NEW SINE ELLIPSOIDS AND RELATED VOLUME
INEQUALITIES

AI-JUN LI, QINGZHONG HUANG, AND DONGMENG XI

ABSTRACT. Corresponding to the Legendre ellipsoid and the LYZ ellipsoid, two
new sine ellipsoids are introduced in this paper. These four ellipsoids are closely
related in the Pythagorean relation and duality. Several volume inequalities and

the valuation properties are obtained for two new ellipsoids.

1. INTRODUCTION

It is well acknowledged that ellipsoids play an important role in convex geometric
analysis. As extremals, they often appear in (affine) isoperimetric type problems and
other extremal problems (see, e.g., [1,2,20,41,42,46,51,53,54,73]). For instance, the
celebrated John ellipsoid (or Lowner ellipsoid) associated with each convex body is
the unique ellipsoid of maximal volume contained in the body (or minimal volume
containing the body), which is extremely useful in convex geometric analysis and
Banach space geometry. In particular, the isotropic characterization of the John
ellipsoid was perfectly combined with the Brascamp-Lieb inequality by Ball to solve
reverse isoperimetric problems that usually have simplices or, in the symmetric case,
cubes and their polars, as extremals (see, e.g., [1-3,45,47,50,63]).

Among these ellipsoids there are some relationships, such as polarity or duality.
In this paper, we shall search for a new relationship among ellipsoids. The duality is

an important relation between convex bodies. In modern convex geometric analysis,
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the L, Brunn-Minkowski theory and the dual Brunn-Minkowski theory are two fun-
damental ingredients, which generalize and dualize the classical Brunn-Minkowski
theory. The L, Brunn-Minkowski theory began from L, Minkowski-Firey combina-
tions [11] in the 1960’s and came to life when Lutwak [40,41] introduced the concept
of L, surface area measure in the 1990’s. The dual Brunn-Minkowski theory initiated
by Lutwak [38] in the 1970’s as the dual theory to the classical Brunn-Minkowski
theory is based on a conceptual duality in convex geometric analysis. Since then,
the L, Brunn-Minkowski theory and its dual theory have expanded rapidly over the
last three decades; see, e.g., [6,8,9,14,18,20,22-24, 31-33, 36, 39, 42, 45-49, 64-72].
For more details about both theories, we refer the reader to [57, Chapter 9] and the
references therein.

Associated with each star body K in n-dimensional Euclidean space R", there is
a unique ellipsoid I'y K which has the same moment of inertia of K with respect to
every 1-dimensional subspace of R™. This ellipsoid is called the Legendre ellipsoid,

whose support function is defined by, for x € R”,

2, () = %f) /K @ - y[2dy, (L1)

where V(K denotes the n-dimensional volume of K and z -y denotes the standard
inner product of z and y in R™. The Legendre ellipsoid and its polar body (the Binet
ellipsoid) are well-known concepts from classical mechanics and are closely related
to the long-standing unsolved maximal slicing problem; see, e.g., [28, 30, 51] for
more information. Recall that a convex body L in R" is a compact convex set with
nonempty interiors. Its support function hy, is defined as hy(r) = max{z-y : y € L}.

Let K denote the set of convex bodies in R” that contain the origin in their interiors.
The polar body L* of L € K is defined by

L'={zeR":z-y<1 foralyelL} (1.2)

A star body @ in R" is a compact star-shaped set about the origin whose radial
function pg(z) = max{\A > 0: Az € @} is positive and continuous. Denote the set
of star bodies in R" by S;'. Obviously, K C S)'.

Note that the Legendre ellipsoid is an object in the dual Brunn-Minkowski theory.
By this observation, Lutwak, Yang, and Zhang [43] introduced a new dual analog
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of the Legendre ellipsoid by using the notion of Ly surface area measure within the
L, Brunn-Minkowski theory. This ellipsoid is now called the LYZ ellipsoid I' oK

whose radial function at x € R™\{o} is given by

@) = g [ ool as(K ), (1.3

where S5(K, -) is the Ly surface area measure of K € K on the unit sphere S™ .
The L, surface area measure of K, also called the quadratic surface area measure,
was further investigated by Lutwak, Yang, and Zhang [47] to establish a sharp
reverse affine isoperimetric inequality which states that the reciprocal of the volume
of I' oK provides a greatest lower bound for the volume of K*. Moreover, the
domain of the operator I'_y can be extended to star-shaped sets, which leads to an

elegant inclusion [44]: if K is a star-shaped set in R", then
I LK C LK,

with equality if and only if K is an origin-centered ellipsoid. This inclusion is the
geometric analog of one of the basic inequalities in information theory—the Cramér-
Rao inequality (see, e.g., [10]).

It is well-known that the notion of valuation played a critical role in Dehn’s
solution of Hilbert’s Third Problem. A systematic study of valuations was initiated
by Hadwiger [21] who obtained his famous classification of continuous, rigid motion
invariant valuations and characterization of mixed volumes. Over the past two
decades the theory of valuations has become an ever more important part of convex
geometric analysis (see, e.g., [7,17-19,31-37,52,58-62]). In particular, Ludwig
[32] showed that the matrices corresponding to the Legendre ellipsoid and the LYZ
ellipsoid are the only matrix-valued valuations on convex polytopes that are GL(n)
covariant.

It is worth mentioning that the LYZ ellipsoid as well as the John ellipsoid belongs
to a family of ellipsoids introduced by Lutwak, Yang and Zhang [46]. These ellip-
soids are called the L, John ellipsoids which provide a unified treatment for several
fundamental objects in convex geometric analysis, for instance, the John ellipsoid
(p = 00), the LYZ ellipsoid (p = 2), and the Petty ellipsoid (p = 1). Recently, the
Orlicz extension of the L, John ellipsoids was established in [73].
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The classical Pythagorean theorem states that for x,y € R”
|z - y* + [,y = [2][Poy? + [2P[Prryl* = 2]yl (1.4)

where |z| denotes the Euclidean norm of x and [z,y] denotes the 2-dimensional
volume of the parallelepiped spanned by z,y. Here P,y, P,.y are the images of
orthogonal projection of y onto the 1-dimensional subspace containing x and the
1-codimensional subspace z* perpendicular to x, respectively. This fundamental
theorem enlightens us to introduce two new ellipsoids As K and A_sK by replac-
ing |z - y| by [z,y] in and (L.3).

