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Abstract

In this paper, we present a local discontinuous Galerkin (LDG) method for the Allen-
Cahn equation. We prove the energy stability, analyze the optimal convergence rate of
k+1in L? norm and present the (2k + 1)-th order negative-norm estimate of the semi-
discrete LDG method for the Allen-Cahn equation with smooth solution. To relax the
severe time step restriction of explicit time marching methods, we construct a first order
semi-implicit scheme based on the convex splitting principle of the discrete Allen-Cahn
energy and prove the corresponding unconditional energy stability. To achieve high order
temporal accuracy, we employ the semi-implicit spectral deferred correction (SDC) method.
Combining with the unconditionally stable convex splitting scheme, the SDC method can
be high order accurate and stable in our numerical tests. To enhance the efficiency of the
proposed methods, the multigrid solver is adapted to solve the resulting nonlinear algebraic
systems. Numerical studies are presented to confirm that we can achieve optimal accuracy
of O(h*™) in L? norm and improve the LDG solution from O(h**1) to O(h***1) with the
accuracy enhancement post-processing technique.

Mathematics subject classification: 65M60, 35K55, 35102
Key words: Local discontinuous Galerkin method, Allen-Cahn equation, Energy stability,
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1. Introduction

In this paper, we develop a local discontinuous Galerkin (LDG) method and consider error
estimates of the LDG method for the Allen-Cahn equation

uthquE%f(u):O, (1.1)
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with the initial condition
u(x,0) = ugp(x) (1.2)

in a bounded domain with dimension d < 3. We assume that periodic boundary conditions
are given. It is well-known that the Allen-Cahn equation is a gradient flow with the Liapunov
energy functional

/E(u):/gtﬁe(u)dm, <I>5(u)=%|Vu|2+€i2F(u), (1.3)

where F'(u) is always positive and f(u) = F'(u). A typical form of F(u) is
1
F(u) = Z(UQ 12 f(u) =u® —u. (1.4)

As in [25], we shall impose a constraint on the potential function F'(u) by requiring f(u) to
satisty
max |f/(u)| < L, (1.5)

u solves Allen-Cahn

where L is a positive constant.

The Allen-Cahn equation (1.1) was originally introduced by Allen and Cahn [1] to describe
the motion of anti-phase boundaries in crystalline solids. The function u represents the concen-
tration of one of the two metallic components of the alloy and the positive parameter ¢ is called
the diffuse interface width parameter. Recently, it has been applied to a wide range of problems
such as the motion by mean curvature flows [14] and crystal growth [26]. In particular, it has
become a basic model equation for the diffuse interface approach developed to study phase
transitions and interfacial dynamics in materials science [5].

Various numerical methods have been developed to solve the Allen-Cahn equation. We
refer the readers to [6,7] for finite difference method. Feng et al. [15] developed an a posteriori
error estimate for finite element approximations of the Allen-Cahn equation. Quasi-optimal
a posteriori error estimates in L°°(0,T; L?(2)) was derived for finite element approximation
in [2]. The numerical approximations of the celebrated Allen-Cahn equation and related diffuse
interface models were studied in [34]. Yang [33] introduced a stabilized semi-implicit (in time)
scheme and a splitting scheme for the equation. Feng et al. [13] recently presented the analysis
for the fully discrete interior penalty discontinuous Galerkin (IP-DG) methods for the Allen-
Cahn equation. In [16], the first- and second-order implicit-explicit schemes with parameters
for solving the Allen-Cahn equation were investigated. Feng, Tang and Yang [17] combined the
semi-implicit spectral deferred correction (SDC) method with energy stable convex splitting
technique to solve a series of phase field models.

In this paper, we present an LDG method for the Allen-Cahn equation and prove its energy
stability, where the energy is defined in (1.3). In addition, the optimal priori error estimate
is also proved in L? norm for the LDG scheme. By employing a technical dual argument, we
obtain an a priori error estimate in the negative-order norm for smooth solutions of Allen-Cahn
equation, which is 2k + 1, higher than the (k + 1)-th order in L?-norm, where k (k > 1) is
the highest degree polynomial used in the approximation. This negative norm error estimate is
very essential for the accuracy enhancement post-processing technique [19,20]. Additionally, we
present numerical studies which confirm that we can achieve optimal accuracy of O(h**+1) in L2
norm and improve the LDG solution from O(h*+1) to O(h?¥*1) with the accuracy enhancement
post-processing technique.
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Numerical simulations of the Allen-Cahn equation, using explicit methods, will impose a
severe time step restriction. To relax the severe time step restriction, we develop a semi-implicit
temporal scheme which is based on the convex splitting technique of the discrete Allen-Cahn
energy. The unconditional energy stability of the scheme is also proved. The scheme is stable
regardless of time step size, unfortunately, it is first order accurate in time. To achieve high order
temporal accuracy, the semi-implicit spectral deferred correction (SDC) method is adopted in
this paper. The semi-implicit method will result in large system of algebraic equations at each
time step and the efficiency of the semi-implicit method highly depends on the efficiency of
the nonlinear solver. Traditional iterative methods such as Gauss-Seidel method suffers from
slow convergence rates, especially for large system. To enhance the efficiency of the proposed
approach, the nonlinear Full Approximation Storage (FAS) multigrid solver is employed to solve
the resulting nonlinear system at each time step.

The discontinuous Galerkin (DG) method we discuss in this paper was first designed as a
method for solving hyperbolic conservation laws containing only first order spatial derivatives,
e.g. Reed and Hill [24] for solving linear transport equation. The LDG method is an extension
of the DG method aimed at solving partial differential equations (PDEs) containing higher
than first order spatial derivatives. The first LDG method was introduced by Cockburn and
Shu [9] for time-dependent convection-diffusion systems. The idea of the LDG method is to
rewrite the equations with higher order derivatives as a first order system, then apply the
DG method to the system. The LDG methods have been developed for convection diffusion
equations (containing second derivatives) [9], nonlinear one-dimensional and two-dimensional
KdV type equations [30,32] and Cahn-Hilliard equations [27,29]. For a detailed description
about the LDG methods for high-order time-dependent PDEs, we refer readers to the review
paper [31].

