OPTIMAL SOBOLEV NORMS IN THE AFFINE CLASS
QINGZHONG HUANG AND AI-JUN LI

ABSTRACT. Optimal Sobolev norms under volume preserving affine
transformations are considered. It turns out that this minimal
transform is equivalent to the (p, 2) Fisher information matrix de-
fined by Lutwak, Lv, Yang, and Zhang. Furthermore, some ana-
lytic inequalities regarding to the LP affine and LP sine energies

for the optimal function are investigated.

1. Introduction

For p > 1 and n > 2, the L” Sobolev space W'?(R") is the space of
real-valued LP functions on R™ with weak LP partial derivatives. The
sharp LP Sobolev inequality states that if f € W'P(R") for 1 < p < n,

then there exists a best constant A, , such that

IVl = Anypllf

ey (1.1)

where || - ||, denotes the L? norm of the Euclidean norm of functions
and Vf is the gradient of f. Inequality (1.1) goes back to Federer
and Fleming [12] and Maz'ya [31] for p = 1 and to Aubin [3] and
Talenti [35] for 1 < p < n. For strengthened versions of (1.1), see, e.g.,
[6, 7,9, 10, 32, 39].

A stronger version of the sharp LP Sobolev inequality, known as sharp
affine LP Sobolev inequality, were introduced and established by Zhang
[12] for p = 1 and by Lutwak, Yang and Zhang [21] for 1 < p < n. It
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states that if f € WP(R") for 1 < p < n, then

Ep(f) = Anpll fll 22, (1.2)
where E,(f) is the L? affine energy, defined, for f € WHP(R™), by
. —1/n
&) =cun( [ 1Dufl") (13)
Sn—1
with
nateraw A ()
Cnp 2

2T T
and D, f = u -V f(x) is the directional derivative of f in the direction
u. Note that the L” affine energy is a fundamental concept in variants
of affine Sobolev inequalities (see e.g., [2, 8, 17-19, 24, 28 36-38, 12]).
We emphasize the remarkable and important fact that &,(f) is invari-
ant under volume preserving affine transformations on R, while |V f||,, is
invariant only under rigid motions. Hence the affine LP Sobolev in-
equality (1.2) is invariant under affine transformations of R", while
the classical LP Sobolev inequality (1.1) is invariant only under rigid
motions.

Moreover, it was shown by Lutwak, Yang, and Zhang [21] that

IV fllp = & (f)- (1.4)

Hence the affine LP Sobolev inequality (1.2) is stronger than the LP Sobolev
inequaliy (1.1). Denote fr(z) = f(Tx) for every T € SL(n) and = €
R™. From the above facts, we may ask the following question: Does
there exist a 7}, € SL(n) and a constant B,,, such that

BuplV iz llp < &(f1,) = & ()7 (1.5)

In other words, it asks whether there exists a transformations 7}, €
SL(n) minimizes ||V fr||, for all T" € SL(n).

We answer this question in the following theorem.

Theorem 1.1. Given f € WYP(R™). There exists a unique (up to
orthogonal transformations) T, € SL(n) minimizes {|Vfr|, : T €
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SL(n)}. In particular, when p = 2, for the minimizer Ty, we have

IVl = [ Vfr(o) © Vfr (o) (1.6

where V fr, ®V fp, is the rank-one orthogonal projection onto the space

spanned by the vector V fr, and I,, denotes the identity operator on R™.

It is shown in Section 6 that 7, in Theorem 1.1 is equivalent to
the (p,2) Fisher information matrix J,2(X) defined by Lutwak, Lv,
Yang, and Zhang [22] in the context of the information theory. For the
related problem, please see [28] by Lutwak, Yang, and Zhang.

Thus, the problem (1.5) can be answered as follows.
Theorem 1.2. Given f € W' (R"), we have

BplIV fr,llp < E(F) < IV fr,llp, (1.7)

where

U BN a1
AN )

o5t NI 1 :

25 10(1+ )5 T (2T (1 + 1)

Moreover, let K be an origin-symmetric convex body in R"™ and let f(x) =
g(||z||x) with g € C*(0,00). For p # 2, there is equality in the left in-

equality if and only if K is a parallelotope. If p is not an even integer,

then there is equality in the right inequality if and only if K is an
ellipsoid.