For each K € &7, we define the ellipsoid Ay K whose support function at z € R"

is given by

(@) = i [ ey (1.5

For each K € K7, we define the ellipsoid A_5 K whose radial function at z € R"\{o}
is given by
@) = i [ e asa(i o). (1.6
The ellipsoids A2 K and A_,K are well defined because h3_x () and py> (x) are
positive definite quadratic forms in the variable x (see and (2.21))). Notice
that the operation |z - y| of x,y € R" is related to the cosine transform, but [z, y]
is related to the sine transform. It is reasonable to call A K and A_,K the sine
ellipsoid of the Legendre ellipsoid and the LYZ ellipsoid, respectively. The cosine
transform (a spherical variant of the Fourier transform) of a finite Borel measure
on S™! turns out to yield a finite dimensional Banach norm, which gives a natural
analytical operator in convex geometric analysis. Important applications of these
integral transforms were presented in, e.g., [5,12,15,16,26,27,29,42,55,67]. The sine
transform, appearing in different forms in geometric tomography, was applied suc-
cessfully by Maresch and Schuster [50] to establish reverse isoperimetric inequalities
with asymptotically optimal forms. Furthermore, both transforms were generalized
and unified to the L, cosine transform on Grassmann manifolds in [29].
These four ellipsoids, as well as their polars, have the following “Pythagorean”

relations in terms of the Ly Minkowski-Firey combination 45 and the Ly harmonic
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radial combination +_o:

[oK +3 AsK = ¢,B" and  TI3K+ 5A;K = LB™ (1.7)
- 1
F,QK—F,QA,QK = —B" and FiZK +9 AiQK = CQBn. (18)
Co

Here B" denotes the unit ball of R", and ¢f = (n + 2) [ [y]*dy/V(K), ¢ =
So(K)/V(K). Thus, we can illustrate the relationships of these four ellipsoids in

the following diagram.

Pythagorean relation

A_2K F—QK

Duality T Duality T

Pythagorean relation
AN K 'K

The relations between the volumes of the ellipsoids 'y K, I' s K and the body K
are demonstrated in the following inequalities:
V([:K) 2 V(K) (1.9)
for each K € S}';
V(I oK) < V(K) (1.10)

for each K € K. Equality holds in both inequalities if and only if K is an origin-
centered ellipsoid. Inequality goes back to Blaschke [4], John [25], Petty [53],
and Milman, Pajor [51]. Both inequalities were also obtained by Lutwak, Yang, and
Zhang in [43].

In this paper we shall establish the following analogs of inequalities and
for the sine ellipsoids Ay K and A_s K.

Theorem 1.1. If K € S, then
V(AK) > (n—1)2V(K). (1.11)
If K € K7, then
V(AL,K) < (n—1)"2V(K). (1.12)

Equality holds in both inequalities if and only if K is an origin-centered ball when

n > 3 and is an origin-centered ellipsoid when n = 2.
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To prove Theorem [I.T| we introduce two new operators T, and T_, with affine
natures in Sections 4 and 5 where the operators Ay and A_, are their Euclidean
specializations (see and ) Such specialization that parts of entries are
replaced by Euclidean balls is an important technique in convex geometric analysis,
and a good example is the relation between mixed volumes and quermassintegrals
(see, e.g., [57]). Using the affine natures of Ty and T_,, two affine invariants are
constructed to establish the expected sharp inequalities.

Note that when n = 2, inequalities and are affine invariant. More-
over, in plane, our new ellipsoids are just rotations of the Legendre ellipsoid and
the LYZ ellipsoid by an angle 7/2, respectively. See Remarks and below for
details.

Moreover, our new ellipsoids have the following valuation properties.

Theorem 1.2. The operator K; is an Lo Minkowski valuation over S and the
operator //\\_/2 is an L_o radial valuation over K, where K;K = V(K)l/zAgK and
ALK = V(K)Y2A,K.

This paper is organized as follows: In Section 2 some background materials are
provided. Section 3 contains several volume inequalities and auxiliary lemmas. The
proof of Theorem is presented in Sections 4 and 5. In Section 6, the valuation
properties of two sine ellipsoids are given. Finally, two open problems will be posed

in the last section.

2. BACKGROUND MATERIALS

For quick later reference we collect some background materials from the L, Brunn-
Minkowski theory and its dual theory. Good general references are Gardner [13] and
Schneider [57].

Throughout R™ denotes n-dimensional Euclidean space (n > 2). For z € R", let
|z| be the Euclidean norm of z. The unit ball of R"™ is denoted by B™, and the
unit sphere by S"~!. Write w, for the volume of B". A convex body K in R" is a
compact convex set with nonempty interiors. Its support function hx : R® — R is
defined, for x € R"™, by

hg(z) =max{z-y:y € K}. (2.1)
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It is easy to see that for x € R™ and ¢ € GL(n)
how () = hi(¢'z), (2.2)

where ¢ K = {¢x : x € K} is the image of K under ¢ and ¢' denotes the transpose
of ¢. In particular, for ¢ > 0 and x € R",

her () = chg (), (2.3)

where ¢cK = {cx : x € K}.

