The L, Minkowski Problem for the Electrostatic
p-capacity forp = n

XINBAO LU & GE XIONG

ABSTRACT. Sufficient conditions are given for the existence of
solutions to the discrete L, Minkowski problem for p-capacity
when 0 < p <1andp = n.

1. INTRODUCTION

The setting for this article is the Euclidean n-space R™. A convex body in R"
is a compact convex set with nonempty interior. A polytope in R™ is the con-
vex hull of a finite set of points in R™, provided it has positive volume (i.e., n-
dimensional Lebesgue measure). The Brunn-Minkowski theory of convex bodies,
also called the mixed volume theory, which was developed by Minkowski, Aleksan-
drov, Fenchel, and many others, centers around the study of geometric functionals
of convex bodies and the differentials of these functionals. Usually, the differen-
tials of these functionals produce new geometric measures. This theory depends
heavily on analytic tools such as the cosine transform on the unit sphere S"~! and
Monge-Ampere type equations.

A Minkowski problem is a characterization problem for a geometric measure
generated by convex bodies: it asks for necessary and sufficient conditions in order
for a given measure to arise as the measure generated by a convex body. The
solution to a Minkowski problem, in general, amounts to solving a fully nonlinear
partial differential equation. The study of Minkowski problems has a long history
and strong influence on both the Brunn-Minkowski theory and fully nonlinear
partial differential equations. (For details, see, e.g., [39, Chapter 8].)

The L, Minkowski problem for volume developed in the 1990s, and through
intensive investigation significantly generalized the classical Minkowski problem.

1.1. L, surface area measures and the L, Minkowski problem for volume.
The L, Brunn-Minkowski theory (see, e.g., [39, Sections 9.1 and 9.2]) is an
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extension of the classical Brunn-Minkowski theory, in which the L, surface area
measure introduced by Lutwak [33] is one of the most fundamental notions.

Let K be a convex body in R™ with the origin in its interior and p € R. Its L,,
surface area measure Sp (K, -) is a finite Borel measure on $"~!, defined for Borel
w < S" 1 by

Sy (K, w) =J

(x - gr ()P AH" (x),
xegg (w)
where H "1 is the (n—1)-dimensional Hausdorff measure; also, gg : 'K — S"~!
is the Gauss map defined on the set 0'K of those points of 0K that have a unique
outer unit normal vector. Alternatively, Sy (K, -) can be defined by

Sp(K,) = | B sk, w,

where hg : R" — R, hg(x) = max{x - y : ¥ € K} is the support function of K;
dS (K, -) is the classical surface area measure of K.

Tracing the source, the L, surface area measure resulted from the differential
of the volume functional of L, combinations of convex bodies.

In 1962, Firey [24] introduced the notion of L, sum of convex bodies. Let
K, L be convex bodies with the origin in their interiors and 1 < p < co. Their
Ly sum K +, L is the compact convex set that has support function hg,,r =
(hz + hf)l/p. Fort > 0, the Ly, scalar multiplication t -, K is the set t!/PK. Note
that K+ L=K+L={x+vy:x €K, y €L} is the Minkowski sum of K and L.

Using the L, combination, Lutwak [33] established the following L, varia-
tional formula:

dV(K +pt-p L)
dt

= lj hY (w)dS, (K, u),
t=0+ p gn-1

where V is the n-dimensional volume. When p = 1, it reduces to the celebrated
Aleksandrov variational formula

dV(K + tL)

(1.1) T

= J hr(u)dS(K,u).
t=0+ sn-1

The integral in (1.1), divided by the factor n, is called the first mixed volume
Vi(K,L) of K and L. Thatis, V;(K,L) = (l/n)J hr(u)dS(K,u), which is a
-1

Sn
generalization of the well-known volume formula

(1.2) V(K) = lj hig(u)dS(K,u).
n Jsn-i
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THE L, MINKOWSKI PROBLEM FOR VOLUME Suppose that [ is a finite Borel
measure on S~ and p € R. What are the necessary and sufficient conditions on
such that | is the Ly, surface area measure Sy (K, -) of a convex body K in R™?

The L; Minkowski problem is precisely the classical Minkowski problem.
More than a century ago, Minkowski himself [36] solved this problem when
the given measure is either discrete or has a continuous density. Aleksandrov
[3, 4] and Fenchel-Jessen [23] independently solved the problem for arbitrary
measures. The Ly Minkowski problem is also called the logarithmic Minkowski
problem. In [10], the authors posed the subspace concentration condition and
completely solved the even logarithmic Minkowski problem. Additional refer-
ences regarding the logarithmic Minkowski problem can be found in, for instance,
[7-9, 11, 18,4042, 45].

For0 < p < 1, the L, Minkowski problem was essentially solved by Chen, Li,
and Zhu [19] (see also [12,46] for more details). It is worth mentioning that in the
very recent work [6], the authors discussed the case —n < p < 1 for an absolutely
continuous measure and provided an almost-optimal sufficient condition for the
case 0 < p < 1.

Since, for strictly convex bodies with smooth boundaries the density of the
surface area measure with respect to the Lebesgue measure is just the reciprocal
of the Gauss curvature of closed convex hypersurface, analytically, the classical
Minkowski problem is equivalent to solving a Monge-Ampere equation. Estab-
lishing the regularity of the solution is difficult and has led to a long series of
highly influential works (see, e.g., Lewy [32], Nirenberg [37], Cheng-Yau [20],
Pogorelov [38], Caffarelli [13, 14]).

By now, the L, Minkowski problem for volume has been investigated and
achieved great developments (see, e.g., [5,10, 17,21, 27,28, 33, 35, 40, 45, 40]).
Its solutions have been applied to establish sharp affine isoperimetric inequalities,
such as the affine Moser-Trudinger and the affine Morrey-Sobolev inequalities, the
affine L, Sobolev-Zhang inequality, and so on (see, e.g., [34,44] for more details).

1.2. L, p-capacitary measures; the L, Minkowski problem for p-capacity.
Without a doubt, the Minkowski problem for electrostatic p-capacity is an ex-
tremely important variant among Minkowski problems. Recall that for 1 < p < n,
the electrostatic p-capacity of a compact set K in R" is defined by

(1.3) Cp(K) :inf{J [VulPdx :u € CZ(R") andu?xK},
Rn

where C (R™) denotes the set of smooth functions with compact supports, and
Xx is the characteristic function of K. The quantity C,(K) is the classical electro-
static (or Newtonian) capacity of K.

For convex bodies K and L, via the variation of capacity functional C,(K),
there is the classical Hadamard variational formula

dC(K +tL)

(1.4) i

- J he(w) dp (K, w)
t=0+  Jsn-1
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and its special case, the Poincaré capacity formula

1
(1.5) C)(K) = m Jgn—l hg(u)duy (K, u).

Here, (K, +) is called the electrostatic capacitary measure of K.

In his celebrated article [29], Jerison pointed out the resemblance between
the Poincaré formula (1.5) and the volume formula (1.2) and also a resemblance
between their variational formulas (1.4) and (1.1). Thus, he initiated a study of
the Minkowski problem for electrostatic capacity: Given a finite Borel measure
on S"1, what are the necessary and sufficient conditions on | such that u is the
electrostatic capacitary measure iy (K, -) of a convex body K in R™?

