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1 Introduction and summary

Symmetry plays an important role in investigating dualities between different theories.
By analyzing the asymptotic symmetries, the seminal paper of Brown and Henneaux
[1] predicted a connection between asymptotic Anti-de Sitter spacetime in three dimen-
sions (AdS3) and two dimensional conformal field theory, long before the discovery of the
Gauge/Gravity correspondence[2–4]. Similar ideas have also been applied to astrophysi-
cal black holes, the Kerr black holes, leading to the Kerr/CFT correspondence [5]. The
Kerr/CFT correspondence has been subsequently generalized to various types of extremal
black holes, see [6, 7] for a review. An essential input for Kerr/CFT is the near horizon
geometry of extremal black holes or the so-called NHEK geometry, which is a fibration over
a two dimensional Anti-de Sitter spacetime (AdS2) [8]. The isometry group for NHEK con-
tains SL(2,R)×U(1), where the SL(2,R) is the isometry of the AdS2 factor. Depending on
the choice of boundary conditions, the asymptotic symmetry analysis for spacetimes with
SL(2,R) × U(1) isometry indicates that the holographic dual is either organized by two
dimensional conformal symmetry [5, 9] or the so-called warped conformal symmetry [10].
In either scenario, the Bekenstein-Hawking entropy of extremal and near extremal black
holes can be interpreted as a Cardy [5] or Cardy-like formula [10] and the greybody factors
can be interpreted as thermal correlation functions of the putative dual field theory [11–
14]. Furthermore, logarithmic corrections and the 1-loop partition function have also been
computed in [15, 16]. In this note, we would like to focus on the case where the SL(2,R) is
enhanced to a Virasoro symmetry and the U(1) isometry to a U(1) Kac-Moody symmetry
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[17, 18]. A two dimensional quantum field theory invariant under the Virasoro-Kac-Moody
symmetry is called a warped conformal field theory (WCFT) [10].

Despite this progress, not many details are known about the putative field theory duals
for Kerr black holes. To proceed, one might choose a top down approach, namely to embed
Kerr black holes into string theory [19–24] and study the irrelevant deformations [22] from
more familiar examples of holography such as the D1-D5 black holes [25]. Recent devel-
opments on integrable irrelevant deformations [26–29] might help us improve our intuition.
Alternatively, a bottom-up approach is to study simple models that capture some universal
features. Two dimensional gravity theories on AdS2 are natural candidates for this purpose.
From the higher dimensional analysis, one expects the asymptotic symmetry to contain a
conformal symmetry [30] or a Virasoro-Kac-Moody symmetry [31–33]. However, it is dif-
ficult to find non-vanishing central charges for AdS2 gravity directly. A partial reason is
that the near horizon geometry itself is non-dynamical [34] and it does not allow finite
energy excitations [35]. Recently the investigation of the Sachdev-Ye-Kitaev (SYK) models
[36–38] and their connection to two dimensional gravity [39–45] has opened a new paradigm
within the framework of gauge/gravity duality. It turns out that in order to capture the
universal physics of near extremal black holes, it is important to look at the region slightly
further away from the horizon, instead of the near horizon throat itself. Correspondingly,
the would-be conformal symmetry or warped conformal symmetry should be both explicitly
as well as spontaneously broken.

The symmetry breaking pattern for conformal symmetry, namely its emergence in the
IR and its subsequent breaking to SL(2,R) both explicitly and spontaneously, is captured
by the Jackiw-Teitelboim (JT) model [46, 47] and the SYK model. The connection is
sometimes called the nAdS2/nCFT1 correspondence to emphasize the deviation from pure
AdS2 in the bulk and the breaking of conformal symmetry in the field theory side. The
JT gravity is a two dimensional theory of dilaton gravity, which accommodates an exact
solution with AdS2 geometry. The conformal symmetry is explicitly broken by a running
dilation. The SYK model is a (0 + 1) dimensional quantum mechanical model involving
N � 1 Majorana fermions with random all-to-all interactions. The model and its variants
(for example see [48–61]) possess remarkable properties in the low temperature/infrared
(IR) limit, such as solvability, approximate conformal invariance and maximal chaos [62].
The low energy effective actions of the SYK model and the JT model are both described by
a Schwarzian derivative [42–44, 63, 64] which governs the dynamics of a pseudo-Goldstone
mode associated to reparametrization invariance. Moreover, the entropy difference between
near extremal black holes and extremal ones is linear in the Hawking temperature, resem-
bling the linear growth of entropy at low temperatures in the SYK model.

Going back to extremal black holes in higher dimensions, as we pointed out earlier,
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the near horizon isometry is SL(2,R) × U(1) instead of SL(2,R). Moreover, the U(1)

isometry has played a crucial role in reproducing the zero temperature entropy [5, 10].
While the previous higher dimensional analysis focused on the near horizon limit and thus
the unbroken symmetries, we expect to see more dynamics with the symmetry slightly
broken. For this purpose, we will consider the SL(2,R)×U(1) symmetry, its enhancement to
Virasoro-Kac-Moody symmetry and the subsequent broken phase. A quantum mechanical
model which realizes a similar symmetry breaking pattern is the complex SYK model [41,
53] which preserves U(1) charge and is relevant for describing condensed matter systems
with disordered metallic states without quasi-particle excitations. On the other hand, the
unbroken symmetry is the defining property of the warped conformal field theories WCFTs
[10, 65], which are conjectured to be dual to gravity at the near horizon region of near
extremal black holes under certain boundary conditions [10, 18].

In this work, we will connect the SYK model with complex fermions to WCFTs. The
SYK model with Majorana fermions is sometimes viewed as a near CFT (nCFT). In the
same spirit, we would like to propose that the complex SYK model is a realization of a
near WCFT (nWCFT). Our goals are to use WCFT to better organize calculations in the
complex SYK model and, on the other hand, to use the complex SYK model to understand
more details of quantum gravity for near extremal black holes. We will leave the bulk
analysis to a future publication [66]. See also [67–71] for related discussions.

The main observations of this note are the following:

1. The low energy limit of the complex SYK model has an emergent reparametrization
and time dependent phase shift symmetry, which is similar to the Virasoro-Kac-
Moody symmetry in WCFTs. Moreover, there is a spontaneous and explicit symmetry
breaking to SL(2,R)×U(1) in the complex SYK which can be compared to the same
global SL(2,R)×U(1) symmetry in WCFTs. The similar symmetry structure of the
two sides also supports the same form of correlation functions.

