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ABSTRACT. The existence and uniqueness of an optimal LP Sobolev norm for a function on
R™ is shown to be essentially equivalent to the existence and uniqueness of the solution to
the P Minkowski problem for even measures. The former is established using the latter.
This leads to new affine analytic inequalities, as well as a new proof of the affine L? Sobolev
inequality previously established by the authors.

1. INTRODUCTION

Throughout this paper || - | denotes a norm on R™ (n > 1 is always assumed) that is
normalized so that its unit ball has the same volume as the Euclidean unit ball.
A norm ||-|| on R™ induces a Sobolev norm for compactly supported functions f : R* -+ R

with L' weak derivative, given by

P Vsl = [ VS do.

where || - ||« denotes the norm dual to || - || (see §2 for precise definitions).

Cordero, Nazaret and Villani [7] recently used a beautiful mass transportation argument
to establish the following family of sharp Gagliardo-Nirenberg inequalities for this Sobolev
norm. If || - || is a norm on R™ and f : R™ — R is compactly supported and smooth, then

(1) ||Vf||1 > Clrn f|%_a|f|f7

where 0 < 7 < n/(n — 1), @« € R is determined by scale invariance, and |f|, denotes the
standard L"-norm of f. Their work extends earlier results of Maz'ja [26], Gromov [11],
Alvino, Ferone, Trombetti, Lions [1], and Del Pino and Dolbeault [8].

The CNV inequality immediately raises the obvious question:

The optimal L' Sobolev norm. Given a function f : R" — R with L' weak derivative,
what is the unique norm || - || on R™ that minimizes ||V f11 ¢

An apparently unrelated question is the following:

The even Minkowski problem. Given a positive even function g on the unit sphere S"~1,
what is the unique convex body K such that for each unit vector u, g(u) is the Gauss curvature
at the point on the boundary OK that has outer unit normal u?

One aim of this note is to show that the two questions stated above are essentially equiv-
alent. We will in fact consider LP-generalizations of these questions. This can be stated as

follows (see §2 for precise definitions).
1
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If 1 <p<mn,anorm ||-|| on R™ induces a Sobolev norm for compactly supported functions
f:R"™ = R with LP weak derivative, given by

2) Fo 19l = ([ i seear)

where || - ||« denotes the dual norm.

Cordero, Nazaret and Villani [7] extended earlier results of Aubin [2], Talenti [31], Gromov
[11], Alvino, Ferone, Trombetti, Lions [1], and Del Pino and Dolbeault [8] and established the
following family of sharp L? Gagliardo-Nirenberg inequalities (throughout this paper they

will be called the CNV inequalities): If 1 <p <n, ||-|| is a norm on R”, and f: R" — R is
compactly supported and smooth, then
(3) IVAllp = cprnl flgIF17

where 0 <7 <np/(n—p), g=1+7r(p—1)/p, |f|, denotes the standard LP-norm of f, and
a € R is determined by scale invariance.
This leads us to ask the following for every p > 1 (and not just 1 < p < n):

The optimal L? Sobolev norm. Given a function f : R™ — R with LP weak derivative,
what is the unique norm | - || on R™ that minimizes ||V f||,?

In this paper we show that this problem is essentially the same as the apparently unrelated
even LP Minkowski problem. The LP Minkowski problem, which can be written as a Monge-
Ampere equation

hl_p det(hw + h5w) =g

on the unit sphere, is a central question in the LP Brunn-Minkowski theory of convex bodies.
See §3 for more.

A consequence of Theorem 6 in this paper is that all possible LP Sobolev norms of a
function f : R™ — R can be encoded naturally within a single origin-symmetric convex
body K. In particular, for each norm on R", the corresponding L” Sobolev norm of f
is given by the (normalized) LP mixed volume of K and the unit ball of the norm. See
Theorem 6 and the remark immediately following it for details.

Moreover, the (suitably normalized) volume of this convex body is precisely equal to the
optimal L” Sobolev norm of f. We show in §6 that minimizing the left side of the CNV
inequality (3) over all norms on R™ establishes an affine version of the Cordero-Nazaret-
Villani inequalities.

