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Abstract

The sequence {a(3,n)} is called the Smarandache 3n-digital sequence, if the digital of
a(3,n) can be partitioned into two groups such that the second is 3 times of the first.
Smarandache kn-digital sequence {a(k,n)} in the base p is defined similarly. This
paper studies an asymptotic formula for Smarandache kn-digital sequence

Z Ina, =2NINN+O(N) | N-—>+00 , 1<k<9 (defined in base ten) and

1<n<N

generalizes the conclusion by proving that the asymptotic formula is true for any
positive integer k and p (p>1). Furthermore, this paper proves some more precise
asymptotic formulas for k=1,2,3,4,5,6,8,9,10,11 (defined in base ten) and for general

positive integer k and p, and conjectures a more precise asymptotic formula for k=7.
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1 Introduction

For any arbitrary positive integer k , the sequences {a,} is called the

Smarandache kn-digital sequence, if the digital of a, can be partitioned into two

groups such that the second is k times of the first. This sequence was defined by
Smarandache, F. (1993, 2006, cited in Gou, S. 2010). There are a number of
subsequent works.

Wu(2008:120-122) considered Zhang Wenpeng’s conjecture that the
Smarandache 3n-digital sequence does not contain any square number. Although this

conjecture is not completely solved, Wu did prove the following results:

(1) a, isnotasquareif n issquare-free.
(2) a, isnotasquareif n isasquare.

(3) If a, is a square, then n=2*%.3*.5"%.11°%.n holds, where

n

(n,,330)=1.

Lu, P.(2009:5-7, cited in Chen, J. 2012) considered whether there is a square
number in the Smarandache 5n-digital sequence and got a negative answer when n
equals some special values.

By using elementary method, Gou, S.(2010) proved that for any arbitrary
positive integer N large enough, the asymptotic formula

Y. Ina,=2NInN+O(N) holds when k=3 . (When k=3 |,

1<n<N

{a,} ={13,26,39,412,515,618,721,824,- -} .

Chen, J.(2012:9-14) pointed out that equation Z Ina, =2NInN+O(N)

1<n<N

still holds under the condition of 1<k <9 when N — +<o.
This paper generalizes the above asymptotic formula

> Ina,=2NInN+O(N) to arbitrary k and arbitrary base p, and improves

1<n<N



the estimates of the error term.

2 Theoretical Discussions

2.1 Lemmas and Simple Corollaries

2.1.1 Taylor series with the Peano form of the remainder

Let f(x) be ntimes differentiable at x,, then there must be a neighborhood of x,,

for any x in this neighborhood, the following holds:

(%)
2!

(et ) )

F(x)=1(x)+ (%) (x=%)+

In the equation above, the remainder r, (x) equals o((x—xo)"). When x,=0, the

above equation is called the Maclaurin series.

2.1.2 Lemma: In(x+1)=x+0(x*), when x—0

Because In(x+1)':Xi1 and In(x+1)”=—( )
+ X+

using 2.1.1 (let

X, =0,n=2), we get the target equation as follows.

|n(x+1):|n(0+1)+0i+1(x_o)+T(x—o)2+o((x—0)2)

= x—%x2+o(x2): x+O(x2)

2.1.3 Stirling's approximation

+ 5= >+
2n  288n° 51840n

N0 \/27n (ﬂj (1+1l 1 139 )
e



2
2.1.4 Lemma: lim M= lim 'n—Nzo

N —>+o0 N No+o N

Using L'Hospital's rule:

1

This means that (In N)2 and InN are the lower order infinities of N .

2.1.5 A computational result of dislocation subtraction

. 1 p
Conclusion: 't-p' =——M - pM* — p" -1
; p-1 (p—l)z( )

which means that S =—~ M- prai__P (P -1).
p-1 (p-1)
- 1 M+l 10 M - -
Specifically, when p =10, we have S =§M 10 —8—(10 ~1). We will directly

use the computational result hereafter.
2.2 Proof When k=3 in Base 10
2.2.1 ldentical deformation of the target equation

Let a, be in the sequence, and assume that 3n has t digits (N€Z" ,teZ"), then

10" 10°
<n<
3

. Because of the definition of the sequence {a,}, we know that

a, = n-(lOt +3). When N is large enough, there exists a unique M €Z" such that

6



; ; ) 10t 10t+1
. This is because the intervals j — 5 t=0,1,2,-.- are

10M 1OM +1
<

pair-wise disjoint, and their union is (;,Jroo), which includes all positive integers, so

N must be included in one of these intervals, which means that there must be a

unique M . We will use the uniqueness of M directly hereafter. Assume that 3N

has (M +1) digits , so a, =N-(10""+3). Now we have the following identical

equation:
3 33 %(10“”-1)
Han:Han.Han... H a - H a
n=4 h

Lsn<N n=1 =%(10M ) n=%(10"" 1)+

M-1 loom
— NE(10+3)-(200+3)" (10 +3)"" (10" 4 3) 5

Take the natural logarithm of the both sides, and the equation becomes:

N —1(10M —1)

+In (10 +3)" 3

M 31011
> Ina,=INNK Y In(10'+3)
t=1

1<n<N
=InN !+3-§:10“1-In(10t +3)+{N —%(10M —1)}In(10""*1+3)---(1)
t=1

2.2.2 Estimation of N!

Using Stirling's approximation (Lemma 2.1.3):

N0 270 (ﬂj (1+11 ! 139 j
e

+ 5= 5+
2n  288n° 51840n

According to 2.1.2, we take the natural logarithm of the both sides, and we get the

equation as follows.

INN!=In+/27zN +NInN—N+In(1+ 1 139 J

—+ 7 —_ 3+...
12N 288N° 51840N

:(N +%jln N-N +lnﬂ+o(%j
=(N+%jlnN—N+O(1) ................................................................ (2)

We will use equation (2) directly hereafter.



2.2.3 Estimation of :a-§:1o‘*1-|n(1ot +3)

t=1

When x—0, In(x+1)=x+0(x*) (Lemma 2.1.2). According to 2.1.5, we get the

following equation.

3%10” -In(10' +3):3-i10‘1 -{In (10')+ In(1+ %ﬂ

t=1 t=1

—3-%10”- t-In10+i+O L
10" 10%

t=1

M
:3|n10-2t.1ot-1+3|v| +0(1)
= 10

In10 In10 9
=—— M-10M = ====(10 —1)+ =M 1 PN
3 0" = (10 )+10 +0(1) (3)

2.2.4 Estimation of {N —1(10M —1)}In(10“"*1+3)
3

Note that when x—0, In(x+1)= x+O(x2) (Lemma 2.1.2). Therefore,

[N ‘%(10“” —ﬂ}{ln(ﬂlo%} In(lOM*l)}
[ 3 ol ’

{N —%(10M —1)}In(10““1+3)

1 - 3 1 1

This means that:



{N —%(mM —1)}In(10“"+1+3)

:{N —%(10M -1)H10ﬁ+1 +0(10le j+(|v| +1)-In10}

{N _%(10“” _1)](M +1)-In10+0(1)

=|n10-(|v|N vt v n Lo +1j+o(1)
3 3 3 3

=InlO-(MN —%M-lOM +%M+N_%.10Mj+o(1) .................. (4)

2.2.5 Summate and analyze the error terms

Finaly we substitute (2)(3)(4) into (1):

Y Ina, :KN +3jln N-N +o(1)}
1<n<N 2
In10

{'“ﬁm 10" —=—(10" —1)+3|v| +o(1)}
3 27 10

+{In10-(MN —%M .10 +%M +N —%-10'\’I j+0(1)}

=NInN +1|n N —N +'nﬁ~|v| -10M —'”ﬁ-loM +3M
2 3 27 10 ’
In10 In10 In10

+In10-MN M -10™ M +In10-N —T-loM +0(1)

=(NInN+MN-In10)+%InN+(In10—1)N—lomlo-lOM
+(M+EJM+O(1)
3 10
then:
3 Ina, =(NInN+MN -|n10)+[(|n10—1)N—10'“1010“”}
1<n<N
+K|n_10+3j|\/|+l|n[\]}+o(1) .......................................... (5)
3 10) 2

This is the asymptotic formula with an O(l) error term when k=3.