2. The effective action of the complex SYK model arises from the explicit symmetry
breaking induced by the UV perturbation. While in the WCFT side, the effect of the
symmetry breaking is characterized by the conformal anomaly, quantified by central
charge c and level k. We observe that the effective action of the complex SYK model
can be compared with the Virasoro generator in WCFTs.

3. The effective action of the complex SYK is defined on the imaginary time circle and
the Virasoro generator is defined on the spatial quantization circle. This makes the
comparison between them a bit unnatural. However, when we consider the partition
function of WCFTs, we will see that these circles are naturally related by modular
transformations. Furthermore, we can evaluate the partition function of both sides
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including the fluctuations. In particular the vacuum character gives a β−2 contri-
bution to the partition function which matches the 1-loop correction in the complex
SYK.

The layout of this note is as follows, in section 2, we briefly review the complex SYK model
and WCFTs. In section 3 we discuss the symmetries, correlation functions, the effective
action and partition function of the complex SYK model from the perspective of WCFT. In
particular we use modular covariance of the partition function to interpret the connections
between the complex SYK and WCFTs.

2 Basics

In this section, we give a basic introductions of the complex SYK model and WCFTs. We
elucidate more on the detailed properties and the connections between these two different
theories in the next section.

The complex SYK model. The complex SYK model is a quantum mechanical model of
N � 1 complex fermions with random all-to-all interactions. The model has a global U(1)

symmetry and can be described by the Euclidean action:

S =

∫
dτ

 N∑
i=1

ψ†i (∂τ − µ)ψi +
∑
{ia}

Ji1...iqψ
†
i1
. . . ψ†i q

2

ψi q
2+1

. . . ψiq

 . (2.1)

Here, q > 4 is an even integer and µ is the chemical potential that can be tuned to change
the U(1) charge Q =

∑N
i

〈
ψ†iψi

〉
. The couplings Ji1···iq are Gaussian random complex

numbers with zero mean and obey

Ji1...i q
2
i q
2+1...iq

= J∗i q
2+1...iqi1...i q2

, |Ji1...iq |2 =

( q
2

)
!2

qN q−1
J2, (2.2)

where the label set {ia} := {1 6 i1 < . . . < iq/2 6 N, 1 6 iq/2+1 < . . . < iq 6 N}. The
properties of the complex SYK model, such as the partition function, correlation functions
and maximal chaotic behavior have been studied in [53, 72, 73].

In the large N limit, the model self-averages and the averaged effective action can be
written in terms of bilocal fields G(τ1, τ2), Σ(τ1, τ2) as

S

N
=− Tr ln(−∂τ + µ− Σ)

−
∫ β

0
d2τ

[
Σ(τ, τ ′)G(τ ′, τ) +

(−1)
q
2J2

q
G(τ, τ ′)

q
2G(τ ′, τ)

q
2

]
. (2.3)
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Physically, G(τ, τ ′) = − 1
N

∑N
i=1〈ψi(τ)ψ†i (τ

′)〉 represents the Green’s function and Σ(τ, τ ′)

represents the self energy. The large N saddle point equation for the fields G and Σ are

G(iωn) =
1

iωn + µ− Σ(iωn)
, Σ(τ) = −(−1)

q
2J2G(τ)

q
2G(−τ)

q
2
−1, (2.4)

where ωn = 2π
β (n+ 1

2) denotes the Matsubara frequencies. This set of saddle point equations
can be solved numerically. Specifically, in the low temperature limit N � βJ � 1, the
solutions approach a conformal form which will be discussed in details in the next section.

Warped conformal field theories. Warped conformal field theories (WCFTs) are char-
acterized by the warped conformal symmetry. The global symmetry is SL(2,R) × U(1),
while the local symmetry is described by a Virasoro-Kac-Moody algebra [10, 65]. WCFTs
originates from exploring the holographic duals for warped AdS3 spacetimes [17, 74], which
can also be obtained from near extremal black holes with an SL(2,R)×U(1) invariant near
horizon geometry in higher dimensions [11, 20, 23]. Later it was realized that AdS3 with
Dirichlet-Neumann boundary conditions [18] also has warped conformal symmetries. Using
modular properties of WCFT, a Cardy-like formula can be derived that provides a micro-
scopic interpretation of the Bekenstein-Hawking entropy for black holes [10, 75]. Explicit
models for WCFT have been constructed in [76–78]. Recently, holographic entanglement
entropy [79, 80], connections to Rindler holography [81], correlation functions [14], and
modular bootstrap [82] have also been discussed in this context.

WCFTs are invariant under the following finite coordinate transformations,

z′ = f(z), z′ = z + g(z), (2.5)

where z, z are two independent coordinates, and f(z) and g(z) are two arbitrary functions of
the z-coordinate. The corresponding transformations for the current operator and energy-
momentum tensor P (z), T (z) are given by:

P (z) = f ′(z)P ′(f(z))− k

2
g′(z) ,

T (z) =
(
f ′(z)

)2
T ′(f(z)) + g′(z)f ′(z)P ′(f(z))− k

4

(
g′(z)

)2
+

c

12
{f(z), z} , (2.6)

where {f(z), z} is the Schwarzian derivative defined by

{f(z), z} =
f ′′′(z)

f ′(z)
− 3

2

(
f ′′(z)

f ′(z)

)2

. (2.7)

When defined on the plane the warped conformal symmetry is generated by a set of vector

– 5 –



fields

ln = −zn+1∂z, pn = −izn∂z, (2.8)

where the infinitely many conserved charges corresponding to these generators can be writ-
ten as

Ln = − i

2π

∫
dz zn+1T (z) , Pn =

1

2π

∫
dz znP (z) . (2.9)

These conserved charges form a warped conformal algebra [10] which is nothing but a copy
of the Virasoro algebra and a U(1) Kac-Moody algebra described by