Zhang [34] and the authors [23] recently established a sharp L? affine Sobolev inequality
(a version of the L' affine Sobolev involving capacity was recently established by Xiao [33]).
The proof in [23] is rather involved, using the L? Petty projection inequality established by
the authors [21] and a rearrangement argument, where the solution to the even L Minkowski
problem is applied to each level set of a function. A less circuitous proof also using the L”
Petty projection inequality, as well as the optimal LP Sobolev norm and the CNV inequality
(3), is presented in §7.
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2. PRELIMINARIES

Throughout this paper, u - x denotes the standard inner product of u,z € R", and | - |
denotes the standard Euclidean norm on R". For 1 < p < oo and a measurable function
f: R* = R, let |f|, denote the LP norm of f and LP(R") the corresponding space of
LP-bounded functions on R™.

An L} function f: R"™ — R has L? weak derivative, if there exists a measurable function
Vf:R"™ — R" such that |V f| € L?(R") and

/nv(x) -Vf(z)de =— - f(2)V -v(z) de,

for every compactly supported smooth vector field v : R® — R™. The function V f is called
the weak gradient of f, and the LP norm of |V f| is denoted by |V f|,.
The norm dual to || - || is denoted by || - ||, where

[ull« = sup{(u-2)/|[z]| = = € R"\{0}},

for each u € R"™. Given a function f : R” — R with L” weak derivative, we denote

(1) w5t = ([ 195

We will call this an LP Sobolev norm of f, even though it is only a semi-norm.

Throughout this paper, a convex body is always assumed to be an origin-symmetric com-
pact convex set in R™ with nonempty interior. A measure is always assumed to be a positive
finite Borel measure.

The volume (i.e., Lebesgue measure) of a convex body K will be denoted by V(K). A
convex body K defines a norm |- | on R" given by

|z|g =inf{t >0 : x/t € K}
for each x € R"™. The polar body K* of K is defined by

K*'={ueR" : u-x <1 foreach z € K}.

Note that | - |k« is the norm dual to |- |k and also the support function of K. The boundary

of K will be denoted 0K.
The standard unit ball in R™ will be denoted B and its volume w,,.
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3. THE L? MINKOWSKI PROBLEM

We begin by recalling basics that we need from the Brunn-Minkowski theory of convex
bodies and its L? extension. (See Schneider [29] for details regarding the classical Brunn-
Minkowski theory.)

If K, L are convex bodies and 0 < t < oo, then the Minkowski combination K + tL is
defined by

L*-

| Nterys = |- [ + 2] -
As an aside, note that K +tL ={x +ty : v € K, y € L}.
The mized volume Vi (K, L) of K and L is defined by
1 K+1tL) - V(K
V(K. L) = L g YUEH D) = VE)

n t—0+ t

A fundamental fact is that corresponding to each convex body K is a unique Borel measure
S(K,-) on the unit sphere S"~! such that

1
V(K L) =+ / fu
Sn—l

- - dS(K,u),

for each convex body L. The measure S(K, ) is called the surface area measure of K.

Let h = | - |k denote the support function of K, and h* = | - | the support function of
K*. Note that
(5) h(x) =1,

for each x € OK. Recall that the Gauss map assigns to each point of the boundary of a
sufficiently smooth convex body in R" its outer unit normal. Since h* is a convex function
(and therefore differentiable almost everywhere) and constant along the boundary of K, the
Gauss map 7 : 0K — S™! can be defined almost everywhere on K by

(6) v = Vh'/[Vh].

It follows from the definition of the dual norm that h(Vh*(x)) = 1, for almost every x € R™.
This and the homogeneity (of degree 1) of h, give

(7) h(y(x)) = 1/[Vh*(z)|.

Let 0(0K,-) be the (n — 1)-dimensional volume measure induced on 0K by the standard
Euclidean structure on R™. It turns out that the surface area measure is given by

(8) S(K, ) = 7*0(8K7 ')7

where v, denotes the pushforward induced by the Gauss map ~. If the boundary 0K is
strictly convex and smooth, then

S(K, ) = du/r(y™ (),

where du is the standard Lebesgue measure on S"!, and x : 0K — R is the Gauss curvature
of the hypersurface 0K.