The organization of the paper is as follows. In Section 2, we present an LDG method for
the Allen-Cahn equation and prove the corresponding energy stability. We also design a semi-
implicit convex splitting scheme which is first order accurate in time and prove the unconditional
discrete energy stability. In Section 3, we prove an a priori error estimate in L? norm and the
negative-order norm estimates of the LDG scheme for the Allen-Cahn equation. These results
are confirmed numerically in Section 4. Finally, we give concluding remarks in Section 5.

2. The LDG Method and Semi-Implicit Time Marching Method for
the Allen-Cahn Equation

2.1. Tessellation and function spaces

Let T, denote a tessellation of 2 with shape-regular elements K. Let I' denote the union
of the boundary faces of elements K € 7Ty, i.e. I' = Uge7,0K. In order to describe the flux
functions we need to introduce some notations. Let e be a face shared by the “left” and “right”
elements K and Kp. For our purpose, “left” and “right” can be uniquely defined for each
face according to any fixed rule, see, e.g. [31,32] for more details of such a definition. Define
the normal vectors v, and v on e pointing exterior to K and Kpg, respectively. If ¢ is a
function on K and Kg, but possibly discontinuous across e, let ¢y, denote (¢|k, )| and g
denote (¥|kp)l|e, the left and right trace, respectively.

Let QF(K) be the space of tensor product of polynomials of degree at most k > 0 on K € Ty,
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in each variable. The finite element spaces are denoted by

Vi={peL%): ¢lxeQ"(K), VEKeT}

Sh :{n =, na)t € (L2Q)Y: nlk e QFK), I=1---d, VKe Th}.
For one-dimensional case, we have Q¥(K) = P*(K), which is the space of polynomials of degree
at most k£ > 0 defined on K. Note that functions in V}, and X, are allowed to be completely
discontinuous across element interfaces.

Here we only consider periodic boundary conditions. Notice that the assumption of periodic

boundary conditions is for simplicity only and not essential: the method can be easily designed
for non-periodic boundary conditions. The development of the LDG method for non-periodic

boundary conditions can be found in [22].
Further, we define the inner product notations as

(w,v)K:/ wvdK, (w,v)aK:/ wods, (2.1)

K oK

(q,p)K:/ q - pdK, <q,p>aK:/ q - pds, (2.2)
K oK

for scalar variables w, v and vector variables q, p respectively. The inner products on 2 are
defined as

(w,0)o =Y (w,v)k, (g,P)a= (q,P)k- (2.3)

K K

The definition we use below for the L? norm, L> norm on the domain  and the boundary
I" are given by the standard definitions:

[nlle = v/ (mmeas  [nllL=@) = esssupgealnls  [Inllr = v/ (n,mr. (2.4)

The [-norm in €2 is defined as

e = >_IDI&| . >0 (2.5)

ler| <t
The negative-order norm is defined as: Given [ > 0 and domain 2,

(777 (I))Q
1,9

0.0 = sup (2.6)

DeC(Q) H(I)|

2.2. The LDG methods

In this section, we propose an LDG method for our model problem (1.1). First we rewrite
Eq. (1.1) as a first-order system

1
qg—Vu=0. (2.7b)
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The approximations (un,qy,) € (Vi,Xn) now can be defined as the solution of the following
weak form

(e )¢ + (@0, V)i = @ v, 6o + 5 (Fun), ) =, (2.80)
(@n: Mk + (un, V-m)k — (i, m - v)ox =0, (2.8b)

with unknown approximation (uy,q;,) for all test functions (¢, 1) from finite element space
defined in Section 2.1. All the “hat” terms are numerical fluxes which are designed to guarantee
stability of the LDG scheme. Here alternative flux is chosen

dple = dn.Rs Uple = Uh, L, (2.9)
or
dple = an,L, Unle = un,r- (2.10)

In this paper, (2.9) is used for the proof of the energy stability and the main error estimates.

2.3. Energy stability

It is shown by Feng and Prohl [14] that the Liapunov energy of Allen-Cahn equation decays
with respect to time ¢, i.e. < Z.(u) < 0. For LDG solution defined by scheme (2.8), it is
possible to obtain the following similar energy stability.

Proposition 2.1. The solution to the LDG scheme (2.8) with numerical fluzes (2.9) satisfies
the energy stability

1 1 1 1
(3(an@n + ZF@)00) 0 < (Glanae+ SE@LD) 0. (210
1
( up, up)o + 5 (qmqh)Q + E—Q(F(Uh), 1)9) (t)
1 1
<e (m,uh)g + 3@ an + (P )a ) ©) 212
Proof. Taking the time derivative of Eq. (2.8b), and choosing test functions ¢ = (uy); and

7 = q},, we obtain

((un)t, (un)) i + (@, V(un)t) k =@y - v, (un)t)or + 5—12(f(wz)7 (un)t)x =0, (2.13)

((gn)t>an)x + ((un)e, V- q,)k — ((@n)e, qp, - V)ox = 0. (2.14)

Summing up Egs. (2.13)-(2.14) and summing up over K, with the properties of the numerical
flux (2.9), we can cancel the boundary terms and get

d

4 (3@aa + S P a) + (urde () =0, (215)

which gives (2.11) obviously. Using Cauchy’s inequality

a
dt

—_

(un,un)o = (un, 2(un)t)o < =(un, un)o + e((un)t, (un)t)o,

(@)}
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here € is any positive constant. Take ¢ = 0.5 and add the above two equations together to get

4
dt

1

(((uh, up)ao + %(qh, an)o + 5—12(F(Uh)7 1)9) + 5(('“}1)15; (un)e)a < 2(un, un)a,

then

d 1 1
& (nwa + 5@nan + F(F@). 0 ) < 2w

The Gronwall’s inequality is used to complete the proof

((Cunvunde + 3 anoande + Z5(Fun), D) (0

< e (o + 5@ + (). a ) 0 (216)

Remark 2.1. The proof of the energy stability is valid for the general form of F(u) > 0.