Because the quotients of M over InN and 10" over N are bounded, the

9



following equations hold:

. NInN+MNIn10
lim =
N —-+o0 N In N

2,

LinN +(n10-1)n - 1010 qu, [In10, 93y,
- 3 10
lim =0(1).
N —+w0 N

This means that: Z Ina, =2NInN +O(N).

2.3 For Some Specific k (k=12456,891011, in Base 10)

The following proof is similar to k =3, but only different in the classification of
n according to how many digits k-n has in the base 10. Chen, J.(2012:9-14)

proved the asymptotic formula to be true when 1<k <9, but in fact, the asymptotic

formula is true even when k =10,11.

2.3.1 k=1

Assume n has t digits (NeZ" ,teZ"), then 10" <n<10'. Because of the

definition of the sequence {a,}, we have a, = n-(lOt +1). Forany N that is large

enough, there exists a unique M eZ* such that 10 <N <10™*,

By the same argument:

9 99 10M -1 N
IIanZIIan'IIan'” II a‘n'IIa‘n
1<n<N n=1 n=10 n=10M-! n=10M

=NLI (10 +1)9 . (100 +]_)90 ... (10'\/' +1)9'10M1 . (10M+1 +1)N—(10“" 1)
> Ina, =InN !+§:|n(10t +1)9.10H . In(lOM” +1)N(1OM 1)
1<n<N t=1
~InNE9- 3107 n(10° 1)+ [N ~(10% ~1)Jin 10" -1

t=1

We have: InN !:[N +

N~

jMN—N+O@)

10



When x—0, In(x+1)=x+O(x2),which means that:
9 M10t-1| 10" +1)=9 MlO“l In(10')+1In|1 L
Z (10" +1)= Z {n( )+ n( +Hﬂ

=9. ZlOtl {t In10+%+0( L H

— 102t

=9-|n10~2t~1o“+3|\/| +0(1)
= 10

9

10" -1)+—M +0(1
)+10 +o@)

~In10-M -10" — '”10(

and

[N (10" -1) |In (20 +1) = | N - (10" _1)J{In(1+101+ j in(1 OMH)}
=[N~ (20" —1)]{1()%”(101” j+(M +1)-In10}

=In10-(M+1)| N -(10" -1) |+0(1)
=In10-(MN =M -10" + M +N 10" +1)+0(1)
=In10-(MN =M -10" +M +N 10" )+O(1)

At last we have:

l;Nlnan =KN +%jln N-N +o(1)}

+[Inlo-M 10" ———-(10" 1)+ —M +o(1)}
10

+[In10-(MN =M 10" + M +N-10")+0(1) |

—NInN+—InN N +1n10-M -10M — '”910 10" %M

+In10-MN —In10-M -10™ +In10-M +1In10-N —In10-10" +0(1)

10In10

=(NInN+MN -In10)+%InN +(IN10-1)N -

+(Inlo+gjl\/l +0(1)
10

which means that:

11



Y Ina,=(NInN+MN -InlO)+[(In10—l)N —10'510-10“”}

1o +K|n10+%)M +%In N}+O(1) ....................................... (6)

This is the asymptotic formula withan O(1) error term when k=1.

Because the quotients of M over InN and 10" over N are bounded, the

following equations hold:
NInN+MNIn10

lim 2,
N —-+o0 N In N
(in10-1)N — 20110 v +;In N+(In10+1%jM
lim =0(1),
N —+w0 N

which means that: Z Ina,=2NInN+O(N).

1<n<N

2.3.2 k=24,56,8091011

Because the proof for k=2,4,5,6,8,9,10,11 is tedious and highly similar to the
proof of k=1 and k=3, the detailed proof is presented in ‘5 Appendix’ and here
only the results are presented below. (Equations (7)~(17) are also in °5

Appendix’.)
For k=2,4,56,8910,11, the asymptotic formula Y Ina, =2NInN+O(N)

1<n<N

is true.

Furthermore, we get the following asymptotic formulas with an O(l) error term, in

which M =U0910 kNJ. (| x] isthe floor function of x)

For k=2,

1<n<N

3 Ina, =(NInN+MN ~In10)+[(|n10—1)N —5'210-10“”}

+ In10+g M+1InN +O(1)
10 2
For k=4,

12



Y Ina,=(NInN+MN -InlO)+[(In10—l)N —5'{'810 .10M}
1<n<N

+K|n10+%)|\/| +%In N}O(l)

For k=5,

Ina. =(NIn N +MN -In10)+| (In10—1)N — 2110 1w
D Ina, =( )+ ( )

1<n<N
9 1
+/{InN10+—= |[M +=InN +O(1)
10 2

For k=6,

Y Ina,=(NInN+MN -InlO)+[(In10—l)N —5';710.10“”}
1<n<N
+K3In10+ijM +31n N}+O(1)
2 10 2

For k=8,

3 Ina, =(NInN+MN -|n10)+[(|n10—1)N —5'?:‘610 -10M}
1<n<N

+K|n10+%j|v| +%In N}+0(1)

For k=9,

Y Ina,=(NInN+MN -In10)+{(ln10—1)N —10;“110 ~10M}

1<n<N
+ In—10+g M +inN +0(1)
9 10 2

For k=10,

Y Ina,=(NInN+MN -In10)+{(ln10—1)N —'”Tlo.lo“”}

1<n<N
9 1
+/|1 IN10+= |[M +=InN +O(l)
10 2

For k=11,

Ina. =(NINN +In10-MN)+| (In20—1)N — 2110 4w

1<n<N
TN +(3+In—lojM +0(1)
2 10 2

13



According the detailed proof of k =11, the following conjecture arises.

For k=7,

Y Ina,=(NInN +In10~MN)+{(In10—1)N —102;10-10“"}

1<n<N
+ lIn N +(3+In£jM +0(1)
2 10 2

2.4 For General k (in Base 10)

For general k, if the prime factors of k are good enough, we can still get the values
of the exponential of (10t+k) accurately, thus giving a more precise asymptotic

formula.

2.4.1 If there exists «< such that k=10"

Let 10" <k-N <10™**, we will have the following equation.

ITa =Nt10"*+ k)9 (1077 + k)go (10" + k)g'loM“ (10" + k)N—(loM"‘—l)

1<n<N

Z Ina, =InN 4 l\f In (10"’+t + k)g'lo11 +In (10M+1 +1) kN*(loM*H)
t=1

1<n<N

N9 Y 107 In (107 +k)+[ N = (10" ~1) [In (10" ** + k)

t=1

It comes out that InN !:[N +%jln N-N +O(1) and

9-§1ot-1-|n(1ot+“+k)=9-Mz_fllot-l.{(tm).|n10+L+O£ 1 ﬂ
t=1

— 10t+a 102t
M-a 1 gk
=9In10- > (t+a)- 107 + ——
=} 10*"

—n10{ M- ]10"+ 2 m1o()
9 10

(M-a)+0(1)

and

14



[N=(10" -1) |In (20 +1) = N — (10" —1)}[(|v| +1)-In10+10t+1 +o(1012M H

=In10-(M+1)-| N -(10"“ -1) |+ O(1)
=In10-(MN =M -10""“ +M +N -10""“)+O(1)

Finally we have:

lS;Nlnan :HN +%jln N-N +o(1)}
{InlO-(M —%)-10“”-“ +%M +o(1)}

+[In10-(MN =M -10"“ + M +N 10" )+ O(1) |

CNINN+ 21N =N +In10-M 204« — 110 qgm-e 9
2 9 10

+In10-MN —In10-M -10* +In10-M +1In10-N —In10-10"“ +O(1)

1010 , v

=(NInN+MN -In10)+%ln N +(In10-1)N —
+(In10+gjl\/l +0(1)
10

which gives:

Ina =(NInN+MN -In10)+|(In10-1 N_10|n10.10,v,
> Ina, =( )+ ( )
1<n<N 9.10¢

+B|nN+(In10+%jM}rO(l) .......................................... (18)

This is the asymptotic formula with an O(l) error term when k =10".