[Ln, Lm] =(n−m)Ln+m +
c

12
n(n2 − 1)δn,−m ,

[Ln, Pm] =−mPn+m ,

[Pn, Pm] =k
n

2
δn,−m, (2.10)

where c is the central charge and k is the Kac-Moody level [10]. The above algebra has
an SL(2,R) × U(1) sub-algebra generated by L±1, L0 and P0. Specifically, the conserved
charges are defined in (2.9) such that L0 and L−1 generate scaling and translation in the
z-direction whereas, P0 generates translation in the z-direction. The charges act on primary
operators O which are labeled by the conformal weight ∆ and charge Q as,

[Ln,O(z, z)] =
[
zn+1∂z + (n+ 1)zn∆

]
O(z, z), (2.11)

[Pn,O(z, z)] = −izn∂zO(z, z) = znQO(z, z). (2.12)

For a unitary WCFT, the charges Ln and Pn in Eq.(2.9) are hermitian and the spectrum
satisfies

k > 0, Q ∈ R, c > 1, and ∆ >
Q2

k
. (2.13)

However, it has been noticed [10, 17, 18, 82] that unitary WCFTs are not holographically
dual to gravitational theories with a metric formulation. Instead, holographic WCFTs
feature a negative level, large central charge, and pure imaginary charge for the vacuum
which is to say

k < 0, c� 1, iP vac
0 ∈ R . (2.14)

Recently, the modular bootstrap has been applied to the WCFT in [82], where more con-
straints have been discovered. Interestingly, though holographic WCFTs are non-unitary,
the vacuum module is still unitary.
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Here we briefly comment1 on the connections among (1) a chiral half of a generic
two dimensional CFT with an internal U(1) symmetry, and (2) a chiral CFT which is a
chiral sector of a holomorphically factorized 2d CFT with an internal U(1) symmetry, (3) a
WCFT, and (4) a chiral CFT from a DLCQ of a 2d CFT. Although the algebra can appear
to be similar in these theories, there are subtle differences:

1. A chiral sector of a generic two dimensional CFT can be embedded into Lorentz
invariant theories. In general, a 2d CFT does not factorize and the chiral sector
is not modular invariant by itself. The holographic dual also requires combining
both the chiral and anti-chiral sectors. Examples of the bulk dual can be Einstein
gravity on AdS3 spacetime with an extra gauge field [83]. In this regard, the focus
in the literature has been on unitary theories with a positive Kac-Moody level, a real
spectrum of charges, and a vacuum with zero charge.

2. A chiral CFT has central charge cR = 0, cL = 24n, n ∈ Z. Such theories are Lorentz
invariant. Modular invariance and holomorphicity impose strong constrains, and an
operator is either a current or a descendant of a current. There are some rare examples
of chiral CFTs with c = 24 [84] including the so-called monster CFT. Using the c = 24

CFTs as seeds, one can build chiral CFTs with larger central charges. As was discussed
in [85], a chiral CFT is not chaotic. It was suggested [86] that pure Einstein gravity
with negative cosmological constant is holographically dual to the so-called extremal
CFTs. The characteristics of extremal CFTs are that they should be holomorphically
factorizable and have the most sparse spectrum. Further discussions can be found
in [87, 88]. Purely chiral CFTs are conjectured to be holographically dual to chiral
gravities [89, 90].

3. A WCFT is not Lorentz invariant. Virasoro-Kac-Moody primary Operators are not
local in the U(1) direction. As was discussed in [14, 82], several computational tech-
niques can be borrowed from theory (i), namely 2d CFT with chiral U(1)s. However,
modular properties are simpler in WCFTs. While unitary WCFTs also exist, holo-
graphic WCFTs are non-unitary in the sense that the Kac-Moody level is negative.
As was discussed in [82], holographic WCFTs also feature a spectrum containing pure
imaginary charges. A non-vanishing vacuum charge is also essential in reproducing
black hole entropy [10] and holographic entanglement entropy [79, 80].

4. Finally, as a digression, another version of chiral CFT can be obtained by a DLCQ
procedure from a 2d CFT [91]. In the DLCQ limit, only the right-movers are allowed
to be excited, and hence the theory is chiral and not Lorentz invariant. Moreover, [91]
shows that such theories are also related to the Kerr/CFT correspondence [5], where

1We thank Luis Apolo for discussions.
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the U(1) isometry of the near horizon geometry is enhanced to a Virasoro. This is in
contrast to the case of WCFT which enhances the SL(2,R) isometry to Virasoro.

3 Observations

In this section we discuss the connections between WCFT and the complex SYK model
at conformal limit (i.e. N � βJ � 1), and elucidate how the relevant properties of both
theories are related to each other. We observe that the correlators, the effective action,
and the one-loop corrections of the complex SYK can be related to correlators, Viraroso
generators and the vacuum character of WCFTs. We propose that the complex SYK model
can be considered as an example of near-WCFT.

In general, the complex SYK model can be related to any of the four candidate theo-
ries mentioned in the previous section with the symmetry breaking pattern: Virasoro-Kac-
Moody to SL(2,R) × U(1). However, here our main focus is on the possible connection
between the complex SYK and WCFTs. Such connections are also important for under-
standing the relation of the complex SYK to the extremal or near-extremal black holes in
the context of holographic duality.

3.1 Symmetries and correlation functions

Here we describe in detail the symmetries and the correlators of the two theories and show
how they are related to each other.

The complex SYK model at the conformal limit. As discussed in [41], in the low
energy/IR regime (ω, T � J) the Green’s function and the self-energy (absorbing µ in
frequency space) satisfy the following equations∫

dτ ′Σc(τ, τ
′)Gc(τ

′, τ ′′) = −δ(τ − τ ′′),

Σc(τ, τ
′) = −(−1)

q
2J2Gc(τ, τ

′)
q
2Gc(τ

′, τ)
q
2
−1, (3.1)

here the subscript c stands for “conformal” (IR solutions). The equations in (3.1) have the
following symmetry

Gc(τ1, τ2)→ G′c(τ1, τ2) = [f ′(τ1)f ′(τ2)]∆ei(Λ(τ1)−Λ(τ2))Gc(f(τ1), f(τ2)), (3.2)

Σc(τ1, τ2)→ Σ′c(τ1, τ2) = [f ′(τ1)f ′(τ2)]1−∆ei(Λ(τ1)−Λ(τ2))Σc(f(τ1), f(τ2)), (3.3)

where ∆ = 1/q is the conformal weight. The functions f(τ) and Λ(τ) represent the time
reparametrizations and U(1) fluctuations respectively. At finite temperature T = β−1 , the
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saddle point equations in (3.1) admit a solution:

Gc(τ1, τ2) =


Cse

− 2πE
β

(τ1−τ2)

(
π

β sin π
β |τ1 − τ2|

)2∆

, 0 < τ1 − τ2 < β

−Cse−
2πE
β

(τ1−τ2)−2πE
(

π

β sin π
β |τ1 − τ2|

)2∆

, − β < τ1 − τ2 < 0

(3.4)

where the coefficient Cs is a normalization constant given by

Cs = −
(

(1− 2∆) sin(π∆ + θ) sin(π∆− θ)
πJ2 sin(2π∆)

)∆(sin (π∆ + θ)

sin (π∆− θ)

) 1
2

(3.5)

and the asymmetric factor θ is related to E by e2πE = sin(π∆+θ)
sin(π∆−θ) and determined by UV

details in the model. In the limit β → ∞, the expression for Gc(τ1, τ2) in (3.4) reduces to
the zero temperature correlation function as

Gc(τ1, τ2) =


Cs

π|τ1 − τ2|2∆
, τ1 − τ2 > 0

− Cse
−2πE

π|τ1 − τ2|2∆
, τ1 − τ2 < 0

(3.6)

We emphasize here that the SL(2,R)×U(1) symmetry acts on the solution (3.4) in a slightly
twisted way due to the non-zero E [53]. At E = 0 (i.e. zero chemical potential) the SL(2,R)

symmetry acts on the imaginary time circle through a Möbius transformation given by

tan
π

β
f(τ) =

a tan π
β τ + b

c tan π
β τ + d

,

(
a b

c d

)
∈ SL(2,R). (3.7)

However, for non-zero E the transformation τ → f(τ) will also affect the exponential factor
and need to be absorbed by the extra U(1) symmetry. Thus for E 6= 0, the saddle point
solution (3.4) is invariant under a combined SL(2,R) and U(1) transformation given by

tan
π

β
f(τ) =

a tan π
β τ + b

c tan π
β τ + d

, iΛ(τ) =
2πE
β

(f(τ)− τ) , (3.8)

and an independent global U(1) transformation

Λ(τ)→ Λ(τ) + Λ0 . (3.9)

WCFTs. The structure of the two point correlator for WCFT is fixed by the warped
conformal symmetry [14, 77]. Considering two primary operators O1(z1, z1) and O2(z2, z2)

with conformal weights and charges as (∆1, Q1) and (∆2, Q2) respectively, the two point
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function on the vacuum state |0〉 is defined as,

GW (z1, z2; z1, z2) = 〈0|TO1(z1, z1)O2(z2, z2)|0〉 , (3.10)

here T stands for ordering in z and we use the subscript W to denote WCFT correlator.
The two point function satisfies the following transformation rule

G′W (z1, z2; z1, z2) =

(
∂z′1
∂z1

)∆1
(
∂z′2
∂z2

)∆2

GW (z′1, z
′
2; z′1, z

′
2) . (3.11)

On the neutral vacuum on the plane, two point functions are invariant under the global
SL(2,R)×U(1) symmetry and given by

GW (z1, z2; z1, z2) = Cδ∆1,∆2δQ1,−Q2

ei(z1−z2)

(z1 − z2)2∆
, (3.12)

where C is some arbitrary constant. The above correlator is non zero only if the scaling
dimensions of the two operators are the same (i.e. ∆1 = ∆2 = ∆) and the charges are
opposite, for convenience we set Q1 = −Q2 = Q0 = 1.

The two point correlator can also be obtained at finite temperature T = β−1 and
chemical potential µ for the WCFT by going to the tilted cylinder [14],

z = e
i 2π
β
x
, z = y − iµx, (3.13)

which introduces the thermal identification

(x, y) ∼ (x+ β, y + iµβ) , (3.14)

where x stands for the Virasoro direction. More explicitly, we obtain the fermion two point
correlator by applying the transformation rule (3.11) on the zero temperature result as

GW (x1, x2; y1, y2) =


Cei(y1−y2)+µ(x1−x2)

(
π

β sin π
β |x1 − x2|

)2∆W

, 0 < x1 − x2 < β

−Cei(y1−y2)+µ(x1−x2+β)

(
π

β sin π
β |x1 − x2|

)2∆W

, − β < x1 − x2 < 0

(3.15)

Furthermore, if we take the limit β →∞ with µβ ≡ −2πE fixed, we get the zero temperature
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correlator:

GW (x1, x2; y1, y2) =


Cei(y1−y2)

π|x1 − x2|2∆W
, x1 − x2 > 0

−Ce
i(y1−y2)−2πE

π|x1 − x2|2∆W
, x1 − x2 < 0

(3.16)

Alternatively, the above result (3.16) can be obtained from the plane correlator (3.12) by a
spectral flow transformation z = y − iµx, as described in [14].

The matching. The discussion above exhibits many common features between the com-
plex SYK model and WCFTs. In particular, the emergent reparametrization symmetry in
the conformal limit of the complex SYK can be interpreted as the Virasoro symmetry, while
the phase fluctuation Λ(τ) can be associated with the U(1) Kac-Moody symmetry. Thus,
based on symmetry arguments, here we discuss two ways for identifying the coordinates
such that one can relate the WCFT correlator to the complex SYK correlator.

Option I. In this first approach we directly identify the Euclidean time τ (3.7) as the
Virasoro direction x (3.14) and propose the map between correlation functions of WCFT
and complex SYK model as follows

GW (τ1, τ2; y1, y2)↔ ei(y1−y2)Gc(τ1, τ2), (3.17)

with conformal weight ∆W = ∆ and same U(1) charge. The mapping is natural from
the perspective of symmetries. Note that this identification depends on a particular U(1)

direction, namely the y direction, which is associated to a chemical potential µ. Both sides
are invariant under the SL(2,R)×U(1) transformaiton. More explicitly, the correlators in
(3.17) satisfy:

(l(1)
n + l(2)

n )G(x1, x2; y1, y2) = 0 for n = 0 and ± 1 , (3.18)

(p
(1)
0 + p

(2)
0 )G(x1, x2; y1, y2) = 0, (3.19)

where the superscript indicates the coordinates the operator acts on and the operators l(a)
n

and p(a)
n are written on the tilted cylinder [14] as

l(a)
n = i

β

2π
e
i 2πn
β
xa(∂xa + iµ∂ya)− nei

2πn
β
xa∆, p(a)

n = −iei
2πn
β
xa∂ya for a = 1, 2 . (3.20)

Note here we need to identify the asymmetric factor in the complex SYK with the effective
chemical potential µ used in the WCFT through µβ = −2πE .