Unlike the L, Sobolev norm ||V f{|,, the quantity

min ||V frll,

TeSL(n)
is clearly invariant under volume preserving affine transformations on R".
Thus, the inequality (1.7) is invariant under affine transformations
of R", while the inequality (1.4) is invariant only under rigid motions.
Next, motivated by the work of Maresch, Schuster [29] and Guo,
Leng [10], we define the L? sine energy, for f € WHP(R"), by

(1) = oy [ 1Duc A1) (18)
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where .
_ eI
201+ 2 )1+ F(”+p 1)

and D, f = P,V f(x). Here ut is the central hyperplane perpen-

n’p

dicular to u and P,V f(x) is the orthogonal projection of the vec-
tor Vf(z) onto u*. Unfortunately, it is easy to see that G,(f) is not
invariant under volume preserving affine transformations on R” but is
still invariant under rigid motions. Similar to Theorem 1.2, the follow-

ing theorem is established.

Theorem 1.3. Given f € W'(R"), we have

CuslIV I, llp < Golfr,) < IV fr, (L9)
where

B e L L N N G R G

“p AD(S) D (220 (2 |

Moreover, let K be an origin-symmetric convex body in R™ and let f(x)
g(||z||x) with g € C'(0,00). If p is not an even integer, then there is
equality in the right inequality if and only if K is an ellipsoid.

Furthermore, we establish the following inequalities.
Theorem 1.4. Given f € WYP(R"), for every u € S 1,
1 1
n e[|Vl <[ Dufrll, <n 2 [Viglp, 1<p<2

and

_1 _1
n oIVl 2 1 Dufryllp 2 272V [l p 2> 2.

Theorem 1.5. Given f € WYP(R"), for every u € S !,

n—1

-1y :
(=) 195 < 1w il < (=) IV S5l 10 <2,

and

n—1\s
(=) 19l = 1D i >

n—1

1
VIVl =2
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The rest of this paper is organized as follows: In Section 2 the basic
notations and preliminaries are provided. To prove our main theorems,
some facts about the L? surface isotropic positions are given in Section
3. The interplay of the geometric inequalities and corresponding ana-
lytic inequalities is presented in Section 4 and Section 5. In Section 6,
the equivalence of T}, in Theorem 1.1 and the (p, 2) Fisher information

matrix Jp,»(X) is explored.

2. NOTATIONS AND PRELIMINARIES

We refer to the book [31] for the basic facts about convex bodies and
the LP Brunn-Minkowski theory.
Denote by p* € [1,00) the Holder conjugate of p € [1,00); i.e.,
1 1
-+ —==1.
p P
Denote by x,(p) the volume of the unit ball of the £ space, that is,
2(0(1 4 1))
lin(p — —np
I'(1+ 5)
Abbreviate k,(2) by ky, the volume of n-dimensional Euclidean unit
ball B} . Define

(F(l + %)F(#))Z

Qly,, - )

P [(1+4 Hr(2e)

5 prine (n— 1) w1 TT(1 4 )

n,p n— _n_ )
r(eh)=

and

_ (A

Vop 1= —m e
8 L(%5)T(%52)

A convex body is a compact convex set in R™ which is throughout

assumed to contain the origin in its interior. We denote by K the
class of convex bodies. Let K7 denote the class of origin-symmetric
members of 7. Each convex body K is uniquely determined by its
support function hx = h(K,-) : R" — R defined by

hi(z) = MK, z) :=max{z -y:y € K},
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where x - y denotes the standard inner product of x and y in R".
Let || - ||k : R® — [0, 00) denote the Minkowski functional of K € KZ;
ie., ||z]|x = min{\ > 0:2 € AK}.

The polar set K* of K € K is the convex body defined by

Kr={xreR":z-y<lforallye K}.
Clearly, for K € K7,
hice () = [ || x- (2.1)

For K,L € K7, and ¢ > 0, the L? Minkowski-Firey combination

K +, ¢ L is the convex body whose support function is given by
MK +,e-L,-)P =h(K, )’ +eh(L,-)".