Because the quotients of M over InN and 10" over N are bounded,

. NInN+In10-MN
lim =2
N —>+o0 N |n N

The orders of the other terms are no larger than N , which means that
Y Ina,=2NInN+O(N).

1<n<N

2.4.2 If there exists «,p<00 such that k=2%.5"

Let 10M <k-N <10™*™ we will have:

15



[T 2 = NH(10+ k) (107 k) (10" +K)
1<n<N

-(10M+1+1)N1k

+1

Equation (19) holds because:

10"

@: When N —+0,M — +oo, we can find m>max{a, f},mell*, then ” el,

m

in the

which means that for m that is large enough, the exponential power

above equation is a positive integer.

(2): For a given positive integer t, we wonder what kind of integer n exists such
that a, =n-(10'+1) holds, which isthat kn has t digits , namely 10"*<kn<10',
For t large enough, we can count the number of such n, which is exactly

10'—10"* 9.10"
k k

@: From W®), for a given k, the exponentials on the right-hand side of equation

m

(19) can be replaced by for m that is large enough, except some finite

m

for m thatis

terms at the first place. We still replace these exponentials by

not large enough. The values of these finite terms is determined, which means that

we might over-multiply the right-hand side by a value that is finite, so we can simply
multiply the right-hand side by O(l) to make the equation correct.

940"t 10M

Nowwe have: [] a,=N !~1M[(10t +k) k -(lOM*1+1)N_T+1.o(1)
=1

1<n<N

1<n<N t=1

M 9107 N0
na =InN4+ n| (10" + kK 1+In| (10™" + k +0(1
> Ina, =1 ZI{(tk) }Il:(“"”k) } (1)

:InN!+g~i10”-ln(10t+k)+ N2 In(10™"+k)+0(1)
k k

t=1

16



In N!:(N +%)In N-N+0(1)

9 gt t 9 gt k 1
=310 In(10" +k) =—=->"10"*-| t-In10+ —+O| —;
k t=1 k t=1 10 10

_9In10 &, a9
- ;t 10 +1O|v|+o(1)

_In10 g L )agv 4 2w +0(1)
k 9 10

and

10" vt 10" k 1
(N— > +1]|n(1o +k)=(N— 1 (M +1)-In10+10M+1+O o

:[N —1?(M +1J[(|v| +1)-In10+0(1§M H

=In10-MN +1n10-M +In10-N —'”%-M 10" —'”%-10M +0(2)

At last we have

D Ina, :HN +%jln N —N}{"‘Tlo(m —é)loM +%M}

1<n<N
+{In10-MN +In10-M +1In10-N _InTIO.M -10™ —InTlO-loM}+O(l)

=NInN +1|nN —N +'”—10‘|v| -10M —'”710-10M +3|v|
2 k 9k 10
In10 In10 ’

+In10-MN +In10-M +In10-N —T-M -10™ —T-loM +O(1)

:(N|nN+MN-|n1o)+%|nN+(|n10_1)N_10;110,10M
+(In10+ng +0(1)
10
which means that
Ina. =(NInN+MN-In10)+| (In10-1 N—lOInlo.loM
> Ina, =( )+|(n10-1
1<n<N
1 9 .

J{Elan{lnlOJrE)M}ro(l) .......................................... (20)

This is the asymptotic formula with an O(l) error term when k=2%.57.

17



Because the quotients of M over InN and 10 over N are bounded,

. NInN+In10-MN
lim =
N —>+o0 N |n N

The orders of the other terms are no larger than N , which means that
D Ina,=2NInN+O(N) holds.

1<n<N

2.

2.4.3 If thereisno «,p<0 such that k=2%.5°

If there is no «,fel]l such that k=2%.5", then k>1 holds, so there exists a

prime factor q of k suchthat qe{2,5} .Let 10" <k-N <10"** and we have

the following equation.

[T & = NE(10 +) ™ (107 k) * > fa0¥ k) ™
1<n<N
10M

.(10M+1+1)N77+c ............................................................ (21)

where: Q{%J_Fcﬁl}g-lko” (t=123---,M), and |b|<1,|c|<1. (| x] is the

floor function of x)

Equation (21) holds because:

(D: For any given positive integer t, we wonder what kind of n exists such that

a, :n-(10‘+1) holds, which is that kn has t digits (namely 10" <kn<10"). We

t t-1
can count the number of such n, which is exactly {%J_Fi J Therefore,
M

o _| 10| [107] 910
LK k k
p

: The value of the exponential power of (p“* +1) should be N -|-— | exactly,
(2): The value of th ial f (p"*+1) should b " |

M
which can be denoted as N —pT+c , and thereby |c| <1. Therefore we have:

18



910"t 10M

I1a _N|H(10‘+k) ®(0v 1)k

1<n<N

> Ina, InN'+ZIn{(lO‘+k)gl(k)t +bt:|+|n|:(10M+l+k)Nl?<+ci|

1<n<N
Q M k k 1
=INnN&+=->110"%+=-b |-|t-InN10+—+0O
K z( 9 tj [ 10' (102t )J

t=1
10 1
N — Cl-l (M +2)-IN204 0] —=— | |oreemeeemenieieennanns 22
N2 we ]| (wgmorof (22
Because b, and c are bounded, we can replace b, and ¢ by O(1).
910"t 10M
S Ina, —InN'+ZIn{(10‘+k) k ”‘”}m[(lo““l k)" k“"”}
1<n<N
=|nN!+%Z(1ot-1+o(1))~|n(1ot+k)
t=1
J{N _1OM +O(1)J|n(1o'\"+1+k) ............................................. (23)
k
We deal with the first addend in equation (23).
InN!:(N +%jlnN_N+o(1)(24)

We deal with the second addend in equation (23).

9. i(lotuo (1))- |n(1o‘+k)=g i(lotuo (1))- t-|n10+L+o( L ﬂ
k 5 k 100 ~\10™

t=1

49 9 k 1
+EM +F-;O(l {t In10+ﬁ+0(102tﬂ+0(1) --------- (25)

_9In10 ¥

We deal with the third addend in equation (23).

N1 +0(1) [In(10"* +k) = N1 +O(1) || (M +1)-In10+0( L
k k 10"
=In10-MN +1In10- N_In% M -10M — Inklo.lo"" +o(|\/|) ................................. (26)

We substitute the equations (24)(25)(26) into equation (23) and sum up.
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l;Nlnan :KN +%]|n N —N}+PnTlo-(M —%}10“”}

{lnlo.lvu\l +In10-N —InTlo-M 10M —'”Tlo-lo“”}o(lvlz)

In10 InlO.

:NInN+1InN—N+—-M-1OM— 10M
2 k ok

+In10-MN +In10-N—|nTlo-M-10M _Ink10.10M +o(|v|2)
=(NINN+MN-In10)+(IN10-1)N — 10 +0(M
10In10 , ., ,

The error term O(M 2) has the same order of (InN )2 . Because the quotients of M

over InN and 10M over N are  bounded, we know that

1 10In10
ZInN+(In10-1)N - -10M
fim NINNFMNINIO 5 g im 2 % ~o(1) ,
N —>-+o0 NInN N —-+o0 N

which leadsto Y Ina, =2NInN+O(N).