Moreover, with such an identification the transformation law in (3.11) for the WCFT
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correlator under x→ f(x), y → y + Λ(x) can be written as

GW (τ1, τ2; y1, y2)→ G′W (τ1, τ2; y1, y2)

=
(
f ′(τ1)

)∆1
(
f ′(τ2)

)∆2 GW (f(τ1), f(τ2); y1 + Λ(τ1), y2 + Λ(τ2))

=
(
f ′(τ1)

)∆1
(
f ′(τ2)

)∆2 ei(Λ(τ1)−Λ(τ2))GW (f(τ1), f(τ2); y1, y2) , (3.21)

and reduces to the transformation law in (3.2) for the complex SYK correlator. Defining
further the correlator of two fermionic operators with scaling dimension (1−∆) and same
charge, we can identify

ΣW (τ1, τ2; y1, y2)↔ ei(y1−y2)Σc(τ1, τ2), (3.22)

and verify that not only the saddle point solutions are matched but also the transformation
law from WCFT side matches the (3.3) for the complex SYK.

To recapitulate, the first option for connecting WCFT and the complex SYK is to
identify the Euclidean time τ in the complex SYK as the Virasoro direction in WCFT, and
the phase as the U(1) direction as shown in (3.17). Also the tilting angle in the WCFT
side is proportional to the asymmetric factor in the complex SYK by µβ = −2πE . With
the mapping (3.17), we relate the complex SYK Green’s function to a WCFT correlation
function for an operator with conformal weight ∆W = ∆ and same U(1) charge. At zero
temperature with µβ ≡ −2πE fixed, one can also relate the zero temperature correlator
(3.6) of the complex SYK model with that of WCFT in (3.16).

Option II. Apart from the matching condition in (3.17), one can also consider an alterna-
tive matching. The Virasoro direction x in WCFT can be viewed as a null direction such
that, x = y + τ and here τ is once again the Euclidean time in the complex SYK model.
By taking y = 0, one can reproduce the results in the complex SYK. In particular, the
correlation functions are related by

GW (τ1, τ2; 0, 0) = Gc(τ1, τ2) . (3.23)

One can check that two point function in WCFT (3.15) once again reduces to the one in (3.4)
for the complex SYK model. Moreover, the transformation rules (3.11) under x → f(x),
y → y + Λ(x) are given by

GW (τ1, τ2; 0, 0)→ G′W (τ1, τ2; 0, 0)

=
(
f ′(τ1)

)∆1
(
f ′(τ2)

)∆2 GW (f(τ1), f(τ2); Λ(τ1),Λ(τ2))

=
(
f ′(τ1)

)∆1
(
f ′(τ2)

)∆2 ei(Λ(τ1)−Λ(τ2))GW (f(τ1), f(τ2); 0, 0) , (3.24)
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which is identical to (3.2) using the identification (3.23). Physically, the second choice is
to view the complex SYK model as living on the boundary of the 2d spacetime where the
WCFT is defined. This is analogous to the discussion of ZZ-boundary conditions [92] of
Liouville theory. The two different choices will not affect the discussions in this note, which
is mainly kinematics based on symmetries. In the field theory side, differences are expected
to show up if we want to further match perturbations away from the IR fixed points, as
the perturbation parameters will originate from different sources. In the holographic dual,
option I corresponds to a usual Kaluza-Klein reduction along a null U(1) direction, as was
discussed in [33, 67]. Then the two dimensional theory will miss the massive modes from
Kaluza-Klein tower. As will be seen in an upcoming paper [66], option II corresponds to,
schematically, a dimensional reduction along the φ ≡ y

λ direction, where λ is a parameter
controlling how far away from the horizon and extremality. The two dimensional theories
will therefore contain different subsets of the three dimensional phase space. We hope to
report these further understandings in the future.

3.2 Effective action and symmetry generators

The effective action in the complex SYK. Here we discuss the low temperature ef-
fective action and thermodynamics for the complex SYK model. The UV term ∂τ in the
complex SYK explicitly breaks the time reparametrization symmetry τ → f(τ) and time
dependent phase shift symmetry Λ(τ) of the action in Eq.(2.3). In the low temperature
regime, the effect of the explicit symmetry breaking can be summarized by an effective
action that is only invariant under SL(2,R) × U(1). An effective action for infinitesimal
diffeomorphisms was proposed in [53], which can be naturally promoted to the following
form for finite diffeomorphisms:

Seff.
N

=
K

2

∫ β

0
dτ
(
Λ′(τ)− iµf ′(τ)

)2 − γ

4π2

∫ β

0
dτ

{
tan

(
πf(τ)

β

)
, τ

}
, (3.25)

where K is the compressibility and γ is the specific heat. This action for the finite diffeo-
morphisms is consistent with the one proposed in [53] upto a constant (independent of f(τ)

and Λ(τ)) and total derivative terms. This effective action is natural from the symmetry
breaking pattern that will be discussed later. The same form is also noted in [68] using a
holographic approach.

Quantization conditions v.s. spatial circles. In general, we can define a Hilbert space
on any “spatial circle” specified by (τ, y) ∼ (τ + 2πai, y + 2πa), which we will denote as
(ai, a) hereafter. The above periodicity can be realized by a conformal map

z = e
τ
a , z = y + i

a

a
τ . (3.26)
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The Noether charges 2 can be written as

L(ai,a)
n = − i

2π

∫ 2πai

0
dτ e

nτ
a T (τ), P (ai,a)

n =
1

2π

∫ 2πai

0
dτ e

nτ
a P (τ), (3.27)

where the superscript (ai, a) denotes the spatial circle and hence the quantization condition.
Following [79], we denote the spatial circle with (i, 0) as the canonical circle.3 One can check
that charges on the canonical circle satisfy the same Virasoro-Kac-Moody algebra defined
in (2.10). Note that under the transformation, τ ′ = τ

a and z′ = y + iaaτ one can rewrite
charges on the canonical circle in terms of the charges on arbitrary circle as

Lcln ≡ L(i,0)
n = aL(ai,a)

n − aP (ai,a)
n +

k

4
a2δn,0, P cln ≡ P (i,0)

n = P (ai,a)
n − k

2
aδn,0, (3.28)

where the superscript cl denotes the charges on the cylinder with spatial circle parameterized
by the canonical circle. We use the notation (ai, a) to emphasize that the spatial circle we
choose is along the real time direction, i.e. a ∈ R. In contrast, the periodicity for imaginary
time τ → τ + β will be referred as “thermal circle” following the terminology of [79].