Jerison [29] solved, in full generality, the above Minkowski problem. He also
proved the necessary and sufficient conditions for existence of a solution, which
are unexpectedly identical to the corresponding conditions in the classical Min-
kowski problem. Uniqueness was settled by Caffarelli, Jerison, and Lieb [16],
while the regularity part of the proof depends on the ideas of Caffarelli [15] for
the regularity of solutions to the Monge-Ampére equation.

Jerison’s work inspired much subsequent research on this topic. In [22], the
authors extended Jerison’s work to the electrostatic p-capacity, 1 < p < n, and
established the Hadamard p-capacitary variational formula

dC, (K + tL) ‘
t t=0+

\ (=D ey (K,w),

and therefore the Poincaré p-capacity formula
_p-1 J
G (K) = — p Jon hi (w) dpy (K, u).

Here, the new measure p, (K, -) is called the electrostatic p-capacitary measure of K.
Naturally, the Minkowski problem for p-capacity was posed [22]: Given a finite
Borel measure pt on S"1, what are the necessary and sufficient conditions on [ such
that U is the p-capacitary measure Uy, (K, -) of a convex body K in R™?

In [22], the authors proved the uniqueness of the solution when 1 < p < n,
and existence and regularity when 1 < p < 2. Very recently, the existence for
2 < p < n was solved by M. Akman, J. Gong, ]. Hineman, J. Lewis, and A. Vogel
[1].

Inspired by the developed L, Minkowski problem for volume, D. Zou and
G. Xiong [47] initiated research on the following L, Minkowski problem for the
p-capacitary measure.

Let p € Rand 1 < p < n. For a convex body K in R™ with the origin in its
interior, its Ly p-capacitary measure [y (K, ) is a finite Borel measure on $"°1,
defined for Borel w = $"~! by

iy (K, ) = J hy P () dup (K, ).
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Much as with the L, surface area measure S, (K, -), Up (K, -) also resulted from
the variation of the p-capacity functional of the L, sum of convex bodies. Specif-
ically, if K, L are convex bodies in R™ with the origin in their interiors, then for
1<p<oo,

dt

P—lj p
= - he(u)d K,u).
=0+ p Jsn 1 () dilp.p )

THE L, MINKOWSKI PROBLEM FOR p-CAPACITY Suppose U is a finite Borel
measure on S"7L, p € R, and 1 < p < n. What are the necessary and sufficient
conditions on | such that | is the L, p-capacitary measure Uy (K, ) of a convex
body K in R"?

In [47], Zou and Xiong completely solved the L, Minkowski problem for p-
capacity for p > 1 and 1 < p < n. It is striking that the conditions for the
existence and uniqueness of the solution are also unexpectedly identical to the
corresponding conditions in the L, Minkowski problem for volume for p > 1.
Very recently, G. Xiong, J. Xiong and L. Xu [43] solved the discrete measure case
forO<p<landl<p<2.

In this article, we aim to investigate the L, Minkowski problem for p-capacity
for 0 < p < 1 and p > n. The first and foremost thing is to extend the index
p involved in the p-capacity C,(K) and the p-capacitary measure pp (K, -) of
convex body K ro p > n. Luckily, this difficulty is smoothed by M. Akman, ].
Lewis, O. Saari, and A. Vogel [2].

Recall that beyond using the infimum (1.3), the p-capacity C,(K), 1 <p <n,
can be equivalently defined via the solutions to the p-Laplace equation. For a
convex body K in R™, let U = Uk be the unique solution to the the boundary
value problem of p-Laplace equation

V-(Vul"2vu) =0 inR"\K,

u=1 on 0K,
lim u(x) = 0.
[x|—o0
Then,
_ U(x)
1/(p=1) _ _ -
Gy (K) o Fx)
where

F(x) = (nwy)-» (u> x| P/ (p=1)
p—n

is the fundamental solution to the p-Laplace equation.
Following this clue, the authors [2] proved that for a convex body K in R™,
there exists a unique solution U = Uk to the boundary value problem of p-Laplace
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equation for p > n:

V-(VulP2vu) =0 in R"\ K,
u=0 on 0K,
u(x)=F(x)+a+o(l) as]|x| — o,

where a € R is uniquely determined by K, and

-1
(newy,)-» (p_) |x|®=/=D " when p > n,

F(x) = p—-n

(nwy) 3 log x| + 1 whenp =n

is the fundamental solution. Then, they defined the p-capacity C, (K) of K by

(—a)P! when p > n,
Cp(K) = a h
exp (—W> when p =n.

They [2] also established the following Hadamard variational formula: For p > n,

w' = (p— )G, (K) P2/~ j h () dpy (K, u);

dt =0+ sn-1

forp = n,
dCn (K + L)

dt

- (nwn)l“"-“cn(loj M (w) dpn (K, ).
t=0+ sn-1

Henceforth, for p > n, the p-capacitary measure p, (K, -) of K emerged. Naturally,
Akman, Lewis, Saari, and Vogel [2] posed the Minkowski problem for p-capacity
for p > n, and solved the existence and uniqueness.

In 2020, Zou and Xiong [47] developed the L, Minkowski problem for p-
capacity for 1 < p < n. We now extend the p-index of the L, p-capacitary mea-
sure Up (K, -) = h}{pup (K, -) to p > n, and solve its associated L, Minkowski
problem.

Theorem 1.1. Suppose | is a finite discrete Borel measure on S"1,0 < p < 1,
and p > n. If the support set of U is in general position, then there exists a polytope P
containing the origin in its interior, such that [y, (P, ) = cl, where

1 iqutp_n,
_ p-1
c= p—n

1/(p-1) —
C,(P) ifp ho 1
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Theorem 1.2. Suppose that [ is a finite discrete Borel measure on S"™ 1 and
0 < p < 1. If the support set of U is in general position, then there exists a polytope P
containing the origin in its interior, such that tp n(P, ) = W.

Recall that a finite set Q of unit vectors in R is said to be in general position,
if Q is not contained in a closed hemisphere of $"~! and any 1 elements of Q are
linearly independent. Kérolyi and Lovész [30] first studied the class of polytopes
whose facet normals are in general position. In practice, this kind of polytopes are
very important, since any convex body can be approximated by polytopes whose
facet normals are in general position.

It is worth mentioning that unlike the technical condition posed in [43] that
the given measure does not have a pair of antipodal point masses, we solve the
existence of the solutions to the discrete L, capacitary Minkowski problem for
0 < p <1 and p > n under the more geometric condition that the support set of
the given measure is in general position.

This article is organized as follows. In Section 2, we collect some basic facts
on convex bodies and the p-capacity for p > n. In Section 3, we establish the
Hadamard variational formula for p-capacity of Wulff shapes. In Section 4, we
study an extremal problem under translation transforms. After clarifying the re-
lationship between two dual extremal problems and our concerned Minkowski
problem in Section 5, we present the proof of the main results in Section 6.

2. PRELIMINARIES

2.1. Basics of convex bodies. For quick reference, we collect here some basic
facts on convex bodies. Good references are the books by Gardner [25], Gruber
[26], and Schneider [39].

Write x - for the standard inner product of x, € R™. Let B be the standard
unit ball of R". Denote by K" the set of convex bodies in R™, and by KXK' the set
of convex bodies with the origin o in their interiors.

Note that K" is often equipped with the Hausdorff metric Su, defined for
compact convex sets K, L by 0y (K, L) = max{|hg(u) —hr(u)l:u € sn-1},

Write int K and 0K for the interior and boundary of a set K, respectively.