2.4. The semi-implicit time discretization method

Numerical simulations of the Allen-Cahn equation, using explicit methods, impose severe
time step restrictions. It would therefore be desirable to develop implicit or semi-implicit time
marching methods to alleviate the problem.

2.4.1. The nonlinearly stabilized convex splitting scheme

In this subsection, we will develop a convex splitting scheme for time discretization based on
a convex splitting technique of the discrete Allen-Cahn energy for the typical form of F(u) in
(1.4). Coupled with the LDG spatial discretization, the fully-discrete LDG scheme is: Find
(uzﬂ,qzﬂ) € (V, 3p) such that, V (v, n) € (V, Xp), we have

UZ-H — uj n+1 ~n+1 1 n+14\3 n
oY) @ Ve — (@ vd)or + 5 ((up)” —up )k =0, (217a)
K
(qZ“m)K + (“Zﬂvv MK — @Zﬂﬂ”l V)px = 0. (2.17b)

The numerical flux is defined as

. = alys aptte =uptl (2.18)

Next, we will prove the unconditional energy stability for the fully-discrete LDG scheme

(2.17) with the choice of the numerical fluxes (2.18). To simplify the notation, we use the
following notations for discretization of time variable,

n+1 n

Sunt = Up —Up
g At
n+1 n

5tqn+1 _ 49, — 4
h - .

At
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Proposition 2.2. The solution to the fully-discrete LDG scheme (2.17) with the numerical
fluzes (2.18) satisfies the discrete energy stability

—_

1 1 1, .
@@ o+ Z(F™), Do < 5(gh, ai)e + 5 (F(up), Do (2.19)

[\

Proof. We choose the test functions ¢ = u} " and n = d,q}"" in Egs. (2.17a) and (2.17b)
of the scheme, and we get

(5tuh 5tun+1)K + ( . v5tun+ ) - <‘AIZ+1 ’ Va5t“2+1>61<
1 E n
+ E—((UZJrl)3 —up, deup ) =0,
(@ g i+ (Vg - (G o =0, (220)

Summing up equations in (2.20), we obtain

1
(6tun+1 5tun+1)K+( n+1 5tqn+1)K+_2(( Z—i—l) 7u 5tun+1)K

1
= (=

((ap™ Vup)x + (it Ve gk — (@™ voulox — (ap ™, g - v)ox) -

@i V= (Y g+ (@ v e+ (05 0 v)on)

At
For Eq. (2.17b), we choose the test function as n = g}, then we obtain

(ar ™ gk + (it Vg — (i g - v)a = 0. (2.21)
From Eq. (2.17b), we have
(@h> M + (up, V-m)k — (@5, 1 V)orx = 0. (2.22)

Choosing the test function n = ¢}*' in (2.22), we obtain

(i, ai ")k + (up, Vgt — (ag, qptt - v)ox = 0. (2.23)
Then we have
(@, Vup)k + (™ Vgp) e — (@t v up)ax — (@ g - v)ek
(2.21) n
= (@ gk + (@ Vup) g — (@t voup)ox
(2.23)

(@, Vul)k — (@ vouox + (up, V- gtk — (af gt v)ek.

Summing up over K, with the properties of numerical flux (2.18), we can cancel the boundary
terms and get

1
(Gl 5 g + (gt 5tqn+1)ﬂ+§((uz+1) — ol s g

1

= (@0 o+ o (1= 2% e — e (= @), Da

+ (Spu T Spu g + (2 + 2(uf ™) + (uf + uf ™) (uf — up )2, 1)g

1
4e2 A\t
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Then we get

(@0 o+ o (1= @22 Da = o (1= (@))% D <0,

which implies the discrete energy stability result

1
(gh,an)a + ?(F(u2)71)0~

|~

1 mn n 1 n
5(%“, a; e+ g(F(uhH)v 1o <

2.4.2. The semi-implicit spectral deferred correction method O

The convex splitting scheme (2.17) is unconditionally energy stable, which means that it is
stable regardless of time step size At. However, it is first order accurate in time. To improve
the temporal accuracy, the spectral deferred correction (SDC) method will be employed. An
advantage of this method is that it is a one step method and can be constructed easily and
systematically for any order of accuracy.

Based on the convex splitting scheme (2.17), which can be rewritten as

up ™t = up + At(Fy (upy) + Fs(up ™)) (2.24)

for convenience, where Fiy(uyp,) represents the explicit part and Fs(uy) represents the implicit
part of the convex splitting scheme (2.17), i.e.

1 1
FN(U’h) = E_Qu’fh FS(uh) = Auh — E—QU%

The SDC method is a one step, multi-stage method. Suppose now the time interval [0, T']
is divided into M intervals by the partition

O=to<ti<...<tp<...<ty=T.

Let Aty = tn41 — t, and u, denotes the numerical approximation of wu(t,), with ug = u(0).
Then divide the time interval [t,,t,+1] into P subintervals by choosing the points ¢, ,, for
m=20,1,..., P such that

tn = tno <tni <...<tpm <...<tpp=tni1.