The L? mixed volume V, (K, L) of K, L € K} was defined in [21] by
K -L)—-V(K
p o VK 4ye D)~ V(E)

n e—0+ 15

‘/;?(Kv L) =

where V' is the n-dimensional volume (i.e. Lebesgue measure in R"). In
particular, V,(K, K) = V(K). It was shown in [21] that corresponding
to each K € K, there is a positive Borel measure S,(K,-) on S"!,
called the L? surface area measure of K, such that for every L € K7,
1
V(K L) = = / B (u)dS, (K, ).
Sn—1

n

Moreover, the LP surface area measure is absolutely continuous with

respect to the surface area measure S(K,-) of K:
dS,(K,-) = hirP()dS(K, ).

Recall that for a Borel set w C S™1, S(K,w) is the (n—1)-dimensional
Hausdorff measure H"~! of the set of all boundary points of K for which
there exists a normal vector of K belonging to w. When L = BY, the

LP surface area S,(K) of K is given by
Sp(K) =nV (K, BY).

Clearly,
Sp(tK,-)/V(tK) =t"PS,(K,-)/V(K) (2.2)
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for all t > 0 and K € K.

In [25], Lutwak, Yang, and Zhang established the following remark-
able result.

The solution of normalized even L? Minkowski problem. Let
p > 1. If pu is an even Borel measure on S"~! whose support is not
contained in a great subsphere of S"~! then there exists a unique
origin-symmetric convex body K such that S,(K,-)/V(K) = u.

A finite nonnegative Borel measure p on S™ ! is called isotropic if

/Sn_l v @ vdp(v) = I,. (2.3)

The measure  is said to be even if it assumes the same value on antipo-
dal sets. The two most important examples of even isotropic measures
on S"! are suitably normalized spherical Lebesgue measure and the
cross measure, i.e., measures concentrated uniformly on {£by, ..., +b,},

where by, ..., b, denote orthonormal basis vectors of R".

3. THE LP SURFACE ISOTROPIC POSITION

A convex body K in R" is said in LP surface isotropic position if
its normalized L? surface area measure nS,(K,-)/S,(K) is isotropic
on S"~ 1. This concept was first introduced by Lutwak, Yang, Zhang
[27], while the L' case was first defined in [33]. Moreover, Lutwak,
Yang, Zhang [27] obtained the following result (see also [10] by Yu).
For p = 1, it was due to Petty [33] and Giannopoulos, Papadimitrakis

[13].

Proposition 3.1. Suppose p € [1,00) and K € K. Then S,(K) =
min{S,(TK) : T € SL(n)} if and only if K is in LP surface isotropic
position. The minimal LP surface area position is unique up to orthog-

onal transformations.

Other extensions of this notion can be found in [I, 13-15, 30, 41].
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Define the convex body C, (1) in R™ whose support function, for u €
S™=1 is given by

b = ([ - oPdn) " (3.1)

The following lemma, extending the results of Ball [1] and Barthe[5],
was due to Lutwak, Yang and Zhang [20].

Lemma 3.2. Suppose p € [1,00). If u is an even isotropic measure

on S"1, then

o SVI(Gn) < ralp). (3.2)
n?p
If p is not an even integer, then there is equality in the left inequality if

and only if p is suitably normalized Lebesgue measure. For p # 2, there

15 equality in the right inequality if and only if p is a cross measure.

Define the convex body S,(¢) in R™ whose support function, for u €
Sn=1 s given by

o) = ([ A=ty i) = ([ Poapau)

The following lemma, extending the case p = 1 due to Maresch and

1/p

Schuster [29], was proved by Guo and Leng [10].

Lemma 3.3. Suppose p € [1,00). If u is an even isotropic measure
on S"L, then
n Kn g
SV < T
Vn,p n,p
If p is not an even integer, then there is equality in the left inequality

(3.3)

if and only if 1 is suitably normalized Lebesgue measure.

As shown in [29] and [16], the right inequality in (3.3) is asymptoti-
cally optimal.

For each convex body K € K7, the LP projection body, II,K, of K
was introduced by Lutwak, Yang, and Zhang [23], which is the origin-
symmetric convex body whose support function, for v € S"~!, is given

by
i, () = (% /S JuoPds, (K,v)) " (3.4)
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From (2.2), we have
IL,(cK) = ¢ 'II,K. (3.5)
The following lemma without the equality conditions was due to Yu

[10], which extended the case p = 1 by Giannopoulos and Papadimi-

trakis [13]. Here we characterize the equality conditions.