Recall that a measure y on the unit sphere S"! is said to be even, if it assumes the same
values on antipodal Borel sets. The even Minkowski problem can be stated as follows: Given
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an even Borel measure p on the unit sphere S"~!, does there exist a convex body K whose
surface area measure is p? Or, equivalently, does there exist a convex body K such that

1
wgn) = [
Sn—

n L* d:u(u)v

for each convex body L?

Lutwak [18] showed how elements of the classical Brunn-Minkowski theory can be extended
to a more general L Brunn-Minkowski theory (see, e.g., [5,6,12-14,16-25,27,28,30]) by using
LP Minkowski sums first introduced by Firey. The essential details are reviewed below.

Suppose 1 < p < oco. If K, L are convex bodies, and 0 < t < oo, then the L Minkowski-
Firey combination K +,tL is defined by

Py = | e+ e

The L? mized volume of K and L, is defined by

1
V(K L) = Ptim L S 07 1) = V)

n t—=0 t ’

and can be viewed as an LP surface area of K with respect to the geometric structure

induced by the norm |- |;. It generalizes the Euclidean surface area of K, which is given by
nVi(K, B), where B is the standard unit ball in R". Note that

(9) Vo(K, K) = V(K).

A fundamental inequality that we need is the following special case of the LP Minkowski
inequality [18].

Lemma 1. If1 <p < oo and K, L are origin-symmetric convex bodies in R", then

y

(10) VoK, L) 2 V()= V (L),
Equality holds if and only if L = tK for somet > 0.

This inequality generalizes the classical isoperimetric inequality, where p =1 and L = B.
The following is a well-known and useful consequence.

Lemma 2. If K and L are convex bodies such that
VoK, Q) _ V(L,Q)

V(K) V(L)
for each convex body @), then K = L.
Proof. Setting @ = K gives, by (9) and Lemma 1,

|G E) (LK) (V)
V(K) V(L) —\V(L)
This gives V(K) < V(L); setting Q = L gives the reverse inequality. From the equality
conditions of Lemma 1, L is a dilate of K. Since V(K) = V(L), the bodies must be the
same. 0
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It was shown in [18] that corresponding to each convex body K, is a unique Borel measure
S,(K,-) on the unit sphere S"! such that

(1) e

n

Do dSy(K,u),

for each convex body L. The measure S,(K,-) is called the L? surface area measure of K.
One easily observes that for every ¢ > 0,

(12) S,(tK, ) = " PS,(K,").

It was also shown in [18] that the L? surface area measure S,(k,-) is absolutely continuous

with respect to S(K,-) = S1(K,-), and that for the Radon-Nikodym derivative we have
dS,(K,-) -
13 — L = pP
( ) dS(K, .) 7

K+ 18 the support function of K.

where h = | -

The even LP Minkowski problem. Given an even Borel measure p on S™1, does there

exist a conver body K such that p = S,(K,-)? Or, equivalently, does there exist a convex
body K such that

1
VKL =~ [l daw),

n
for each convex body L?

Lutwak [18] gave an affirmative answer to this problem when p # n. The authors [24]
introduced the volume-normalized LP Minkowski problem, for which the case p = n can be
handled as well (The volume-normalized L' Minkowski problem was used earlier by Ball [3]
to construct convex bodies with large shadow areas in all directions). See [5,6, 12, 14] for
recent progress on the L” Minkowski problem when the given measure is not assumed to be
even.

In particular, the authors solved the even case of the volume-normalized LP Minkowski
problem and proved the following in [24].

Theorem 3. If 1 < p < co and p is an even Borel measure on the unit sphere Sn=L then
there exists a unique origin-symmetric convex body K such that

SP<R> )
V(E)

if and only if the support of p is not contained in any (n — 1)-dimensional linear subspace.

= u

If p # n, Theorem 3 is equivalent to the solution to the even LP Minkowski problem.
Given a measure p satisfying the assumptions of Theorem 3, then it follows from (12) that
the unique solution to the even LP” Minkowski problem is obtained by letting

K =V(K)™ K,

where K is the origin-symmetric convex body given by Theorem 3.
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4. THE FUNCTIONAL [P MINKOWSKI PROBLEM

We begin by defining the L? surface area measure of a Sobolev function.