Let Aty m = tnm+1—tn,m and U'Z,m denotes the k" order approximation to U(tn,m). The points
{tn.m}E _y can be chosen to be the Chebyshev Gauss-Lobatto nodes on [t,,t,11] to avoid the
instability of approximation at equispaced nodes for high order accuracy. We can also choose
the Gauss nodes, or Legendre Gauss-Radau nodes or Legendre Gauss-Lobatto nodes. Starting
from wu,, we give the algorithm to calculate u,41 in the following.

Compute the initial approximation:

1
n,0

= Up.
For our problem, use the convex splitting scheme (2.17) to compute a first order accurate
approximate solution u' at the nodes {t, . }5 _;, i.e.

Form=0,...,P—1

U}L,m+1 = uiz,m + At",m(FN (tn,mv uiz,m) + FS(tn,m-i-l, U’?lm,m-i-l))' (2'25)
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Compute successive corrections:

Fork=1,....K

Form=0,...,P—1

“]::nlm-l :uitrll + Atym (FN (tn,m, uﬁtrll) — Fn(tn,m, u']rim) (2.26)

+ Fs(tn,erla u?ﬁﬁi-‘,—l) - Fs(tn7m+1a uﬁ,m+1)) + IanJrl(FN (tv uk) + Fs(t, uk))v
where I (Fy (t,u¥)+ Fs(t,u*)) is the integral of the P-th degree interpolating polynomial
on the P + 1 points

(tn,rm Fy (tn,m; ’U’Z,m) + Fs (tn,m; u7]’€17m))”1:4:0

over the subinterval [t m, tn.m+1], Which is the numerical quadrature approximation of

/t " (En(ru(n) 4+ Fs(ru(r))dr.

n,m

Finally we have u,4+1 = uff J]Sl. For a detailed description of the method as well as their

implementation and applications, we refer the readers to [12,23, 28].

The use of the semi-implicit SDC method will typically result in nonlinear algebraic systems
at each time step. We hope to provide an iterative solver that can efficiently solve the nonlinear
systems. Traditional iterative methods such as nonlinear Gauss-Seidel method suffers from slow
convergence rates, especially for large system. Following the work in [18], the FAS multigrid
method [3] can be employed to solve the nonlinear systems. Numerical experiments in Section
4 will be given to show that the multigrid solver is efficient and the number of iterations is
nearly independent of the problem size.

3. The Error Estimates of the LDG Method

In this section, we prove a priori error estimates in L? norm and the negative norm error
estimates of the semi-discrete LDG scheme (2.8) for the Allen-Cahn equation with the typical
form of F(u) in (1.4). The proof is based on the rectangular meshes and we will first give some
notations and projections on this special meshes.

3.1. Notations for different constants

To develop the necessary theory establishing for a priori error estimates, we outline the
notations that will be used. We will adopt the following convention for different constants.
These constants may have different values in each occurrence.

We will denote by C' a positive constant independent of h, which may depends on the
solution of the problem considered in this paper. For problems considered in this section, the
exact solution is assumed to be smooth. Also, 0 < ¢t < T for a fixed T. Therefore, the exact
solution is always bounded.
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3.2. Projections and interpolation properties
3.2.1. One-dimensional case

In what follows, we will consider the standard L?-projection of a function n with k41 continuous
derivatives into space Vj,

PE.HY Q) — V,

which are defined in the following form. Given a function n € H(Q2) and an arbitrary subin-
terval K; = (2,1, ;), the restriction of P*7 to K; are defined as the elements of P*(K;) that
satisty

| (P =0, Ywe P, and Proes) = i),

J

/K (P np—nwdz =0, YweP1K;), and P n(z;)=n(z;). (3.1)

J
3.2.2. Two-dimensional case

To prove the error estimates for two-dimensional problems in Cartesian meshes, we need a
suitable projection P* similar to the one-dimensional case. The projections P~ for scalar
functions are defined as

P =P, ®P;, (3.2)

where the subscripts « and y indicate that the one-dimensional projections defined by (3.1) on
a two-dimensional rectangle element

IT®J = [zj1, 2] % [yj-1,y5]-
The projection ITT for vector-valued function p = (p1(x,y), p2(x,y)) are defined as
" p = (Pf @ myp1, 7 @ P pa), (3.3)

where 7, and m, are the standard L? projection in z and y direction, respectively. It is easy
to see that, for any p € [H()]?, the restriction of II*p to I ® J are elements of [Q¥ (I ® J)]?
that satisfy

/I/J(Her — p) - Vwdydx = 0, (3.4)

for any w € Q¥(I ® J), and

/J(Her(xi—lvy) — plio1,y) -vw(z ,,y)dy=0 YVwe Q" (I®J), (3.5)
/I(Hﬂ)(w, yji—1) — p(x,y; 1)) - vw(z,yl )dy =0 YVwe Q" I®lJ), (3.6)

where v is the normal vector of the domain integrated. For the definition of similar projection
on three-dimensional case, we refer the readers to [10].
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3.2.3. Interpolation properties

For the projections mentioned above, there are some approximation results for the projections
(3.1), (3.2) and (3.3) in [8,11]

7 lle + b2 [In°]lr < CR* Y inllirr, V€ HH(SQ),

lplle + A2 [lp°lle < Ch* pllerr, ¥ p e [HM Q)

where 7° = 7 —n, p¢ = 71p — p or n° = PTy—n, p° =% p — p and C is independent of h.
The projection P~ on the Cartesian meshes has the following superconvergence property
(see [10], Lemma 3.6).

Lemma 3.1. Suppose (1, p) € H*T2(Q) @ ¥}, and the projection P~ is defined by (3.2), then
we have

(0= P,V p)a—(n—P~n,p-v)r| < Ch* " nlkizallplle, (3.7)

where “hat” term is numerical fluz.

3.3. A priori error estimate in L? norm

In the previous section, the energy stability is presented. Now we concentrate on the deriva-
tion of an a priori error estimate in L? norm.