1<n<N

Go back to (24)(25)(26). Because the quotients of M over InN and 10" over

N are bounded, in the sum Zlnan , only the second addend
1<n<N

M
->"0(1)-(t-In10) contains the expression that is of the order (InN)®. Go back to

t=1

x| ©

M
equation (21) and we find out that the expression is A:%Z(g-bt]-(t-lnm).

t=1

Now we prove that A=O(In N), and thus proving that the error term has the same

order of InN rather than (In N)z. To complete the proof, we only have to make
M

sure that A'= Y t-b, =O(INN). Now we divide k out of all the prime factors 2
t=1

and 5 to get a positive integer k. It is obvious that (ko,lo):l. Let the order of 10

modulo k, be &. When the positive integer s is large enough, we can compute

S+J

B=>b.

t=s+1

20



S+ t t-1 101 S+6 s S+ S
g §F[| 20| |07 | 920} 107 | 110° | 207 10 | where
SHLL K k k k k k k

100 100 _10°-(10°-1) 10° 10° -1

_ 7 el . This is because of the definition of the
k k k r Ky

order of 10 modulo k, and the order being large enough, where rzkh and r
0

only contains the prime factors 2 and 5). We know that the difference between two

numbers with the same decimal part equals the difference between their integer parts,

S+0 S S+0 S
S0 {mk }{? }zlok —1E , which means that B=0. When the positive

integer s is not large enough, the sum of these terms is infinite and does not produce

a number of the order (InN )2. Now B=0 means that after a finite number of terms,
the sum of & consecutive terms of the sequence {b,} is 0, which means that {b, }

is of period ¢ after a finite number of terms, namely b, =b,, for t large enough.

Therefore,

M M o {%}6 M o M
A=Sth, {_]zt.bt+ S t.bt:[_]zt.bt+o(1):[_}.o(1)+o(1)
t=1 [ Ry t=1 [ ey o '
~0(M)-0(1)+0(1)=0(InN)
After we complete the proof, we can make sure that:

10In10

> Ina,=(NInN+MN-In10)+(In10-1)N —

1<n<N

10 +O(InN)-(27)
(by replacing O(MZ) by O(InN))

Now the estimate is more precise. (k # 2* -57)

2.5 New Smarandache kn-digital Sequence Defined

Similarly in Base p

For a positive integer p =2, we can define a new Smarandache kn -digital sequence

21



in a similar way. The digital of any number in the sequence can be partitioned into

two groups in base p such that the second is k times of the first. For example,

when p=8k=3, {a }={13 26,311 414,517,622,725,1030,1133-}.

2.5.1 Any prime factor of k can divide p exactly (including

k=1)

If any prime factor of k candivide p exactly (including k =1), then there exists a

positive integer r that is large enough such that p?eD :

Let p¥ <k-N < p"** we will have:
(p-1) (p-1)-p (p-1)p"™*

[Ta =Nt(p'+k) & (p>+k) © - (p"+k)

1<n<N

M
N-P 41

-(pM*l+1) k .0(1) ...................................................... (28)

Equation (28) holds because:

D:When N —+00, M —>+0, as long as m>r,mell*, we have p—eD , for
g k

which the exponential power

(p-1)-p"
k

in the equation (28) is integer for m

large enough.

(2):For any given positive integer t, if there isan n suchthat a, = n-( p' +1) holds,

kn must have t digits, which means that p'* <kn< p‘. For t large enough, the

number of such n is exactly

pt _ pt—l _ (p—l)- pt—l
k k '

@:According to @O and @), for any given k, the exponentials on the right-hand

(p-1)-p"

side of equation(28) can be replaced by for m that is large enough,
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except some finite terms at the first place. We still replace these exponentials by

-1)- m i . i
w for m that is not large enough. The values of these finite terms is

determined, which means that we might over-multiply the right-hand side by a value

that is finite, so we can simply multiply the right-hand side by O(1) to make the

equation correct.

(p-1)p™ p"

We have: H a =N IIMI( p' +k) K '(pM+1+1)N_T+1-O(1)

1<n<N t=1

N-P

ZInan=InN!+iln{(pt+k)W]+ln{(pM”+k) 3 }+O(1)

1<n<N t=1

=InN !+(p—1) i pt‘l-ln(pt+k)+(N —%+1}In(p“"”+k)+0(l)

kI

we have: In N!:(N +%jln N—N +O(1)

N-P In(p"*+k)= N-P (M+1)-Inp+—K_+of 1
k k pM-¢—1 pZM

=[N —%+1J[(M +1)-In p+o(piMH

=Inp-MN+Inp-M +In p-N—InTp-M-pM —InTp-pM +0(1)

At last we have:
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In

Y Ina, :KN +lenN—N}+[|n—p-[ —Lj-pM +p__1|\/|}
1<n<N 2 k p—l p
_Inp m_ NP m
+/Inp-MN+Inp-M+Inp-N T-M-p T.p +0(1)

:NInN+%InN—N+In_p.M,pM_ Inp -pM+p_lM

k (p-1)k P

+Inp-MN+Inp-M +1In p-N—InTp-M-pM —In—p-pM +0(1)

=(NINnN+MN-Inp +lInN+ Inp-1)N —
2

—~
|
H
~—~—
=~

+[|n p+pT_le +0(1)

Because the quotients of M over InN and p“ over N are bounded, we have:

> Ina,=2NInN+O(N). More precisely,

1<n<N

pInp  u
Ina, =(NINN+MN-Inp)+|(Inp-1)N - :
1;N " ( p) [( P ) (p—l)k P
+ (m p+p__1j|\/| +%In N}_o(l) .................................... (29)
Y

where M :Ung kNJ,
2.5.2 Not all prime factors of k can divide p exactly (k=1)

If not all prime factors of k can divide p exactly (k #1), there exists a prime

factor q of k such that g cannot divide p exactly. Let p" <k-N < p“*,

and we have:
[T o =NH(prk) o (pr k) © +k)(p_1)kpM'l+bM
1<n<N
("1 Ni%% ......................................................... 30
. (30)

t t— t-1
where bt{p?}_[pkl}(p_lz'p (t=1,23-,M)and |b|<1,|c/<1.
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Equation (30) holds because:
@: For any given positive integer t, if there is an n such that a,=n-(p'+1)

holds, kn must have t digits, namely p'* <kn< p'. We can count the number of

t t-1
such n, which is exactly {rﬂ_[%} ([x] is the floor function of x). Therefore,

[ e

. : : p"
@: The value of the exponential power of (p"*+1) shouldbe N {T} , denoted

M
as N _pT+C’|C|<1’ so we have:

1) i1 M
(p-1)-p N p

IT a. _N'H(p +k)

1<n<N

(p-2)- p"1+b[ NP
> Ina, —InN'+ZIn (p'+k) +Inf(p"*+k) X
1<n<N
p-1 & t-1 k k 1
=InN&+——. ——-b [-|t:-Inp+—+0| =
i ;(p +p—l tj( p+pt+ ~

J{N_%Hj.{(,\ﬂ +1)-In p+o(pi“”ﬂ ........................ (31)

Because b, and c are bounded, we replace b, and c in the equation (31) by

O(1) and find out that:

(pt)yp, LI
> Ina, —InN'+ZIn[(p +k) k O(l):|+|ﬂ|:(pM+l+k)N pk 0(1)}

1<n<N

M

—InNwP== Z(p +0(1))-In(p‘ +k)

t=1

+[N_%+o(l)j|n(pm+l+k) ............................................. (32)

We deal with the first addend in equation (32).
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We deal with the second addend in equation (32).
1Y -1 ¥ k 1
pT > (P +0(1))- In(p‘+k):pT > (p+o(1 )).{t.ln p+F+O(FH
M M
Ql%ﬂﬂlzypu+ﬁil +£f£§3ﬂﬂ{tmp+§ﬂ({é%ﬂ+0@%(%)

We deal with the third addend in equation (32).

M

ot o ool ]

=Inp-MN+Inp- N_InTp M - p" _Inp pM+o(|\/|) .................................... (35)

We substitute (33)(34)(35) into (32) and make the summation.

Zoac|weonn 52 g

Inp m Inp »
+[Inp-MN+Inp-N—T-M-p —= P } o(M?)

