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Abstract In this paper, we develop a high order semi-implicit time discretization method for
highly nonlinear PDEs, which consist of the surface diffusion and Willmore flow of graphs,
the Cahn—Hilliard equation and the Allen-Cahn/Cahn-Hilliard system. These PDEs are high
order in spatial derivatives, which motivates us to develop implicit or semi-implicit time
marching methods to relax the severe time step restriction for stability of explicit methods.
In addition, these PDEs are also highly nonlinear, fully implicit methods will incredibly
increase the difficulty of implementation. In particular, we can not well separate the stiff
and non-stiff components for these problems, which leads to traditional implicit-explicit
methods nearly meaningless. In this paper, a high order semi-implicit time marching method
and the local discontinuous Galerkin (LDG) spatial method are coupled together to achieve
high order accuracy in both space and time, and to enhance the efficiency of the proposed
approaches, the resulting linear or nonlinear algebraic systems are solved by multigrid solver.
Specially, we develop a first order fully discrete LDG scheme for the Allen—Cahn/Cahn—
Hilliard system and prove the unconditional energy stability. Numerical simulation results in
one and two dimensions are presented to illustrate that the combination of the LDG method for
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spatial approximation, semi-implicit temporal integration with the multigrid solver provides
a practical and efficient approach when solving this family of problems.

Keywords Semi-implicit time marching method - Local discontinuous Galerkin method -
Multigrid - Surface diffusion and Willmore flow of graphs - Cahn-Hilliard equation -
Allen—Cahn/Cahn—Hilliard system

1 Introduction

In this paper, we consider efficient high order semi-implicit time discretization and the local
discontinuous Galerkin (LDG) method for time dependent highly nonlinear partial differential
equations (PDEs) containing high order spatial derivatives.

The discontinuous Galerkin (DG) method is a class of finite element methods, in which
using a completely discontinuous piecewise polynomials as the numerical solution and the
test spaces. Reed and Hill [16] first designed it as a method for solving first order linear
transport equation. Cockburn et al. [3—6] later extended the DG method to solve nonlinear
hyperbolic conservation laws in a series of papers.

It is difficult to apply the DG method directly to PDEs containing higher order spatial
derivatives, therefore the LDG method was introduced. The idea of the LDG method is
to rewrite the equations with higher order derivatives as a first order system, then apply
the DG method to the system. The first LDG method was constructed by Cockburn and
Shu [7] for solving a convection diffusion equation (containing second derivatives). Their
work was motivated by the successful numerical experiments of Bassi and Rebay [1] for the
compressible Navier—Stokes equations. For a detailed description about the LDG methods
for high order time-dependent PDEs, we refer the readers to the review paper [24]. A common
feature of these LDG methods is that stability can be proved for quite general nonlinear cases.
DG and LDG methods also have several attractive properties, such as easy parallelization,
easy adaptivity and simple treatment of boundary conditions. The most important property
of DG and LDG methods is high order accurate, which motivates us to develop high order
temporal accuracy scheme to get the goal of obtaining high order accuracy in both space and
time together with robust stability conditions.

By the method of lines, the application of the LDG method for spatial variables for a
partial differential equation will generate a large coupled system of ordinary differential
equations (ODEs). The development of a suitable ODEs solver attracted a lot of attention in
the last decades. Explicit high order nonlinearly stable Runge—Kutta methods are efficient
for hyperbolic problems or convection dominated problems. However, if the PDEs contain
high order spatial derivatives with coefficients not very small, then explicit temporal methods
suffer from severe time step restrictions for stability, of the form At < C Ax?, where p is the
order of the PDE. It would therefore be desirable to develop implicit or semi-implicit time
discretization techniques to alleviate this problem, especially for long time simulations.

In [20], three different time discretization techniques for solving the stiff ODEs result-
ing from an LDG spatial discretization to PDEs with higher order spatial derivatives were
explored. These are the semi-implicit spectral deferred correction (SDC) method, the additive
Runge—Kutta (ARK) method and the exponential time differencing (ETD) method, which
are all validated to be efficient. However, these three methods are mainly efficient for a prob-
lem with easily separate stiff and non-stiff components, which treating the non-stiff terms
explicitly and the stiff terms implicitly. Actually, it is not always easy to separate stiff and
non-stiff components, for example, for the surface diffusion and Willmore flow of graphs,
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the Cahn-Hilliard equation with degenerate mobility and the Allen—Cahn/Cahn—Hilliard
system with degenerate mobility, which are all highly nonlinear and containing higher order
spatial derivatives. In such cases, one usually relies on fully implicit schemes. However,
fully implicit schemes have the disadvantage of difficult implementation and poor stability
properties, especially for fully nonlinear problems.

The surface diffusion and Willmore flow of graphs are both highly nonlinear fourth-order
PDEs. Smereka [17] developed a splitting technique for the surface diffusion of graphs,
which was effective to stabilize numerical schemes but it may affect the numerical accuracy,
see also [11,12] for the same kind of splitting decomposition. In [8], a first order semi-
implicit numerical scheme for the Willmore flow of graphs based on a finite element method
was presented. Various unconditionally stable first order [10,13] temporal discretization
schemes have been developed for the Cahn—Hilliard equation, based on the convex splitting
technique. These schemes are only first order accurate, and for the Cahn—Hilliard equation
with constant mobility, it is easy to extend to higher order accurate ones by the methods
introduced in [22], but for the Cahn—Hilliard equation with degenerate mobility, high order
temporal schemes are very difficult to derive. There have been limited numerical simulations
works in the existing literature for efficient semi-implicit time marching method for solving
the Allen—Cahn/Cahn—Hilliard system, and it would therefore be desirable to develop high
order semi-implicit schemes for the system.