For u € S"71, the support hyperplane H(K,u) of K € K" is defined by

HK,u) ={xeR":x-u=hK,u)}.
The half-space H- (K, u) in the direction u is defined by
H (K,u)={xeR":x-u<h,u)l.
The support ser F(K,u) of K € K™ in the direction u is defined by F(K,u) =
KnH(K,u).

Suppose the unit vectors Uy, ..., un, N = n + 1, are not concentrated on any
closed hemisphere of S"~!. Let P(u1, ..., un) be the set with P € P(uy,...,un),
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if the polytope

p

N N
(VH (P,uk) = (){x € R" : x - u < hp(up)}.
k=1 k=1

Obviously, for P € P(uy,...,un), P has at most N facets (i.e., (n — 1)-di-
mensional faces), and the set of outer normal unit vectors of P is a subset of
{ul,...,uN}.

Foraset A € R", the set of all linear combinations and positive combinations
of any finitely many elements of A is called the /inear hull and positive hull of A,
and is denoted by lin A and pos A, respectively.

The following lemma will be needed. One can refer to [39, Theorem 1.8.8]
for its proof.

Lemma 2.1. The convergence lim;_ K; = K in K" is equivalent to the follow-
ing conditions taken together:

(1) Each point in K is the limit of a sequence {x;} with x; € K; fori € N.
(2) The limit of any convergent sequence {xi;} with x; € Ky, for j € N belongs
to K.

2.2. p-capacity and p-capacitary measure. Let K be a compact convex set
in R™ and p > n. By the definition of p-capacity, C, (K) is positively homogeneous
of degree (p — n) for p > n, that is, C,(SE) = sP""C,(E), for s > 0; and Cy, is
positively homogeneous of degree 1, that is, C, (SE) = sCy(E), for s > 0.

In [2], Akman, Lewis, Saari, and Vogel proved that the functional C, is
translation invariant, that is, C,(K + x) = C,(K), for x € R"™. They also
proved that if a sequence of compact convex sets {K;}i>, converges to a com-
pact set K, then either K is a single point (in which case lim;_o C,(K;) = 0) or
limiqw Cp(Ki) = Cp (K) > 0.

For a convex body K, VU has non-tangential limits 4"~ !-almost everywhere
on 0K and |VU| € LP(0Q, H™ 1) (see, e.g., [31, Theorem 1]). Hence, the p-
capacitary measure [y (K, ) of K can be defined, for Borel set o = S"7!, by

iy (K ) = | VU ()P dH 1 (),

xegi' (w)

where H "1 is the (n — 1)-dimensional Hausdorff measure; gg : 'K — S" ! is
the Gauss map defined on the set 0'K of those points of 0K that have a unique
outer unit normal vector. Here, u, (K, -) is absolutely continuous with respect to
the surface area measure Sg. For p > n, it is positively homogeneous of degree
((p—n)/(p—1) - 1), that s,

py (SK,-) = s@=m/e=D=1y (K, .),  fors > 0;
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and py, is positively homogeneous of degree —1, that is,
Un(SK;') :Sillvln(K,'); f0r5>0.

Let p € Rand p > n. For K € K(, its L, p-capacitary measure Up , (K, -) is
a finite Borel measure on $"7!, defined for Borel w = S"~! by

iy (K, ) = L} hy P () dup (K, ).
Also, pp,p is positively homogeneous of degree ((p —n)/(p — 1 — p)), that is,
Upp(SK,+) = sb=m)/e=D=p  for ¢ > 0;
and Uy, is positively homogeneous of degree —p, i.e.,
HUpn(SK, ) =sPupn(K,-), fors>0.
Lemma 2.2. Let K, L be convex bodies in R"™ and A € (0,1). Then,

(2.1) Co((1 = A)K + ALV~

> (1 - A)Cp (K L AC, (L)Y forp > n,
and
(2.2) Cn((1=A)K +AL) = (1 = A)Cpn(K) + ACn(L).

Equality in (2.1) or (2.2) holds if and only if K and L are homothetic.
Lemma 2.3. Let K, L be convex bodies in R™. Then,

23 iim Co(K + tli) ~ Gy(K)

= (p— 1)C,p(K) P2/ =D L  ho(u) dpy (K, ), forp > n,
and
. Cn(K+tL) — Cn(K)
m

@4 lim .

= (@)Y V(K [ ) dan (K, 0,

One can refer to [2] for the proof of the above two lemmas.
By Lemma 2.3 and the positive homogeneity of C, (K), it follows that

ve-n _ -1
25) Co(K) L e duy (),
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and
2.6) (meon) 07 = | () dpan (K, ).

Let K, L be convex bodies in R™. Define

(2.7) Cp(K,L) = —C (K) =2/ =D L | ho(u) dpy (K, w), forp >n
and

CuK, L) = () "G (K) | () dptn (K, 0,

Obviously, C, (K, K) = C, (K).
Theorem 2.4. Let K, L be convex bodies in R"™. Then,

(2.8) Co(K,L) = Co(K)! V=M (L)Y 0 forp > n,
and
(2.9) Cn(K,L) = Cn(L).

Equality in (2.8) or (2.9) holds if and only if K and L are homothetic.
Proof- We show (2.8). (2.9) is proved similarly. For t > 0, define

f(t) _ CP(K + tL)l/(P*VL) _ CP(K)I/(P*T’L) _ th(L)l/(P*T’L)_

Then, f is nonnegative and concave on [0, ®).
Indeed, from the definition of f and (2.1), it follows that for t1,t; > 0 and
0<A<l,
FU1 =2t +Aty) = Co((1 = A)(K + t1L) + A(K + toL)) 1/ P~
— Co(K)V®™™ — (1= M)ty + Atp) Gy (L)1)
> (1 -A)Cp(K + t1 L)V~ 4 AC, (K + L, L)V P~
- (1-2)G, (K)Vp-m) _ /\CP(K)”("_")
- (1- /\)thp(L)l/(p_”) _ Atsz(L)l/("_")
= (1 -A) f(t) + Af(t2),

as desired.
From (2.3) and (2.7), it follows that

t 0+ f(t) f(O) Cp (K)l/(p*n)*lCP(K’L) _ Cp(L)l/(P*n) > 0.

Since f is nonnegative and concave, it follows that if the equality holds on the
right side, then f must be linear. Thus, K and L are homothetic. O
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3. THE HADAMARD VARIATIONAL FORMULA FOR p-CAPACITY

In this section, we prove the Hadamard variational formula for p-capacity for
Waulff shapes, which will be used in Section 5.

3.1. Wulff shapes. Let QO = S™! denote a closed set that is not contained
in any closed hemisphere of S"~1. Let h : Q — (0, ) be continuous. The Wulff
shape [h] € K, also called the Aleksandrov body, determined by h, is the convex
body

[h]={x eR":x-u <h(u) forall u € Q}.
From the definition of support function, it follows that
3.1) hinp<h onQ.
For Wulff shape [h], we have
S (S Q) =0 and Sp(fu € Q:hpy(uw) < h(u)}) =0.

