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Sharp affine isoperimetric inequalities for the
Minkowski first mixed volume

Qiang Sun and Ge Xiong

ABSTRACT

The sharp bounds for the affine invariant ratio of the mixed cone-volume functional to the
Minkowski first mixed volume are obtained, and therefore new affine isoperimetric inequalities
for the Minkowski first mixed volume are established.

1. Introduction

The setting of this article is the n-dimensional Euclidean space, R™. A convex body (that
is, a compact convex subset with nonempty interior) K in R", is uniquely determined by its
support function hy : S"7 ! — R, hx(u) = max{u -z : z € K}, where S"! is the unit sphere
and u - ¢ denotes the standard inner product of u and x. The projection body IIK of K is a
convex body with support function hrg (u) = vol,,_1(K|ut), u € S*~1, where vol,,_; denotes
the (n — 1)-dimensional volume and K|u' denotes the image of orthogonal projection of K
onto the codimension 1 subspace orthogonal to u. The support function of IIK can also be
represented as

Bt () = %/ u-vldSk(v),  ueS, (1.1)
§n—1

where Sk is the surface area measure of convex body K. Formula (1.1) follows from the Cauchy

projection formula; see, for example, [19, p. 569] for details.

The projection body is one of the most important objects in convex geometry, and has been
intensively investigated during the past three decades; see, for example, [1, 5-7, 13-15, 23, 24],
etc. It is centro-affine invariant, that is, for T € SL(n), I(TK) = T~ *(ILK), where T~* denotes
the inverse of the transpose of T. It is worth mentioning that there stands a celebrated unsolved
problem regarding projection bodies, called the Schneider projection problem: as K ranges
over the class of origin-symmetric convex bodies in R", what is the least upper bound of the
affine-invariant ratio

[V (LK) /V ()",

where V' denotes the n-dimensional volume; see, for example, [18, 20] for details. The lower
bound for this affine-invariant ratio is also unknown, Petty [17] conjectured that the minimum
of this quantity is attained precisely by ellipsoids.

An effective tool to study Schneider’s projection problem is the cone-volume functional U,
which was introduced by Lutwak, Yang and Zhang (LYZ) [16]: If P is a convex polytope in
R™ that contains the origin o in its interior, then U(P) is defined by

1
U(P)’n - Z hil e hinail e ain7
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where wuq,...,un are the outer normal unit vectors to the facets of P, hy,...,hy are the
corresponding distances from the origin to facets, and aq,...,ayx are the corresponding areas
of the facets.

Let V; = a;h;/n, i=1,...,N. Then,

UP =y Vi,V

Wiy A+ A, 70

Since V(P)" = (27]\]:1 Vi)™, it follows that U(P) < V(P). U is centro-affine invariant, that is,
U(TP)=U(P), for T € SL(n). It is interesting that using this functional U, LYZ [16] presented
an affirmative answer to the modified Schneider projection problem: If P is an origin-symmetric
polytope in R™, then

V (ILP) (nm\'?
U(P)"/2v(P)(n/2-1 = <n|> ’ (1.2)

with equality if and only if P is a parallelotope.
That showing the lower bound of functional U in terms of volume V makes an interesting
story. LYZ [16] conjectured that if the centroid of polytope P in R™ is at the origin, then
(n!)l/n

v(p) > " v(p) (13)

with equality if and only if P is a parallelotope.

It took more than one dozen years to completely settle this conjecture. In [9], He, Leng and
Li proved (1.3) for origin-symmetric polytopes, including its equality condition. In [22], the
second author of this article gave a simplified proof for symmetric polytopes and proved (1.3),
including the equality case, for two- and three-dimensional polytopes. A complete and final
solution to this conjecture was attributed to Henk and Linke [10].

In 2015, Bordczky and LYZ [3] extended the domain of functional U from the class of
polytopes to the set of convex bodies in R"™ with origin in their interiors, K, and defined

U(K)" = — hic(ur) - e () ASc (ur) - dSie (11,

n" UL A AUy 70

Since V(K)" = (£ [su_1 hxdSk)"™, it follows that U(K) < V(K). It is still centro-affine
invariant, that is, U(TK) = U(K), for T € SL(n). U(K) is positive homogeneity of degree
n, that is, U(tK) = t"U(K), for t > 0. In 2016, Boroczky and Henk [2] further proved that
the LYZ conjecture is also affirmative for convex bodies with centroid at the origin. Very
recently, Hu and Xiong [11] extended the inequality (1.2) and the Minkowski first mixed
volume was involved.