Lemma 3.4. Suppose p € [1,00). If K € K is in LP surface isotropic
position, then
n"Pg, Sp(K)
V(K)
If p is not an even integer, then there is equality in the left inequality
if and only if K is a ball. For p # 2, there is equality in the right

inequality if and only if K is a cube.

< v ) (28N < i () (3.6)

Cnp

Proof. Define the even measure 1 on S"~! by

Since K is in L surface isotropic position, it follows that p is isotropic.
By the definitions of C,u (3.1) and IL,K (3.4), we have

= (o) T

Then, inequalities (3.6) immediately follows from (3.2).

Now, we deal with the characterization of the equalities in (3.6). The
equality conditions of (3.2) yield that if p is not an even integer, then
there is equality in the left inequality if and only if n.S,(K,-)/S,(K) is
suitably normalized Lebesgue measure; For p # 2, there is equality in
the right inequality if and only if nS, (K, -)/S,(K) is a cross measure.
On the other hand, it is easy to verify that nS,(BY,-)/S,(BY) is a
suitably normalized Lebesgue measure and nS,(0OCy,-)/S,(0C)) is a
cross measure on S™! for some O € O(n), where Cy = [—1,1]". Tt
follows from (2.2) that

nSy(B.) _ S,MBy. )
Sp(Bg)  V(MB)

with A\, = (
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and

nS,(0Ch, ) Sp(A0C, ) ) nV(Co)\ -3

= h — ATy )
Sp(OCY) V(A0Ch) with Ay < S, (Co) )

Thus, the equality conditions follow from the uniqueness of the solution

of the normalized even L, Minkowski problem and the fact that
_1 _1
(nV(tK)) P (nV(K)) b g
Sp(tK) Sp(K)
for all ¢t > 0. [

Corresponding to the L? projection body IL,K, Maresch, Schuster
[29] and Guo, Leng [16] introduced a new convex body W,K whose

support function, for u € S"71, is given by

B, i (1) = (% /S [PuuldS, (K, v))l/p. (3.7)

From (2.2), we have
U, (cK) =c'U,K. (3.8)
Using the similar argument of Lemma 3.4, Guo and Leng [10] estab-

lished the following result.

Lemma 3.5. Suppose p € [1,00). If K € K is in LP surface isotropic

position, then

L Sy My

Tnp V(K) P
If p is not an even integer, then there is equality in the left inequality
if and only if K s a ball.

< V(qf;;K)(

The following observation, extending the case p = 1 by Giannopoulos
and Papadimitrakis [13], was due to Yu [10]. For the completeness, we

present the proof here.

Lemma 3.6. Suppose p € [1,00). If K € K is in L? surface isotropic
position, then for every u € S™1,

n"v (%)é < h(II,K,u) < n_5<5p(K>>;, 1<p<2,
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and

[

n;<f/”(([[(()>>; > h(IL, K, u) > n_l<%>;, p > 2.

Proof. For p = 2, by the definition of IL,K (3. ), we have

h(IIo K, u) = (% /3n 1 lu - v[*dSy (K <

for every u € S™1.

1
2
)

For 1 <p < 2, by (3.4) and the Hélder inequality, we obtain

WL K, u) (ﬁ /S JuolPdS, (K, m)‘l’

[(%K) /Snl lu - ’U|2dSp(K,U)>§ (,S‘E,(([[é)))lz} ’

IN

for every u € S"7!. On the other hand, we have

WIL K, u) > (ﬁ /S - [2dS, (K, v))’l’ _ (%)

For p > 2, the argument is similar as the above arguments. 0

To obtain the similar result of Lemma 3.6 about ¥,K, we need the

following lemma.

Lemma 3.7. If 1 is an isotropic measure on S™1, then

1
/ IP,oul?du(v) =1, for every u € S™ 1.
Sn—1

n—1

Proof. 1t follows from the isotropicity assumption (2.3) that
P, = /s 1 P,iv® P ivdu(v). (3.10)
Notice that P, has rank n — 1. Taking traces in (3.10), we get
/S 1 P, v|?du(v) =n —1, for every u € S™ 1.

