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Abstract. It is shown that there are two Gaussian inequali-
ties for Wulff shapes corresponding to Schuster and Webern-
dorfer’s results for the Lebesgue measure. Barthe’s mean
width inequality for continuous isotropic measures and its
dual inequality are special cases of these new inequalities.
Moreover, two new Gaussian inequalities related to the LYZ

ellipsoid are obtained.

1. Introduction

A non-negative Borel measure v on the unit sphere S”~! is said to be isotropic if, when
viewed as a mass distribution on S™7!, it has the same moment of inertia about every
1-dimensional subspace of R". The notion is closely related to John’s theorem and was
exploited by Ball [2] in the proof of his celebrated normalized Brascamp-Lieb inequality.
A few years later, Barthe [6] discovered the important reverse Brascamp-Lieb inequality,
giving at the same time a simpler approach to the proof of the Brascamp-Lieb inequality
and its equality conditions. These inequalities have had a profound influence (see, e.g.,
[1,2,3,4,5, 6,7, 10, 11, 13, 23, 25, 26]). Using his transportation of mass technique,
Lutwak, Yang, and Zhang [18, 20, 21] developed a new approach based on the work of Ball
and Barthe, which helped them to extend the results of Ball-Barthe for discrete measures
to general measures, along with characterizations of all extremals.

In 2010, Lutwak, Yang, and Zhang [21] introduced the notion of isotropic embedding,
which can be dated back to Ball. Very recently, using this technique, Li and Leng [14]
obtained Barthe’s mean width inequality for continuous isotropic measures together with

its dual inequality, which are closely related to Gaussian inequalities. Since Schuster and
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Weberndorfer [27] have established inequalities for the Lebesgue measure of Wulff shapes,
the natural question arises: What corresponding inequalities for the Gaussian measure
of Wulff shapes hold? In this paper, we will answer this question. In order to state our
main results, several notations are needed.

Throughout this paper, a convex body K in Euclidean space R" is a compact convex
set that contains the origin in its interior. The polar body of a convex body K is defined
by

K'={zeR":xz-y<lforalye K},
where z -y denotes the standard inner product of x and y in R”. We denote the Euclidean

norm of x by ||z|| = /r -z, and the Euclidean unit sphere by S"~!. Let supp v de-

note the support of a measure v, and conv L denotes the convex hull of a set L C R".

Moreover, 7, is the standard Gaussian measure with density i \/217)n e llel*/2,

The notion of Wulff shape has its roots in the theory of crystal growth, and it is a
powerful tool to study geometric objects (see, e.g, [8, 16, 22]).

Definition  Suppose v is a Borel measure on S™' and f is a positive continuous

function on S™~'. The Wulff shape W, s determined by v and f is defined by
W, ri={zeR":z-u< f(u) for all u € supp v}.

Corresponding to the case of the Lebesgue measure that Schuster and Weberndorfer
[27] considered, we obtain the following inequalities for the Gaussian measure of Wulff
shapes.

Theorem 1 Suppose f is a positive continuous function on S™~* such that || f||r2¢) =

1, and v is an isotropic f-centered measure. Then,

2 m
/0 e 2y, (rW, f)dr < Jonr1

If f is constant on supp v, then equality holds if and only if conv supp v is a reqular
simplex inscribed in S™1.
Theorem 2 Suppose f is a positive continuous function on S™~* such that || f|| r2¢) =

1, and v is an isotropic f-centered measure. Then,

00 2 , T
/0 € Q’Yn(TWV,f)dTZ QIW

If f is constant on supp v, then equality holds if and only if conv supp v is a reqular
simplex inscribed in S™1.
In fact, we establish two more general inequalities with an extra variable A (see The-

orem 4.2 and Theorem 4.3). As has been shown in [5, 14], this variable \ is crucial in the
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proofs of Barthe’s mean width inequality and its dual inequality. Following the same steps,
the results of Li and Leng [14] on Barthe’s mean width inequality for continuous isotropic
measures and its dual inequality are direct consequences of Theorem 4.2 and Theorem
4.3 (see Corollary 5.2 and Corollary 5.3). Moreover, we obtain two inequalities related to
the LYZ ellipsoid [17] and Gaussian measure via Theorem 1 and Theorem 2. The ideas
and techniques of Ball, Barthe, Lutwak-Yang-Zhang, and Schuster-Weberndorfer play a
critical role throughout this paper. It would be impossible to overstate our reliance on
their work.