Inp M Inp v
—NInN+—InN N+——-M- — .
kP Tk P

+Inp-MN+Inp-N—|nkp M- p" - Inp p +O( )

k
=(NINN+MN-Inp)+(In p-1)N - pin p p"+0(M?)

(p-1)k

Now the error term O(M 2) has the same order as (In N )2 . Because the quotients of

NInN+MNInp_2

M over InN and p“ over N are bounded, I|m and
N—>+0 NInN
1 plnp u
EInN+(Inp—1)N— e P
lim (p-Y) =0(1) hold, which  mean that

N —-+c0 N

D Ina,=2NInN+O(N) is true.

1<n<N

Now go back to the equations (33)(34)(35). Because the quotients of M over
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INnN and p“ over N are bounded, in the summation z Ina,, only the second
1<n<N

1 M
addend pTloZO(l)-(toln p) contains the expression that is of the order (In N)Z.
=1

Go back to equation (31) and we find out that the expression is

_ M
A= pkl,z( kl'bt]'(t'ln p)_ Now we prove that A:O(In N), thus proving
t=1

that the error term is of the order InN rather than (In N)Z. To complete the proof,
M

we only have to make sure that A'= Y t-b, =O(INN). Let k, be anumber of k
t=1

divided out of all the prime factors of p. It is obvious that (k,, p)=1. Let the order

of p modulo k, be &. When the positive integer s is large enough, we can

S+0
compute B= ) h,.

t=s+1

S+6 t t-1 —1)- t-1 S+6 s S+6 s
B=Y e i e R I s S +P where
SALL kK k k k k k k

$+5 s s, s -1 s 5 _
P _p_:M:p—- P 1eD . This is because of the definition of the
k k k r Ko

order of p modulo k, and the exponential power being large enough, where

k . : : :
r:k—, and it only contains the prime factors of p. The difference between two
0

numbers which have the same decimal part equals the difference of their integer parts,
o) {%ﬂs}—{p{} :%ﬂs—p?s, which means that B=0. When the positive integer
s is not large enough, the sum of these terms is infinite, and does not produce a
number of the order (In N)z. Now B =0 means that after a finite number of terms,
the sum of & consecutive terms of the sequence {b,} is 0, which means that {b, }

is of period & after a finite number of terms, namely b, =b,; for t large enough.
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Therefore,

. {5

w-Sen M Sea e on-[M] S 00" owson

t=1 t=1

~0(M)-0(1)+0(1)=0(InN)

After we complete the proof, we can make sure that:

KZN Ina, =(NINN+MN-Inp)+(In p—1)N —(E'_”l;’k .pM +O(INN)---(36)

(replace O(M?) by O(InN))

Now the estimate is more precise.

3 Conclusion

Let {a,} be a Smarandache kn-digital sequence in base p (Vk,pell™,p>2),

then the equation »_ Ina, =2NInN+O(N) holds when N —+<o.

1<n<N

More precisely,

(2) If all prime factors of k candivide p exactly (including k =1), then

lS%“Nlnan =(NInN+MN-In p)+|:(ln p-1)N _(El—nlg)k'pM

[l oo

M :LlogpkNJ, N — +0.

, where

(2) If not all prime factors of k divide p exactly (k=1 isexcluded in this case),

then > Ina,=(NINN+MN-Inp)+(Inp-1)N - pin p p" +0(InN)
1<n<N (p—l)k

(N — +0).

For some specific k (for example, k=3,6,9,11) and p=10, we prove the

asymptotic formulas, each of which has an O(l) error term. (equation
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(5)(10)(12)(16)). In the following formulas, M =| log,, kN |.

When k=3,

Y Ina,=(NInN+MN -InlO)+{(In10—l)N -

1<n<N

+K'”1o ijm +2n N}Lo(l)

3

10In10.10M}

When k=6,

Y Ina,=(NInN+MN -InlO)+[(In10—l)N —5';710.10“”}

1<n<N
{(3'”10 9)M +—InN} 0(1)
10

2
When k=9,

Y Ina,=(NInN+MN -InlO)+{(In10—l)N -

1<n<N
{('”10 ng + L N} o(1)
9 10

When k=11,

10In10.10M}

Y Ina,=(NInN +In10-MN)+{(In10—1)N -

1<n<N
+ 3+In_10 M +ZinN +0(1)
10 2 2

A Conjecture:

10In10‘10M}

When k=7, if 10M <7N <10M*,

Ina =(NINN +1n10-MN)+| (In10—1)N — 22110 4 qu

1<n<N
{ InN -+ (9 '”ij}o(l)
10 2

(That is equation (17))
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4 Further Discussions

When any prime factors of k can divide p exactly, we can get an asymptotic
formula with an O(1) error term. When not all prime factors of k divide p
exactly, we can only get an asymptotic formula with an O(InN) error term for
general k and p. But for some specific k in base 10, for example, when
k=36,9,11, we can get an asymptotic formula with an O(1) error term, so for
general k and p, when not all prime factors of k divide p exactly, it will be
necessary to get the asymptotic formula with an O(1) error term. We can even

preserve more small terms, find out the constant, and give the asymptotic formula

with an O(WJ error term. After all, the Stirling's approximation is very precise.

5 Appendix

For k=2,4,5,6,8,9,10,11, detailed proof is presented below. (Equations (7)~ (17)

are in this part.)

51 k=2

1 1
Let MeZ", 5-10'\’I <N <E-lOM+1, and by the same argument we can get the

following identity:

Laov 4
2

4 49
[Ta-ITa[la I1 & I1 &
=1 n=5

1<nsN n n:%_loM—l n:%]IOM

M-1 Laou 4]

= N+(10+2)"(200+2)" (10" + 2);-'9'1 (10M +2)N(2
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and:

5 o - St 2 g a7

1<n<N

] 1 . In12
=InN !ﬁuz-g-émt 1-|n(1ot +2)+[N —(5-10M —1ﬂln(1oM l+2)—T

. . In12 .
In the equation above, the subtraction of > Is because we replace the

exponentials by = 5 Lo 10", and only in the first term (1O+2)4, we cannot replace 4

by %-9-10“=4.5. Thereby, to make the equation correct, we have to subtract

(20"+ 2)4'5 In12 . : : .
In = from the left-hand side. We will use O(1) to substitute this
(101+2) 2
finite difference.

Therefore, we have: InN !=(N +%jln N-N+O(1).

When x—0,In(x+1)= x+O(x2) . which means that:

1 1 2 1
~.9. 1Ot‘1 In(10' +2)==-9. 10“1 t- In10+—+O

t=1 t=1

9

1
~M+0(1
oMo

M
==.9:In10- ) t-10"" +
2 =

InlO

‘M -10™ — InlO(

9
10" —1)+ =M +0(1
J+1gM+0()

and:

[N —(%-10“” —lﬂln(loM*HZ):{N —G-mM —1)“1(;“1 +o(1012M j+(|v| +1)-In10}
=In10-(M+1)-[N —(%-10“” —1ﬂ+o(1)

zlnlo-(MN —%-M 20M +M +N —%-10Mj+0(1)

At last we have:
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In10

9
- T ——(10" 1)+EM +o(1)}

+[In10-(MN —%-M A0M +M +N —%-10'\" j+0(1)}
=N

nN+ImnN N0 vy qom 10 1 om . 9 |
2 2 18 10
+In10- MN—'”TlO M -10" +1n10-M +In10- N—'”210 10" +0(1)
=(N|nN+|\/|N-InlO)+%InN+(In10—1)N—5|nlo.10M

+(In10+9jl\/l +O(1)
10

which means that:

Y Ina,=(NInN+MN -InlO)J{(InlO—l)N —5'210-10“”}

1<n<N

{(lnlm%]MJr?nN}o(l) ....................................... (7)'

This is the asymptotic formula with an O(l) error term when k=2.

