets is empty.  Let 
log log

,
log log

x x
t s

p q

   
    
   

, then we have the following results. 

Denote 0

1 1(0) { | ( , ) 1 }t

r rA i x i p p     , then 
1

(0)

( ) ( )r

i A

H i G x



 ; 

Denote 
1 1(1) { | ( , ) }t

r rA i x i p p    , then 
1

(1) 1

( ) ( )r

i A r

x
H i G

p


 

 ; 

Denote 2

1 1(2) { | ( , ) }t

r rA i x i p p    , then 
1 2

(2) 1

( ) ( )r

i A r

x
H i G

p


 

 ; 

Denote 3

1 1(3) { | ( , ) }t

r rA i x i p p    , then 
1 3

(3) 1

( ) ( )r

i A r

x
H i G

p


 

 ; … 

We notice that the number of the sets ),...3(),2(),1(),0( AAAA is 1t  , the intersection 

of any two different sets is empty, and the union of them is the set of the first  x  terms of 

the sequence of naturals. Thus 

 
1 1 1 1 1 1

(0) (1) (2) (3) ( )

( ) ( ) ( ) ( ) ( ) ... ( )r r r r r r

i x i A i A i A i A i A t

H i H i H i H i H i H i     

     

            

2 3

1 1 1 1

( ) ( ) ( ) ( ) ... ( )
t

r r r r

x x x x
G x G G G G

p p p p   

       

2
1 1 1

1 1( ) ( ) ( ) ( )

r r r

r r r r r r
x x xi x

i i i
p p p

H i p H i H i p H i

  

 


  

   
   

      
   
   

      

2 3 1
1 1 1 1

1 1( ) ( ) ... ( ) ( )

t t
r r r r

r r r r r r
x x x x

i i i i
p p p p

H i p H i H i p H i
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(Noting that

1
1

1 ( )

t
r

r r
x

i
p

p H i








 ＝0） 

2
1 1 1

1( ) ( 1) ( ) ( ) ... ( )

t
r r r

r r r r r
x x xi x

i i i
p p p

H i p H i H i H i

  




  

 
 

      
 
 

    .             （33） 

Noting that (33) is an equality, then by assumption (32) we obtain that 

 

2 1

1

1

1
( ) ( 2 )

2 1

r
ri

r

i x i i

p
H i x x

p





 

 


   

      

2

2 1 1

1 2 2
1 11 1 1 1

1 1
( 1) ( ) 2 ( ) ( ) 2 ( ) ...

2 1 2 1

r r
r ri i

r

i ii r r i r r

p px x x x
p

p p p p p p

 



    

 
         

   

2

1 2 4 6
1 1 1 1

1 1 1 1
1 ( 1) ...

2 1

r
i

r

i i r r r

p
x p

p p p p


   

   
              

  

1 1

1 2 3

1 1 1

1 1 1
2 2 ( 1) ...r r

r

r r r

x p
p p p

 



  

   
          

   

 

2 1 1

1

1 1 1

1 1 1
1 2 2 ( 1)

2 1 1 1

r
r ri

r

i i r r

p
x x p

p p p

 



  

   
       

     
  

1
2

1

1
2

2 1

r
ri

i i

p
x x

p





 


 , 

and the right side of (31) is established for 1m r  . The left side of (31) can be established 

by using the same method. Then the proof is complete by induction.                  □ 

 

By using the notation " "O  (see [2, P147]) we have a more concise conclusion of 

Theorem 13: 

2

1

1
( ) ( )

2 1

m
i

i x i i

p
H i x O x

p 

 


  .                          （34） 

We derive a new proof for the noted fact that the set of primes is infinite by Theorem 

13 (see [3] for the four kinds of proofs of the proposition). Here is a brief proof.  

Suppose that the primes are 1 2, ,..., mp p p , where m  is a positive integer. Then the 

terms of the positive integers series generated from { }nA  become “1” after eliminating all 

the prime factors according to the rule ER 1 2{ , ,..., }mp p p , and one has that 
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 ( ) 1
i x i x

H i x
 

   . It is easy to see that the equality contradicts with (31) when x , 

which implies that there cannot be only a finite number of primes.                                      

□ 

 

We apply the notation " "O  to Theorem 12, and extend it to the following theorem. 