Theorem 3.2. (Error estimate in L? norm) The solution u; and q,, of the semi-discrete
LDG scheme (2.8) for the Eq. (1.1) with a smooth solution u and the initial condition up(x,0) =
P~u(x,0) satisfy the error estimate

1 1
lu—unll§ + §€2Hq —apllg + 7w - un)?|l§ < Ch*H*2, (3.8)

where C depends on || f'|| L~ (qy, €, T, ||ull Lo ([0, 17;5%+2()) but is independent of h.

Proof. First, it is obvious that the exact solution of (1.1) also satisfies the LDG scheme
(2.8), which gives the following error equations

(Ut - (Uh)taw)K + (q —qy, Vi/))K - <(q - ‘AIh) ) w>6K + E_]-Q(f(U) - f(uh)aw)K == 0; (393')
(@—aqnmk + w—un,V-ng —(u—1dnn- vk =0. (3.9b)

Denote
€y =U— Up, €q=4(g—(qp.
Add and subtract projections Pu and IIg, now the error can be divided into
ey =U—up =u— Pu+ Pu—up =u— Pu+ Pe,, (3.10)
eq =9 —q, =q—1llg+1lg — g, = g — llg + Ile,. (3.11)

Let P and II be the projections onto the finite element spaces V}, and ¥, respectively, which
have been defined in Section 2.1. We choose the projection as follows

(P,II) = (P~,P"), in one-dimension, (3.12)
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(P,II) = (P~,II"),  in multi-dimension. (3.13)

We choose the initial condition up(z,0) = P~ u(x,0). By Eq. (3.9b) and Lemma 3.1, we obtain
the initial error estimates

[u(e,0) — up(z,0)]lo < CAFF,
lq(z,0) — g, (,0)[lo < CR*. (3.14)

We will mimic the idea of the choice of the test functions in the proof of energy stability. Taking
1 = Pe,, and n = Ileq in Eqs. (3.9a) and (3.9b), respectively, we have

1
(Peuwpeut)K + (Heqtvneq)K + ?(f(u) - f(uh)apeut)K = RHS;
where
RHS = — (u; — Puy, Pey, )k — (q —11q, VPey, )k + ((q — Mg) - v,Pey,)ox

— (g, — g, eq)k — (ug — Puy, V - eq) ik + (ug — @,Heq “VYoK
— (ITeq, VPey, )k + (ﬁczl -v,Pey,)ox — (Pey,,V -Ileg)k + (]gé;, Ileq - V)orx-

Summing up over K, using the flux (2.9) and the property of projections, it is possible to show
that

(Peutapeut)ﬂ + (Heq,jHeq)Q + Eig(f(u’) - f(u’h)a Pew,)Q = RHS7 (315)

where

RHS == (ur — Puy, Pey, )k — 3 (g, — Tg;, Teg)
K

K
+ Z(*(Ut — Pu, V -Tleq)k + (us — @,Heq “VYOK)-
K

By Cauchy-Schwarz inequality and Lemma 3.1, the RH .S is bounded by the following inequality

|RHS| < |Jus — Puclle]| Pew, o + lla; — g, o[ Heqllq + CR*|[eg o
< Ch*Y(||[Pey, o + [Teg)l2)

1 1
< Ch#+2 4 gllPeutII?z + 5”1_[@:1”?2, (3.16)

where C'is a positive constant dependent on |[u|| o ([0, 7];++2(q)), but independent of h.

For now we assume f(u) = u® — u, a direct calculation gives

Flu) = flun) = f'(w)(u = un) + (u—un)® + u(u — up)?, (3.17)

where f/(u) = 3u? — 1 is the derivative of f(u). Consider the nonlinear term

S (F(w) — Flun), Peu)a
=5 (F(w) ~ F(Pw), Pew)a+ % (7(Pu) — f(un), Peu)a

= (O~ Pu), Pe o+ (F(Pu) — f(u), PeaJo
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() + (D),

where ¢ is between u and Pu. For any positive constant € > 0, using Cauchy’s inequality, (I)
is bounded by

1
(DI < Z 1l l(u = Pu, Peu, ol

1 I/ ||Loo(Q)
= <e|peut|a+7€| ~ Pull3 )

IN

Taking € = % 2

C
(D] < I\Peutl\n +3 —h*, (3.18)

where C' is a positive constant dependent on || f/ ||LOO(Q) and ||ul|x+1,0, but independent of h.
Using (3.17), (II) can be rewritten as

(II) = E%(f/(Pu)(PU —up) + (Pu —up)? + 3Pu(Pu — up)?, Pey,)o

E%(f’(Pu)Peu + (Pey)? + 3Pu(Pey,)?, Pey, )

4; jt((Peu) , (Pew)®)a + E%(f’(Pu)Peu + 3Pu(Pey)?, Pey,)o
= %52%((]36“)2, (Pey)*)a + (II1). (3.19)

For (III), it is obvious that

((IID)] < 5 ||P€u,||9+ (||P6u|\n+((Peu)Qv(Peu)Q)n)- (3.20)

Combining Egs. (3.15) (3.16) (3.18), (3.19) and (3.20), we have

1 d

) 1
- = thl\(Peu) I+ Sl Pew, I + 5 Tleq

1Pew, I3 : ||H€q||9 <

El 2 54 .

Using Cauchy’s inequality

d 1 /1
& (Z1Peds) < % (S1Peut + alPeu).

Take n = %52 and add the above two equations together to get

d

1
% (Za0Peult + 3lmieql + L Pe?l)
C
< Seql + SQPeulh + 1(Pen)?B) + Ons2 4 Sprere,

Multiply &2 by both sides of the inequality and use the Gronwall’s inequality and the initial
error estimates (3.14) finally give us the error estimate

1 1
= unly + 5%lla — aulh + 5w — w23 < OB,

where C' depends on e’/ e O
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3.4. Negative order norm estimate

In this section, we will show the approximate solution, uy(T"), converges with higher order
in the negative order norm.