One can refer to [39, Lemma 7.5.1] for their proofs. These, together with (2.5),
(2.7), and the fact that p,([h],-) is absolutely continuous with respect to Sip,
yield that

-y _ p=1
(3.2) Co([h]) — JQ h(uw)du,([h],u), forp > n,
and
()10 = j h(w) dn ([R], 1),
Q
Let L € K". Then,
_1 B B
63 GURLL) = L= GURD 10 [ o duy (), w),

forp > n,

and

Cn([h],L) = (nwn)/ ™"V Cy([h]) L} hi(u) dun(fh], u).

The Aleksandrov convergence lemma reads: If a sequence of continuous func-
tions hi : QO — (0, o) converges uniformly to h : Q — (0, ), then [h;] converges
to [h] in K} (See, e.g., [39, Lemma 7.5.2], for its proof.)
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3.2. The Hadamard variational formula for p-capacity.

Lemma 3.1. Suppose that Q = S" is a closed set which is not contained in
any closed hemisphere of S, and I < R is an interval containing both 0 and some
positive number. Assume that he(u) = h(t,u) : I x Q — (0, c0) is continuous, such
that the convergence

h(t,u) —h(0,u)

(3.4) R,(0,u) = lim

t
is uniform on Q. Then,
(3.5) tlif(])l Gy ([he]) ;Cp([ho])
= (5= DGy (ThoD) 2/ | 1, (0,) dpy (), w),
forp > n,
and
(3.6) iy Cn(lhe]) = Ca(lhol)

t—0* t
= (nwy) """V C,([ho]) L} h' (0,u) dun ([hol, u).

Proof. We prove (3.5), and (3.6) is proved similarly.

The uniform convergence of (3.4) implies that h; — hy, uniformly on Q. By
the Aleksandrov convergence lemma, we have that lim;_o+[h;] = [ho]. Thus,
Cp([ht]) = Cy([ho]), and py([Rt],-) — pp([hol, ), weakly, as t — 0F. Since
the convergence

. ht,u)—-hO,u)
lim

t—0* t

is uniform on €, it follows that

3.7) dpty ([he], u) = jﬁ R (0, w) duy ([hol, ).

limJ he(u) — ho(u)
t—0+ Jo t

On one hand, from (3.2), (3.3), the fact that lim;—o+ Cy([ht]) = Cp([ho]),
and inequality (3.1) for h = hy, it follows that

litmépfc"([ht]) - C;p([ht], [hol)

_ -] liminpr([ht])(P*D/(P*I)J
n t-0+ o

he () — hiny (u)
t

> B2 (Tl 0210 lim e [ () 200

Q

p-n t—0*

dpy ([hel, w)

dpp ([he ], u).
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This, combined with (3.7), yields that

(3.8) ligépfcp([ht]) _ C;P([ht], [hol)

P (tho]y-2/t-D jQ 1 (0,0) duy ([hol, ).

=

For brevity, let
p-1 -2)/ (s~ '
M= Co(lho) 207D L} R (0,u) duy (Lhol, w).

From (3.8) and (2.8), it follows that

o Colhe]) = Gyp(Lhed, [hol)

M < lim
[ t
_ 1-1/(p—mn) 1/(p—n)
<litmoipfqg([ht]) Cp ([he]) : PmWCo([ho]) /P _

Since lim¢—o+ Cp([ht]) = Cy([ho]), we have

1/(p—n) _ 1/(p—n)
(39) M < Cp([ho])lfl/(pfn) hgnéngP([ht]) - Cp([ho]) )

On the other hand, from (3.3), (3.2), the inequality (3.1) for h = h¢, and the

uniform convergence in (3.4), it follows that

L Gyl Ted) = Gy (Tho))
im sup ;
t—-0*
-1 oV (5T} 1 hipa(u) — ho(u)
- LGt 2 “lutllggp[g )20 = 208 dpy (o, w)
-1 oV /(51 1 hi(u) — ho(u)
< p_nCp([ho])(p 2)/(p Ul”t‘i;?pjg%d“'ﬂ([h‘)]’“)
-1 _ _ ’
= P GTho) D | (0, w) dpy (Thol, w) = M.

This, combined with (2.8), yields that

M > limsup Gy ([hol, [htl) — Gy ([hol)
t—0+

1-1/(p-n) 1/(p-n) _
> lim sup Cy([ho]) 7P Cp([tht]) e Cp([ho]),
t—0*
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and therefore

1/(p—n) _ 1/(p-n)
(3.10) M>Cp([ho])1’1/(p’") lim sup Co([he]) : Co([ho]) _
t—0+

Combining (3.9) with (3.10), it follows that

Cp ([he DV~ — Gy ([hoD /P~

M = Cy(Lho]) "1/ lim

t
Thus,
lim Co([he]) = Cp(Tho])
t—0+ t
~_ lim (Cp([ne DV = yp=1 — (Cy ([ho]) Y/ P~ )p—1
ot t
o Co([h DV =1 — ¢, ([ho]) Y/ (P—1)
= (b= )Gy (Lo Jim S LD — C((ho))
=(p-n)M,
as desired. O

Theorem 3.2. Suppose that Q = S"1 is a closed set which is not contained in
any closed hemisphere of S, and I < R is an interval containing O in its inte-
rior. Assume that hy(u) = h(t,u) : I x Q — (0, ) is continuous, such that the
convergence
h(t,u) — h(,u)

t

h'(0,u) = lim
t-0

is uniform on Q. Then,

@ay Gl DG (ThoD #2100 [ 1(0,u) gy (Thol, ),
dt t=0 Q
forp > n,
and
3.12) dnllhD | (nwnw("*“cn([ho])j R’ (0, ) dpn (Thol, ).
dt t=0 Q

Proof. We prove (3.11), and (3.12) is proved similarly.
It suffices to show that

lim Co([he]) — Co([ho])
t—0- t

= (p— 1)Cy ([ho]) P2/ (>-D JQ R’ (0,u) duy ([hol, ).
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For this aim, define Ai(t,u) : =I x Q — (0,0) by h(t,u) = h(—t,u). Then
[h_¢] = [h¢], [ho] = [ho] and A’ (0,u) = —h’(0,u). By Lemma 3.1, it follows
that

lim Cy([he]) — Cy([ho])
t—0- —t

i Se([eD) = Gy (Thol)
t—0+* t

= (p— )G, ([ho]) P21 jQ R’ (0, u) duy (Thol, ),

as desired. |

4. AN EXTREMAL PROBLEM FOR F,(Q, x) UNDER
TRANSLATION TRANSFORMS

Suppose that c1,...,cny € (0, ) and the unit vectors U1, ..., Uy are not concen-
trated on any closed hemisphere of $"~1. Let

N
M= crbu ()
k=1

be the discrete measure on S~ !, where §,, denotes the Dirac measure.

Recall that P(u1,...,un) is the set of polytopes whose facet normals are in
the set {uy,...,un}. Let Q € P(uq,...,uyn) and 0 < p < 1. For p > n, define
p-1 3
(4.1) Fp(Q,x) = =——= > cx(hg(ux) — x - ug)?
pP=no
=Pt - x - wP dutu;
p —Nn Jsn-1 Q >
and for p = n, define
N
Fp(Q,x) = (nwn)'" D 3 cp(hg (ug) — x - ug)?
k=1

= (nwy,)"/MD LH (ho(u) —x - w)P du(u).

The following lemma shows there exists a unique point xg € intQ such that
F»(Q, x) attains its maximum.