Theorem 14. Given m  primes 1 2, ,..., mp p p , let { ( )}H n  be the sequence generated by 

transforming{ }nA according to the rule ER 1 2({ , ,..., })mp p p of Question 3, and | ( ) |Y x  be 

denoted as the number of valued “1” point in the first  x  term of { ( )}H n . Then for any 

0x  ,the following inequality holds: 

1

1

1 log
| ( ) | (log )

!
log

m
m

m

i

i

x
Y x O x

m
p





 


.                      （35） 

Proof. As the beginning of the proof, we list two useful conclusions: 

（1）
0 1 2

1
... ( 1)

1 2 3 1 1

m
mm m m mC C C C

m m
     

 
                            (36) 

multiplying 1m  on the left side, one obtains by 1

1( 1)
1

i
im
m

C
m C

i



  


 that 

0 1 2

( ... ( 1) ) ( 1)
1 2 3 1

m
mm m m mC C C C

m
m

      


 

1 2 3 1 1

1 1 1 1... ( 1) (1 1) 1 1m m m

m m m mC C C C  

              ,  

(36) is established. 

（2）
1

( )
1

s
s s

n x

x
n O x

s





 


 ，for 0s      (see [2,p49]).                    （37） 

We use induction to prove the theorem. It is obvious that (35) holds for 1,2m  . 

Assume that (35) holds for m r . Following is the proof for 1m r  .  

We denote { ( )}rH n  (resp. 1{ ( )}rH n ) as the sequence generated by eliminating all 

( 1,2,..., )ip i r  (resp. ( 1,2,..., 1)ip i r  ) factors for every term of { }nA  according to rule 

of Question 3 and ( )rY x  (resp. 1( )rY x ) as set of valued “1” point in the first  x  terms of 

{ ( )}rH n (resp. 1{ ( )}rH n ).  
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Let 
1

log

log r

x
s

p 

 
  
 

. By analyzing elements in 1( )rY x  we have that 

2 3

1 1 1 1 12 3

1 1 1 1

( ) ( ) ( ) ( ) ( ) ... ( )s

r r r r r r r r r r s

r r r r

x x x x
Y x Y x p Y p Y p Y p Y

p p p p
    

   

 . 

Noting that there are 1s   sets on the right side and the intersection of any two 

different sets is empty. This equality together with the assumption in the induction implies 

that 

1 2 3

1 1 1 1

| ( ) | | ( ) | | ( ) | | ( ) | | ( ) | ... | ( ) |r r r r r r s

r r r r

x x x x
Y x Y x Y Y Y Y

p p p p


   

       

=
1

1

1 log
(log )

!
log

r
r

r

i

i

x
O x

r
p





 
 
 
 
 
 


+ 11
1

1

log ( / )1
(log ( / ))

!
log

r
rr

rr

i

i

x p
O x p

r
p






 
 
 
 
 
 


 

2
1 2 11 1

1 1

1 1

log ( / ) log ( / )1 1
(log ( / ) ... (log ( / )

! !
log log

r r s
r r sr r

r rr r

i i

i i

x p x p
O x p O x p

r r
p p

  
 

 

   
   
       
   
   
   

 
 

=  2

1 1 1

1

1 1
log log ( / ) log ( / ) ... log ( / )

!
log

r r r r s

r r rr

i

i

x x p x p x p
r

p
  



   


 

+ 1 1 1 2 1

1 1 1(log ( ) (log ( / ) (log ( / ) ... (log ( / )r r r r s

r r rO x O x p O x p O x p   

      . （38） 

By denoting U  as part with " "O , we have that  

1

1

log
(log ( ) ( 1)) (log ( ))

log

r r

r

x
U O x O x

p





 
    

 
. 

Let  2

1 1 1log log ( / ) log ( / ) ... log ( / )r r r r s

r r rW x x p x p x p       . Following is the analysis 

of W , we choose the th)1( t  term 

1 1log ( / ) (log log )r t r

r rx p x t p    

=
0 1 1 2 2 2

1 1 1log log ( log ) log ( log ) ... ( 1) ( log )r r r r r r

r r r r r r rC x C x t p C x t p C t p 

       . 