Virasoro-Kac-Moody generators. We consider a tilted cylinder geometry generated by
the following transformation

z = exp

(
2πi

β
f(τ)

)
, z = y + (Λ(τ)− iµf(τ)), (3.29)

where f(τ) and Λ(τ) are two arbitrary functions defined on the thermal circle satisfying
the boundary conditions

f(β) = f(0) + β, Λ(β) = Λ(0), (3.30)

i.e. we only consider the winding number 1 reparametrizations of time and winding number
0 phase fluctuations. In the new coordinates (τ, y), we consider states quantized with
via the boundary conditions in (3.30). Using the terminology introduced in our previous
subsection, we are effectively treating the apparent “thermal circle” (τ, y) ∼ (τ +β, y+iβµ)

as a “spatial circle”, in the sense that the quantization condition is defined on that circle,
and charges will be written as an integral along the circle. It might seem confusing here

2Note that there is an apparent sign difference between our charges and those in [10] and [79]. We differ
from [10] by an overall minus sign of the Kac-Moody generators. On the cylinder, we have l0 = i∂φ, p0 =
−i∂z, while [10] has an opposite relative sign, see the below eq. (10) of [10]. In [79], the cylinder is defined
by z = e−φ. In any case, it is easy to check that the charge definition is compatible with the generators
(2.8) and the transformation rules (2.6).

3Similar to the discussion in the previous section, here again we have two options, identifying y ↔ τ ,
or as y ↔ y + t → y − iτ with y → 0 in the final result. In the main text, we keep the first choice. For
the second choice, discussion about charges and modular properties are similar to that in [77], where the
canonical spatial circle is (1,−1) as pointed in section-3 of [77].
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why we change a “thermal circle ” to a “spatial circle”. As we will discuss later, swapping
the circles is the essential step of the S-transformation of the torus partition function of
WCFT.

By employing the transformation rules in (2.6), the stress energy tensor and U(1) Kac-
Moody current on the tilted thermal cylinder are given as

P (τ) = −k
2

(
Λ′(τ)− iµf ′(τ)

)
, (3.31)

T (τ) =
c

12

{
tan

π

β
f(τ), τ

}
− k

4

(
Λ′(τ)− iµf ′(τ)

)2
, (3.32)

where we have assumed that the plane vacuum has zero charges. From the definition of the
charges in (3.27), using the above expressions for the currents P (τ) and T (τ) one can obtain
the Virasoro-Kac-Moody charges on the quantization along the circle with periodicities
(a′i, a′) = (β/2π, iβµ/2π) as

P
(a′i,a′)
0 = i

kβµ

4π
, (3.33)

L
(a′i,a′)
0 = − ic

24π

∫ β

0
dτ

({
tan

π

β
f(τ), τ

}
− 3k

c

(
Λ′(τ)− iµf ′(τ)

)2)
. (3.34)

Moreover, using (3.28) we obtain the zero modes of the charges on the cylinder with canon-
ical circle as

P cl0 = 0 , (3.35)

Lcl0 = − cβ

48π2

∫ β

0
dτ

({
tan

π

β
f(τ), τ

}
− 3k

c

(
Λ′(τ)− iµf ′(τ)

)2)
+
kβ2µ2

16π2
. (3.36)

Note that the global properties of the thermal cylinder do not depend on the functions f(τ)

and Λ(τ) as long as they satisfy the boundary conditions (3.30). The expectation value of
the Kac-Moody zero modes P cl0 does not depend on the choice of the arbitrary functions
f(τ), Λ(τ), while the higher Kac-Moody modes P cln do. Generically, Lcl0 depends on f(τ)

and Λ(τ), except for the zero modes, namely SL(2,R)×U(1) transformation (3.8) (3.9).

The matching. Interestingly, it can be observed that with the identification

c

k
=

3γ

2π2K
, (3.37)

the effective action (3.25) for the complex SYK model in the IR limit can be written in
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terms of the charges of the warped CFT as4

Seff. = −Nγ
4π2

∫ β

0
dτ

({
tan

π

β
f(τ), τ

}
− 3k

c

(
Λ′(τ)− iµf ′(τ)

)2)
= −i6Nγ

πc
L

(a′i,a′)
0 =

12Nγ

βc

(
Lcl0 −

kβ2µ2

16π2

)
, (3.38)

where Lcl0 is the zero mode of the Virasoro generators on the cylinder with “spatial circle”
parameterized by the canonical circle.

3.3 Partition function and modular covariance

In this subsection, we discuss partition function and the modular properties of the WCFT.
The modular covariance of the WCFT naturally explains the apparent puzzling quantization
on thermal circle in last subsection. Furthermore, by evaluating the partition function in
the WCFT we can match both the classical piece of the complex SYK free energy and its
quantum fluctuations, i.e. logarithmic corrections.

Partition function and thermodynamics for the complex SYK model. The parti-
tion function for the effective action of SYK can be written as a path integral over the
reparamterizations and phase fluctuations:

Z =

∫
DfDΛ

SL(2,R)×U(1)
exp

[
N

∫ β

0
dτ

γ

4π2

{
tan

π

β
f(τ), τ

}
− K

2

(
Λ′(τ)− iµf ′(τ)

)2]
.

(3.39)

Considering the leading saddle point Λ(τ) = const and f(τ) = τ , the large N grand
potential from the effective action (3.25) is given by

Ωeff. := Ω− E0 +N
s0

β
= −N

2

(
Kµ2 +

γ

β2

)
+ . . . , (3.40)

where E0 is the ground state energy and Ns0 is the zero temperature entropy[41]. Neither of
these terms is described by the effective action (3.25) and we will denote the left hand by Ωeff.

for convenience. From the classical piece of the grand potential defined by Ω = E− 1
βS−µQ,

we can extract the thermodynamic quantities:

S = β2 δΩeff.