Lemma 4. Giwen 1 < p < o0 and a function f : R" — R with L? weak derivative, there
exists a unique finite Borel measure Sy(f,-) on S™™ ' such that

(1) | d=Vrayde= [ owras, it

for every monnegative continuous function ¢ : R™ — R homogeneous of degree 1. If f is
not equal to a constant function almost everywhere, then the support of Sy(f,-) cannot be
contained in any (n — 1)-dimensional linear subspace.

We call the measure S,(f,-) given by the lemma above the L? surface area measure of the
function f.

Proof. Let ¥ ={z : Vf(x)=0}. Since
(15) e V(=N f(@2)/IV @)DV f ()] de,

R™\Y
defines a nonnnegative bounded linear functional on the space of continuous functions on

Sn=1 it follows by the Riesz representation theorem that there exists a unique Borel measure
S,(f,-) on S™! such that

(16) PV DIVI @ dr = [ ) dS ),

for each continuous function ¢ : S~ — R.

If o : R" — [0,00) is continuous and homogeneous of degree 1, then o(—V f(x)) = 0, for
each x € ¥. This, the homogeneity of ¢, and (16) with ¢ = P (restricted to the unit sphere)
give

Jecvi@ya= [ oV
(1 = [ eIV do

- [ etwras,tu.

Thus, the measure S,(f, -) satisfies (14) for each nonnegative continuous function ¢ : R* — R
homogeneous of degree 1. The uniqueness of S,(f,-) follows by observing that any measure
S,(f,-) on S™! that satisfies (14) defines the same linear functional as given by (15).

If the support of S,(f,-) is contained in H N S"!, where, say, H = {x € R" : x, = 0},
then by (14),

0= [ lwpas,(r
- [ ot ds
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It follows that 9, f = 0 almost everywhere, and therefore, for each i = 1, ..., n and compactly
supported smooth function Yy,

(18) 9,0;(f *x) =0,
where f * x denotes the convolution of f and x. Since 9;f € LP(R"),
(19) 9i(f *x) € LP(R"),

and since fxy is smooth, it follows by (18), (19), and the mean value theorem that 0;(f % x)
is identically zero and f x x is constant. This holds for every compactly supported smooth
function y, and therefore the function f must be constant almost everywhere. O

This leads naturally to the following.

The functional L? Minkowski problem. Given a Borel measure jn on S™ 1, does there
exist a function f: R"™ — R with LP weak derivative such that Sy(f,-) = p?

We answer this question for even measures by using the solution to the normalized even
LP Minkowski problem.

Theorem 5. If 1 < p < oo and p is an even Borel measure on S™' whose support is not
contained in any (n—1)-dimensional linear subspace, then there exists a function f : R™ — R
with LP weak derivative such that S,(f,-) = p.

Proof. By Theorem 3, there exists an origin-symmetric convex body K such that

Sp(K,-)
20 P =
(20) VK
Let x : [0,00) — [0,00) be a smooth decreasing compactly ssuch that

o 1

(21) | exre i o

0 V(K)
and define f : R® — R by

f(@) = x(h*(2)),
where, as before, h* = | - | and h = | - |g+. Since f is compactly supported, x is smooth,
and h* is Lipschitz, it follows that the function f has weak LP derivative.
Observe that the (n — 1)-dimensional volume measure on (h*)~!(¢) = t0K induced by the

standard Euclidean structure on R™ is given by

o(tOK, tw) =t" 1o (0K, w),

for each t > 0 and Borel set w C 0K. Therefore, by the coarea formula (see, for example,
Federer [9]) and the observation that VA* is homogeneous of degree 0,

F2)[Vh* ()" dv = ) F(x)|Vh* ()Pt do(tOK, z) d
(22) /R V) /0 /(*)—1@) ()| VR ()]~ do(t0K, ) dt

- / / F(t0)[Vh* (o) P17 do (0K, v) dt,
0 oK

for every F € L'(R™).
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Let ¢ : R™ — [0, 00) be continuous and homogeneous of degree 1. By the chain rule, (22)
and the homogeneity of ¢, (5), (6) and (7), (21) and (8), and (13) and (20),

| evr@y s = [ o=y 0 @) @) do

/ /th" 1 ’ Po(VR* (v )/]Vh*(v)\)p]Vh*(v)\p”do(aK,v) dt
- / ()P di / o ((0)Ph(y ()7 do (DK, v)
0 oK

1 p 1-p
= V@) /Sn1 o(u)Ph(u) P dS(K,u)

B " pdSp(K, w)
_/Sn—l 90( ) V(K)

5. EXISTENCE AND UNIQUENESS OF AN OPTIMAL SOBOLEV NORM

We use the even LP Minkowski problem to show that for each function f : R® — R with
L? weak derivative, there is a unique origin-symmetric convex body K whose L surface area
measure is equal to the LP surface area measure of f and that a dilate of this body is the
unit ball for the optimal L? Sobolev norm of f. This construction establishes a fundamental
connection between functions on R"™ and convex bodies in R".