Lemma 4.1. Let the polytope Q € P(uy,...,un). Then, there exists a unique
point X € int Q such that F,(Q,xq) = maxxeq Fp(Q, x). Moreover,

N
(4.2) > ekl(hg(uk) — xq - ur)? 'uk = o.
k=1
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Proof. We prove the case p > n. The p = n case is proved similarly.
First, we prove the uniqueness of the maximal point. Assume x1,x; € intQ
and
Fp(Q,x1) = Fp(Q,x2) = maxFp (Q, x).
xeqQ

By (4.1), the concavity of t” for 0 < p < 1 together with the Jensen inequality
and the above assumption, it follows that

1
Fyp (Q’E(Xl +Xz)>
_p-1 al 1 _ p
“v_n gl Ck (hQ(uk) 2(X1 +x3) uk)
_pol (L o 1 R
= p— gl Ck (z(hQ(uk) X1 uk) + 2(hQ(uk) b)) uk)>
p—1 N p—1 N

k=1 k=1

1 1
= EFp(Q!xl) + EFP(Q!X2)

Since Q is convex, %(Xl + X2) € Q, and the equality in the fourth line holds. By
the equality condition of the Jensen inequality, we have

hg(uk) — x1 - ux = hgo(ux) —x2 - ux, fork=1,...,N.

That is,
X1 Uk =X2-Ug, fork=1,...,N.

Since the unit vectors U, ..., un are not concentrated on any closed hemisphere,
it follows that x; = x7, which proves the uniqueness.

Second, we prove the existence of the maximal point. Since F,(Q, x) is con-
tinuous in X € Q and Q is compact, so F,(Q, x) attains its maximum at a point
of Q, say, xq. In the following, we prove that xq € intQ.

Assume xo € 0Q. Fix ¥y € intQ. Let ug = (¥o — xq) /10 — xql. Then,
for sufficiently small 6 > 0, it follows that xqo + duy € intQ. Next, we aim to
show that

p—n
pj(Fp(Q,XQ + 0ug) — Fp(Q,xq))
N N
= > cxlhg(uk) — xq - Uk — Suo - ur)? — > cklhg(ug) — xq - ur)?
k=1 k=1
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is positive, which will contradict the maximality of F,, at xg. Consequently, we
have xq € intQ.
To this end, we divide {u1,...,un} into two parts and let

Uy = fak : xg - ux = ho(uwy), k€ {1,...,N}},
U, = {ug : xq - ux < hg(ug), k € {1,...,N}}.

Then,
p—n
p_—l(Fp(Q,XQ +0ug) — Fp(Q,xq))
= > cal(hg(uk) = xq - uk — Sug - up)? — (ho(ur) — xq - ux)”|
uxelU,ul,
= > cr(=S8uo - up)”?
urel;
+ > al(hg(ug) — xq - uk — Sug - ur)? — (ho (uk) — xq - ug)?]
urel,
> > crl(=dug - ux)?
urel;
- > cal(hg(ur) — xq - uk — Sug - up)? — (ho (uk) — xq - ur)?|.
urel,
Since xg € 0Q, there exists a u;, € {ui,...,un} such that xq - u;, =

hqg(ui,). Thus, Uy is nonempty. Since xq + dup € intQ for sufficiently small
0 > 0, it follows that for any uy € Uy,

—0ug - uk = hg(uk) — (xq + dug) - ug > 0.
Thus,
(4.3) > cr(=6ug - ug)? > 0.

urel;
Let C = miny, ey, (hg(uk) — xq - uk). Then, for any uy € U, it follows
that
ho (uk) — xq - Uk = min (hq(ug) — xq - ux) = C > 0.
urel,

Thus, for sufficiently small 6 > 0, we have

> 0.

S1Ke

hgo(uk) —xq - uxk — dup - Uk =
By the concavity of t” for 0 < p < 1, we have

Cc\"!
| (ho (i) — X0 -k — 1o - ur)? — (ho (ur) —xq -ur)? < p (5) |- Suo-ukl.
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Thus,

(4.4 > cklhguk) — xq - uk — duo - uk)? — (hg (uk) — xq - uk)”|

uxel,

c\"!
<ép (5> > crluo - uxl.

urel,

Thus, according to (4.3) and (4.4), if follows that

%(FMQ,xQ + Suo) - Fp(Q,x0))
Cc\"!
> > cr(=Sug - up)? - p (§> > exluo - ukl
ugel,; uxel,
c\?P!
=5”{ > Ck(—uo-uk)”—51”"p(5> > Ck|u0'uk|} >0,
urel; uxel,

for sufficiently small § > 0. So x € intQ. The existence is proved.
Finally, we prove (4.2). Since F,(Q,x) attains its maximum at the interior
point Xq, we have

_ 0F,(Q,x) -1 Y - |
0= 0x;i x=xq -n g ckp (ho(uk) = xq - uk) (—uk,i),
fori=1,...,n, where x = (x1,...,xn)7T and ux = (ug,1,...,Ukn)’. Thatis,
N
> crlho(ui) — xq - u)? 'ug = o,
as desired. O

From now on, we shall use x¢ to denote the maximal point of the function
Fp(Q, x) on Q, and call it the maximal translation poins.

Lemma 4.2. Suppose that the polytope Q; € P(uy,...,un), and also that
Qi - Q € P(uy,...,un), as i — oo. Then, we have that xq, — Xq, and
Fp(Qi,XQi) e Fp(Q,XQ), asi— oo,

Proof- Since Q; — Q, it follows that for sufliciently large i, xo, € Q; = Q +B.
Thus, {xq,}: is a bounded sequence.

Let {xq, }; be a convergent subsequence of {x(,}i. Assume that xXq;, = X',
but x’ # XQ By Lemma 2.1, it follows that X" € Q. Hence, we have that
F,(Q,x") < Fp(Q,xq). By the continuity of F,(Q, x) in Q and x,

}ingon(Qijiinj) = Fp(Q,X,)'



The Ly Minkowski Problem for the Electrostatic p-capacity forp > n 1887

Meanwhile, by Lemma 2.1, for xq € Q, there exists a Vi, € Qi such that
¥i; = Xq. Hence, Jl,im Fp(Qi;, ¥i,) = Fp(Q,xq). Thus,

(4.5) th?o Fp(Qij,xq,,) < th?o Fp(Qijy yij)-
However, for any Qi;, we have F, Qi xq,, ) = Fp(Qij, vij). Thus,
llj{}o Fp(Qij,xq;;) > l{f{’lan(Qij'yij)’

which contradicts (4.5). Thus, Xq;, = Xo and so xg, — Xq. By the continuity
of Fp, it follows that F, (Qj, xq,) — Fp(Q,xq), and this completes the proof. O
Lemma 4.3. Let Q € P(uq,...,un). Then,

(1) Fp(Q +¥,xq+y) = Fp(Q,XQ),fb}’y e R";
(2) FP(AQ’X)\Q) = Apr(Q,XQ);beA > 0.

Proof. We prove the case p > n. The p = n case is proved similarly.
From (4.1), it follows that

Fp(Q+¥,x0+y) = max Fp(Q +y,2)
zeQ+y

N
p-1

= max cx(hgey(Uk) — z - ur)?

s g k(ng+y (Uk k

N
= ch(hQ(uk) —(z-y) - uwp)?

z— yeQ n
N
—max— cr(hg(ug) — x - ug)?
I kzl k(ho (uk k

Similarly,
Fp(AQ,XAQ) = maX Fp(AQ, z)

N
= Z cr(hag (k) — z - ug)?