A set K C R" is star-shaped about the origin if the line segment joining each point
of K and the origin is completely contained in K. If K is compact and star-shaped,
then the radial function pg : R™ \ {0} — [0,00) of K is defined for x € R™\{o} by

pr(x) =max{\ >0:\x € K}. (2.4)

A star body is a compact star-shaped set about the origin whose radial function is

positive and continuous. It is easy to see that for x € R™\{o} and ¢ € GL(n),

pox (@) = pr (¢~ '), (2.5)

where ¢! denotes the inverse of ¢. In particular, for ¢ > 0 and = € R"\{o},

pex (x) = cpr (). (2.6)
If K € K7, then it follows from ({2.1]), (1.2, and (2.4)) that

It is easy to verify that for ¢ € GL(n),

(PK)" = ¢ 'K, (2.8)
and in particular for ¢ > 0,
1
(cK)* = EK*. (2.9)

Elements of the L, Brunn-Minkowski theory. For p > 1 and € > 0, the L,
Minkowski-Firey combination K +,¢- L of K,L € K7 is the convex body whose

support function is given by

Wiy yer () = g (+) + €l (-). (2.10)
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The L, mixed volume V,(K, L) of K, L is defined by
V(K L) —-V(K
VoK, L) = B i Y Ep e D) 2 VIE)

n e—0+ IS

In particular,

VoK, K) = V(K).
It was shown in [40] that corresponding to each K € K, there is a positive Borel
measure, S,(K,-), on S"~ !, such that for each L € K7,

VKL =% [ WS, (K .v),

n

where dS,(K, ) = hg(-)""PdS(K,-) is the L, surface area measure of K. The
measure S(K,-) is the classical surface area measure of K; i.e., for a Borel set w C
Sl S(K,w) is the (n—1)-dimensional Hausdorff measure of the set of all boundary

points of K for which there exists a normal vector of K belonging to w. Thus, for

c> 0,
Sp(cK, ) = c"PS,(K,-). (2.11)
and the L, surface area S,(K) is
Sp(K) :/ dS,(K,v) :/ hi (v)'PdS(K,v). (2.12)
Sn—1 Sn—1

The L, Brunn-Minkowski inequality [40] states that if K, L € K7, then for p > 1,
V(K +, L)P/™ > V(K)P/" + V(L)*'", (2.13)

with equality if and only if K and L are dilates when p > 1 and are homothetic
when p = 1.

Elements of the dual Brunn-Minkowski theory. For p € R\{0} and ¢ > 0,
the L, harmonic radial combination K I—_p e-Lot K,L € S§] is the star body whose

radial function is given by
bR O = e o). (214)

The dual L, mixed volume v_p(K ,L) of K, L € 8" was defined in [41] by

~ K¥_,e-L)-V(K
MY (K L) = tim L e D) 2 V)
p e—0t €
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In particular,

Vo, (K, K)=V(K).

The polar coordinate formula for volume yields the following integral representation
Vi) == [ @,
where the integration is with respect to the spherical Lebesgue measure.
The dual L, Brunn-Minkowski inequality [41] states that if K, L € S}, then for
p>0,
V(KF_,L)™P" > V(K)™?/"™ 4+ V(L)™?" (2.15)
with equality if and only if K and L are dilates.
The operators I's and I'_ have the following affine natures (see [43]): for each
¢ € GL(n),
Pa(6K) = @I, K, (2.16)

and

[ 5(pK) = ¢I' oK. (2.17)

Let A be a positive definite n x n symmetric matrix. It is well-known that the
radial function and support function of the ellipsoid E(A) = {y e R" : y - Ay < 1}
at z € R™ are given by

h%(A) (r)=x-A'z and pE%A)(a:) =z - Ax. (2.18)

By (1.5) and (1.4)), it follows that

Ao K = E(Dy(K)™), (2.19)

with the matrix Do(K) having entries

[ 85 = v, (2:20
K

where we use coordinates y = (v1,...,y,) for R" and ¢;; for the Kronecker delta.

By (|1.6) and ([1.4)), we also have
A K =\/V(K)E(D_3(K)), (2.21)
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where the matrix D_5(K) has entries
/ ((5” — Uﬂ}j)ng(K, U). (222)
Sn—1

3. SEVERAL VOLUME INEQUALITIES AND AUXILIARY LEMMAS

First, we shall prove identities ) and . By ([2.10} - ., . . and

[2.3)), we have, for u € S"71,
n + 2
B2 reeamare (0) = 1o (0) + B3 o) = / g2y = B2 g (u).

and by (£.14), (7). and (2.9),
Pris s () = prfic(w) + px§K<u> = B3, (u) + 13, e () = B2, o () = p;iBn(u),

where c% (n+2) [ ly|*dy/V(K). Thus, (L.7) follows. Similarly, by (2.14)), (1.3),

(1.6), (1.4 , , and -, we have, for u € S” L
PR it ook () = Ak () + P, e () =

and by (2.10), (2.7), and (2.9),
h12“j2K+2Ai2K(u) = h%tQK(U)"‘h?\jQK(U) = pr2, k(W Hpa°, g (0) = Pc_;anW) = hg,pn (u),

where 3 = S5(K)/V(K). Hence, we obtain (L.8).

A star body K is said to be in isotropic position if I'sK is a ball with V(K) =1
(see, e.g., [51]), and a convex body K is said to be in dual isotropic position [43]
if ' 5K is a ball with V(K) =

Identities and , together with the Ly Brunn-Minkowski inequality
(p = 2) and the dual Ly Brunn-Minkowski inequality (p = 2), immediately

yield the following volume inequalities.

SQ((I[;) = P;;an (w),

<

Theorem 3.1. If K € S, then
V(Do K)2™ + V(A K)Y™ < Ew?lm, (3.1)

and

V(DEK) ™" + V(ALK) ™2 < w2/, (3.2)
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with equalities if and only if the star body K/V (K)Y™ is in isotropic position. If
K € K, then
V(D oK) ™" £ V(A K) ™" < ™, (3.3)

and
V(I K)Y" 4+ V(AN LK) < 2w, (3.4)

with equalities if and only if the convex body KV (K)Y™ is in dual isotropic position.

Proof. Only the equality conditions need to be verified. The equality conditions of
the Lo Brunn-Minkowski inequality show that equality in holds if and
only if 'y K and Ay K are dilates. But the relation implies that the ellipsoids
Iy K and Ay K must be balls. Thus, the star body & /V (K )™ is in isotropic position.

The equality conditions of the dual L, Brunn-Minkowski inequality show
that equality in holds if and only if I'_oK and A_,K are dilates. But the
relation implies that the ellipsoids I'_s K and A_s K must be balls. Thus, the

convex body K/V (K)Y™ is in dual isotropic position.