This paper is organized as follows: In Section 2 we list for quick reference some basic
notations and preliminaries. In Section 3 we introduce the notion of isotropic embedding
and recall several needed lemmas. Section 4 contains the proofs of our main results. Some

applications of these theorems are presented in Section 5.

2. Background and notation

For a general reference, the reader may wish to consult the books of Gardner [9],
Gruber [12], and Schneider [24].

If K is a convex body (i.e., a compact, convex subset of R" that contains the origin
in its interior), then its support function hx = h(K,-) : R" — R is defined for x € R™ by

hi(z) = h(K,z):=max{z-y:y € K}.

Let || - |[x : R® — [0,00) denote the Minkowski functional of a convex body K;
ie, ||z]|[xk = min{\A > 0: 2 € \K}.

We now list some results from the quadratic Brunn-Minkowski theory, which is the
special case p = 2 of the evolving L,-Brunn-Minkowski theory.

For convex bodies K, L, and ¢ > 0, the quadratic Firey-combination K +5 /L is

defined as the convex body whose support function is given by
h(K 45 veL,-)? = h(K,-)? +eh(L,-)*.

The quadratic mixed volume V(K L) of convex bodies K, L was defined in [16] by

e—0t €

In particular, for K = L,
Va(K, K) = V(K).



It was shown in [16] that corresponding to each convex body K, there is a positive

Borel measure Sy(K, ) on S"!, called the quadratic surface area measure of K, such that

VK. =5 [ s u),

n

for each convex body L. It was also shown in [16] that the quadratic surface area measures

is h-centered; i.e.,
/ uhg(u)dSs(K,u) = o. (1)
Snfl

Note that the Wulff shape that is determined by the quadratic surface area measure Sy (K, -)
and the support function h(K,-) of K is the convex body K:

Wsa (i) n() = I (2)

In 2000, Lutwak, Yang, and Zhang [17] introduced a new ellipsoid I' 5K associated
with a convex body K, which is defined by

Il = 7 [ (e 0PdSa(E0 Q

for u € S™! (see also [15, 19]).
Next, we introduce several other notions related to positive continuous functions f on S"~!.

A Borel measure v on S"! is called f-centered provided that

(u)udv(u) = o.
Sn—1

The measure v is called isotropic if

/ u @ udv(u) = I, (4)
Sn—l

where u ® w is the rank 1 linear operator on R™ that takes x to (x - u)u, and I,, denotes

the identity operator on R™. Moreover, taking traces in (4), we get
v(S") =n. (5)
The displacement of W, ¢ [27] is defined by

- 1 . U
disp(W, r) = VL) /Wy,f xdx s f(u)d (u).

Similarly, we define the Gaussian displacement of W, s by

Gdisp(WV,»:—%(JVVf) /W rin(@)- [ sdvta), (6)
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1L o—llz]?/2
V2nr © :

The /-norm of a convex body K in R" is an important quantity in local theory of

where 7, is the standard Gaussian measure with density

Banach spaces. It is defined by

() = [ ol (o)

The mean width of a convex body K is
W(K) = / (hi(u) + hx(—u))do(u) = 2/ hi(u)do(u),
Snfl Snfl
where o is the Haar probability measure on the unit sphere S™*.
Note that
20(K*) = cp/nW (K).

Here ¢,, is a numerical constant satisfying
c, — 1, n— oo

The following observation is crucial in the proof of Barthe’s mean width inequality

and its dual inequality. Let K be a convex body, then

()= [ el = [ ([ @)t

R 0
= /R L{ja e >ty dm(2)dt :/ (1 =y (tK))dt.
0 n

3. Isotropic embeddings

The concept of isotropic embeddings was first proposed by Lutwak, Yang, and Zhang
[21]. Here, we adopt the definition of this concept given in [27].