We set 0,1,2,...,t s , and sum the corresponding terms up in the expansion. It follows from 

(37) that 
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1 1

0 0

( 1) log ( log ) ( 1) log log
s s

l l r l l l l r l l l

r r r r

t t

C x t p C x p t 

 

 

     

=
1

1

1
( 1) log log ( ( ))

1

l l r l l l l

r rC x p s O s
l

 

 


 

=
1

1

1 1

1 log log
( 1) log log ( ) ( )

1 log log

l l r l l l l

r r

r r

x x
C x p O

l p p

 



 

 
  

 
 

=

1

1

1 log
( 1) (log )

1 log

r
l l r

r

r

x
C O x

l p





   


.                               （39） 

Let 0,1,2,...,l r  in  (39), and we sum them up. One has by (36) that 

1

0 1

1 log
( 1) (log )

1 log

rr
l l r

r

l r

x
W C O x

l p



 

 
     

 
  

=

1

0 1

1 log
( 1) (log )

1 log

rr
l l r

r

l r

x
C O x

l p



 

   


  

=

1

01

log 1
(( 1) ) (log )

log 1

r r
l l r

r

lr

x
C O x

p l





   



 

=
1

1

1 log
(log )

1 log

r
r

r

x
O x

r p





 


.                                      （40） 

Substituting (40) into (39), we can obtain that  

1| ( ) |rY x 
1

1

1

1 1 1 log
(log ) (log )

! 1 log
log

r
r r

r

r
i

i

x
O x O x

r r p
p







 
    

 
 

=
1

1

1

1 log
(log )

( 1)!
log

r
r

r

i

i

x
O x

r
p











, 

(35) holds for 1m r  . The proof is complete by induction. 

 

 

 

Summary and prospect  

 

    1.In this paper, we start from an interesting property of the sequence generated by 
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eliminating all the factor 2 for each term of the sequence of the naturals. Eliminating all the 

prime factor p , or p , q , or ip ( 1,2,...,i m ) according to the relative transforming rules 

in the different cases, we obtain the new sequence { ( )}H n  respectively. We studied the 

partial sum and the number of valued “1” points of the new sequence { ( )}H n . Furthermore, 

we get several concise inequalities which estimate the partial sum of the first n terms and the 

numbers of valued “1”points in the first n terms of { ( )}H n .  

However, these results are still relatively preliminary. The conclusions are complicated 

in the case of given m  primes. Though the inequality in the fourth section is relatively 

concise and beautiful, there exists deficiencies in (32) and (33) that the coefficient " "O  is 

in connection with the number of the given primes. 

2.On the problem of the sum related to the sequence of the naturals, there are some 

known equalities as follows: 

（1） 2

1

1
( )

2

n

i

i n n


  ； 

（2）
1

( )
1

s
s s

n x

x
n O x

s





 


 ，where 0s   

Compare (34) 

2

1

1
( ) ( )

2 1

m
i

i x i i

p
H i x O x

p 

 


   

with the equalities above, it’s meaningful to study the sum of the form like ( )s

n x

H n


 , and 

the following equality may be correct: 

1

1

1
( ) ( )

1 1

m
s s si

n x i i

p
H n x O x

s p



 

 
 

  ，   where 0s  . 

When 0s   there are some known equalities about s

n x

n


  as well, and we can also 

study the partial sum such as ( )s

n x

H n


  (where 0s  ), maybe there are some interesting 

connections between them.  

3. ( )H n is a new sequence generated by transforming the sequence of naturals according 

to the eliminating rule. Maybe, we can consider to apply the transforming rule on the 
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sequence consisted of integers, the new sequence generated may have some interesting 

connection with the sequence. For example, given m primes, we have transforming rule ER

1 2({ , ,..., })mp p p . Let p be a prime, { }na  be an arithmetic sequence, na pn l  , 

( , ) 1,p l l N  ,Then what properties does the new sequence generated by transforming 

{ }na  according the eliminating rule ER 1 2({ , ,..., })mp p p  have? 

4.Furthermore, we can consider the more general transforming as follows: 

Let Q be a set of some primes, finite or infinite, define a transforming rule ER(Q) as: 

For every n N and every p Q , if some term nA  of { }nA  has factor p Q , then 

substitute nA  with /nA p , until it does not have factor p. Thus we obtain a new sequence 

{ ( )}QH n . Maybe we can write as  

( )({ }) { ( )}n QER Q A H n , 

Also, we can apply ER(Q) on the sequence consisted of integers, for example, on the 

arithmetic sequence { }na  above, what properties does the new sequence ( )({ })nER Q a  

have? 

I think these questions are interesting and meaningful, but it’s difficult for me to answer 

as I’m just a high school student now. It is my dream to learn more knowledge about 

mathematics and do further research on them in future. 

 

Finally, I would like to express my gratitude to my two foreign tutors, to Mr. Yau for 

providing this platform for students who love mathematics, to all teachers for your review 

and guidance for this paper. 
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