The proofs of equality conditions of (3.2)) and (3.4 are similar. O
Denote by [x,y,vs ..., v the k-dimensional volume of the parallelotope spanned
by the vectors x,y, v, ..., v whenever k > 3. The following lemma is critical for

the proof of Theorem [I.1]

Lemma 3.2. Ifn >3 and p > 0, then for any x,y € R™ satisfying [z,y] # 0,

/ / = y,v3, — Un} dvg - - - dvy, (3.5)
Sn—1 Sn—1

18 a constant depending on n and p. In partzcular,

2
/ / SC y;U37-'-7 n] d'U3"'dUn: (n_2)‘wz_2 (36)
Sn—1 Sn—1

Proof. For x,y € R™ with [x,y] #0 and v, € S k=3,--- ,;n—1, let

Vo :=span{z,y}, and Vi :=span{z,y,vs,..., v}
If x,y,vs,...,v, are linearly independent, then

[,y 03, vn] = [@][Pyry[[Pypvs| - [Py onl,
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where Py,1 is the orthogonal projection onto V= (the orthogonal complement of V;).
Define the set Q, k=3,...,n—1, by

Q= {(z,y,vs, ..., 05) € (S DF: [2,9,v3,...,04] # 0}
Note that if vy € span{z,y,vs,...,vx_1}, then we have
|PVkJ:1Uk’ - O

Hence, we obtain

p
/ [Iayav?ﬂ"')vn] dUg"'d’Un
(Sn—l)n—Q

[z, y]P
_/ (lz][Poryl[Pypvs| - - [Pys va])P
. (Jz||P,yl)P

:/ (/ ’PV#_lvn\pdvn>’PV,f_gUnfl\p--'|Pv2lvg\pdvn,1---dv3
Qn_1 Sn—1

fU3...den

= [Py vy |Pduy, |Pyo vp_1|Pdvn—y - - |Py L vg)Pdus. (3.7)
Sn—1 n—l Sn—1 n—2 Sn—1 2

Note that in the last step Vit can be seen as a subspace of R" with dim V! =
n — 1 for © = 2,...,n. Thus, by the rotation invariance of the spherical Lebesgue
measure, we have
/ |PVZ.LUi+1\dez'+1 = / (U¢‘2+1,1 +oeee Ui2+1,n—z‘)p/2dvi+17
Sn—1 Sn—1
which is a constant only depending on n and p. Here we use coordinates v;;; =
(Ui+171, oty Vil n—is - - avi-i-l,n) for R™.

In particular, for p = 2, we further have

2 2 2
/ [Pyrvipa|[“dvipr = / 1 Vi1 Vi + - +/ Vi1 p—i@Uit1
S'nfl Sn—

Snfl
=(n —1i)wp.
Combining (3.7), we immediately get (3.6]). O

Applying inequality (5.133) in [57] to the determinants of real symmetric n x

n matrices yields the following Aleksandrov inequality for mixed discriminants:
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let Q1,...,Q, be positive definite n x n matrices. Then

3=

D(Q1,Qs, -+, Qn) > (det Q1) (det Qo) 7 - - - (det Q) (3.8)

with equality if and only if Q); = \;Q); with a real number \; for 1 =2,... n.
A Borel measure p on S"~! generates a positive semi-definite n x n matrix ;] de-
fined by

W= [ vevduo) 39)

where v ® v is the rank 1 linear operator on R" that takes x to (x - v)v. It was

proved in [45] that for Borel measures py, ..., t, on S®1 the mixed discriminant

of [tu], ..., [ua] is given by
1
Dl lal) = [ [ P di(n) - dpa(). (310
n. Jgn-1 Sn—1
Combining with (3.8]), we immediately obtain

D([pu], - [1n]) > (detfpur]) -+ - (det[pn]) 7, (3.11)

with equality if and only if [1;] = A\;[p] with a real number X; for i = 2,... n.

3=

4. INEQUALITIES FOR THE ELLIPSOID Ay K

The classical Blaschke-Santalé inequality is one of the essential affine isoperimetric
inequalities in convex geometric analysis (see, e.g., [13,57]), which states that if K

is an origin-symmetric convex body in R", then

V(K)V(K") <w,

n’

(4.1)

with equality if and only if K is an origin-centered ellipsoid. (A non origin-symmetric
version also holds true, for which one needs to choose the Santalé point to define
polarity; see, e.g., [57, p. 548]). In [49], the Blaschke-Santalé inequality was
extended to the L, setting by Lutwak and Zhang such that the inequality is a
special case (p = o0). In particular, they showed that if K € S”, then

V(K)V(T3K) < w?

n?

(4.2)

with equality if and only if K is an origin-centered ellipsoid. In this section, we shall
establish an analog of inequality (4.2]) for the sine ellipsoid A K.
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Theorem 4.1. If K € S)', then
2

“n (4.3)

(n—1)2’

VKV (A K) <

with equality if and only if K is an origin-centered ball when n > 3 and is an

origin-centered ellipsoid when n = 2.

Forp > 1and K, ..., K, € 8, we define the convex body T, (K>, ..., K,,) whose

support function at x € R" is given by

hjiorp(l(z ,,,,, Kn)(m)

B n—l—p )t / / /PKz v2) /pxn(vn)[x . "
V( o o y 12025+ -5 TnUn

x Lo e ey oo dr dug - - - do
2 n 2 n 2 n

1
pu— DY p n+p . .. n+p DR
V(KZ) e V(Kn) /Snl /Snl [$7 V2 ’Un] pK2 (,UQ) pKn (Un>dU2 dvn-
(4.5)

Note that Ty (Ko, ..., K,) is an ellipsoid since h?r2( Ko, K () 15 & positive definite

.....

quadratic form in the variable x.

The affine nature of the operator T), is as follows.
Theorem 4.2. If p > 1 and K, ..., K, € 8", then for ¢ € GL(n),
Ty (0K, ..., 0K,) =|det p|¢p " T)(Ka,. .., K,). (4.6)

Proof. By (4.4), (2.2), and ([2.3]), we have, for ¢ € GL(n) and = € R",

p

(n—l—p / / [, 29, ..., x,|Pdas - - - day
V(pKs) - oK:  JoK,

n + -
| det ¢|™ <1V(]Z?2 / / ,QT, ..., ¢z, det ¢|" tday - - - day,
Ks .
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:V( n+p / / |det p|P[¢ a2, . .., 2, ]Pdy - - - dy,
KQ n
=| det lephT (Koo, Kn)(¢ T) = hfdet Dot Tp (Ko, ... Kn)(w)7
which gives the desired result. 0J

For p > 1 and K € S, define the convex body A,K whose support function

n-+p
hx = — Pdy.
When p = 2, the body Ay K is exactly the ellipsoid defined in ((1.5)).