Definition If v is a Borel measure on S"~', then a continuous function g : S*~! —
R\ {0} is called an isotropic embedding of v if the Borel measure v on S™, defined by

[ ttwydotw) = [ (8 latwlPavia ©

lg(w)ll

for every continuous t : S™ — R, is isotropic.

In order to obtain our results, several lemmas from [27] are needed.

Lemma 3.1 Suppose f is a positive continuous function on S and v is an isotropic
measure on S"L. Then g4 : S" ! — R = R" x R, defined by

g+ (u) = (£u, f(u)), (9)
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are isotropic embeddings of v if and only if v is f-centered and || f||r,w) = 1.

The following two special cases of isotropic embeddings of the form (8) are well known
(see [4, 5, 14, 20, 21, 27]).

(i) If v is a l-centered isotropic measure, then, by Lemma 3.1, the functions g. :
Sr=1 — R defined by

) (10)

are isotropic embeddings of v.
(i) If K C R™is a convex body such that I' s K = BY. By (1) and

% /S (h(f/(’ﬁu))stg(K, W =1,

it follows from (3) and Lemma 3.1 that g4 : S"~! — R"*!  defined by

9s() = (% Wféu)> (11)

are isotropic embeddings of Sy (K, -)/V (K).

The following critical lemma is due to Ball, Barthe [6]. In [18], Lutwak, Yang, and
Zhang give a different proof along with the new equality conditions.

The Ball-Barthe Lemma If v is an isotropic measure on S™ and t is a positive
continuous function on supp v, then

det /n t(w)w @ wdv(w) > exp (/ logt(w)dﬂ(w)> (12)

n

with equality if and only if t(vy) - - - t(vpy1) s constant for linearly independent vy, - -+, Upyq €
supp V.

The Ball-Barthe Lemma plays a critical role in the proof of statements about isotropic
measures including our results. Applying the equality conditions, Schuster and Webern-
dorfer [27] obtained the following characterization of the support of 1-centered isotropic
measures which are embedded by the functions given in (10).

Lemma 3.2 Let v be a 1-centered isotropic measure on S™ ', let vy denote the
isotropic measures on S™ defined by (8), isotropically embedded by g+ defined in (10), and
let D C R™! be an open cone with apex at the origin containing e,4, such thatw-z > 0 for
every w € supp v+ and z € D.

For every z € D, defined t, : supp v+ — (0,00) by

tz(w) = gbw(w : Z)?



where ¢, : (0,00) — (0,00) is smooth nonconstant such that t,(w), for every fized z € D,
depends continuously on w € supp vy. If there is equality in (12) for v,, or v_ respectively,

and every t,, z € D, then conv supp v is a reqular simplex inscribed in S™ 1.

4. Proof of the main results

A simple use of the Cauchy-Schwarz inequality and the definition of isotropy yields
Lemma 4.1 ([20]) If u is an isotropic measure on S™ and J € L*(p), then

| / wl(w)du(u) | < 17z, (13)

with equality if and only if J(u) = u- [, vJ(v)du(v) for almost all u € S™ with respect to
the measure [
We now prove the more general Gaussian inequalities. Note that Theorem 1 and
Theorem 2 are simply deduced from Theorem 4.2 and Theorem 4.3 by setting A = 0.
Theorem 4.2 Suppose f is a positive continuous function on S™~' such that || f|| 12(,) =

1, and v is an isotropic f-centered measure. Then, for any real \,

2 : 1
/ 6_7+)‘(n+1)r_)‘GdISp(TW"’f)")/n(TWy7f)d7° < S exp < / (log GA7U)(1+f2(u))du(u)> :
0 (27T)n/ Sn—1

where Gy, = fooo exp(—% + )‘S—V;(J;{Q(u))ds. If f 1s constant on supp v, then equality holds
if and only if conv supp v is a reqular simplex inscribed in S™*.

Proof. Since || f||z2¢,y = 1 and v is isotropic, by application of Lemma 3.1, let 7 denote
the measure on S™ defined by (8), isotropically embedded by g_ = (—u, f(u)), v € S* 1.