(Z/A)
N Z p
Y p-1 ( _Zz, )
(zr/I}\?)e(Q g fa (i) = 3 -k
= AP — ck(ho(u X - ug)?
Eleaé‘p kzl k(ho (ug) — k)
:Apr(leQ)!

as desired. |
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5. TWO DUAL EXTREMAL PROBLEMS FOR p-CAPACITY

Suppose i is the discrete measure on $™~! such that
N
IJ = Z Ckéuk('),
k=1

where N > n+ 1, ¢k > 0 and uy,..., un are not concentrated on any closed
hemisphere.

Recall that P(u1,...,un) is the set of polytopes whose facet normals are in
the set {uy,...,un}. Let Q € P(uy,...,uyn) and 0 < p < 1. Forp > n,

1 X
Fp(Q,xq) = 2= 3 erlho(wi) = xq - u)”,
k=1

=

and for p = n,

N
Fp(Q,xq) = (nwn) V™D > cp(hg(ug) — xq - uk)”.
k=1

Here, x( is the maximal translation point.

To prove the main results of this article, we start from the following extremal
problems, which are closely connected with our concerned L, Minkowski prob-
lem for p-capacity.

Problem 1. Among all the polytopes Q € P(ui,...,un), find one to solve the
constrained minimization problem infq Fp(Q, xq) subject to C,(Q) = 1.

Problem 2. Among all the polytopes Q € P(uy,...,un), find one to solve the
constrained maximization problem supg Cp(Q) subject to Fp (Q,xq) = 1.

The two lemmas below show the duality between Problem 1 and Problem 2.

Lemma 5.1. Suppose p > n. Then, the following assertions hold:

(1) If the polytope P solves Problem 1, then the polyrope P = Fp(P,xp)_l/’”P

solves Problem 2.
(2) If the polytope P solves Problem 2, then the polytope P = Cy(P)~1/ -1 p
solves Problem 1.

Proof. (1) Assume P solves Problem 1. Let Q € P(uy,...,un) such that
Fp(Q,xq) = 1. Let Q = Co(Q)~Y/®=™Q. From the positive homogeneity of
degree (p — n) of Gy, the fact that C,(P) = 1, the assumption together with the
fact that C, (Q) = 1, Lemma 4.3 (2), and finally the fact that F, (Q,xq) = 1, we

have

Cp(P) - Cp(p)Fp(P,Xp)i(pin)/p — Fp(p’xp)f(p*n)/lﬂ
> F,,(Q,XQ)’("’")/” - Cp(Q)Fp(Q,xQ)’(p’")/’” - Cp(Q)-
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Thus, P solves Problem 2.

(2) Assume P solves Problem 2. Let Q € P(u;,...,un) such that CP(Q) =1. Let
Q= Fp(Q,XQ)_l/’”Q. By Lemma 4.3 (2), it follows that F,(Q,xq) = 1. From
Lemma 4.3 (2), the fact that F, (P, xp) = 1, the assumption that F,(Q, xq) = 1,
the positive homogeneity of degree (p — 1) of C,, and finally that C,(Q) = 1, we
have

Fp(P,Xp) - Fp(P,XP)Cp(P)_p/(P‘”) - Cp(P)_’”/("_")
<G (Q) PP = F,(Q,x4)Cp(Q) PP = F,\ (Q, xq).

Thus, P solves Problem 1. O

Similarly, we can prove the following results for p = n.

Lemma 5.2. Suppose p = n. Then, the following assertions hold:

(1) If the polytope P solves Problem 1, then the polytope P = Fp,(P,xp)~ /PP
solves Problem 2. )

(2) If the polytope P solves Problem 2, then the polytope P = Cpn(P)~'P solves
Problem 1.

The following is the normalized L, Minkowski problem for p-capacity for
p>n.

Problem 3. Suppose p > n. Among all the polytopes containing the origin in
Up,p (Pj ') _
Co(P)V/ =1
Essentially, Problem 3 is to find a polytope P so that its normalized L, p-
capacitary measure

their interiors, find a polytope P such thar

Cp(P) V=V, (P,-) = Cy(P) VP DRy P (Y, (P, )

is the given measure p.
The following lemma presents relations between Problem 2 and Problem 3
forp > n.

Lemma 5.3. Suppose that P is a polytope with outer unit normal vectors uy, ...,
un, and p > n. If P solves Problem 2 and xp = o, then P solves Problem 3.

Proof. For d1,...,0n € R, choose |t| > 0 small enough so that the polytope
P; defined by

Pr={x:x-ug<hpug) +téy, k=1,...,N}

has exactly N facets. Let &(t)P; = Fp(Py, xp,) " 1/PP;. Then, Fp (& (t) Py, Xa(t)p,) =
1, (t)P; € Py(uq,...,un), Pt — P, and a(t)P; — P,ast — O.
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For brevity, let x () = xp,. By (4.2) of Lemma 4.1, it follows that

N
> ex(hp (ug) = x(0) - ug)? tug,; =0, fori=1,...,n,
k=1
where ug = (ug1,...,ugn)’. Let t = 0. Then, Py = P, x(0) = 0, and
N
(5.1) Z ckhg_l(uk)uk,i =0, fori=1,...,n.
k=1

We first show that x’(t)|t—o exists. Let

N
Vit X1,...,%Xn) = > cklhp, (Uk) — (X1Ur1 + -+ -+ XnUkn) 17 Uk,
k=1

fori=1,...,n. Then,

ayi al p-2
= = 1-p)ckh Uk) Uk, iUk, -
3x; | 0...0 gl( p)ckhp “(Up) Uk, iUk,
Thus,
oy N 2
= = > (1-p)exhp () upuy.
(ax (0yrry o>)nxn ,; p P k
Since Uy, ..., un are not concentrated on any closed hemisphere, for x € R" with
X + 0, there exists a u;, € {uy,...,un} such that u;, - x # 0. Thus,
J 2
XT( > (1-p)echh” (uk)uku,f)x

k

Il
—_

S - prehh ™ (up) (x - ur)?

N
=1

k
> (1- p)ciohg_z(uio)(x Ujy)? > 0,

which implies that
(0y/(0x) | (0,...0) ) nxn

is positively definite. By the implicit function theorem, it follows that x'(t) [ =
x'(0) = (x}(0),...,x,(0)) exists.