Let K € K and L be a convex body in R™. In [12], Lu, Sun and Xiong calculated the
variation of U functional and showed that

UL (K. L) = ~ Jim. UK + A? —UK)
n A—

(’I’L — 1) ful/\ug/\n-/\un;é() %h}((’lﬂ) dSl (K, L, U1)dVK(U,2) e dVK(un)
nU(K)n—l

ful/\uz/\m/\un;é() %hL(ul) dSK(ul)dVK(UQ) e dVK(un)
nU(K)n—1 ’

+ (1.4)
where S1 (K, L, -) is the first mixed area measure; see equation (2.2) in Section 2 for more details.

In view of the fact that the Minkowski first mixed volume Vi (K, L), the most important
one among V;(K,L),i=1,2,...,n, is arising from the variation of the volume functional,
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we naturally call Uy(K,L) the mixed cone-volume functional of K and L. Note that
Ui(K,K)=U(K). Ui(K,L) is centro-affine invariant, that is, Uy(TK,TL) = U, (K, L), for
T € SL(n). It is striking that when K is strictly convex, Uy (K, L) = Vi(K,L). So, in some
sense, the functional U; gives a new connection to the Minkowski first mixed volume V; (K, L).
One can refer to [12] for details.

In [12], the authors investigated the affine invariant ratio Uy (K, L)/V1(K, L), and proved
that if the centroid of K is at the origin and L contains the origin in its interior, then

nl (VIE)\"' UK L) _ (VE)\"
n" \ U(K) S Vi(K,L) T \U(K) '

Let L = K. The inequality on the left side, including its equality conditions, yields LYZ’s
conjectured inequality (1.3) directly.

In this article, we further study the extremal problem for the affine invariant ratio ‘[il(K’L)
1(K,L)

over the polytopes in R”, and established the following sharp affine isoperimetric inequalities.
Particularly, the parallelogram is uniquely characterized.

THEOREM 1.1. Let K be a parallelotope in R™ with the origin in its interior, and L be a
convex body in R™ with the origin in its interior. Then

/n! UK L) _ n? —n+1/n!
n  Vi(K,L) n n ’
with equality on the left if and only if suppS; (K, L) C suppSk; with equality on the right if

and only if S1(K, L,span{v;,,...,v;, _, }NS"™ 1) =0, for each {v;,,...,v;,_,} C{v1,..., 0.},
where {£v1,...,2v,} is the set of the outer normal unit vectors of K.

THEOREM 1.2. Let K and L be origin-symmetric polygons in R%. Then
Ul (Ka L) > \/g

Vi(K.L) ~ 27
with equality if and only if K and L are parallel parallelograms.

Here parallel parallelograms refer to a pair of parallelograms with the same set of outer
normal unit vectors.

This article is organized as follows. For quick later reference, we collect some basic facts
on convex bodies in Section 2. One can refer to excellent books by Gardner [4], Gruber
[8], Schneider [19] and Thompson [21]. To prove Theorems 1.1 and 1.2, we provide several
preparatory lemmas in Section 3. It is worth mentioning that Lemma 3.4, which is essentially
proved by using the method of Lagrange multiplier, is crucial. The main results are proved in
Section 4.

2. Preliminaries

Write K™ for the set of convex bodies in R™. A polytope in R" is the convex hull of a finite set
of points in R™. Write H* for the k-dimensional Hausdorff measure.
The Minkowski combination of K, L € K" is defined by

tK+sL={tcr+sy:x€ K,ye L}, t,s=0.
From the definition of support function, it follows that

higvsr(u) = thi(u) + shr(u), ue€S" ' (2.1)
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The support set of K € K™ in the direction u, u € S*~!, is defined by
Fru)y={re K:x -u=hg(u)}.