Define the cone C' € R = R" x R by

C= UrWva x {r} c R

r>0

Obviously, e, 1 € C'. Note that w € supp ¥ C R" x R if and only if

V14 f2(u)
for some u € supp v. Thus, by the definition of W, ;, we have that, for every w €
supp 7 and z = (x,r) € C,

—u-z+rf(u) >0
1+ f2(u)




Now, for w € supp v, let

oo _£+ As
Gaw = e % ent1v(g,
0

Define the smooth and strictly increasing function 75, : (0,00) — R by

T (t)
1 b2 As w 2
e T ey = e " ds.
G)ww 0 —00

Differentiating both sides with respect to t gives

1 7£+ At 2
(e ) = O ),
Aw

Taking the log of both sides and putting t = w - 2z for w € supp v and z € int C, we get

22 Aw-
_ (w-2) 4 (w-2) —logGyy = —nTo(w - z) + log T, (w - 2). (15)
2 €nt1 "W

Define the transformation 7" : int C' — R™**! by

T(z) = / Tufw- 2Jwdo(w).

Hence, for every z € int C,
AT (z) = / T/ (- 2)w @ wdi(w). (16)

Since T/, > 0 and 7 is not concentrated on a proper subspace of R"*! we conclude that
the matrix d7'(z) is positive definite for int C'. Therefore, the mean value theorem shows
that T': int C' — R is globally 1-1 onto its image.

Moreover, by Lemma 4.1 with J(w) = T,,(w - z), we obtain

QI < [ Tiw- o). (17)

By (15), the Ball-Barthe Lemma with ¢(w) = T, (w - 2), (16), (17), and the change of
variables y = T'(z), we have

At Cexp (/n <_ (w ~22)2 I 2‘5101 72 — log G&w)dﬂ(w))dz
— At Cexp (/n —7 T (w - z)dﬁ(w)) exp (/n log T" (w - Z)dlj(w)>dz (18)

< [ ep(-alT@IRdetdr (s < [ expl-alylPidy =1
int C

Rn+1
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By definition (8) of 7, (5), and since v is f-centered and || f[/z2(,) = 1, we obtain
for 2 = (z,r) e C

(m,r).w ) — (xr /W 2NV
foammr o = [ T T O+ e
= —M r—a-uf(u)+rf(u))dv(u 19
/Snl( f(u)+ flu) +rf*(u))dv(u) (19)
= /Snlf() v(u)+ (n+1)r.

Applying Jensen’s inequality and (6) shows that

1
(27T)%7n(TWu,f) /rW feXp( A g1 f >d1/( )) 2 dx

= P <( Vn(TWl/f / W s /S” 1 Mfd%) 2

= exp(—AGdisp(rW, ¢)).

Now, we consider the left-hand side of (18). By the isotropy of v, (19), and (20), we

have
& ||2 / Aw - 2)
ex —=dv(w) )dz
AtC p( Sn€n+1w ())
2 .
/ / exp _r+ HIH — )\/ g dv(u) + A(n + 1)r>dazd'r’
,/f Sn—1 ( )
2
> (2m)% / exp ( Y + A(n+ 1)r — AGdisp(rW,, )>7n(rWV7f)dT.
0
Hence

00 2 1
/ exp (—r—+)\(n+1)r—)\Gdisp(rW,,f)>'yn(7"W,,f)dr < ——exp (/ log G wdﬂ(w)).
0 2 ’ (2m)2 n ’

Now if f is constant on the support of v, we have f = \/iﬁ because || f||z2¢,) = 1. Thus,
applying Lemma 3.2, where D = int C' and ¢,, = T, concludes the proof. O
Theorem 4.3 Suppose f is a positive continuous function on S"~' such that || f|| 12y =