The following theorem shows the connection between T, and A,,.

at € R" is given by

Theorem 4.3. Ifp > 1 and K € S, then there exists a constant ¢, , > 0 depending
on n,p such that
T,(K,B",...,B") = c,,\, K.
In particular,
To(K,B",...,B") = ((n — 2))2A;K. (4.7)
Proof. For n > 3, taking Ky = K and K3 =--- = K,, = B" in (4.5 and by Lemma
3.2, we have, for z € R"\{o},

Tp(K,B” ..... B")

n—+p
K)wn 2 /Sn I/Sn 1 /Sn 1 T, 02,03,V ] Pk (U2)dv2dv3"'dvn
1 DY n p
- 2/ / / va,vg’ p7v] dUg"'dUn>
(K)w {UQES” 1:[z,v2]#£0} Sn—1 gn—1 a} UQ]

X [z, v9)Pp (Ug)d'UQ

1 -
ZCﬁ,pWK) /S [z vl PP (vz)dvy

n+p »

:sz,phllj\pl{ (ZE) = hzc)n,pApK(x)’

where the constant

B [z ’U2,’U3,...,Un]pd p 1/p
n?p - n— 2 p U3 R /l)n .
w gn—1 gn—1 [z, V]
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In particular, ¢,» = ((n — 2)!1)2 by (3.6)), thus [{.7) follows.
For n = 2, the definitions of A,K and T,(K) are coincident. So the assertion still
follows. O

Theorem 4.4. If Ky, ..., K, € S8, then
w’l’l
V(DoK) - V(T KV (Ty(Ks, ., 1)) < — 22 (4.8)
((n—=1)1)>
with equality if and only if there exists a transform ¢ € GL(n) such that all star
bodies 9I; |V (¢ K;)V/™ are in isotropic position fori=2,...,n.

Proof. Tt follows from (4.6), (2.16), and (2.8)) that the left hand-side of inequality
(4.8) is GL(n) invariant. Thus, we may assume that

To(s, . K,) = B (49
Then, by (4.5), for v € S*71,
1
L= VPR (v2) < P (0n)dvn < - dy
VI(Kz) - V(K,) /(Snl)nl[v’v2’ U Py (v2) - P~ (vp)dua - - - du

Integrating both sides with respect to the spherical Lebesgue measure gives

1 / 2 n+2 +2
nw,, = [V, 09, ..., ) P2 (0g) - - - Pl 2 (v ) dvdug - - - duy,.
V(K2) - V(Ky,) Jignyn 2 fen

(4.10)
By (3.9) and (3.10)), equation (4.10) means that
1
D([B"], K], ..., [K,]) = ——, 4.11
where D([B"], [Ks], ..., [K,]) is the mixed discriminant of the positive definite n xn
matrices [B"], [Ks), ..., [K,] defined by
1
B = - / v @ vdv = I, (4.12)
Wn Jgn—1
and
(K] = 1 / v @ ot (v)dv = ntz / Yy Rydy, =2 n. (4.13)
7 V(KZ) gn-1 K; V(KZ) K ) 9 5 1. .

By (1.1) and (2.18)), we have
K, ={zeR":x-[K] 'z <1},
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and therefore,

V([2K;) = (det[K;])2w,, i=2,...,n. (4.14)

Moreover, from (4.11)), (4.12), (3.11) with [p] = I, [u] = [K] for i = 2,...,n,
(4.14), and (4.9), we obtain

(n_lm = D(I, [Ka), ..., [K,)])

> (det[K,))7 - - - (det[Ko])
= (V<F2K2)w;1>% e (V(FQKn)wgl)%

9 2(1—n)

R V(F2Kn>5wn n

3=

BN

- V(FQKQ)

S
3o

= V(oK) - V(oK) w2V (T3(K, . Ky))

which is the desired inequality (4.8)).
By inequality (3.11]), equality in (4.8) holds if and only if [K;] = \;I,, with a real
number \; for i = 2,...,n. Thus, it follows from (4.13]) and (|1.1)) that [';K; are all

balls; i.e., star bodies K;/V (K;)/™ are in isotropic position for i = 2,...,n. O
Combining with (4.8)) and ((1.9), we immediately obtain

Corollary 4.5. If Ky, ..., K, € S?, then

V(Ky) - V(K,)V(T5(Ky, ..., K,)) < m, (4.15)

with equality if and only if K; are origin-centered ellipsoids that are dilates for i =

2,...,m.

Proof. We only need to verify the equality conditions of . By the equality
conditions of and , equality in holds if and only if there exists a
transform ¢ € GL(n) such that all star bodies ¢K;/V (¢K;)'/", i = 2,...,n, are all
origin-centered ellipsoids and in isotropic position. It is well-known that for a star
body K with V(K) = 1 there exists a unique transform ¢ € SL(n) (if we ignore
orthogonal transformations) such that ¢K is in isotropic position. This further
implies that among all origin-centered ellipsoids only the ball B”/V (B™)'/™ is in

isotropic position. Thus, the desired equality conditions follow. [l
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When n > 3, Theorem now follows from Corollary 4.5, ([.7), and (2.9) by
taking Ky = K and K3 = --- = K,, = B". When n = 2, Theorem [4.1] follows from

Corollary [4.5| with Ky = K and (4.7)).
Finally, Theorem , together with the equality conditions of inequality (4.1]) and

the fact that Ao K is an origin-centered ellipsoid, immediately yields inequality (|1.11))

and its equality conditions.