Theorem 6. If 1 < p < o0 and f: R* — R has LP weak derivative, then there exists a
unique origin-symmetric convex body K = K, f such that

(23) | =Ty = s [ ctwras, i),

for every even continuous function ¢ : R™ — [0, 00) that is homogeneous of degree 1.

A consequence of this theorem is that the L” Sobolev norm of f is equal to a suitably
normalized L” mixed volume of the convex body K, f and the unit ball of the norm used to
define the Sobolev norm. Specifically, if we set ¢ = | - |+, then it follows by (23) and (11)
that

(24) L wr@.a

for each origin-symmetric convex body Q.

A still elusive complete solution to the P Minkowski problem should provide necessary
and sufficient conditions on a function f to guarantee the existence of a not necessarily origin-
symmetric convex body K for which (23) holds for all continuous nonnegative functions ¢
that are homogeneous of degree 1 (but not necessarily even).

_(K,Q)
V(K)




10 ERWIN LUTWAK, DEANE YANG, AND GAOYONG ZHANG

Proof. Let p be the even part of the measure S,(f,-) on S"~'. By Theorem 3, there exists
an origin-symmetric convex body K such that

SP(K7') _
viK) "

If p: R" — [0,00) is an even continuous function that is homogeneous of degree 1, then it
follows by Lemma 4 and (20) that

| e=vs@yde= [ ewras, s

= [ etwrantw

1 p
= m/sn_lgo(u) dS,(K,u).

If K7 and K5 are both origin-symmetric convex bodies satisfying (23), then by (24) and
Lemma 2, K| = K. O

Corollary 7. Suppose 1 < p < oo. If f: R" — R has LP weak derivative, then there is,
among all norms on R™ whose unit ball has the same volume as the Fuclidean unit ball, a

unique norm || - || that minimizes ||V f||,. That norm is given by
V(K"
(25) = (25

where K = K, f. Moreover,
(26) IVfll, = nl/pwi/nV(Kpf)_l/n~
Proof. Note that (25) is equivalent to

1
w n
27 o= (2N
2 0= (g ) 1l
For each norm | - | such that V(L) = w,, it follows by (24), the L” Minkowski inequality
(10), (9), (24) again, and (27) that

| vi@ uas

VK

Podr =

p

>nV(K) n

Sk S3ks

(28) - <VT;<>2 %&{f}[){)

~(viig) J e

~ [ I9f@ed

bee dx
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Uniqueness of the norm ||-|| follows from the equality condition of the L” Minkowski inequality
(10).
Note that equation (26) is contained in the last four lines of (28). O

Theorems 5 and 3 imply the following converse to Theorem 6.

Proposition 8. Suppose 1 < p < co. If K is an origin-symmetric convex body, then there
exists a function f: R" — R with weak LP derivative such that K,f = K.

The convex body K, f encodes the geometry of the level sets of f. In particular, if all of
the level sets are dilates of an origin-symmetric convex body K, then K, f is a dilate of K.

The following proposition describes how K, f behaves if f is composed with an invertible
linear transformation.

Proposition 9. Suppose 1 < p < co. If f : R" — R has L” weak derivative, and ¢ € SL(n),
then

Ky(fod™") = o(Kpf).