K is said to be strictly convex, if for each u € S*~! the set Fx (u) contains only one point.
The surface area measure Sx of K € K" is a finite Borel measure on S”~ !, defined for
Borel w C S"! by Sk (w) = H" (v (w)), where vk : 'K — S*~! is the Gauss map of K,
defined on 9'K, the set of points of 9K that have a unique outer unit normal. Recall that
HL(OK \ &'K) = 0; see, for example, [19, p. 84] for details.
By the definition of support set, it follows that Sx({u}) = H" 1 (Fx(u)), for u € S*~1.
The mixed area measure S(Ky,...,K,_1,-) of Kq,...,K,_1 € K" is defined by

n—1
1 ke
S Ko ) = gy DTN Sk, O
k=1 1<ip < <ip<n
For brevity, let
Si{(K,L)=S(K,...,K,L,...,L,-), i=0,...,n—1. (2.2)
——— ——

n—1—1 i

The cone-volume measure Vi of K € K7 is a finite Borel measure on S"~!, defined for Borel
wC S by

VK(w) = %/ hK(U) dSK(U)

In particular,

1
Viele" ) = VIE) = 1 [ hiclu) dSic(w)
Sn—l
The mixed cone-volume measure Vi 1, of K,L € K, originally defined by Hu and Xiong in

[11], is
Vie,p(w) = 1 / hr(u)dSk(u), for Borel set w C S" 1.
n w

Observe that Vi (S"') = Vi(K,L), Vk g = %SK and Vi g = V. Thus, Vi 1, contains two
most fundamental measures in convex geometry: the surface area measure Sk and the cone-
volume measure Vi. For its properties and applications, one can refer to [11].
The Minkowski first mixed volume Vi (K, L) of K, L € K" is defined by
1 . V(K+ML)-V(K)

Vi(K, L) = n Algtr)l+ A ’

which has the following integral formula:

Vi(K,L) = %/Snil hr(u)dSk(u) = %/Snil hi(u)dS1(K, L, u). (2.3)
Since V1 (K, Ly + Lo) = V4 (K, L1) + V1(K, Lo), it follows that
S1(K, L1+ La,-) = S1(K,Ly,-) + S1(K, Lo, -). (2.4)
By (2.3), it yields that for n = 2,

Vi(K, L) = Vi(L, K). (2.5)
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When K € K2 and L be a convex set in R?, by (1.4), we have

ful/\UQ;tEO %h}((ul) dSL(ul)dVK(ug) + ful/\UQ;éO %h[,(ul) dSK(ul)dVK(ug)

TR . (2:6)

Ui(K,L) =

3. Preparatory lemmas

LEMMA 3.1. Let K € K, and Ly, Ly be compact convex sets in R" containing the origin.
Then, Uy (K, Ly + L2) = Ui (K, L) + Ui (K, Lz).

Proof. From the representation (1.4) of Uy (K, L), (2.4) and (2.1), it follows that
nU(K)" U (K, Ly + Ly)

—(n— 1)/ L bk () Ay (K, Ly + Loy )dVic () - - - AV ()

AU A Augp 20 T

1
+/ *hL1+L2(U1) dSK(ul)dVK(ug)dVK(un)
UL AU A+ Atp #0 n

—(n— 1)/ L () dSy (K, L, )dVic (us) - - - dVig ()

AU A Augn 20 T

+(n— 1)/ L bk (ur) A (K, Lo, un)dVic () - - - dVic ()

AU A AUy 20 T

+/ thl(ul) dSK(ul)dVK(UQ)dVK(un)

U1 AU A+ Aty 0 n

+ / b (ur) dSic(un)dVic (us) - - dVic ()

1AUZ A Aup £0 T

— {(n- 1)/ L e ) Sy (K, Ly, un)dVie (us) - - dVic (un)

LAUS A AUy 20 T

+/ thl(ul) dSK(ul)dVK(UQ)dVK(un)}

L AU A Aty £0 TV

—+ { (’Il — ].) / lhK(’U,l) dSl(K, LQ, u1)dVK(u2) e dVK(un)

LAUZ A Aty 20 T

+ / L s, (un) dSic (u2)dVie (u) - - - dVic (un) }

1AU A Aup 20 T

=nU(K)" Y(U\(K, L) + Uy (K, Ly)).
That is,
Ui(K,Ly 4 Ly) = Uy (K, L) + U1 (K, L),

which is as desired. O
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LEMMA 3.2. If nonnegative real a; are not all zeros, and b;,¢; >0, i =1,..., N, then
N
Zi:l a;b; . b
=5 2 min —.
ST
Proof.
N N b; ; ) bi NN .
Sy Dimy @G miNiGen &Yl 4id b
N = N > N i didh g
D i1 @iCi D i1 QiCi D i GiCi SISV 6
which is as desired. ([l

One can refer to [22, p. 3222] for the proof of the following lemma.