Remark 4.6. When n = 2, the ellipsoids To(K) are AyK are coincident by their
definitions. Thus, it follows from (4.6 that for ¢ € GL(n),

So inequalities ((1.11)) and (4.3) are affine invariant when n = 2. In fact, for any
K € 82, the sine ellipsoid AK is just a rotation of the Legendre ellipsoid Ty K

0 —1
by an angle 7/2. To see this, denote by tr/, = Lo the rotation by an

angle /2 in R®. Then we have @ L ¢z for any z € R%. Thus, it follows from

([T5), (TI), and [2:2) that
4

B @) = 355 /K (2 y)2dy = % /K 22|P,.yPdy

4 / 2 2 4 2
= it [ el Pe vy = o [ e ol
V(K) Ji T V) Jx ™
= h%gK(¢ﬂ/2x) = hi;/2F2K($), (417)
which means
AN K = ¢§/2F2K.
This also implies the affine property (4.16)) by using (2.16) and the fact A K is
origin-symmetric:
Ao($K) = L )y To(K) = U ydbr o4 15 K) = | det $J¢ AL K.
5. INEQUALITIES FOR THE ELLIPSOID A_s K

Recall that the projection body ITK of a convex body K in R” is the origin-
symmetric convex body whose support function at x € R" is given by

1
hng(z) = m/ﬂ—l |z - v|dS(K,v).
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Associated with the projection body there is an important affine invariant
V(IIK)/V(K)" .

Its least upper bound and greatest lower bound were conjectured by Schneider [56]
and Petty [54], named Schneider’s projection problem and Petty’s conjecture, re-
spectively. As far as we know, both conjectures remain open. Petty [54] conjectured
that the greatest lower bound of the ratio is attained if and only if K is an el-
lipsoid. Petty’s conjecture, once established, would imply a number of important
isoperimetric inequalities, including the classical isoperimetric inequality and Petty’s
projection inequality.

Since the operator I'* , is actually the L, projection body operator, the L, analog

of Petty’s conjecture can be formulated as follows: if K € K7, then
V(K)V(I*,K) > w2, (5.1)

with equality if and only if K is an origin-centered ellipsoid. This inequality follows
directly from , the fact that I'_s K is an origin-centered ellipsoid and inequality
. In this section, we shall establish an analog of inequality for the sine
ellipsoid A*, K.

Theorem 5.1. If K € K2, then

w3

V(K) V(A LK) > (n—1)2w?, (5.2)

with equality if and only if K is an origin-centered ball when n > 3 and is an

origin-centered ellipsoid when n = 2.

If K € K7, then for p > 0, one can define the L, surface area measure dS,(X,-)
of K (see, e.g. [46]) by
AS, (K, ) = hue(-) 1 PdS(K, ).

Thus, for p > 0 and Ks,..., K, € K7, we define the star body T_,(Ks,..., K,)
whose radial function at x € R™\{o} is given by

p
Pr_(Ka,... K

n)(:c)
1 p oo v
e /Snl"'/snl[m’v””’v”] 45, (K, v3) - - dS,(Kn, va). (5.3)

V(K>)
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Note that T (K, ..., K,) is an ellipsoid because p}iuﬁ _____ K, (@) is a positive def-
inite quadratic form in the variable x.

The affine nature of the operator T_,, is given below.
Theorem 5.2. If p >0 and K, ..., K, € K, then for ¢ € GL(n),
T (0K, ..., 0K,) = |det dl¢'T_, (Ko, ..., K,). (5.4)

Proof. For any ¢ € SL(n), it follows from definition (/5.3)), [46, Proposition 1.2], and
(2.5) that, for z € R™\{o},

4
pT_p(¢K2 ..... (f)Kn)(x

)
1
:V(KQ) V&) /Sn_1 e /Sn_l (2,9, ..., U, JPAS, (K2, v2) - - - dSp(P K, vy)

! o lP bty |P
_V(K2>V(Kn> /Snl“./nl ‘QS UQ‘ ’(b U"’

Hotus " ¢ |

1

:V(Kg) VIR /Sn1 e /Snl[:c, O Ve, .., @0 |PAS,( Ky, vg) - - - dS, (K, vy)

1 ' »
V(Ky) - V(EKy) /Sn_l /SH_I[M’”?’ vnl"dSp(Ka, v2) - - d5p( Koy vn)

Hence, T_,(¢Ks, ..., ¢K,) = ¢7'T_ (K, ..., K,) for any ¢ € SL(n).
For ¢ > 0, it follows from (5.3)), (2.11]), and (2.6) that

T ,(cKy,...,cK,) =c""T_,(Ky, ..., K,).

p
:| dSp(KQ, 02) s dSp(Kn, Un)

Consequently, we obtain ([5.4)). O

For p > 0 and K € K7, define the star body A_,K whose radial function at = €
R™\{o} is given by
_ 1
o) = s [ P, (a0,

When p = 2, the body A_, K is exactly the ellipsoid defined in ([1.6)).

We have the following connection between T_, and A_,,.
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Theorem 5.3. If p > 0 and K € K7}, then there exists a constant ¢, > 0 such that
T_,(K,B",...,B") = ¢, A_K.
In particular,
T o(K,B",....B") = ((n—2)) 2A_,K. (5.5)

Proof. For n > 3, taking Ko = K and K3 =--- = K,, = B" in (5.3) and by Lemma
3.2, we have, for z € R"\{o},

77777

S — dS,(K,vy)dvs - - - dvy,
V(Kw”2/5n1 fgnl[$>v2,v3a )P d S, (K, vg)dus - - - dv

)
1 oo lP
2/ / / 37 UQ’U?” - ] dUg"'dUn)
K)w {v2€8m—1:[z,v2]£0} gn—1 gn—1 SE‘ ’UQ

X [z, 09]PdS, (K, v2)
1
P
TR S
1
— - p
i /. H[x,vz] 45, (K, v2)

= n,pr€pK( ) )0 A K('I)

z, 03]PdS, (K, vs)

where the constant

B [x UQ,’U37..., n]pd p 1/p
Cnp = n_2 V3 - AUy .
w Sn—1 Sn—1 Z)S UQ

In particular, ) follows since ¢, = ((n —2)!)2 by (3-6).
For n = 2, the deﬁmtlons of A_,K and T_p(K ) are coincident. So the assertion
still follows. O