Proof. Using the definitions of the L” Minkowski-Firey combination and LP mixed volume,
it is straightforward to verify the well-known fact that for every pair of convex bodies K and
L,

V(¢K) V(K)

Using the identity [¢~" - |1« = | - [(4-11)+, where ¢~* denotes the inverse transpose of ¢, and
making the change of variables y = ¢(x) gives

(30) [ VGl dy= [ VI @ de

Let K =K, f and K, = K,(f o ¢™'). By (11), (24), (30), (24) again, and (29),

VoK, L) V(9K L)
V(Ks;)  V(¢K) ’

for each convex body L. The proposition now follows by Lemma 2. 0

It is easily verified that if f : R® — R has weak L” derivative and g : R — R is given by

g(x) = tf(cx +y),

for each z € R™, where t,¢ > 0 and y € R", then K,g = t~1¢"/P71K, f. Combining this with
Proposition 9 gives

(31) Ky(tf o @71) =17 |6| " Po(K,. f),
for each ¢t > 0 and invertible affine transformation ¢ : R — R" given by
O(z) = ¢(z) + v,
where y € R™, ¢ € GL(n), and |¢| denotes the absolute value of the determinant of ¢.
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6. SHARP AFFINE INEQUALITIES

Let Aff(n) denote the group of invertible affine transformations of R™. There is a natural
left action of R\{0} x Aff(n) on functions f : R® — R, given by f + tf o &1 for each
(t,®) € R\{0} x Aff(n). An affine inequality for a class of functions f : R — R is an
inequality L[f] < R[f], where L and R are functionals such that

Litfo®] _ L[f]

Ritfo®]  R[f]’
for each (t,®) € R\{0} x Aff(n). The inequality is sharp if there exists a function f for
which equality holds, and such a function is called an extremal function for the inequality.
If f is extremal, then so is tf o ®. In other words, the set of extremal functions is invariant
under the left action of R\{0} x Aff(n).

Corollary 7 can be used to establish sharp affine Sobolev inequalities. For example, it
leads to a family of sharp affine inequalities, stated below in Theorem 10, that extend the
Cordero-Nazaret-Villani inequalities.

For z € R, denote z; = max{z,0}. If 1 < p < n, and r € (0,np/(n — p)], define
w : [0,00) = [0,00) by

P

1+ (r—ptr)"  ifr#p

(32) w(t) =
exp(—pt?/ P~V) if r =np.
For p =1, let
1 ift<l1
33 t) = -
(33) w(?) {0 if ¢ > 1.
Let
W (z) = w(|z]).
Let ¢, o, ¢y, € R satisty
1
q= (1 — —) r+1
p
l—-a o 1 1
(34) - =-_-
q r p n
_ VW
Cprn = 11—« a’
(W IW
By Corollary 7, there is a norm || - || such that the volume of K, f suitably normalized is

equal to ||V f]|,. By this and the CNV inequalities (3), we get the following:

Theorem 10. Suppose 1 <p<mn and 0 <r <np/(n—p). If f € LYR")NL"(R") has L*
weak derivative, then f satisfies the sharp affine inequality

(35) V(K f) " = Gl F15 I,
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where
~ _ ., —1/p —1/n
Cprmn =T / Wn / Cp,roms

and q, a, and ¢, are given by (34). Equality holds if there exists a norm | - || on R",
a€R, o€ (0,00), and xg € R™, such that

f(z) = aw(|lz — zol/0),
for all x € R™, where w is given by (32) if p>1 and (33) if p=1.

That the sharp inequality (35) is affine follows from (31). Note that the set of extremal
functions in Theorem 10 is infinite-dimensional, and therefore the group R x Aff(n) does
not act transitively on this set. This is in contrast to Theorem 12, where the set of extremal
functions is finite-dimensional, and the group R x Aff(n) acts transitively on that set.

7. THE SHARP AFFINE L? GAGLIARDO-NIRENBERG INEQUALITIES

In this section we show how the optimal Sobolev norm can be used to give a new straight-
forward proof of the sharp affine LP Sobolev inequality proved by Zhang [34] for the case
p = 1 and the authors [23] for the case 1 < p < n. We begin by recalling the crucial geomet-
ric inequality underlying the analytic inequality, as well as some definitions needed to state
the theorem.

Associated with an origin-symmetric convex body K is the convex body I'_, K, which is
the unit ball of the norm on R" given by

1
(36) olf e = s [ Jue b aS, (),

The body I'_, K is called the normalized LP polar projection body of K.

The range of the operator I'_, is the class of n-dimensional central slices of the L,-ball.
The integral transform used to define I'_,, is the LP-cosine transform, which is also the Fourier
transform for even homogeneous functions of degree —n — p on R™. See Koldobsky [15] for
details.