Now, we can finish the proof. Since C, attains its maximum at the polytope
P, from (3.11), Fp(P,x(0)) = 1, x(0) = 1, hp,(ux) = hp(ug) + tox for k =
1,...,N, (5.1), and (2.5), we have
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1 _ _dCy (x(t)Py)
- (p-2)/(p-1) 4&p
0 -Cy(P)” = -,
N d,
) J§1 E «(oyp, (Ujf) ‘t=0up(P, {ujl)
N 1 :
- Z[ E »(P,x(0))"1/P~ I—Fp(Pt;X(t))‘ hp(u;)
j=1
+ O((O) hPt(uJ) :|Up(P, {uJ})
N
-—— . p ,
;[ pdt(p nzck(hPt(uk) x(t) - ug) )'tzohp(uj)

N 51]up(P, ;)

[
M=z

[——s_ (ZCkhp (1) (8k — x7(0) - wx) ) hp ()
k=1

.
Il
—_

' 51]up(P, )

=> [— —( Z cxhh ™ (ug) 6k

j=1 k=1

z

=0 (3w au) Y () + 8 [y (P, )

p—1 < N 1
= (- B0 S oy (P () 3 e wi s
PGS k=1

z

+ > pp(P, {u;})s;

N
= > (=Cu(PYP VRS ) + pp (P, (1) 55
j=1

Since 61, ..., On are arbitrary real numbers, we have
(P, {uj}) = C,(P)V VR Y uj)e;, forj=1,...,N

In light of the fact that P is n-dimensional and o is in its interior, it follows that
Cy(P) > 0 and hp(u;) > 0. Therefore,

hp P (uj)u, (P, {u)})

Cy (P)V/(-D) =cj, forj=1,...,N.
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Upp(P, )

That is, 7@3 (P)U D

= u. Thus, P solves Problem 3. |

Recall that our original concerned L, Minkowski problem for p-capacity is
the following.

Problem 4. Among all the polyropes containing the origin in their interiors, find
a polytope P such that iy, (P, ) = .

The next lemma shows the equivalence between Problem 4 and Problem 3 for
p> n.

Lemma 5.4. Suppose that P is a polytope with outer unit normal vectors u, .. .,
un. Then, the following assertions hold for p > n:

(1) Assume that p = (p —n)/(p — 1). If P solves Problem 3, then we have that
P= Cp(P)l/(’”("_l)_(p_”))P solves Problem 4.
2) [fl3 solves Problem 4, then P = C, (P)~"Vw&-D)P solves Problem 3.

Proof. (1) From the positive homogeneity of degree ((p —n)/(p — 1) — p) of
Up.p and the assumption that C, (P) =1/ ®=V , . (P, +) = p, it follows that

Ilp,p(P, ) = up’p(Cp(P)l/(V(P—])—(p—n))P, 9
= Cp(P) VD, (P, +) = .

Thus, P solves Problem 3.

(2) From the positive homogeneity of degree ((p —n)/(p — 1) — p) of ppp, the
positive homogeneity of degree (p — 1) of C,, and the assumption pp , (P, -) = H,
it follows that

Cp(P) V=D, (P, )

= Cp(Cp(P)—l/(lﬂ(P—l))p)—1/(P—1)up’p(Cp(p)—l/(p(p—l))}')’ )
= “p,p(ﬁ, ) = .

Thus, P solves Problem 4. O

The following lemma presents relations between Problem 2 and Problem 4
forp = n.

Lemma 5.5. Suppose that P is a polytope with outer unit normal vectors uy, ...,
un, and p = n. If P solves Problem 2 and xp = o, then P solves Problem 4.

Proof- For 61,...,0n € R, choose [t] > 0 small enough so that the polytope
P; defined by Py = {x : x - ux < hp(uy) + téx, k = 1,...,N} has exactly N
facets. Also, let x(t)P; = Fp(Pt,Xpt)_l/th. Then, Fp(x(t)Pr,xxtyp,) = 1,
x(t)P; € Py(uq,...,un), Pt — P, and a(t)P; — P,ast — O.
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For brevity, let x(t) = xp,. As the proof of Lemma 5.3, we can prove that
x'(0) exists, and

N
(5.2) S erhh N ug =0, fori=1,...,n.
k=1

Now, we can finish the proof. Since C, attains its maximum at the polytope
P, by equations (3.12), (5.2), and (2.6), and by the fact that F,(P,x(0)) = 1,
that ®(0) = 1, and that hp, (ux) = hp(uyg) + to fork = 1,..., N, we have

1/1-n)c (p)—lw

0= (nwy) T o
Noq
-3 —h(xmpt(uj)\ b (P, {11})
et dt £=0

Il
M=z

| —

1 o . d
S (PLx(0) 17 1alfp(Pt,x(m'tzohp(uj)

.
Il
—_

d
b a3 )| Jun (P 1)

N 1d N
- ; [ - ;a((nwn)“("‘” gl ck(hp, (ur) = x(6) - w)? )| hp(u;)

+5j]un(P, ;)

N
| = eV (Y el ™ (i) (8k = x7(0) - u) ) hp (u)

Il
M=z

j=1 k=1
+ 8 [ (P, Tu})
N N
-3 [ - (nwnﬂ“"*“( S cxhb ™ (ur) S

k=1

—_

=
N
=X (X e wous) o) + 6 ua (P, ()
k=1
N N
= (= )™ S hp(upn (P, (u;1)) D ckhh ™ (ur) ok
j=1 k=1

N
+ > (P, {u;})s;
j=1

N
= S (—hy (wj)cj + pn (P, {u})é,.
j=1
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Since 61, ..., On are arbitrary real numbers, we have
n (P, {u;}) = hh '(uj)c;, forj=1,...,N.

As P is n-dimensional and o is in its interior, it follows that hp(u;) > 0. There-
fore,
Ry P (ujpn (P, {u;}) =cj, forj=1,...,N.

That is, tp n (P, -) = p. Thus, P solves Problem 4. O

6. EXISTENCE OF SOLUTIONS TO THE
L, MINKOWSKI PROBLEM FOR p-CAPACITY

Throughout this section, let 0 < p < 1 and p > n. Recall that p is the discrete
measure on $” ! such that

N
IJ = Z Ckéuk('),
k=1

where N > n + 1, ¢k > 0, and uy,..., un are not concentrated on any closed
hemisphere.

Lemma 6.1. Suppose the polytope P solves Problem 1. Then, P has exactly N
[facets whose outer unit normal vectors are Uy, ..., un.

Proof. We prove the case p > n. The p = n case is proved similarly.

By the translation invariance of C, and Lemma 4.3 (1), it follows that any
translation of P also solves Problem 2. Thus, we assume that xp = 0. We argue
by contradiction.

Assume that u;, € {u1,...,un}, but the supportset F(P, ui,) = PNH(P,u;,)
is not a facet of P. Fix § > 0, and let

Ps =Pn{x:x-ui <hp(ui) — o6}
and
TPs = T(8)Ps = Cy(Ps) Y/ P~ ps.

Then, C,(TPs) = 1and TPs — P,as 6 — 07. By Lemma 4.2, it follows that
Xps — Xp =0 €intP asd — 0*.
Thus, for sufficiently small & > 0, we can assume that xp; € intP and
hp(ug) — xp; -ux >0 >0, fork=1,...,N.

In the following, we show Fj, (TPs, x7p;) < Fp(P,0), which contradicts the
fact that F, (P, 0) is the minimum. Since
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N
-n
z_ [ Ep (TPs, Xops) = TV > cx(hpy (ur) — xpy - ug)?
k=1

N
=17( X cxlhp(ur) = xp, - wi)?)
k=1

- 7Pci (hp(ui) — xps - uiy))?
+ TPci, (hps(uiy) — xps - uiy))?

_ HF,H(P,XP(;) +G(5),

where
N

G(8) = (7 = 1)( X cx(hp(ux) = xp, - ui)?)
k=1

+ ¢iy TP [(hp(ui,)) — xp; - Uiy — 6)7 — (hp(ui)) — xps - ui))? 1.