The result now follows from the fact that |P,.u| = |P,.v| for ev-
ery u,v € S" L. O
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Then we have

Lemma 3.8. Suppose p € [1,00). If K € K is in LP surface isotropic

position, then for every u € S™1,

() () v = (452) (i) 1202

and
()
n
Proof. Using Lemma 3.7 with the isotropic measure u = ndS, (K, -)/S,(K),

we have

3 =

(f/p((;(()))l > (YK u) > (n; 1)1<ff(([[§>)>1 p>2.

1
n—1

n
P,iu|?——=dS,(K,v) =1, for every u € S"*.
fo Pt g,

For p = 2, by (3.7), we have

[
/N
—~
3
|
[u—
S—
2
—
=
N———
[SIE

1 3
(UK, ) = <W /S RSy )
for every u € S"L.

For 1 <p < 2, by (3.7) and the Hélder inequality, we obtain

B0, K, u) = (ﬁ /S P ulPdS, (K, v))’l’

P

<[(rim [ esrasco) (55
- () G

for every u € S"~!. On the other hand, we have

WU, K, u) > (ﬁ /Sn_l P, uf2dS, (K, v))’l’ - (%)

For p > 2, the argument is similar as the previous. U
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4. THE FUNCTIONAL LP SURFACE ISOTROPIC POSITION

The even functional Minkowski problem on W?(R™) was solved by
Lutwak, Yang, and Zhang [28].

Theorem 4.1. Given a function f € WYP(R™), there exists a unique

origin-symmetric convex body (f), such that

| @@= s [ awpasan,e.

for every even continuous function ® : R" — [0,00) that is homoge-

neous of degree 1.

The lemma below (see [28, Proposition 5.4.]) describes how (f), be-

haves if f is composed with a volume preserving linear transformation.
Lemma 4.2. Suppose f € WHP(R™). Then for T € SL(n),
(fo T71>p =T(f)p-

We say that a function f € WIP(R") is in the functional LP surface

isotropic position if (f), is in the L? surface isotropic position.

Theorem 4.3. Suppose f € WHP(R") is in the functional LP surface

1sotropic position. Then
IV Fll, =min{|[V(f o T)[, : T € SL(n)}.

The minimal position is unique up to orthogonal transformations. More-

over, if f is in the functional L* surface isotropic position, then

V30, =n 5 Vi(z)® Vf(z)de.
Proof. Taking ®(v) = |v| in (4.1), we get
5,(47),) )

IVl = [ Vi@ = {2 A,
" e V{(£))
From (4.2), Proposition 3.1 with K = (f),, Lemma 4.2, and (4.2)

again, we have

VNG =Sp((F)) [V {F )
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— win{S,(T{(f),)/V(T{f),) : T € SLin)}
—win{S,((f o T-),)/V({f o T,) : T € SL(n)}
=min{||V(foT )|, : T € SL(n)}.

Now, we consider the case p = 2. Taking ®(v) = |u - v| in (4.1), we
get
1
u-V xde:—/ w - v|*dS , V). 4.3
| e vr@pde = s [ ueoPasinae). @3
Since f is in the functional L? surface isotropic position, it follows
that n.Sa((f)a,)/S2({f)2) is isotropic. Thus, from (4.3) and (4.2), we

have

Sa((f)2) _ IV S13
W)~

[ Vi@ -
O

Theorem 4.4. Suppose f € WIP(R™) is in the functional LP surface

1sotropic position. Then

Cn,

;Jr;—p;vaHp < 5p(f) < vaHp- (4-4)
nn rPRp\p)n

For p # 2, there is equality in the left inequality if and only if (f), is
a cube. If p is not an even integer, then there is equality in the right

inequality if and only if (f), is a ball.
Proof. Taking ®(v) = |u-v| in (4.1) and (3.4) , we have

DI = [l Vi(@)Pds

: P v) = up
:W/ [ 0PdSy((f)p,v) = AL (f)p, w)?.  (4.5)

From (1.3) and the polar coordinate formula for volume, we obtain

&) = cnn( [ IDufl;" )
= cn,p</sn_1 h(Hp<f>p,u)_"du>

—-1/n
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The inequalities (4.4) and their equality conditions follow by combining
(4.2), (4.6) and Lemma 3.4. O