LeEmMA 3.3. Let P be a polytope in R"™ with its centroid at the origin and outer normal
unit vectors uy,us,...,uyx. Then

Vp({£u}) < %V(P), i=1,...,N. (3.1)

If P is a parallelotope, then the equality of (3.1) holds. Conversely, if the equalities of (3.1)
hold for all i simultaneously, then P is a parallelotope.

LEMMA 3.4. Let 2 < N € N and

2
N
(1 — 5T = Dy ﬂﬁjyj)
N
=30 xf

f(xlax27"-ax]\7;y2ay37'"aiUN):

)

where z;,y; € [0,1],i=1,2,...,N;j =2,...,N. Then,

N
i=1

subject to

DN =
=z

min f >

Jj=2

Moreover, f = L if and only if there exists a jo € {2,..., N}, such that x1 = x;, = y;, = 3.

Proof. Since f is continuous on the compact set

1 2N-—1 N N 1
A= (xla"'axN7y27"'7yN)€|:072:| le1:1322y1:§ )
i= j=

f attains its minimum on the set A. B
Assume that f attains its minimum at X = (%1, Z2,...,ZN; %2, Y3, .-, UN ), and

g >0, j=2,...,I; §;,=0, j=I+1,...,N,

where [ € {2,..., N}. In the following, we recognize the extremal point X by two cases.
Case 1. Assume that there exists a jo € {2,...,1}, say jo = 2, such that g;, = % Then
_ _ N2 _ _ N2
(1= 521 —5%)" (1= 3% — 57)

1-SN 22 71— (@] +1))

F(X) = ; (3-2)
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with equality if and only if Z3 =---=Zyx =0; by vazl Z; = 1, with equality if and only if
ZT1 4+ T2 = 1. In terms of Zy,Zs € [0, %], so the equality holds if and only if 7; = Ty = %
_ (—gzi—3w)°

1
Let g(x1,z2) = @) For 21,25 € (0, 3),

B9 —(1— o1~ Lea)(1 = a3 —ad) + 201 (1 — b — de)?
dy (1—a? —x%)Q

(1- %xl — %1}2)[—1 +a? + 22 + 22 (1 — %xl — %xg)]

2
(1 —af —23)

(1- %xl — %xg)[—l + 22 + 22 (1 — %3:2)]

2
(1 —=f —a3)

(1- %l’l — %332)[—1 +a%+ (1 - %332)]

2
(1 —af—a3)

1'2(1 — %xl — %272)(1'2 — %)
2

2
(1 _95% —73)

< 0.

By the symmetry of the function g in x; and x5, we also have (%"]2 <0, z1,x2 € (0, %)
Thus, for z1, 25 € [0, ], we have

1 11 1
> 5 2 a) o =3 N
mxhxﬂ//g(2¢m> g<2 2) 5 (3.3)

with equality if and only if 21 = 2, = 5. Combining (3.2) with (3.3), we obtain f(X) > 1, with
equality if and only if £, = Ts = % By the assumption that X is a minimal point, we conclude
that f(X) = %, and T; = Tg = %

Case 2. Assume that g; < %, for each j € {2,...,1}. Under the constrained condition that

22.:2 y; = 3, the function f(Z1,Z2,...,Zn,¥2,¥3,---,¥1,0,...,0) in y2,ys, ...,y has to attain
its minimum at the interior point of the compact set [0, %]1*1

use the Lagrange multipliers method. l
Let F(y23y37"‘7yl7)‘) :f(jlvau"'vjvaQ?yfiv'"7yl707"'70)+)\(% _ijgyj)'Thenv

, say (Y2, Y3, - - -, 41)- Thus, we can

_ 1= l _
OF —2Tp (1 — 5T =, xjyj)

o - - é —A=0, k=2,...,L (3.4)

Yk l(52,55,-..00) 1= 7
By solving the above equations, we obtain
N -2
1SV #
Ty = 2= i A=T3=--=37.