By showing G(6) < 0, then F, (TPs, X1p;) < Fp(P,xp;) < Fp(P,0), as desired.
Since 0 < hp(uio) — Xps * Uj, — o< hp(uio) — Xps - Uj, < do, where do 1s
the diameter of P, by the concavity of t? on [0, ) for 0 < p < 1, it follows that

(hp(uiy) — Xps - Uiy — 8)F — (hp(ui,) — xps - Uiy)? < (do — 8)P — db.

Hence,
N
G(8) < (7 = 1)( Y c(hp(ui) = xp - ur)?) + ci, TP [(do — ) — df ]
k=1

= TP[(do - 6)" — dy]

™1 13 ,
X (Cio + m_r—p gl cx(hp(ug) — xps - Uk) )
From the variational formula for p-capacity (3.11), it follows that

TPl (Go(Pe)) P
5-0" (dg — 8)P —db ~ 5-0+  (do— )P —db

v(p—l)g b B (1.0
“p-n My (P, {ug})h' (ug, 0)

_ k=1
~pd}”!
N
> up (P, {urh) R (u, 0)
_p-1li=
p-n ar!

Here, b’ (uk, 0) = limg—o+ ((hp,; (ur) — hp(uk))/0).
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Assume pyp, (P, {ux}) # 0, for some k. Since p, (P, -) is absolutely continuous
with respect to the surface measure S(P, -), it follows that P has a facet with
normal vector ug. By the definition of Ps, we have hpy(ux) = hp(ug), for
sufficiently small 6 > 0. Thus, h'(ug,0) = 0 and

N
> pyp (P, {ur R (ug, 0) = 0.
k=1
Therefore, )
lim T—_l =0.

5-0+ (do — 8)P — db)
Combining (dg — §)? — d} <0, ¢i, > 0 and

1 N N
ey 1<Z—:1 cx(hp(ur) — xps - ur)? — kz_:l ckhp(ug) >0, asd — 0",

we have that for sufficiently small 6 > 0, G(5) < 0.
Consequently, P has exactly N facets. This completes the proof. O

Corollary 6.2. Suppose that the polytope P solves Problem 2. Then, P has exactly

N facets whose outer unit normal vectors are Uy, ..., UN.

Lemma 6.3. If the support set of U is in general position, then there exists a
polytope P solving Problem 2.

Proof- We prove the case p > n. The p = n case is proved similarly.
Take a maximizing sequence {P;}; for Problem 2, such that

Piep(uli"',uN)i XPiZO, Fp(PiJXPi):li
and
}Lr?o Cp(Pl) = Sup{Cp(Q) : Q, € P(u],...,uN), Fp(Q,JXQ) = 1}
First, we claim {P;}; is bounded. Since xp, = 0, by the definition of F,, it
follows that

N
—1

= > cxhb (ur) = Fp(Pi,0) = Fp (P, xp,) = 1.
S

T |

Hence, for any i,

(p—1) min cg

1<k<

1/p
hp,(uy) < (L) <o, fork=1,...,N,

which implies that {P;}; is bounded.
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By the Blaschke selection theorem, there exists a convergent subsequence
{Pi,} of {P;}; such that Pi; — P,as j — oo.

Next, we prove that P is n dimensional.

Assume dimP < n — 1, then there exists a ug € S"°! such that P < ug.
Thus,

(6.1) hp(uo) = hp(—up) = 0.

In the following, we show that P is necessarily the single point set {0}.
Since P is a polytope, from (6.1), we can find vertices X1, X2 of P such that
0=hp(ug) =max{x -uUg:x € P} =x1 - U
and
0=hp(—ug) = max{x - (—ug) : x € P} = x5 - (—uyp).

Among the set of support sets {F(P,u;), i = 1,...,N} of P, we pick up all
the support sets, namely, F (P, ui;), j=1,... , 4, such that x; € F(P, ui,). Then,

U € pos{ui, ..., ui,}. Without loss of generality, let
0
o = > oui;, o >0.
j=1
Hence,

L
0 =hp(up) = x1-uo = x1 - ( Z O‘Jui‘f>
j=1

13 13
= > j(x-ug) = > &jhp(ug).
j=1 j=1
Thus,
6.2) hp(ug) =0, j=1,..42

Similarly, let —ugy = Zf’:l Bjuk;, Bj > 0. Then,

6.3) hp(ue) =0, j=1,...,0
Since
? ' qa
(6.4) 0 =1uo+ (—Uup) = > Ui, + ». Bjk, = > Yilp,,
j=1 Jj=1 Jj=1

where y; > 0, we have

a<t +7 and {upj}(}:l = {uij}j€=1 U {ukj}f;l < {uy,...,un},
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which implies that up,, ..., up, are linearly dependent. Since ui,...,uy are in
general position, it follows that g > n + 1 and therefore lin{uy,,...,uy,} = R"™.
Since the y; involved in (6.4) are all positive, it follows that u,,,...,up, are not

concentrated on any closed hemisphere of $"~!. For any x € P, from (6.2) and
(6.3), it follows that

X - up, <hp(up,) =0, forj=1,...,q,

which implies that x = o0, and therefore P = {0}. Thus, lim;_. C,(P;) = 0.
However,

}iTon(Pi) =sup{Cy(Q) : Q € P(uy,...,un), Fp(Q,xq) =1}
> C,(TQo) > 0,

where Qo = {x : x-ux <1, k=1,...,N} and T > O satisfies F, (TQo, X-q,) = 1.
This is a contradiction.
Consequently, P is n dimensional, and this completes the proof. O

We can now conclude the proof of Theorem 1.1 and Theorem 1.2.

Theorem 1.1. Suppose 1 is a finite discrete Borel measure on "1, 0 < p < 1,
and p > n. If the support set of U is in general position, then there exists a polytope P
containing the origin in its interior, such that Uy , (P, -) = cu, where

1 iquti:?,

C:
Yp-1) g, _P—N
C,p(P) ifp P

Proof. For the discrete measure p, by Lemma 6.3, there exists a polytope Qg
which solves Problem 2. That is, F, (Qo, Xq,) = 1 and

Cp(Qo) =sup{Cp(Q) : Q € P(uy,...,un), Fp(Q,xq) = 1}.

By the translation invariance of C, and Lemma 4.3 (1), Py = Qo — xq, is still
the solution to Problem 2 and xp, = 0. Combining this with Corollary 6.2 and
Lemma 5.3, we have

Cyp(Po) V=V, o (Po, ) = pu.
Ifp+(p-n)/(p—1), by Lemma 5.4 (1), we have
up,p(Cp(po)l/(lﬂ(p*l)f(p*n))poi D =

That is, P = C, (Pp) !/ P®=D==1) p, is the desired solution.
Ifp=(p—-n)/(p—1), then P = Py is the desired solution. O
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Theorem 1.2. Suppose that [ is a finite discrete Borel measure on S"™ 1 and
0 < p < 1. If the support set of U is in general position, then there exists a polytope P
containing the origin in its interior, such that tp n(P, ) = W.

Proof. For the discrete measure p, by Lemma 6.3, there exists a polytope Qg
which solves Problem 2; that is, F, (Qo, xg,) = 1 and

Cn(Qo) =sup{Cn(Q) : Q € P(uy,...,un), Fp(Q,xq) = 1}.

By the translation invariance of Cy, and Lemma 4.3 (1), P = Qo — xq, is still
the solution to Problem 2 and xp = 0. Combining this with Corollary 6.2 and
Lemma 5.5, we have pp (P, -) = p, which completes the proof. |
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