Because the quotients of M over InN and 10" over N are bounded, the

following equations hold:

. NInN+MNIn10

lim =2,and
N —+o0 NInN

LinN +(n10-1)n —2IN10gqu +(In10+9)M
i 9 10
m
N —+00 N

~o(1),

which means that: »_ Ina, =2NInN+O(N),

1<n<N

5.2 k=4

When N is large enough, there exists a unigue M eZ" such that
= 10“" <N< 10M*
4 4

By the same argument we can get the following identity:
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7‘10“" -1

Ha—Ha Ha ﬁa H an-lﬁ[an
1<n<N n=25 neligvt pzlgou
4 4

1, qma

=N1(10+4)"-(100+4)" -(1000+4)™---(10" + 4}

.(10M+1+4)N—(‘11-10M _1j
and:
> Ina, —InNI+ZIn(10‘+4) OH+|n(1oM+1+4)N‘G'1°M‘l)

1<n<N

+0(1)

1 ) 1 . |
=InN !+Z-9-210t tIn(10° +4)+{N —(Z-loM —1ﬂln(1oM '+4)+0(1)

t=1

When x—0,InN!= (N+2)InN N+0O(1), so In(x+1)=x+0O(x*), which

means that:

1 1 4 1
Z.9->10"In(10' +4)==-9-> 10| t- In10+—+0
4 Z 10+ 4)= Z { 10 (mztﬂ

:1.9.|n10.zt.10“1+3M +O(1) and:
= 10 ’
_In10 oM - Inlo(lo“" ~1)+ XY +0(1)
4 36 10

[N —G.loM —1j}ln(10M+1+4)={N —(%-10“” —1)}{10‘;“ +0(10le ]+(|v| +l)-|n10}
:In10'(M+1){N _G.loM _1ﬂ+o(1)

=In10-[MN —%-M 0™ +M +N —%-10Mj+o(1)

At last we have:
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‘M 10" ———=(10" —1)+3|v| +o(1)}
10

+{In10-(MN —%-M 10" +M +N —%-10Mj+0(1)}
N

In10 InlO.10M +3M
10 :

+1n10-MN —"‘%-M 10" +1n10-M +1n10-N —'”jo.loM +0(1)

= InN+1InN—N+—-M 10M —
2 4 36

5In10

:(NInN+MN-InlO)+%InN+(InlO—1)N— .10

+ In10+g M +0(1)
10
which means that:

Y Ina,=(NInN+MN -InlO)J{(InlO—l)N -

1<n<N

5In10.10M}

18

+ (|n10+3]|\/| +1InN +o(1) .......................................... (8)
10 2

This is the asymptotic formula with an O(l) error term when k=4.

Because the quotients of M over InN and 10" over N are bounded, the

following equations hold:
. NInN+MNIn10
lim =2, and
N —+o0 N |n N

5In10

LinN+(In10-1)N - 10M+(In10+9)M
8 10

lim =0(1), which means that:
N —-+w0 N

Y Ina,=2NInN+O(N),

1<n<N

5.3 k=5

When N is large enough, there exists a unique M eZ" such that
1-10"’I <N <1-10M*1_

5 5
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By the same argument we can get the following identity.
1

199 510M_1 N
Ha—Ha Ha e I1 - 11
1<n<N n=20 nelioM- n=L1oM
5 5

1gq0m4 LM 71]

= N(10+5)'-(100+5)°-(1000+5)" --(10" +5)5 " -(10M+1+5)”(5

and:

3 Ina, —InN'+ZIn(10t+5) - +|n(1oM+l+5)N‘[é'l°M‘lj+o(1)

1<n<N

. 1 . |
=InN !Jrg-g-Z‘tlot *In (10" +5)+{N —(5-10M —1j}|n(1oM '+5)+0(1)

t=1

When x—0, InN!= (N+2jlnN N+0O(1), so In(x+1)=x+O(x2), which

means that:

1w 1 5 1
=.9-37101 In (10" +5)==-9- 3710 - t- In10+—+0( j
5 ; ( )= 5 ; { 100 (10%

:1-9-|n10-it-1ot-1+3|v| +0(1)
5 10

110y gom —'”ﬁ(loM 1)+3|v| +0(1)
5 45 10

and:

[N —(%-10“” —1)}In(10“'*1+5)={N —(%.10“” —1)}{103% +0(10le j+(|v| +1)«In10}

:|nlo.(M+1)[N —[%-10“” _1ﬂ+o(1)

=In10-(MN —%-M 10Y + M +N —%-10Mj+o(1)

At last we have:
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Y Ina, :HN +% InN—N +o(1)}

+[In—10-M .10M —'”—10(10M —1)+3M +o(1)}
5 45 10

+{In10-(MN —%- M-10" +M +N —%-10'\’I j+0(1)}
N

=NInN +1In N — N +In—10-M 10 —'”ﬁ-lo“” +3M
2 5 10 )
In10 In10

+In10-MN - ===-M 10" +In10-M +In10-N - == 10" +0(1)

=(NInN+MN-InlO)+%InNJr(lnlO—l)N—ZlnlO-lOM
+(In10+gjl\/l+0(1)
10
which means that:
Ina =(NInN +MN-1n10)+| (In10—1)N — 2110 1o
> Ina, = )+ (int0-1)N -5
1<n<N
9 1 '
+ InlO+E M+§InN +o(1) .......................................... (9)

This is the asymptotic formula with an O(l) error term when k=5.

Because the quotients of M over InN and 10" over N are bounded, the

following equations hold:
NInN+MNIn10

lim =2, and:
N—>+o0 NInN
Linn+(n10-1)N - 2"+ [1n104 2 M
2 10
lim =0(1),
N —-+w0 N

which means that: »_ Ina, =2NInN+O(N),

1<n<N

54 k=6

When N is large enough, there exists a unigue M eZ" such that

M M+1
10 <N <10 .
6 6
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By the same argument we can get the following identity:

10"+2
166 1666 6 N
||a—||a||a||a||a ||an-||an
1<n<N n= n=17 n=167 e 10M* 42 Iﬂ_1o“" +2
6 "6

M
3, M 10 +2_1J

= N1(10+6)'-(100+6)"-(1000+6) - (10" +6)2" l (10M+1+6)N‘[ ¢
and:
o 10M +2

> Ina, =In NI+ZIn(1O‘+6) +In(10M*1+6)N[6l]+O(1)

1<n<N

:InN!+—-Zlo“l-ln(10t+6)+ No[20+2 In(lOM*l+6)+O(1).
2 6

t=1
1
We have: In N !:(N +§jln N-N+0(1).

When x—0, In(x+1)=x+O(x2),which means that:

3 S -1 t 3 u t—1 6 1
=310 In(10'+6) == >"10"* | t-In10+ —+O| —
2 t=1 2 t=1 10 10

3 & e, 9
:—-In10-Zt-10 +EM+O(1)

9

In10 InlO(loM _1) M +O(1)
10

= 5 M -10 —
and:

{N —[10M6+2 —1J}In(10“"” +6) :{N —(10M6+2 _%LO?M +0(1012M j+(’\" +1) '”10}
:In10-(M+1)~{N —[10M6_4H+o(1)

:Inlo-[MN —%-M 10" +§M +N —615-10“”}0(1)

At last we have:
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D Ina, :HN R TYVEY +o(1)}
1<n<N 2

J{'”lo-lvl .10M —'”ﬂ(loM —1)+3M +o(1)}
6 54 10

+ InlO-(MN —E-M -10M +§M +N —1.10MJ+O(1)
6 2 6
N

=NInN +3lnN -N +'”—10~M -10M f'”ﬂ-lo“” +3|v|
2 6 54 10

5In10

:(N InN + MN -InlO)+%|n N +(InlO—l)N %7 -10M

+[3'”1O+9)M +0(1)
2 10

that:

Y Ina,=(NInN+MN -InlO)J{(InlO—l)N -

1<n<N

M +In10-N -~ = 10" +0(1)

5In10 , v
27

+ (3|n10+2j|\/| +1|n N +O(1) .....................
2 10 2

This is the asymptotic formula with an O(l) error term when k=6.