δβ
= N

γ

β
, Q = −δΩeff.

δµ
= NKµ,

E = Ωeff. +
S

β
+ µQ =

N

2

(
Kµ2 +

γ

β2

)
, (3.41)

4the analogous comparison between the Virasoro charge of a large c 2d CFT and the effective action in
the Majorana SYK was observed in [93].
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where S is the entropy (excluding the zero temperature entropy), E is the energy above
ground state energy and Q is the total charge. Using the above relations one can rewrite
the formula for entropy

S = 2π

√
Nγ

2π2

(
E − Q2

2NK

)
, (3.42)

in the microcanonical ensemble. Here we emphasize that the entropy S, charge Q and
energy E are obtained from the effective grand potential Ωeff. which excludes the zero
temperature entropy and ground state energy.

Beyond the saddle point, there is a logarithmic correction term[53]:

∆Ωeff. =
2

β
log βJ . (3.43)

Comparing to the correction for the Majorana SYK, which is 3
2β log βJ and 1-loop exact[94],

the additional correction here is 1
2β log βJ . It comes from the U(1) fluctuation

S
U(1)
eff.
N

=
K

2

∫ β

0
dτ
(
Λ′(τ)− iµf ′(τ)

)2
, (3.44)

excluding the zero mode Λ → Λ + const. For µ = 0, the 1-loop correction is obviously
exact. Moreover, for non-zero µ we can redefine the field Λ̃(τ) := Λ(τ)− iµf(τ) to absorb
the mixing between the reparametrization and phase fluctuation. The redefinition does not
change the integral measure in the path integral and only affects the boundary condition
Λ̃(β) = Λ̃(0)− iµβ. Therefore the 1-loop calculation for the U(1) fluctuation is also exact.

Modular covariance in WCFT and thermodynamics. In [10, 79], a Cardy like for-
mula for the asymptotic density of states of a WCFT was derived using the Virasoro-
Kac-Moody symmetries. This involves finding a transformation of the form (2.5) which
exchanges a thermal cycle with a spatial cycle and plays the role of a modular transforma-
tion. In Euclidean coordinates 5, considering the WCFT on a torus with

thermal circle (τ, y) ∼ (τ + 2πb, y + 2πb), (3.45)

spatial circle (τ, y) ∼ (τ + 2πai, y + 2πa), (3.46)

5Note that comparing to [10, 79], we are rederiving the formula in Euclidean space, where the Virasoro
direction is viewed as the time direction. More explicitly, the charges are defined as in (3.27).
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the partition function for the WCFT can be written as

Z(ai|a)(b|b) = Tr(ai|a) e
−2πbL0+2πibP0 (3.47)

= eiπka(b+
iba
2a )Z(i|0)

(
b

a

∣∣∣∣ b+ i
a

a
b

)
(3.48)

= eiπka(b+i
ba
2a)Z( b

a |b+iaa b)(−i|0) (3.49)

= Tr(i|0) exp

(
−πkab

2

2b
+ 2πi

(
i
ab

b
− a
)
P cl0 −

2πa

b
Lcl0

)
, (3.50)

where the trace is taken over the Hilbert space with quantization condition specified by the
subscript. The first line (3.47) is the definition of the partition function for a theory on
spatial circle (ai, a) and evolved along the thermal circle parameterized by b, b. In (3.48),
the warped conformal transformation τ → τ

a and y → y + iaaτ , is employed to rewrite the
partition function on the canonical spatial circle (τ, y) ∼ (τ + 2πi, y). While in the third
line (3.49) the canonical spatial circle is swapped with the thermal circle, an operation
which is valid in any quantum field theory. In the fourth line (3.50) the warped conformal
transformation τ → iab τ and y → y + i(iabb − a)τ , brings the theory back to the canonical
circle.

Finally, we take the vacuum character:

χvac = Trvac(i|0) exp

(
−πkab

2

2b
+ 2πi

(
i
ab

b
− a
)
P cl0 −

2πa

b
Lcl0

)
, (3.51)

the trace over all states will become the trace over the vacuum module which we denote as
“Trvac”. The identity module of the WCFT (3.51) can be evaluated as

χvac = exp

(
−πkab

2

2b
+ 2πi

(
i
ab

b
− a
)
P vac

0 − 2πa

b
Lvac

0

)
χdesvac

= exp

πac12b
− πkab

2

2b
+ 2πi

(
i
ab

b
− a
)
P vac

0 − 2πa(P vac
0 )2

bk︸ ︷︷ ︸
=:−Ic classical contribution

χdesvac, (3.52)

where in the above expressions, Lvac
0 and P vac

0 are the expectation values of the charges
defined on the canonical circle. In the second line of the above expressions we have used
the condition for the vacuum, Lvac

0 = − c
24 +

(P vac
0 )2

k [10]. We have also split the partition
function into a classical contribution and a correction from descendants denoted by χdesvac.

Let us first consider the classical piece. With b and b as the thermodynamic periods,
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one can obtain a Cardy like formula for the thermal entropy of the WCFT:

S = −(1− b∂b − b∂b) Ic =
πac

6b
− 4πa(P vac

0 )2

bk
+ 2πi

(
i
ab

b
− a
)
P vac

0 . (3.53)

We also have

〈P0〉 = − 1

2πi
∂b Ic = i

a

b

(
P vac

0 +
kb

2

)
, 〈L0〉 =

1

2π
∂b Ic =

a

b2
c

24
+
〈P0〉2

ak
. (3.54)

Following [10], we express the entropy as S = SL + SR
6

SL = −2πiaP vac
0 +

4πi 〈P0〉P vac
0

k
, SR = 2π

√√√√ c

6

(
a 〈L0〉 −

〈P0〉2

k

)
. (3.55)

For WCFT with a neutral vacuum, SL = 0, and the entropy only comes from SR. SL

contains an explicit i, but it becomes real when the vacuum charge is purely imaginary. As
was shown in explicit examples in [10], and from the modular bootstrap in [82], holographic
WCFT with a negative level does feature a pure imaginary Pvac.