2= _ T
2(1 — %l‘l — Zj:Q SCjZ/j)

So,
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2
(1- 4o -2 X, )

N _
1- Zi:l 3712
_ _\2
(1— 321 — 572)
- N
1- Z’L 1:172

Observe that when Y = (21, %9, ..., Zn, %,O, .., 0),

_ _\2
(1- 31 - 4
IED A
which implies that Y is also a minimal point of f. Since Y satisfies the condition in Case 1, it
follows that Z; = Z, = 3, f(Y) = 3. So, f(X) = f(Y) = 1. However,

(1-

F¥) = = f(X),

which is a contradiction. Hence, Case 2 does not exist.
Consequently, f attains its minimum % if and only if there exists a jy € {2,..., N}, such

that T1 = Tj, = Yjo = % O
4. Proofs of the main results
Now, we finish the proofs of the main results.
Proof of Theorem 1.1. Since K is a parallelotope, it follows that for any {v;,,...,v;, } C

{vi,...,on b, E=1,2,... ,.n—1,

~

:\'—‘

Vie(spandos, ... v} NS™ 1) = Z s (o D (vi,) + hae () = SV (E). (1)

So, by (4.1) and (1.3), if follows that
UK)" = —V(K)" (4.2)
and

1 n! e
/ L) dSic (un)dVic (us) ... dVig(un) = V(K" WA(K,L).  (43)
wur AU A+ Aty 70 n n
Since vy, v9,...,v, are the outer normal unit vectors of the parallelotope K, it follows that
V1, V2, . . ., Uy, consist of a basis of R™. So, for any k-dimensional subspace £ of R™, 1 < k < n — 1,
there are at most k pairs of vectors from {+vq, vs, ..., +v,} lying in . Hence, by (4.1), it yields
that

Vk(ENS" ) = Vr(En{tv,...,tv,}) = Z Vie({#vi}) < S V(K).
v; €E
Therefore,
/ AV (u) = V(K) = Vg (€NS"1) > ”;kv(;q (4.4)
43

with equality if and only if £ precisely contains k pairs of vectors from {+wvy,vs, ..., v, }.
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By using (4.4), it follows that

/ lh}((ul) dSl(K,L,ul)dVK(ug)dVK(un)

L AU A Aty £0 TV
1
_ / / AVic ()~ hic (un) dS (K, L, w1 )dVic (uz)
wi AU A+ Aty — 170 J up Espan{uy ,uz,...,upn—1} n

2 %V(K) / lhK(ul) dSl (K, L, Ul)dVK(’LLQ) te dVK(’LLn)

1AUZ A Aty 170 T

_ |
> %V(K)"*/ / lhK(ul) dS1 (K, L,u1)dVi (uz)
uy €S Jus#£tuy n

UK, L) _ (n= D5 V(E)"VA(K, L) + 55V (K)"Vi(K, L)

nmn nn

Vi(K,L) ~ nU(K)"~ 1V (K, L)

_ nl V(K)"U(K)  Vn!
T UK)V(K) T n (4.6)

Assume that suppS;(K, L) C suppSk. By the equality condition of (4.4), it follows that
Vi (span{uy,...,up} NS 1) = %V(K), for any uy,...,ux € suppSk with u; A+ Auy # 0;
or for any u; € suppS1(K, L) C suppSk and us,...,u; € suppSk with ug A -+ Aug # 0. So,
each equality in (4.5) holds. Therefore, the equality in (4.6) holds.

Conversely, from the equality condition of the last inequality in (4.5), it follows that
Vi (span{u}) = %V(K)7 for any u € suppS; (K, L). Added that K is a parallelotope, it yields
that suppS; (K, L) C suppSk.

For the upper bound we observe that

/ L hcun) dS1 (K, L )dVic (us) - - - Vi ()

AU A Aup£0 T

1
/ 7hK(’LL1) dS’l(K,L,ul)dVK(ug)-~-dVK(un)
U A+ Aty 20 Juy Espan{ua,...,up } n

1
U A+ Ay F#0 wy €Espan{ug,...,up } n
U A+ AUy 70
—Vi(K, L) / (V(K) = Vic(span{uz, ..., 1} NS 1)) dVic(uz) - dVic (1)
U A Ay —1 70
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%mugmvmg/ AVic (3) - - Ve (1)

U A+ AUy — 170

23 n-1
2. K,L)V(K)"!
— Vi(K,L)V(K)
n! n—
= Vi, L)V (K)"!
Thus,
w@ﬂm<:m—1nﬁJ4KV”+£ﬁ“KV4
Vi(K,L) nU(K)"—*
=D +1a VK)"UE) n®—n+1/nl
B n nm U(K)"V(K) n n’

with equality if and only if Sy (K, L, span{v;,,...,v;, _, } NS"~ 1) =0, for any {v;,,...,v;,_,} C
{vi,..., v} O

When n = 2, the equality condition of Theorem 1.1 becomes simple.