Theorem 4.5. Suppose f € WHP(R") is in the functional LP surface

1sotropic position. Then

1
dn B,
— IVl < G(F) < 1Vl (4.7)
n"E R Yngp
If p is not an even integer, then there is equality in the right inequality
if and only if (f), is a ball.
Proof. Taking ®(v) = |P,1v| in (4.1) and (3.7) , we have

Dy 12 = / P V()P da
RTL

1 » y
= S Lo Pt PaS (1)

1 p v
- T / Pl dS, () )

= MWy (f)p, )" (4.8)

The third equality follows from the fact that |P,.v| = |P,ru| for ev-

ery u,v € S" ' From (1.8) and the polar coordinate formula for

volume, we obtain

Go(f) = dn,p</sn_1 ||DuLf||];”du)

—1/n

= dy /S R ) )
= dy TV (W5(f),) 7 (4.9)

The inequalities (4.7) and their equality conditions follow by combining
(4.2), (4.9) and Lemma 3.5. O

By Lemma 3.6 and 3.8, together with (4.2), (4.5) and (4.8), we have

Theorem 4.6. Suppose f € WHP(R") is in the functional LP surface

isotropic position. Then for every u € S™!,

_1 _1
n p”VprS HDuprSn 2||Vf||pa I1<p<2,
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and

_1 _1
n [Vl 2 1Dufllp 2 22V [l p2=2

Theorem 4.7. Suppose f € WIP(R™) is in the functional LP surface
isotropic position. Then for every u € S" !,

1

VIV, 1<p<2,

n—1

(=) 1911, < 10,11, < (

and

n—1

(=190 2 100 11 = (=) 210 sl, p22

Therefore, the previous theorems together with Proposition 3.1 im-

mediately yield our main results (Theorem 1.1-1.5).

5. FROM ANALYTIC TO GEOMETRIC INEQUALITIES

To obtain geometric inequalities from their analytic inequalities, the
following lemma will be needed (see e.g., [20, 37, 38]). Since the argu-

ment is slightly different, we give the proof for completeness.

Lemma 5.1. Suppose K € K* and [ = g(||z||x) with g € C*(0,00).
Then (f), is a dilate of K; that is

(F)p=c(f) 7K, (5.1)
where c(f) = V(K) [;t" g/ (t)[Pdt.

Proof. Since hg~ is a Lipschitz function and hg«(x) = 1 on 0K, for
almost every x € 0K, we have
v () = =,
<) Wh @)
where vk (x) is the outer unit normal vector of K at the point z. Note
that hx(Vhgs(z)) = 1 for almost every x € R™. Hence

1

hK(VK(J])) = m

(5.2)
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Then by (4.1) and (2.1), the co-area formula (see, e.g., [I 1, p.258]), the
fact that Vhg+ is homogeneous of degree 0, and (5.2), we get

! P(v v
TR o PSS ye0)

- [ o)

_ / (g (- (@) Vhic- () )da

= [ 15 e ()P () e (0) P

|
— /OOO /{9Kt”—1|g’(t)|pq>p<|§hf< E$§|>|VhK*(x)|p_1dH”_1(:p)dt
)

- /OOO tﬂl!gl(t)lpdt/aK O (e () e (vie () PdH ()

= [ egpd [ @ras, o)
0 gn—1
1

= ®P(v)dS, (K,

T o P (Koo)

for every even continuous function ® that is homogeneous of degree 1.
From (2.2), we get Ko = K/c(f)"? with ¢(f) = V(K) [~ t" g/ (t)|Pdt.

Thus, the uniqueness of the solution of the normalized even LP Minkowski

problem yields

(f)p = Ko = K/e(f)'?.
]

By Lemma 5.1, we see that the function f is in the functional L” sur-
face isotropic position if and only if the convex body K is in the LP sur-
face isotropic position when f = g(||z||x) with g € C1(0,00) and K €
Ko

The assumption that f(z) = g(||z| k), together with (4.2), (5.1) and
(2.2), give that

Sp({)p)\ 5 _ (Splelf)”
win)

191, = (
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From (4.5), (4.6), (5.1) and (3.5), we have
| Duflly = BL(f)p, ) = h(ILy(c(f) 7 ), u)
= o(f)r (I K, u),
for u € S* !, and
E)(f) = capn V(I (f),)

= cppn nV(IL(e(f) 7 K))

=

= c(f)rcapn w V(LK) .
Similarly, from (4.8), (4.9), (5.1) and (3.8), we get
[ Dy fllp = () h(¥, K, w),
for u € S* !, and
Go(f) = c(f)Pdnyn™ V(U5 K) .