1, and v is an isotropic f-centered measure. Then, for any real \,

00 7‘2 1 ~
| e (= 52w = e ([ (0sGa) 1+ Fu)ivt)
where ék,u = fooo exp(—% + \/%%)ds If f is constant on supp v, then equality holds

if and only if conv supp v is a reqular simplex inscribed in S™*.
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Proof. Since || f||z2¢,) = 1 and v is isotropic, let 7 denote the measure defined on S™ by
(8), isotropically embedded by g, (u) = (u, f(u)), u € S (see Lemma 3.1).
For w € supp 7, let

~ 0 2
0

Define the smooth and strictly increasing function T, R— (0,00) by

Tw(?) t
1 52 2
-— e~ T Hentrwds g e " ds.
G>\7w 0 —00

Differentiating both sides with respect to t gives

1

@ (e—@Henww)Afw(ﬂ)f;(t) — e—wtz_
Aw

Taking the log of both sides and putting ¢t = w - z for w € supp 7 and z € R"*!, we get

5 + (eng1 - WA Ty(w - 2) + log T, (w - z) — log @,\M = —7(w-2)> (21)

Define the transformation 7 : R — Rn+1 by
T(z) = / T - 2)Ywdi(w). (22)
Define the cone C C R = R" x R by

C = U?“W*f x {r}.

r>0

Next, we will show that T(z) C C for all z € R™!. It is sufficient to prove that
if f(z) = (z,r) ER"™ =R" xR and y € W, , then z -y < r. By definition (8) of 7, the
definition of T, and the fact that u-y < f (u) for every u € supp v, we obtain

Ty = /Sn_1 f\/(%< (r’f(;é)() ; z)( 1 +Uf2<u) 'y>(1+f2(u))dy(u)
— / ( oo (U f(u)) )(u'y)mdu(u)

i 1+f2( )

< / f(uf(u)) (u fw) . ) u)y/1+ f2(u)dv(u
gn—1 ( )

m 1+ f2
= / Tw< €n+1 w)dv(w) = r.
Sn

10



From (22) it follows that
iT(z) = / T (w - 2)w @ wdi(w). (23)

Since i; > 0 and 7 is not concentrated on a proper subspace of R"*!, we conclude that
the matrix df(z) is positive definite for R"™!. Therefore, the mean value theorem shows
that 7 : R"*1 — ( is globally 1-1 onto its image.

By the isotropy of v, it follows that

a1 = [ (- 2Pdow). 24

Moreover, by Lemma 4.1 with J(w) = fw(w - z), we obtain

ITEI < [ T2 2o w)

Together with (21), (22), and (24), this implies

/n log T/, (w - z)di(w) :/n <_7T(w_2)2+i%(z;}-z)_

(en-l-l : w)/\fw<w ’ 2) + 10g G\A,w>dﬂ(w)

TR A~ ~
> —7l|z]|? + m —ANT'(2) - epi1 + / log G »dv(w).
Sn

Consequently,

_ 2
1 :/ e =% q
Rn+1

< /Rn+1 exp (/ log T/ (w - z)di(w) — HﬂTz)’P +AT(z) - en+1>
exp /Sn log Gy wdD( ))dz (25)

= exp < — /Sn log @,\,wdﬁ(w)> /]Rn+l exp < — ||T\(22)H2 + )JA’(z) : 6n+1>
exp </n log T (w - z)dz?(w))dz.

Now, we consider the right-hand side of (25). The Ball-Barthe Lemma with ¢(w) =
ﬁ’u(w - z) and the change of variables y = f(z) give
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T 2 =N ~
/ exp ( _EEIE + A\T'(2) - enﬂ) exp (/ log T) (w - z)dﬁ(w))dz
Rn+1 2 n
TE? A -
§/ exp ( _ EIE + \T'(z) - en+1> det dT'(z)dz
Rn+1 2

lyll?
< [ exp —— 4+ Ay -eni1)dy
& 2

00 2 2
—/ / exp ( — % + )\7“) dxdr
o Jrwy, 2

2

—=(2m)2 /0 exp ( — % + Ar)vn(rW:f)dr.