Theorem 5.4. If Ks, ..., K, € K, then

V(T oK) - V(T oK)V (T (K, ... Kp)) = ((n — )3 w (5.6)

with equality if and only if there ezists a transform ¢ € GL(n) such that all convex
bodies ¢K;/V (¢K;)/™ are in dual isotropic position fori=2,...,n
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Proof. 1t follows from (5.4), (2.17)), and (2.8) that the left hand-side of inequality
(5.6) is GL(n) invariant. Since T_5(Ko, ..., K,) is an ellipsoid, we may assume that

T o(Ks, ..., K,) = B". (5.7)
Thus, by (5.3), we have, for v € S~
1
1= w28y (. vy) - - - dSy (K, v,).
V(Kg)V(Kn> /(1gn1)n1hj,v2, U ] 2( 2 UQ) 2( v )

Integrating both sides with respect to the spherical Lebesgue measure gives

1
V(Ky) - V(Kny)

By (3.9) and (3.10)), equation (5.8)) means that
D([B"], [Ky],..., [[a]) =

nwy, =

/ [0, 0, ..., 0,2 dvdSy (Ko, v3) - - - dSa (K, vy). (5.8)
(Snfl)n

1
(n—1)V
where D([B"], [Ks], ..., [K,]) is the mixed discriminant of the positive definite n x n
matrices [B"], [Ksl, ..., [K,] defined by

(5.9)

1
[B"] = —/ v vdv = I, (5.10)
wn Sn—1
and
1
K= —— dSy(Ki,v), i=2,---.n. 5.11
K= ey [ v sl n (5.11)

By ([1.3) and (2.18)), we have
F_QKZ' = {l‘ € R":x- [KZ]J] S ]_},
and therefore,
V(D_oK;) = (det[K)]) 2w, i=2,...,n. (5.12)

Moreover, from (5.9), (5.10), (3.11) with [u1] = I,,, [w] = [K;] for ¢ = 2,... n,
(5.12), and (5.7)), we obtain

T ! 7 = DU (K], [50))

> (det[Ko])w - - (det[K.,))
= (VT 3K3) wy) s

3=

_2

= V(I _oKy) - V(Do Ky) newn 7
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S

= V(D _oF) - V(T K,) T n w2V (T (K, . K)) 7,

which is the desired inequality .

By inequality (3.11)), equality in holds if and only if [K;] = A\;1,, with a real
number A\; for i = 2,...,n. Thus, it follows from and that I'_, K; are
all balls; i.e., convex bodies K;/V(K;)"/™ are in dual isotropic position for i =
2,...,m. [

Combining with (5.6) and ((1.10)), we immediately obtain
Corollary 5.5. If Ks, ..., K, € K, then
V(Ey) - V(K)V(T (K, ..., Ky)) = ((n— D) 2w), (5.13)

with equality if and only if K; are origin-centered ellipsoids that are dilates for i =

2,...,n.

Proof. We only need to verify the equality conditions of . By the equality
conditions of and , equality in holds if and only if there exists
a transform ¢ € GL(n) such that ¢K;/V(¢K;)'/", i = 2,... n, are all origin-
centered ellipsoids and in dual isotropic position. In [46], Lutwak, Yang, and Zhang
proved that for a convex body K with V(K) = 1 there exists a unique transform
¢ € SL(n) (if we ignore orthogonal transformations) such that ¢ K is in dual isotropic
position. This further implies that among all origin-centered ellipsoids only the

ball B"/V (B™)"/" is in dual isotropic position. Thus, the desired equality conditions

follow. [
When n > 3, Theorem now follows from Corollary , (5.5), and (2.9) by
taking Ky = K and K3 = --- = K,, = B" . When n = 2, Theorem follows from

Corollary with Ky = K and ({5.5)).
Finally, Theorem , together with the equality conditions of inequality (4.1]) and

the fact that A_,K is an origin-centered ellipsoid, immediately yields inequality
(1.12)) and its equality conditions.

Remark 5.6. When n = 2, the ellipsoids T_o(K) are A_3K are coincident by their
definitions. Thus, it follows from ([5.4)) that, for ¢ € GL(n) and K € K2,

A 5 (¢K) = |det plop"A LK. (5.14)
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So inequalities ((1.12)) and (5.2)) are affine invariant when n = 2. The same argument
in Remark shows that for any K € K2 the sine ellipsoid A_, K is just a rotation
of the LYZ ellipsoid I'_3 K by an angle 7/2; i.e.,

ALK = z/JfT/QF,QK.
Moreover, the above identity also implies by using and the fact A_o K is
origin-symimetric.
6. VALUATION PROPERTIES OF TWO SINE ELLIPSOIDS
An operator Z : S — K7 is called an L, Minkowski valuation [33] if
Z(IKUL)4+, Z(KNL)=ZK +, ZL,

whenever K, L, KUL,KNL € §}. An operator Z : K} — S is called an L_, radial
valuation [18] if
Z(KUL)¥_,Z(KNL)=ZK+_,ZL,
whenever K, L, KULKNL e K.
For p > 1 and K € &), we define the convex body K;K whose support function
at r € R" is given by

hiz\VpK( )_h K)/PA, w(2) = (n+p)/K[m,y]pdy.

For p > 0 and K € K]}, we define the star body /T_JPK whose radial function
at x € R"\{o} is given by

png(x) - pl;](DK)*l/pA_pK<$) = / [.T, U]pdSP(K7 U)'

Sn—1

Theorem 6.1. Forp > 1, the opemtm’]{; :S) — K7 is an L, Minkowski valuation.

Proof. For any K, L € 8" and u € S"!, by the polar coordinate, we have
he- (u) = (n—l—p)/ [u, y|Pdy = (n + p) / [u, 7v]Pr™tdrdv
APK K Sn—1

- /S [P p () = / [, 0] pic P (v)dv

S1US2US3

:/sl[“’“] pic (v /Sjuw] g+ [ uol i (0)de,

S3
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where

={veS" i pr(v) > pr(v)}, Sa={ve S pr(v) < prlv)},
and
Sz ={ve " pr(v) = pr(v)}.