Theorem 3.3. (Error estimate in the negative-order norm) Let u;, be the approximate
solution of the Allen-Cahn equation (1.1) given by the LDG scheme (2.8). Assuming that the
initial data ug is smooth enough, if the finite element space is the piecewise polynomaials of
degree k > 1, we then have the following error estimate in negative-order norm

[u = un| —k1y,0 < O, (3.21)

where C' depends on |[uollk+1.9;, [[ullLeo,r);m5+2@)), If L), € and T, but independent of
h.

Proof. We now show, for a given time 7', our LDG approximate solution, uy, converges with
higher order in the negative-order norm by employing a dual argument, which is commonly
used to obtain low-order norm in the finite element methods. Given that ¢ > 0, we wish to
estimate error

(w(T) — up(T), ®)o
0

[(T) —un(T)||-e.0 = sup

(3.22)
DeC(Q) (@

And our dual equation is defined as: Find a function ¢ such that ¢(-,t) is 1-periodic for all
t €1[0,T) and
1
0+ Ap — E—Qf’(u)go =0, Qx(0,7), (3.23a)
(@, T)=2. (3.23b)
Multiply (1.1) by ¢ and (3.23a) by u to get

@9l =~ (f(0), )+ 5w, o (3.2

This relation allows us to estimate the term (u(7) — up(T), ®)q appearing in the definition of
the negative order norm (3.22). That is

(u = un, ®)o(T) =(u, @)a(T) = (un, p)a(T)

(= un9)a0)+ 5 [ (o + (@ p)a)d:
0

T
— [ s + Can i
0
For Eq. (2.8), summing up over K, we get

((uh)t7 w)Q + Bl (qha Up; w) = 0) (325&)
(@n-ma + Ba(un;n) =0, (3.25b)

where the bilinear forms By, Bs are defined as

Bi(gqy,uns ) = Y (@n, V) k — > (@ v, ¥)ox + Eig(f(%), ¥)o; (3.26)

K K
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Ba(un;m) :Z(U’hav'n)f( —Z<ﬂh,77'V>aK- (3.27)

K K

Consider the term ((up)¢, ¢

(

(un)t, o — Pp)a +Bl(qh7uh§§o_P‘p)_(QhaV(p)Q_Eig(f(uh)a@)ﬂ
(
)

(

(un)e: ©)a = ((un)e, ¢ — Po)a + Bi(ay, un; ¢ — Po) — Bi(ay,, un; @)
(
=(

(un)e, ¢ — Po)a + Bi(qp, un; 0 — Py) — (g5, Ve —TI(Vp))a

~ Bo(un; Vo — T(V)) + (i, e — (), ),

where P and II are standard L? projections. Now it is possible to rewrite

((un)e, p)a + (un, pr)a + 5—12(f( ), @)a — E—lg(f’(U)u, ®)o
=((un)e, 0 — Pp)a + Bi(qy, un; ¢ — Pp)
—(qp, Voo = I(Vp))a — Ba(un; Ve — II(Vy))

+ (un Ag)a — 5 (f(un), @+ (s po + 55 (7). D) — =5 (7 (W oo
Denote

01 = (u — up, p)a(0),

T
O, = _/ (((un)e, o — Po)a + Biay, un; ¢ — Pp)) dt,
0

T
Oy — /0 ((@n, Vo — I(Vp))a + Ba(un; Vo — TI(Vp))) dt

04 = _/O ((uha A(p) 51 (f( h) )Q + (’U,h, SDt)Q + é(f(u), QD)Q - i(fl(u)u7 @)Q) dt.

£2

Thus, now we have

(u — uh,q))Q(T) =01+ 0635+ 03+ 6,.

By the results in the convection diffusion equations [19], we have

101] < C1h* 2l k11,0l (0) [[1+1,0, (3.28)
T 1/2
CHESEY (/ ||90||k+1,9dt> ; (329)
0
T 1/2
|03 < C3h? </ ||¢||k+2,gdt> . (3.30)
0
Now the only left thing is to estimate ©4. With the help of dual equation,
T 1 1 1.,
O4=— ; (un, Ap +@e)a = 5 (flun), p)a + 5 (f(w), 0)a = Z (f (W), 9)a ) dt

1 T

=—= [ ((un, f'(w)p)a = (flun), @) + (f(u), 9)a — (f (u)u, p)a) dt

520
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T
= [ )+ )+ P ) =) p)e)di

=L [ (s wn - wron)

where 7 is between u and wu;. From the results of error estimates for w;, and the inverse
inequality [8], we know that ||us||e is bounded when k > 1. Thus, we have

|94] <

< 2—52||f"|\L°e(sz)||90||Loo(sz)|\u — up||d

k>1
< OR*2 gl gy < CR*lgllisr0: (3.31)

For the last inequality, we use Sobolev inequality [4] which requires k& > 1. Combining Egs.
(3.28)-(3.31), we get the negative order norm estimate

w—un|—(si1y,0 < CR2FTL. (3.32)

O
Remark 3.1. This negative norm error estimate is very essential in the accuracy enhancement

post-processing technique [19,20]. We will also show the numerical results in Section 4 of the
post-processing.