Petty established the case p = 1 (see, for example, [10, 29, 32]) and the authors [21]
established the case p > 1 of the following geometric inequality (See Campi and Gronchi [4]
for a different approach).

Theorem 11 (L? Petty projection inequality). If 1 < p < oo and K is a convex body, then
V(F—pK> S ap»nV(K)7

where

vareey 1
20'(% 4+ 1)I(2H) '

(37) Apn = [

Equality holds if and only if K is an ellipsoid.

These concepts were extended from bodies to functions by Zhang [34] for p = 1 and the
authors [23] for p > 1.
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If1<p<ooand f:R"” — R has LP weak derivative, then the LP polar projection body
of f is defined to be the unit ball B, f of the norm on R" given by

(39) elsys = ([ 1o Vs dy) .

We observe the volume of B, f can be given directly in terms of the function f by

V) =y o (- [ e-vswpa) a

By (38), Theorem 6, and (36),
(39) B,f =T_,K,f,

In [21] it is shown that for each ¢ € GL(n) and each convex body K, we have I'_,¢K =
¢I'_,K. This and (31) gives

(40) By(tfo® ) =t g| P4(B,f),
for each ¢ > 0 and invertible affine transformation ® : R — R" given by

O(x) = o() +y,
where y € R™ and ¢ € GL(n).

The identity (39), the L? Petty projection inequality (Theorem 11), and Corollary 7 lead
to the following sharp affine I” Gagliardo-Nirenberg inequalities. In contrast to Theorem 10,
the extremal functions for this theorem are defined in terms of an inner product norm and
have ellipsoids as level sets.

Theorem 12. Suppose 1 <p <n and0<r <np/(n—p). If f € LYR")NL"(R™) has L?
weak derwative, then f satisfies the sharp affine inequality
(41) V(Bof) " = Cprnl Fli 112,
where
Cp,r,n = nil/p(wnap,n>71/ncp,r,n>

q, o, and ¢y, are given by (34), and a,,, is given by (37). Equality holds if there exists an
inner product norm || - || on R", a € R, 0 € (0,00), and zo € R", such that

fz) = aw(|lz — z0ll/0),
for all x € R™, where w is given by (32) if p>1 and (33) if p=1.

Proof. That the sharp inequality (41) is affine follows from (40).
By (39) and the L? Petty projection inequality (Theorem 11), (26), and the CNV inequality

(3),
V(Buf) V" = a) "V (K, )"
(42> = n_l/p(wnap,n)_l/nnvfnp
> Cornl fl I FI7,
where ||V f||, is the optimal LP Sobolev norm of f. This proves (41).
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The equality conditions for (41) follow from the equality conditions for the LP Petty

projection inequality (Theorem 11) and the affine CNV inequality (Theorem 10). O

The case r = pn/(n—p) of Theorem 12 is the sharp affine L? Sobolev inequality established

for p =1 by Zhang [34] and for 1 < p < n by the authors [23].

8. PROBLEM

Is there a direct solution to the functional even LP” Minkowski problem that does not make

use of solution to even LP Minkowski problem?

[1

REFERENCES

] A. Alvino, V. Ferone, G. Trombetti, and P.-L. Lions, Convex symmetrization and applications, Ann.
Inst. H. Poincaré Anal. Non Linéaire 14 (1997), 275-293.

] T. Aubin, Problémes isopérimétriques et espaces de Sobolev, J. Differential Geometry 11 (1976), 573—

598.

K. Ball, Shadows of convex bodies, Trans. Amer. Math. Soc. 327 (1991), 891-901.

S. Campi and P. Gronchi, The LP-Busemann-Petty centroid inequality, Adv. Math. 167 (2002), 128-141.

W. Chen, L, Minkowski problem with not necessarily positive data, Adv. Math., in press.

K.-S. Chou and X.-J. Wang, The L,-Minkowski problem and the Minkowski problem in centroaffine

geometry, Adv. Math., in press.

[7] D. Cordero-Erausquin, B. Nazaret, and C. Villani, A mass-transportation approach to sharp Sobolev

and Gagliardo-Nirenberg inequalities, Adv. Math. 182 (2004), 307-332.