Consequently, we see that our analytic inequalities in Section 4 could
imply corresponding geometry inequalities in Section 3. Moreover,
the equality conditions of Theorem 1.2 and Theorem 1.3 follow from
Lemma 5.1 and the equality conditions of Theorem 4.4 and Theorem
4.5.

6. RELATION TO THE (p,2) FISHER INFORMATION MATRIX

The last section is dedicate to explain that 7}, in Theorem 1.1 and
the (p,2) Fisher information matrix .J,2(X) are actually equivalent.

The following two minimization problem will be considered:

(i) Given f € W'P(R"), define

ma(f) = f{| TV F|E: T € SL(n)}.
Does there exist Q; € SL(n) such that
|V fI[; = ma(f)?
(ii) Given f € W'(R"), define
ma(f) = inf{|T|"" : |TVf|L = n and T € GL(n)}.
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Does there exist ()2 € GL(n) such that

Q2| = ma(f)?

Here |T'| denotes the absolute value of the determinant of the matrix 7.

The extremal problems (i) and (ii) are actually equivalent

Proposition 6.1. If Q) is a solution of the problem (i), then Qo =
n%HQlVfH;lQl is a solution of the problem (ii). Conversely, if Qs is
a solution of the problem (ii), then Q1 = |Q2\_%Q2 is a solution of the
problem (1).

Proof. Suppose @ is a solution of (i). Clearly, the matrix Qs =
n%HQ1VfHIle1 satisfies ||Q2V f||? = n. Then for each T" € GL(n) such
that ||V f[|F = n, we have

\vadlig
‘QQ’_I _ ||Q1 pr’Ql’_l

nn/p
= Q™ Qv Iy
< |77V flpn

ai .
—

n"/P

=T~

Thus, Q> is a solution of (ii).

Conversely, suppose Q3 is a solution of (ii), then the matrix Q; =
|Qs|"7Qs € SL(n). Note that for each T € SL(n), the matrix T =
nv | TV f||,'T satisfies | TV f||5 = n. Since Qs is a solution of (ii), then

- 1 _ _ _n n
Qo™ < T = v [TVA'T T = 0 |TV I
Therefore,

1QVAIE = |Qol 5 QY £2

=n|Qa|
<[ TV,

which means @); is a solution of (i).
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O

For T' € GL(n), there exists an orthogonal matrix O and a positive
definite symmetric matrix A such that T'= OA. Let S denote the class
of positive definite symmetric n-by-n matrices. Then the problem (ii)

can be rewritten as: given f € WHP(R"),

ma(f) = inf{|A|~" : ||[AVf||>E = n and A € S}
= inf{|A] : [AT'Vf||> =n and A € S}.

It follows from [22, Theorem 4.3| that there is a unique A, € S such
that [|A 'V f||P = n and [A,| = my(f). Thus,

Q2 = O2A

for some Oy € O(n). In [22, Definition 4.2], the (p,2) Fisher informa-
tion matrix J,o(X) is defined as J,»(X) = AP. Hence

1
Q2 = 02Jp2(X) 7. (6.1)
However, comparing the problem (i) and Theorem 1.1, we have
Q1 = OiT,, (6.2)

for some O, € O(n).
Therefore, it follows from Proposition 6.1, (6.1) and (6.2) that

_1 1 _
Jpa(X)» = anT;WleOgT;, (6.3)

and
1 1
Ty = |Jp2(X)|7 042 (X) 7, (6.4)

for some O3,04 € O(n). Moreover, if we rewrite (6.3) and (6.4) with
the relation A, = J,2(X)"?, then

- 1 -
ATt =TIV || 05T,

and

T, = A= O4A "
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When p = 2, it is easy to verify that the identity (1.6):

n

1TV AL, =n [ T $(0) 9 TV (o)
is equivalent to [22, (16)]:
I, = / AWV f(z) @ AV f(2)d.
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