Then, we have

[ oo = [ s @

S1

[ oot = [ fuolr; ),
SQ 52

/Ss[ }P}?&(v}dv:/gJ oIP o (0) o,
and

/ [ (o) = / [ (o)

/ L ) = [ P

So

L3[U,U}pP%FpL(U)dU:/[ WP o () do.

S3

Summing up both sides of the integrals above gives

| it [ pori

_/Snl[u,v] P (v )dv+/sn v P (v).

Since this holds for any u € S"™1, it follows that
K;(K UL)+p E(K NL)= K;K +p K;La
which is the desired valuation. ]

Theorem 6.2. For p > 0, the operator /T_/p Ky — 87 is an Ly, radial valuation.
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Proof. We shall make use of the fact that if K,L,K UL € K7, then hxyr =
maX{hK, hL} and hKﬂL = min{hK, hL}
First, we assume that K and L are both strictly convex; i.e., the boundary

of K and L contains no segment. For u € S"~1,

= [ wepas o = [ s
= /51 [w, v]Ph P (v)dS (K, v) + /S2[u, v|Phy P (0)dS(K,v) + /Sa[u,v]th_p(v)dS(K, v),
where
Sl = {U € Snil : hK(U) > hL(U)}, SQ = {’U € Snil : hK(U) < hL(U)},
and

S3 = {U € Sn_l : hK(U) = hL(U)}
Then, we have

/ [u, v]Ph P, (v)dS(K U L, v) :/ [, v]Phy P (v)dS (K, v),
S1 S1

/S [u,v]ph}gfL(v)dS(KU L,v) :/s [u,v}phlL_p(v)dS(L,v),

/s [u,v]ph};&(v)dS(K UL,v) :/S [u,v]ph}{p(v)dS(K, v),

and

/S fu, PR (0)dS(K O L, v) = /S f, PR P (0)dS (L, v),

/s [u,v]ph;rfL(v)dS(K NL,v) —/S [u,v]ph}{p(v)dS(K, v),

/ [, v]Phy, (v)dS(K N L,v) :/ [, v]Ph) P (v)dS(L,v).
S3 S3

Summing up both sides of the integrals above gives

/ [, PR (0)dS(K U L, v) + / fu, PR, (0)dS(K N L, v)
Sn—1 Sn—1
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= /S lw VPhy P (0)dS (K, v) + /S I VPRI P (0)dS (L, v).

Since this holds for any u € S™!, it follows that

A (KUL)+ A ,(KNL)=A_,K+_,A_,L.

For the general case, we shall use Weil’s Approximation Lemma (see, e.g., [48]):
it K,L, KUL € K, then K and L can be approximated by sequences of K;, L; €
K7 that are both strictly convex and smooth and such that K; U L; € K. Together
with the weak continuity of S,(K,-) (see, e.g., [41]), the desired result follows. [

Theorems [6.1] and [6.2] immediately yield Theorem

7. OPEN PROBLEMS

Recall that a positive definite n x n symmetric matrix A generates an ellipsoid
E(A) in R" defined by

EA)={yeR":y- Ay <1}.
Together with (1.1)) and (2.18]), the Legendre ellipsoid for K € S can be defined by

n -+ 2

DR = Tm

E(My(K)™),
where My(K) is the moment matrix of K with entries

/ yiy;idy.
K

Together with and , the LYZ ellipsoid for K € K can be defined by
[ oK = VK E(M 5(K),
where the matrix M_o(K) has entries
/s _lvivdeg(K,v).

In [32], Ludwig showed that only Ms(K) and M_(K) are Borel measurable, GL(n)

covariant matrix valued valuations on the space of n-dimensional convex polytopes.
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As in the proofs of Theorems [6.1] and [6.2] the corresponding matrices of our new
sine ellipsoids defined in (2.20)) and (2.22]) are actually matrix valuations. Moreover,
it is easy to verify that for any O € O(n) and K € K7,

D2<0K> = ODQ(K)Ot and D_Q(OK) = OD_Q(K)Ot

In particular, when n = 2, it follows from (4.17)) that
[ sy = [ 1o yPly = [ fo-vtonay
K K K

Dy(K) = 5 jo Mo (K )r .

Note that the operators ¢! /2Mgw7T /2 for convex polytopes in R? was already char-

which gives

acterized by Ludwig [32]. So we may ask the following question.
Question 1. How to characterize the matriz-valued valuations of the new ellipsoids
Ao K and A_5K forn > 37

The Cramér-Rao inequality (see, e.g., [10]) is a fundamental inequality in infor-
mation theory, which states that, for a random vector x € R™ with the probability
density f,

v-Co>v-F

holds for all v € R", where C' is the covariance matrix with entries

/ i f (),

and F' is the Fisher information matrices with entries

Olog f dlog f

f(z)dz.

Equality holds if and only if the distribution f is Gaussian. The Cramér-Rao in-
equality gives a lower bound on the variance of any unbiased estimator, which is very
helpful in extracting useful information from noisy signals in information theory.
Lutwak, Yang, and Zhang [44] observed that there exists in fact a “dictionary”
connecting the subject of information theory and the Ly Brunn-Minkowski theory.
In this dictionary a probability distribution corresponds to a convex body and the

entropy power of the distribution to the volume of the body. Thus, the ellipsoid



NEW SINE ELLIPSOIDS AND RELATED VOLUME INEQUALITIES 29

E(C™1) corresponds to the Legendre ellipsoid 'y K and the ellipsoid F(F) corre-
sponds to the ellipsoid I'_s K. The Cramér-Rao inequality can be read as

E(F)c E(C™Y). (7.1)

Corresponding to , Lutwak, Yang, and Zhang extended the domain of I'y to
star-shaped sets and established the remarkable geometric inclusion: if K is a star-
shaped set in R", then

I' oK C I K, (7.2)

with equality if and only if K is an origin-centered ellipsoid.
Remark [4.6) and Remark [5.6] show that, for n = 2,

AQK = wfr/ZFQK and A,QK = w2/2F,2K.
Thus, it follows from ([7.2) that when n = 2,
A K C AWK,

with equality if and only if K is an origin-centered ellipsoid. So, the following
question is of significant interest.

Question 2. Is there a Cramér-Rao inclusion for the new ellipsoids Ao K and A_o K
form > 37
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