] M. Del Pino and J. Dolbeault, Best constants for Gagliardo-Nirenberg inequalities and applications to
nonlinear diffusions, J. Math. Pures Appl. (9) 81 (2002), 847-875.

| H. Federer, Geometric measure theory, Die Grundlehren der mathematischen Wissenschaften, Band 153,
Springer-Verlag New York Inc., New York, 1969.

] R. J. Gardner, Geometric Tomography, Encyclopedia of Mathematics and its Applications, vol. 58,
Cambridge University Press, Cambridge, 1995.

] M. Gromov, Appendiz to Asymptotic theory of finite-dimensional normed spaces (V. D. Milman and
G. Schechtman), Lecture Notes in Mathematics, vol. 1200, Springer-Verlag, Berlin, 1986.

| P. Guan and C.-S. Lin, On equation det(u;; + d;;u) = uP f on S™, preprint.

] C. Hu, X.-N. Ma, and C. Shen, On the Christoffel-Minkowski problem of Firey’s p-sum, Calc. Var.
Partial Differential Equations 21 (2004), 137-155.

] D. Hug, E. Lutwak, D. Yang, and G. Zhang, On the L, Minkowski problem for polytopes, Discrete
Comput. Geom. 33 (2005), no. 4, 699-715.

] A. Koldobsky, Fourier analysis in convex geometry, Mathematical Surveys and Monographs, vol. 116,
American Mathematical Society, Providence, RI, 2005.

] M. Ludwig, Ellipsoids and matriz-valued valuations, Duke Math. J. 119 (2003), 159-188.

, Minkowski valuations, Trans. Amer. Math. Soc. 357 (2005), 4191-4213.

| E. Lutwak, The Brunn-Minkowski-Firey theory. I. Mized volumes and the Minkowski problem, J. Dif-
ferential Geom. 38 (1993), 131-150.

, The Brunn-Minkowski-Firey theory. II. Affine and geominimal surface areas, Adv. Math. 118
(1996), 244-294.

| E. Lutwak and V. Oliker, On the regularity of solutions to a generalization of the Minkowski problem,
J. Differential Geom. 41 (1995), 227-246.

] E. Lutwak, D. Yang, and G. Zhang, L, affine isoperimetric inequalities, J. Differential Geom. 56 (2000),
111-132.

, A new ellipsoid associated with convex bodies, Duke Math. J. 104 (2000), 375-390.

, Sharp affine L, Sobolev inequalities, J. Differential Geom. 62 (2002), 17-38.




16 ERWIN LUTWAK, DEANE YANG, AND GAOYONG ZHANG

24] , On the LP Minkowski problem, Trans. Amer. Math. Soc. 356 (2004), 4359-4370.

25] , LP John ellipsoids, Proc. London Math. Soc. 90 (2005), 497-520.

[26] V. G. Maz'ya, Classes of domains and imbedding theorems for function spaces, Soviet Math. Dokl. 1
(1960), 882-885.

[27] M. Meyer and E. Werner, On the p-affine surface area, Adv. Math. 152 (2000), 288-313.

[28] D. Ryabogin and A. Zvavitch, The Fourier transform and Firey projections of convex bodies, Indiana
Univ. Math. J. 53 (2004), 667—682.

[29] R. Schneider, Convex bodies: the Brunn-Minkowski theory, Encyclopedia of Mathematics and its Ap-
plications, vol. 44, Cambridge University Press, Cambridge, 1993.

[30] C. Schiitt and E. Werner, Surface bodies and p-affine surface area, Adv. Math. 187 (2004), 98-145.

[31] G. Talenti, Best constant in Sobolev inequality, Ann. Mat. Pura Appl. (4) 110 (1976), 353-372.

[32] A. C. Thompson, Minkowski geometry, Encyclopedia of Mathematics and its Applications, vol. 63,
Cambridge University Press, Cambridge, 1996.

[33] J. Xiao, The sharp Sobolev and isoperimetric inequalities split twice, preprint, 2005.

[34] G. Zhang, The affine Sobolev inequality, J. Differential Geom. 53 (1999), 183-202.

DEPARTMENT OF MATHEMATICS, POLYTECHNIC UNIVERSITY, BROOKLYN, NEW YORK
E-mail address: elutwak@poly.edu

E-mail address: dyang@poly.edu

E-mail address: gzhang@poly.edu