, which means

Because the quotients of M over InN and 10" over N are bounded, the

following equations hold:
NInN+MNIn10

lim 2,
N—>+o0 NInN
LinN +(n10-2)n 210y qu , [3IN10, 93y,
2 2 10
lim =0(1),
N —-+o0 N

which means that: »_ Ina, =2NInN+O(N).,

1<n<N

55 k=8

When N is large enough, there exists a unique

l~10'VI <N <£-10M*1.
8 8

By the same argument we can get the following identity:
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1. wm
124 1249 510 -1 N

[1-TTe 1o [Ja TTa- T 2 1 a
1<n<N n= n=13 n=125 1m1 iom
8 8
1 M-1
= N+(10+8)'-(100+8)" -(1000+8)"* .- (10" +8)"
. (10M +1 4 8)N—(;~1OM —1]
and:

> Ina, —InN'+ZIn(10t+8) o +In(10M*1+8)N_[§1OM_lJ+O(1)

1<n<N

1 ) 1 ) |
=InN !+§-9-Zlot tIn(10° +8)+[N —(5-10M —1ﬂln(1oM '+8)+0(1)

t=1

We have: INN 1= (N +2jInN N +O(1)

When x—0, In(x+1)= x+O(x2),

which means that:

t-1 t 1 -1 8 1
2_1110 ‘In(10 +8)_§ ;10 {t |n10+E+o(102tﬂ

=1-9-|n10-it-10“1+3|v| +O(1)
8 = 10

OOII—‘

9

In10 In10 (1OM _1) +2M +O(1)
10

=5 M -10™ —
and:

[N —(%-10“” —1j}ln(10M+1+8)={N —(%-10“” —1}}{1;;“ +0(10le j+(|v| +1)-|n10}
:In10~(M+1)[N _(%.10“” _1ﬂ+o(1)

=In10~(MN —%.M 10" +M +N —%.10M]+o(1)

Finally we have:
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%}Nlnan =KN +% INN-N +o(1)}

J{'”lo-lvl 10" —'”—10(10M —1)+3M +o(1)}
72 10

J{lnlo-(MN —%- M-10" +M + N —%-10M j+o(1)}
N

, Which means
= |nN+1|nN—N+|n£~M-10M—M-lo“uglvl
2 8 72 10

+1n10-MN —'”TIO-M 10" +1n10-M +1n10-N —'”710-10M +0(1)

5In10

=(NInN+MN -In10)+%ln N +(In10-1)N — 2 10"

+(In10+9jM +O(1)
10

that:

Y Ina,=(NInN+MN -InlO)J{(InlO—l)N -

1<n<N

5In10.10M}
36

+KInlO+%jM+%InN}+O(1) .......................................... (11)'

This is the asymptotic formula with an O(l) error term when k=8.

Because the quotients of M over InN and 10" over N are bounded, the

following equations hold:
NInN+MNIn10

lim 2,
N—>+o0 NInN
LinN +(n10-2)N -°""%0v 4 [ 1n104+ 2 |m
2 10
lim =0(1),
N —+00 N

which means that: »_ Ina, =2NInN+O(N),

1<n<N

56 k=9

When N is large enough, there exists a unique MeZ" such

10M +8 10M* 48

that <N<
9

By the same argument we can get the following identity:
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111 1111 9 N

Ha—Ha Ha Jla-Tla 11 a- ] a
1<n<N n=12 n=112 n:o 248 n:10M+8
: 10“"sjl

= N1(10+9) -(100+9)" -(1000+9)™---(10" +9)

(20 + 9)“‘(102+8‘1J

and:

Ina, —|an+ In 10' +9)" +In 107 +9 N‘[10M9+8‘1]+o 1
(1)

1<n<N

t=1

t-1 t 10" +8 M+l |
:InN!+210 In(10 +9)+[N—( 5 —1ﬂln(1o +9)+0(1)
We have: INN!= (N+2jlnN N+0O(1).

When x—0, In(x+1)=x+O(x2),which means that:

N -1 t t-1 9 1
210" In (10 +9) = 210 [t 10+ +O(102tﬂ

t=1 t=1
M
= InlO-Zt-lOt’l+gM +0(1)
= 10

9

In10 |n10(10M _1) +2M +O(1)
10

=——-M-10" -
9

and:

{N —{10M9+8 —1]}In(10M+1+9)={N —[10M9+8 _1”{103” +0(10le j+('\" +1) '”10}

:|n10-(M+1)-[N —[101_1ﬂ+o(1)

= InlO(MN —%-M -10M +%M +N —%-IOMJ+O(1)

Finally we have:
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+['”1O-M 10 - M0 gv _1)4 +o(1)}
8 10

+ Inlo-(MN —E-M 10M +1M +N —1-10“" j+0(1)
9 9 9
N

InN +£InN —N +'”—10-M 10M —'”ﬂ-loM +3|v|
2 9 81 10 ’

+In10-MN —'”TlO.M 10" + M9\ nto-n —'”910-10M +0(1)

10In10

:(NInN+MN-In10)+%InN+(In10—1)N— -10M

+(In—10+ng +0(1)
9 10

which means that:

3 Ina, =(NInN+MN -InlO)J{(InlO—l)N —10;”110 -10“”}

1<n<N

{("‘TloJr%jMJr%mN}o(l) ....................................... (12)'

This is the asymptotic formula with an O(l) error term when k=9.

Because the quotients of M over InN and 10" over N are bounded, the

following equations hold:
NInN+MNIn10

lim 2,
N—+o0 NInN
EInN+(In10—1)N—10|r]1010“"+ Ir|710+g M
o 2 81 9 10
lim -0(1),

N —+o0 N

which means that: »_ Ina, =2NInN+O(N),

1<n<N

5.7 k=10

When N is large enough, there exists a unigue M eZ" such that

10M <10N <10M* .

By the same argument we can get the following identity:
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[T a =N*(10°+10)’ (10" +120)™""

)N—lOM'1+1
1<n<N

-(10M+l +10

and:

M 10t-2 M1
> Ina, =N > In(10' +10)"™ +In(L0"* +10)" " 1 O(1)

1<n<N t=1

=InNk& igaotf2 -In(10° +10)+(N —10""* +1)In(10" * +10) + O (1)

t=1

We have: INN!=NInN - N +%In N+0(1),

<

M
>°9:10"%.In(10' +10) = >"9-10"*-| t-In10+ lt_1+o( 12tj
t=1 t=1 10 10

M
=9In10- ) t-10"* LAY +0(1)
= 10

=9In10- E(M —lj-lo“”ui LAY +0(1)
9 9 810 | 10

=In10-M -1OM‘1—%-1OM‘1+%M +0(1)

and:

§ . ) 1 1
(N —10""*+1)In(10"* +10) = (N —10" 1+1)-[(|\/| +1)-In10+10M +o(102M ﬂ

=In10-(MN +N —M 10" -10""*+M )+O(1)

Finally we have:

Y Ina, =[N INN-N +%In N +o(1)}

1<n<N

{Inlo- M -1OM‘l—mTlo-10M‘1+%M +O(1)}

+[In10-(MN + N =M -10"* =10+ M)+ O (1)

=NInN +%In N —N+In10-M .10““—”‘910.10M1+3M

10
+In10-MN =In10-M -10""*+1n10-M +In10-N ~In10-10" * + O (1)

10In10 10M

=(NInN+MN -In10)+%ln N +(In10-1)N -
+(In10+ng +0(1)
10
which means that:
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Ina =(NInN+MN -In10)+|(In10-1 N—Inﬁ-loM
> ina,=( )+|(n10-1)n -

1<n<N
+K|n10+2]|\/| +l|n N}_o(l) .......................................... (13)
10 2

This is the asymptotic formula withan O(1) error term when k=10.