4. Numerical Tests

In this section, we present numerical results to confirm that we can indeed get the optimal
convergence rate of O(h**1) in L? norm and also improve the LDG solution from O(h¥*1)
to O(h?**1) with the accuracy enhancement post-processing technique. All the examples are
calculated by the LDG spatial discretization and the semi-implicit SDC time marching method
except for Example 4.2 (convex splitting scheme). With this semi-implicit time discretization
method, the time step can be chosen as At = O(Ax), which is more larger than explicit methods.
The resulting nonlinear systems are solved by the multigrid solver and we show numerically
that the method has nearly mesh-independent convergence rates. All the computations are
performed in double precision and uniform meshes. The L? error is computed using a six-point
Gauss quadrature rule and the L error is calculated using the same six Gauss points in each
element for all elements.

Example 4.1. We begin by considering the Allen-Cahn equation
1

with periodic boundary conditions and ¢ = 0.3 on the domain Q = [0, 27| x [0, 27]. The forcing
function g(z,y,t) is taken to make the exact solution u(z,y,t) = e 2 sin(x +y). The errors are
presented in Table 4.1 and are computed at time 7' = 0.5. We clearly see that we can improve
the order of the error from O(h**1) to at least O(h%**1) in both the L?— and L*— norms
after post-processing.

To illustrate the superiority of the multigrid solver, we present the convergence rates of the
method for a single time step by using P! and P? approximation. From Fig. 4.1, we can see
that each iteration of the multigrid solver is an O(NN) operation. We also clearly see that the
convergence behavior of the multigrid method with Gauss-Seidel smoother is much better than
with Jacobi smoother, thus we further restrict our study to the former.
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Table 4.1: L?— and L® —errors for Example 4.1 before and after post-processing at time T = 0.5 using
the LDG method.

Before post-processing After post-processing

Mesh | L2 error | order | L error | order | L? error | order | L error | order
fpl

16 3.26E-002 - 2.58E-002 - 1.24E-002 - 2.99E-003 -
32 7.57E-003 | 2.11 | 6.73E-003 | 1.94 | 5.01E-004 | 4.63 | 1.19E-004 | 4.65
64 1.88E-003 | 2.00 | 1.69E-003 | 1.99 | 1.81E-005 | 4.79 | 4.03E-006 | 4.89
P2

16 | 2.19E-003 | - [ 255B-003] - | 271E-004| - | 6.88E-005| -
32 | 2.69E-004 | 3.02 | 3.08E-004 | 3.05 | 2.66E-006 | 6.67 | 6.93E-007 | 6.63
64 | 3.36E-005 | 3.00 | 3.83E-005 | 3.00 | 3.04E-008 | 6.45 | 7.74E-009 | 6.48
p3
16 | 1.09E-004 | — | 1.41E-004 | - |229E006| - |B5.02E007| -

32 | 6.82E-006 | 4.00 | 8.82E-006 | 4.00 | 9.47E-009 | 7.92 | 2.43E-009 | 7.69
64 | 4.26E-007 | 4.00 | 5.51E-007 | 4.00 | 5.73E-011 | 7.37 | 1.40E-011 | 7.44

Table 4.2: L?*— and L* —errors for Example 4.2 at time T = 0.5 with different time steps.

At = 0.1Az At = 0.5Ax
N L? error order | L™ error order | L? error order | L> error order
16 1.15E-00 — 3.03E-01 — 1.85E-00 — 4.28E-01 —

32 | 7.37E-01 0.65 | 1.77E-01  0.77 | 1.45E-00 0.35 | 3.14E-01  0.45
64 | 441E-01 0.74 | 1.01E-01 0.80 | 1.09E-00 0.40 | 2.29E-01  0.46
128 | 2.46E-01 0.84 | 5.56E-02 087 | 7.74E-01 0.50 | 1.59E-01  0.53

At = 2.5Ax At = 5.0Ax
N L? error order | L™ error order | L? error order | L> error order
16 | 2.48E-00 5.84E-01 2.48E-00 - 5.84E-01 -

32 | 2.40E-00 0.05 | 5.46E-01  0.09 | 2.46E-00 - 5.73E-01 -
64 | 1.93E-00 0.31 | 4.14E-01 0.40 | 2.39E-00 0.04 | 5.41E-01  0.08
128 | 1.54E-00 0.33 | 3.16E-01  0.39 | 1.93E-00 0.31 | 4.11E-01  0.40

Example 4.2. We consider the Allen-Cahn equation (4.1) with the convex splitting scheme
(2.17) in 2 = [0, 27] x [0, 27] with € = 0.3 and periodic boundary conditions.

The convex splitting scheme (2.17) is first order accurate in time, so we just consider P°
approximation. The L? and L* errors, and the numerical order of accuracy at time T' = 0.5
with different time steps are presented in Table 4.2. The numerical experiments go well with
the theoretical result of the unconditional energy stability for the scheme. That is, as time step
increases, the scheme is stable, but the error and accurate will be destroyed.

Example 4.3. We consider
wp — €2 + f(u) = gz, y,1) (4.2)

with ¢ = 0.1 in Q = [0,27] x [0,27] and periodic boundary conditions. We take the exact
solution of u(x,y,t) = e‘gfztsin(x) sin(y) with the source term g(z,y,t), where g(z,y,t) is a
given function so that make the exact solution. The L? and L™ errors and the numerical orders
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(c) P! approximation with Gauss-Seidel smoother (d) P? approximation with Gauss-Seidel smoother
Fig. 4.1. Convergence rates of multigrid solver for P* and P? approximation for Example 4.1.

of accuracy before and after post-processing at time 7" = 0.5 are contained in Table 4.3. It is
clear that we can improve on the LDG scheme from O(h**1) to at least O(h2¥*1).

Example 4.4. We seek traveling wave solutions for equation

U — %y + f(u) =0 (4.3)
as

u(z,t) = % (1 - tanh(z;\/;;)) , (4.4)

where s is the speed of the traveling wave and s = 35/\/5, e = 0.05. We apply the LDG
method to Eq. (4.3) in domain © = [—0.5,1.5] with Neumann boundary conditions. The final
time is T' = 1/s and the numerical traveling wave solutions with an initial profile, u(z,0) =
(1 - tanh(gxﬁ)) and exact solution (4.4) are shown in Fig. 4.2.