COROLLARY 4.1. Let K be a parallelogram in R? with the origin in its interior, and L be
a convex set in R? with the origin in its interior. Then,

Q < Ul(KvL) < 3\/i
2 T Vi(K,L) T 47
with equality on the left if and only if K and L are parallel parallelograms; with equality on

the right if and only if Sp,({£wv1,+v2}) =0, where {£v;,+vs} is the set of the outer normal
unit vectors of K.

Proof. The inequalities are derived from Theorem 1.1 directly. In the following, we show the
equality conditions. Observe that whenn = 2, S (K, L,-) = Sr(:). By Theorem 1.1, the equality
on the left holds if and only if suppSy C suppSk. Assume that suppSy ; suppSk. In light of
K is a parallelogram, it follows that suppSy, must concentrate on a closed hemisphere, which is
impossible. Hence, suppSy, = suppSy, which implies that L and K are parallel parallelograms.

By Theorem 1.1, the equality on the right holds if and only if Sz (span{v} N'S!) = 0, for each
v € {£v1,tv2}. Hence, Sp({xvi,£v2}) =0. O

Now we present the proof of Theorem 1.2.

Uy (K,L) - Ui (K,L)

Proof of Theorem 1.2. The crucial point of the proof is to show that iy > vy 2
[‘fL’L:,’), where L’ and L” are constructed from L.
(L")

Step 1. Assume that suppSx = {£v1,...,ton}. Let
L'={zecR*: |z -v)|<hp(v;),i=1,...,N}

Then, L C L', suppSy, C suppSk, and hp/ (+v;) < hp(dv;), i =1,...,N. In light of L C L,
it follows that hy, > hy, and therefore hy/ (+v;) = hy(+v;), ¢ =1,..., N. Hence,

Vi(K,L')=Vi(K, L) (4.7)
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and

/ th/ (ul) dSK(ul)dVK(UQ) = / th(ul) dSK(Ul)dVK(UQ) (48)

1 Aus=0 2

In the following, we aim to show that Uy (K,L") < Uy (K, L).
By (2.6) and (2.5), we have

2U(K)UL(K, L)

:/ ;h (Ul) dSL/(ul)dVK(uQ) +/ th/(ul) dSK(ul)dVK('LLQ)
w1 Auz#0

w1 Auz#0

1
— V(K)Wi(L, K) — / L b (ur) dSus (un)dVic (uz)
w1 Aug=0
V( V1 K L / *hL/ ul) dSK(ul)dVK(UQ)
UL N\Nug= 0

= V( V1 K L / *hK ul) dSL/(ul)dVK('U,Q)

w1 Auz=0 2
1
—/ th/(ul) dSK(ul)dVK(UQ)
w1 Aue=0

Similarly, we have

W(K)UL(K, L) = 2V (K)Wi(K, L) — / L e (un) Sy (w1 )dVic (u2)
w1 Aua=0

1
—/ th(ul) dSK(ul)dVK(UQ)
w1 Aug=0

Combining the above two equalities with (4.8), we obtain

2U(K)(Uy (K, L") — Uy (K, L))

_ / 0 L e (un) (@S (ur) — dSyps (ur))dVic (uz)

1
_ / / 3 (wa)(dSp () = dSie (ur))dVi (uz).
w1 €EsuppSk Jug==xu1

So, it suffices to show that S ({u}) > Si({u}), for any u € suppSk.
For u € suppSk, let H, = {x € R? : x - uw = hy(u)}. Since hy/(u) = hy(u), it follows that H,,
is the support hyperplane of L’ with outer normal u. So,

Sp({u}) =wvoly(L'N H,), Sp({u})=woli(LN H,),

here vol; is the one-dimensional Lebesgue measure. From L C I/, it follows that L N H, C
L'NnH,. So, Sp-({u}) = Sr({u}). Hence, Uy(K,L") < Ui(K,L). By (4.7), it yields that