Because the quotients of M over InN and 10" over N are bounded, the

following equations hold:
NInN+MNIn10

lim 2,
N—>+o0 NInN
Linn +(n10-1)N -0+ (n10+ 2 M
2 10
lim =0(1),
N —-+o0 N

which means that: »_ Ina, =2NInN+O(N).

1<n<N

5.8 k=11

When k=11 and when N is large enough, we can also find a unique M eZ*

such that 10™ <11N <10™* . But the order of 10 modulo 11 is 2 (that is

5,,(10)=2.) , so we have to consider two cases. They are that M is odd and that

M is even.

5.8.1 Case 1 for M eZ" such that 10" <11IN <10?M*

If there exists an M such that M eZ" and 10°™ <11IN <10°™* | then

ay =N-(10™* +11), we have:

[ a =Nt (107 +11) -(20° +12)" -(10* +12)" .-
1<n<N

102M 1

(102 +11)191<1°2M2‘1) (102 +11)191(102M1“) (10 )

SIS § (CCRRRE Vi § (E RPN ECEE +11)N_1°21M1 .
t=0

t=1

Take the natural logarithm of the both sides, and the equation becomes:
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|_.

M -

LN

\V/
Z Ina, =In(N!)+ 9.

T (102t+1 +1) In (102”2 +11) +
1<n<N

(102t —1) In (102t+1 +11)

==

—

=0

M
o0 |n(102M*1+11)
11

t=1

We deal with every addend in the equation above.

S 21 2t+2 N 11 1
> (107 +1)In (107 +11) = 3" (10 +1){(2t +2)In10+ +o£10—4tﬂ
t=0 t=0

M-1

Z( (2t+2)In10-10% + i; (2t+2)|n10j+0(1)

t=0

S 2t 2t+1 S 2t 11 1
(10" -1)In(10 +11):Z( 0™ -1)| ( (2t+1)IN10+ 7 +0| 7

t=1 t=1

t=1

M-1
Z( (2t+1)In10- 102t+i—(1)—(2t+1)|n10j+o(1)

If we summate the above two equations and multiply the both sides by % we get:

LN

O3 (10 +1)in(102 +11)+ 2 5
1=

172 (102t —1) In (102t+1 +11)

0
2M
11{In10~2t~10“1+1—51M +In10-[(2M )—(2M —1)+---+4—3+2]}+o(1)
2
{'”10 (ZM —5)102M (11+In10j } o(1)
11| 9 9 5

=2In10.M.102M In10 102 4 9+9|n10jM+O(1)
11 5 11

2M
where »'t-10"* =$(2M —lj.loz"" 0

t=2 9 81
In addition,
M
(N 10 1]In(102“"*1+11)
11
“(N-Lgem Ll am +1)In10+0[%j ,and
11 11 10

=(2M +1)-N - |n10-"1_10 (2M +1).102 1 2110

‘M +0(1)

INN!I=NInN =N +%In N +0O(1), which means that:
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2|n10~M 10M _ Irﬁo'102M

D Ina, =NInN—N+%InN+2In10~MN +In10-N -

1<n<N

+2In10',vI
11 11

g+9'”10J|\/| +0(1)
5 11

21010 1 qgem ——";5190 10%M +(

=(NInN +2In10-MN)+{(In10—1)N —109')';10-10“”}
{lln N +(g+ln10jM}+O(1)

2 5
=(NInN+In10-(2M )-N){(lnlo—l)N —105')—”910-102“”}

+FInN+

(9 In10
2

EJFTJ.(ZM )}0(1) .......................................... (14)

This is the asymptotic formula withan O(1) error term when k=11 in case 1.

Because the quotients of 2M over InN and 10 over N are bounded,

. NInN+2In10-MN

lim =2

N —+o0 NiInN

The orders of the other terms are no larger than N , which means that

D Ina,=2NInN+O(N).

1<n<N

5.8.2 Case 2 for M ez* such that 10V <11N <10?™*?

(just as case 1) If there exists an M such that 10°™* <11IN <10°™** and M eZ",

then a, =N-(10°"** +11).

[T a =Nt (107 +11) -(20° +12)" - (10* +12)" .-
1<n<N

102 M+L 10

(107 +11)191(1°2M1”) (102 +11)191(1°2M ERIEENET)

M 9
(207 +11)m

t=1

(10ZH +1) (10Zt 71) 10710

(10272 412)"

M 9,
=N (10" +11)n
t=1
Take the natural logarithm of the both sides.

> Ina,=InN !+131-§“(102” +1)In(10* +11)+131-tzi“(102t ~1)In(10° +11)

1<n<N t=1

2M+
Ly 1010 In(lOZM*2+11)
11
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4t
= 1 10

i(lo”1+1)|n(102t+11):i(102‘1+1){ 1%)1 [ 1 ﬂ

where

v 11
:Z(Ztlnlo-lozt‘l =42t In10j+0()
= 10
and

M

(07 in(ao™ 11)=§ 20" -3 om0 1550 |

= 04t
= Z((Zt +1)In10-10* + 1

t=1

(2t+1)|n10j+0( )

If we summate the above two equations and multiply the both sides by % we get

9
11

Mz

(10%+ +1)1n(10% +12)+ > z( 10% ~1)In (107 +11)
=9 101081107+ X _into.
=1 In10- > t-10' tZ M -In10 M}+O(1)

t=2

39 /In10 (2|v| 8) 207 4 (11 |n10j +0(1)
1l 9 9 5

_2In10 v 8IN10 s (9 9In10

ST jM +0(1)

N
[N
[EEN

—

and

N ~ 102M +1 _10
11

[N—i~102M+1+9j (2m +2)In10+0( 12Mj
11 11 10
(

=(2M +2)-N- |n10—'q—10 (2M +2)-102M+1+%-M +0(1)

}ln(lo2M+2 +11)

and
INNI=NInN =N +%In N +O(1),

which means that:
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2In10 2In10

. M .102M+l_ .102M+l

> Ina,=N InN—N+%InN+2In10-MN +2In10-N -

1<n<N

L2010 2In10 o ows, 8IN10 L oy (99 10 M +0(1)
11 11 99 5 U

10In10

=(NInN +2In10-MN)+[(2In10—1)N -

+Eln N +(§+|n10j|v|}+0(1)

=(NInN+In10-(2M +1)-N)J{(In10—1)N -

.102M +l:|

10In10

.102M +l}

+ElnN+(1% |n210j (2™ 1)}0(1) ............................................. (15)

This is the asymptotic formula withan O(1) error term when k=11 in case 2.

Because the quotients of 2M over InN and 10*™*' over N are bounded,

. NInN+2In10-MN
lim =2.
N —+o0 NiInN
The orders of the other terms are no larger than N ,which means that
D Ina,=2NInN+O(N).

1<n<N

5.8.3 summary of the two cases when k=11

Now we compare the two equations (14)(15) with each other.

S Ina, =(NInN+In10-(2M)-N)+ {mlo )N - 10;210 102M}

1<n<N
{—InN (19 In10 }.o .......................................... (14)

D Ina,=(NInN+In10-(2M +1)- +[I n10-1)N 10:)210-102“””}

1<n<N

+E|n N (%,,'nTlO) (2M +1)}uo(1) ............................................. (15)

We find out that if 10 <11IN <10™**, then the asymptotic formula has nothing to

do with the parity of M . To sum up, the following asymptotic formula is true.
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Ina. =(NInN+In10-MN )+| (In10-1)N — -10
3" Ina, =( )+ (n10-2)n - 20810 10"

1<n<N

{%mN{%JF'”TleM}o(l) ................................................ (16)

When k =7, by this means we will have to discuss 6 cases (the order of 10 modulo 7
is 6), which can be very tedious. But based on the computational results of the case
when k =11, we guess that in the 6 cases, the 6 asymptotic formulas are similar in
form. We now give the conjecture when k =7 directly without proof.

If 10™ <7N <10M*, then

Ina =(NINN +In10-MN)+| (In20—1)N — 2110 4w

1<n<N

J{%mNJF(%JF'”%jM}o@) ................................................ (17)
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