Hence

o 7,,2 1 ~
- * > - 7 _
/0 exp < 5 + )x?“) Yo (r W, ¢ )dr > @n)? exp (/n log G,\ywdu(w)>

If f is constant on the support of v, then we have that f = \/Lﬁ because | f||r20) = 1.
In order to apply Lemma 3.2, define the open cone D C R**! by

D={zeR" :w-2z>0 for every w € supp v},

and let ¢, = A{U. This concludes the proof. U

5. Applications

Let A\, denote a regular n-simplex inscribed in S"~!. Then, its polar body A% is a
regular n-simplex that contains S™~!.

Lemma 5.1 ([5, 14]) Suppose v is an isotropic measure. If

2 r
6*74’)\(714’1)1”771(_
J 7

holds for every real \, then

o0 7‘2
(conv supp v)*)dr < / e’7+’\(”+1)’”’yn(LA*)dr
0

\/ﬁ n

¢((conv supp v)*) > L(AL).

If
o 7‘2 o0 r2
/ e~ 2 N (ry/n conv supp v)dr > / e 2 Py (ry/nd\,, ) dr
0 0

holds for every real \, then
((conv supp v) < L(A,,).
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Proof. 1t is sufficient to prove the first case. The proof of the second case is analog.

Since A is arbitrary, making the change of variables ¢t = \/Lﬁ, it follows that for all

real a, b
> —ﬁ(t2+at+b) * R t2+at+b) *
e 2 Yn(t(conv supp v)*)dt < e 2 Y (LAY dE.
0 0
In particular, for all o € R,

n2

/ e~ 7= (t(conv supp v)*)dt §/ e_T(t_O‘F%(tAZ)dt.
0 0

[§]

Thus, for all o € R,

oo n2 & n
/ e % 0" (1 — oy, (t(conv supp v)"))dt > / e T (1L — g, (187 .
0 0

Integration with respect to « yields

/ </ e*%(t*a)QdOJ(l—’Yn(t(conv supp v)"))dt > / </ ei%aia)Qda)<1_%<tAZ))dt'
0 R 0 K

Notice that the inmost integral does not depend on ¢, hence

| 1= autttcony supp vyt = [0 =)
0 0
Together with (7), we obtain

{((conv supp v)*) > L(A}).

OJ

For discrete measures, the following two results (Corollary 5.2 and Corollary 5.3) were

proved by Schmuckenschliager [26] and Barthe [5], respectively. Recently, Li and Leng [14]

extended these inequalities to continuous isotropic measures using the isotropic embedding
(10). Here, we also apply this isotropic embedding.

Corollary 5.2 Ifv is a 1-centered isotropic measure on S™ 1, then
{((conv supp v)*) > L(A})

with equality if and only if conv supp v = A\,,.

Proof. Let f = \/Lﬁ Since v is a 1-centered isotropic measure on S™ !, we have

1
= (conv supp v)* and Gdisp(W,

- ) = 0.

1
' n
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Applying Theorem 4.2, we obtain

o2 r 1 2 T, \""
e~ T PAHr n(— conv supp v *)d’r < = (/ ez A anS)
/O v \/ﬁ( pp V) <@\,

Now an application of Lemma 5.1 concludes the proof. O

The same arguments, together with Theorem 4.3, yield the following result.

Corollary 5.3 If v is a 1-centered isotropic measure on S™~!, then
{(conv supp v) < L(A,)

with equality if and only if conv supp v = A\,,.

By an application of the isotropic embedding (11), we obtain the following two corol-
laries.

Corollary 5.4 If K C R" is a convex body such that I' oK = B}, then

<2 r [ m
A e Q’Yn(%K>d7’§ W

Moreover, if K = A}, then equality holds.
Proof. Let f = hK . By the fact that the measure v :=
(2), we have

V(K So(K,-) is f-centered and

W, —K and H

hic/ Vi \/_ vn ‘LQ(V)_
By Theorem 1, the inequality follows.
A straightforward computation yields I'_sA¥ = B, and the equality case in Theorem
1 is satisfied. 0J
The same arguments, together with Theorem 2, yield the following result.

Corollary 5.5 [f K C R" is a convex body such that I' oK = BY, then

00 2 i T
/0 e 2%(7“\/5[()617“21/%.

Moreover, if K = A}, then equality holds.
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