Example 4.5. We consider the equation

ur — Au + éf(u) =0 (4.5)
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Table 4.3: L?— and L® —errors for Example 4.3 before and after post-processing at time T = 0.5 using
the LDG method.

Before post-processing After post-processing
Mesh | L? error | order | L> error | order | L? error | order | L®° error | order
Pl

16 [ 5.11E-002 | - [3.26B-002] - [243E-003] - [9.74E-004| -
32 | 1.40E-002 | 1.86 | 9.43E-003 | 1.79 | 1.69E-004 | 3.84 | 7.55E-005 | 3.69
64 | 3.57B-003 | 1.98 | 2.52E-003 | 1.90 | 1.10E-005 | 3.94 | 5.25E-006 | 3.85
P2
16 | 357E-003 | - [3.23E-003] - | 7.89E-005]| - |2.73E-005| -
32 | 4.59E-004 | 2.96 | 4.24E-004 | 2.93 | 1.37E-006 | 5.84 | 4.72E-007 | 5.86
64 | 5.71E-005 | 3.01 | 5.21E-005 | 3.02 | 3.04E-008 | 5.50 | 9.04E-09 | 5.71
p3
16 | 1.73E-004 | — | 1.88E-004| - | 3.56E-006 | - | 1.15E-006| -

32 | 1.13E-005 | 3.93 | 1.39E-005 | 3.75 | 1.44E-008 | 7.94 | 4.69E-09 | 7.94
64 | 7.15B-007 | 3.99 | 9.17E-007 | 3.93 | 5.84E-011 | 7.95 | 1.88E-011 | 7.96

— — — initial

I RIS NI N RIS R R IATTRT NIRRT RTINRI ST
-0.5 0 05 1 15 -0.5 0 0.5 1 15

Fig. 4.2. Numerical traveling wave solutions at different times with an initial profile, u(z,0) = (1 —
tanh(%\ﬁg)). The final time is 1/s.
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(a) t=0 (b) £=0.01

(c) t=0.02 (d) t=0.03

(e) t=0.03125 (f) zero level contour lines
Fig. 4.3. (a)-(e) show the evolution of the initial condition in Example 4.5. (f) shows the zero level

contour lines of (a)-(e).

with Neumann boundary conditions in € = [0, 1] x [0, 1] and initial condition

0.25 — /(z — 0.5)2 + (y — 0.5)2
V2e ’

u(x,y,0) = tanh (
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(a) t=0 (b) zero level set (c) t=0.01 (d) zero level set

~F <> o @

(e) t=0.03 (f) zero level set (g) t=0.05 (h) zero level set

~F Q o O

(i) t=0.07 (j) zero level set (1) zero level set

(m) t=0.11 (n) zero level set (o) t=0.119 (p) zero level set

Fig. 4.4. The evolution of the initial condition and the zero level contour lines in Example 4.6.

where € = 0.01. Fig. 4.3 shows the evolution of the initial condition and the zero level contour
lines. We clearly see that the circle shrinks as theoretically predicted, which agrees with the
numerical calculations performed by Choi et al. [7].

Example 4.6. We consider the Allen-Cahn equation
1
ur — Au + E—Qf(u) =0 (4.7

with Neumann boundary conditions and the following initial condition

tanh(2((z — 0.5)% + y* — (0.39)?)), if = >0.14,
u(z,y,0) = ¢ tanh(2(y? — (0.15)2)), if —0.3<2<0.14, (4.8)
tanh(2((z 4+ 0.5)2 + y* — (0.25)?)), if = < —0.3,

where £ = 0.05. The computation domain is Q = [-1,1] x [—1,1]. Fig. 4.4 shows snapshots of
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(c) t=0.03 (d) t=0.04

Fig. 4.5. The zero isosurface of the solution at different time for Example 4.7.

the solution and its zero level set of the Allen-Cahn equation. The numerical results compare
very well with the numerical calculations performed by Feng et al. [15].

Example 4.7. We consider the equation
1
ur — Au + g—zf(u) =0 (4.9)

with Neumann boundary conditions in Q = [0, 1] x [0, 1] x [0, 1] and initial condition

(4.10)

w2, 9. 2,0 = tanh (0.4 — /(@ —052+ (y— 052+ (z — 0,5)2>

V2e

where ¢ = 0.02. Fig. 4.5 shows snapshots of the zero isosurface of the solution in three-
dimensional space. The times are shown below each figure. The numerical results agree with
the numerical calculations in [21].
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5. Concluding Remarks

In this paper, we have developed an LDG method for the Allen-Cahn equation and proved
the energy stability. We have presented the optimal error analysis in L? norm for the LDG
method. By employing a technical dual argument, we have demonstrated that we obtain an
accuracy of O(h?*+1) in the negative-order norm for all space dimension d < 3 and polynomial
degree k > 1. Furthermore, in addition to these theoretical results, we demonstrate numerically
that we can indeed improve the LDG solution from O(h**1) to O(h?**1) with the accuracy
enhancement post-processing technique.

We presented an unconditionally energy stable convex splitting scheme for the Allen-Cahn
equation, but the scheme is only first order accurate in time. To achieve higher order temporal
accuracy, the semi-implicit SDC method was employed. The equations at the implicit time level
are nonlinear and we employed an efficient nonlinear multigrid solver to solve the equations.
Numerical examples for one-dimensional, two-dimensional and three-dimensional cases were
given to illustrate the accuracy and capability of the LDG method coupled with the semi-
implicit SDC time marching method.

Acknowledgements. Research supported by NSFC grant No. 11371342.
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