Ul(KvL) > Ul(K7L/)
Vi(K,L) ~ Vi(K,L')’

(4.9)
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N

Step 2. By the definition of L', we can rewrite L' = »"." | a;T[—v;, v;], here T'is the orthogonal
transform by anticlockwise rotation 7; a; > 0 are not all zeros, i = 1,..., N. From Lemmas 3.1
and 3.2, it follows that

UK, L) 30 alh (K, T[=vi,vi]) i DU T, i) (4.10)
Vl(Kv L/) Zz 104V1(K T[ ’Ui,’l)i]) 1isN Vl(KvT[_Uivvi])
Ui (K, T[—v;,v; —V1,V
Assume that min;<;<n Vl((K T[[ o v]])) = (‘J,Ig({ ;1[[ vll vi]]g Let L” = T[—vy,v1]. Then,
suppSry = {#v1}, hpo(u) =|u-Tvy|, YueS.
So,
1 1
ihK(ul) dSL//(Ul)dVK(UQ) = VK({:I:ul})ghK(ul) dSLN (ul)
uy Auz=0 uy €{£v1}
= hic(v1)Spr ({v1}) Ve ({£v1})
=W(L", K)Vk ({£v1})
= Vi(K, L")Vk ({£v1}).
In light of the fact that v; - Tv; = 0, it yields that
1 1
/ *hL// (ul) dSK(ul)dVK(UQ) = / VK({ﬂ:ul})*|U1 -T’U1| dSK(ul)
u1 Aus=0 u1 €supp Sk 2

N
=23 Choe- TorlSc({ud) Vie({0:))

i=1

th v;) Sk ({v; Vi ({£0;}).

Thus,

2V (K)Vi(K, L") = Vi(K, L")Vic({££01}) = 3200, b (v7) Sk (v) Vi ({0;})
2U (K) '

Since U(K)? = V(K)? — fulAuz:O dVic (u1)dVic (uz) = V(K)? — Zi\il Vi ({£v;})?, it follows
that

Uy(K,L") =

N hiyo S v
UK, L) VK) = $Vie({un}) = S0, MBSl Vi ({o;})

"y
Vi(K, L") \/V(K)Q _ Zfil Vi ({£v:})?
1 — LVe({Eui}) _ ZN hpi(vj)Sk (v;) Vik({#£v,})
5 V(K i=2 (KL V(K

2
N Vi ({£v:})
1=y (et

By Lemma 3.3, it follows that %ﬁl}) <3; by ZN M =1, it yields that

Zjv:Q % = 1. Therefore, by Lemma 3.4, it follows that

Ul(K, L") _ V2

> Ve 4.11
Vi(K, L")~ 2 (4.11)
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Consequently, combining (4.9), (4.10) with (4.11), it follows that

UK. L) _ Ul(K.L) _U(K.L") V2
Vi(K,L) = Vi(K,L') = Vi(K, L")~ 2~

Now, we show the equality conditions.

On one hand, assume the equality holds. By the equality conditions in Lemma 3.4,
there exists a jo € {2,..., N} such that Vi ({£v1}) = Vi ({#v),}) = 1V(K). By Lemma 3.3,
it follows that K is a parallelogram. By Corollary 4.1, it follows that K and L are
parallel parallelograms.

Assume that K and L are parallelograms. By Corollary 4.1, then the equality holds. O

Let K = L, we immediately obtain the following LYZ’s conjectured inequality for n = 2.

COROLLARY 4.2. Let K be an origin-symmetric polygon in R?. Then,

UK) V2

V(K) ™ 27
with equality if and only if K is a parallelogram.

From the Minkowski inequality, we immediately obtain the following.

COROLLARY 4.3. Let K, L be origin-symmetric polygons in R?. Then
/(K. L) > WV (K)WV(L),
with equality if and only if K and L are dilated parallelograms.

An obvious question regarding the functionals Vi and U; begs to be asked.

CONJECTURE. Let K, L be convex bodies in R™ with centroid at the origin. Then

Ui (K, L) _ Yl
Vl(KvL) g n ’

with equality if and only if K is a parallelotope and supp S1(K, L) C supp Sk
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