The χdesvac term denotes the contribution from the Virasoro-Kac-Moody descendants
in the vacuum character, which can be calculated by a method discussed in [18]. More
explicitly, we construct all the states that are generated by acting L−n, P−m with positive
integers n andm on the vacuum state. Notice that the vacuum is invariant under SL(2,R)×
U(1) and generic descendant states can be written as linear combinations of the generic state∏

n>2,m>1

LNn−nP
Nm
−m |0〉 , (3.56)

where {Nn} and {Nm} are integer sequences. Note that we start from n = 2 for Virasoro
generators, since L−1 annihilates the vacuum. Thus the contribution from the descendants
7 is given by

χdesvac =
Tr
(
qL0qP0

)
qL

vac
0 qP

vac
0

=
∏

n>2,m>1

∑
Nn,Nm>0

qnNn+mNm =
q

1
12 (1− q)
η(τ)2

, (3.57)

where q = e2πiτ and q = e2πiτ and with abuse of notation we have identified τ = iab and
τ =

(
iabb − a

)
to be the modular parameters defining the torus for the WCFT. η(τ) is the

6According to the original argument in [10], the entropy formula applies to WCFTs with a discrete
spectrum with L0 bounded from below, and at the large temperature or equivalently, in the b

a
→ 0 region.

We expect it also to be true if the spectrum of the WCFT is sparse and the central charge is large, along
the lines of argument of [95].

7Here we will only consider WCFT theories with c ≥2, so that there are no additional null states in the
vacuum module.
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Dedekind eta function. In the q → 1 limit, we can use the modular properties of the eta
function to find

η(τ)2 =
1

−iτ
η

(
−1

τ

)2

≈ 1

−iτ
e−

πi
6τ =

b

a
e−

πb
6a ⇒ χdesvac ≈ 2π

(a
b

)2
e
πb
6a , (3.58)

where we have used the series expansion of the Euler function φ(q) =
∑

n∈Z(−1)nq(3n2−n)/2

for the second step, which is related to the Dedekind’s eta function by η(q) = q
1
24φ(q). The

b
a term can be absorbed into the ground state energy.

The matching. When the vacuum dominates, the WCFT partition on a torus is given by
(3.51) where the trace is over the identity module. Then one immediately recognizes the
similarity between the WCFT partition function and the complex SYK partition function
(3.39). The expression (3.51) for the WCFT partition function is general, while applying
it to the connection to the complex SYK model, we need to fix some parameters. In
particular, we are interested in the complex SYK model on a thermal circle tilted by a
chemical potential:

b =
β

2π
, b =

iµβ

2π
. (3.59)

We also introduced an extra spatial circle parameterized by (ai, a) where the Hilbert space
is defined on. If we identify

c =
3Nγ

π2a
,

c

k
=

3γ

2π2K
, P cl0 = P vac

0 = 0 , (3.60)

the vacuum character (3.51) matches the complex SYK partition function (3.39). Alterna-
tively, one can follow the argument of [93] to relate (3.51) with (3.39). The path integral
in (3.39) can be understood as the coadjoint orbit of Diff(S1)×U(1)local

SL(2,R)×U(1) . In the semiclassical
limit c→∞ and q → 1, the path integral is expected to become the trace over the vacuum
module (3.51).

Now let us use the modular transformation outlined in (3.47) to (3.51) to reinterpret
the matching of the complex SYK partition function and the WCFT charge defined on
the thermal cycle in section 3.2. We can start with an arbitrary torus, identify a spatial
circle and evolve along the thermal circle b = β

2π , b = iµβ
2π . But a rescaling will bring us

to a canonical circle as shown in (3.48). From (3.48) to (3.49), we swap the spatial circle
and the thermal circle. More explicitly, in (3.49), states are quantized with periodicity
specified by the previous thermal circle, and evolved along a circle with (−i, 0). Swapping
the circles explains why we wrote down the charges (3.33) and (3.34) on the thermal circle
in section 3.2. In this note, we keep a and a as free parameters which is sufficient for our
purposes.
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One more comment is about the vacuum charge P vac
0 which we set to 0 in this note,

whereas a more general WCFT may contain a non-zero vacuum charge. This charge will
contribute to the entropy at the zero temperature limit. On the complex SYK side, there
is also a non-vanishing zero temperature entropy. It is possible that there are further
connections which we would like to explore in the future.

With the parameters (3.59) and (3.60) fixed, one can also compare the thermodynamical
quantities and the 1-loop corrections. We first match the thermodynamical quantities and
in particular the formula for entropy8

〈P0〉|P vac
0 =0 = i

akb

2b
= −NKµ = −Q , (3.61)

〈L0〉|P vac
0 =0 =

ac

24b2
+
〈P0〉2

ak
=
N

2

(
Kµ2 +

γ

β2

)
= E , (3.62)

SR = 2π

√
c

6

(
a〈L0〉 −

〈P0〉2
k

)
= 2π

√
Nγ

2π2

(
E − Q2

2NK

)
= S . (3.63)

Note that all the quantities on the left hand side are calculated from the effective action and
hence have already subtracted the zero-temperature part. Furthermore, the contribution
to the effective action from WCFT descendants as shown in (3.58) using the complex SYK
parameters is given by

− log

[
2π
(a
b

)2
]

= 2 log
β

a
= 2 log β + (β independent terms). (3.64)

The 2 log β term agrees with the 1-loop correction in the complex SYK.

A side comment from holography. Holographically, WCFT has been proposed to de-
scribe quantum gravity at the near horizon throat of extremal black holes. In particular, the
phase space of Einstein gravity on asymptotically AdS3 with the CSS boundary conditions
[18] is organized by the warped conformal symmetry. It has been shown [10, 18, 80] that the
entropy of a holographic WCFT (3.55) reproduces the entropy of warped AdS3 black holes
as well BTZ black holes with the CSS boundary conditions. Furthermore, the descendant
contribution to the vacuum character (3.57) also agrees with the 1-loop determinant on
BTZ black holes in the bulk, see eq. (3.31) of [16]. These results indicate that the vacuum
character (3.51) is indeed the relevant part for black hole physics.

8The − sign in the charge formula (3.61) is a consequence of the convention: we define a positive phase
shift for the first operator appearing in the correlation function, which is an annihilation operator in the
definition of the charge Q.
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