In this paper, we focus on high order semi-implicit time marching methods for PDEs with
high order spatial derivatives and highly nonlinear, i.e. the stiff and non-stiff components
can not be well separated. Coupled with the LDG spatial discretization, we will construct a
semi-implicit fully discrete scheme for the surface diffusion and Willmore flow of graphs, the
Cahn-Hilliard equation with degenerate mobility and the Allen—-Cahn/Cahn-Hilliard system,
which is high order accurate in both space and time. Obviously, it requires to solve system of
linear or nonlinear equations at each time step. Traditional iterative solution methods such as
Gauss—Seidel method suffers from slow convergence rates, especially for larger system. To
enhance the efficiency of the proposed approach, the multigrid solver is employed to solve
the algebraic equations at each time step.

The outline of this paper is as follows. In Sect.2, we give a description of the high order
semi-implicit time marching method. Section 3 is devoted to the application of LDG method
and the semi-implicit time marching method for a series of highly nonlinear PDEs with higher
order spatial derivatives. Numerical examples are also presented, testing the performance
of the time marching method coupled with the LDG spatial discretization for these PDEs,
including the surface diffusion and Willmore flow of graphs, the Cahn—Hilliard equation with
degenerate mobility and the Allen—Cahn/Cahn—Hilliard system. Finally we give concluding
remarks in Sect. 4.

2 The High Order Semi-implicit Time Marching Method

The surface diffusion and Willmore flow of graphs, the Cahn—Hilliard equation and the
Allen—Cahn/Cahn—Hilliard system are all PDEs of highly nonlinear, and the stiff and non-stiff
components for these problems can not be well separated. After the LDG spatial discretization
for these problems, we can get an ODEs of the form

du _
E(t) = H(&, u(t), u(t)),

u(tp) = uo,

2.1)
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where m € N, u(t) e R, H : R x R" x R" — R"™ and H € C1(R x R"™ x R™), and
the dependence on the second argument of 7 is non-stiff, while the dependence on the third
argument is stiff. In this section, we will devote to developing a high order semi-implicit time
marching method to solve (2.1).

2.1 The Partitioned Runge—Kutta Methods

Boscarino et al. [2] presented a new class of semi-implicit Runge—Kutta methods in, which
was based on the partitioned Runge—Kutta methods. Therefore, in order to introduce the
semi-implicit Runge—Kutta method, we will first give a simple description for the partitioned
Runge—Kutta methods. We consider autonomous differential equations in the partitioned
form,

d
d—f(r) = F(y(). 2(1),
2.2)

%(t)—g( (), z(1))
ar ) T YV,

where y(t) € R", z(t) e R", F : R" xR" - R", G : R" xR" - R"and F, G €
C!(R™ x R™), which are sufficient to guarantee local existence and uniqueness of the solution
to (2.2). y(to) = yo, z(to) = zo are the initial conditions.

Then we can express the partitioned Runge—Kutta methods by applying two different
Runge—Kutta methods as the following Butcher tableau:

cl A
b

In the above tableau, the pair (AII;) determines explicit Runge—Kutta methods and (A|b)
defines implicit Runge—Kutta methods, which means that the first variable y () is treated by
exphcn method and the second one z() i is treated by 1mphc1t method. The Butcher coefficients
= (G;,j), A = (a;,j) € R**, bT = (by,....bg),bT = (by,...,bs), ¢ = (1, ...,¢)and
¢ = (ci1, ..., cs) are constrained by order of accuracy and stability considerations.
For practical reasons, in order to simplify the computations, we consider that A is a strictly
lower triangular matrix and A is a lower triangular matrix for the implicit part. In addition,
the coefficients satisfy:

N>
X s

i—1 i
i = E a;j, and ¢ = E a;j, for 1<i<s
=1 j=1

By applying the partitioned Runge—Kutta time marching method, the solution of the
autonomous system (2.2) advanced from time " to 1"*! = " + At is given by

i—1 i
ki=F yn+Alzfli,jkj,zn+Alzai,jlj , 1<i<s,
- N (23)

i
li=§ y”—l—AtZ&i,jkj,Z"—l-AtZai,jlj , 1 <i<s,

@ Springer



J Sci Comput

and we can calculate y"*! and 7! as follows

s
y' =y + Ale;i ki,
i=1

. 2.4
Zn+l =7"+ At Zb,‘ l;.
i=1

2.2 The Semi-implicit Runge-Kutta Methods

Now let us assume that forevery i € {1, ..., s}, b; = l;l- in (2.4).

After an overview of the partitioned Runge—Kutta methods, we will pay special attention
to the high order semi-implicit Runge—Kutta methods in this subsection. Our goal is to
develop a high order semi-implicit time marching method for Eq. (2.1), but not fully implicit
scheme. To derive a semi-implicit Runge—Kutta scheme, we first rewrite the non autonomous
differential Eq. (2.1) as an autonomous system where we double the number of variable, that

is,
d ([ ) (1 u )
t \u() H(t, u(t), u(t)) 2.5)

du(t)
dt
This system now corresponds to an autonomous partitioned system (2.3), with y(t) =
(t,u()), F = (1,’H) and z(t) = u(t), G = H and y(ty) = (t0, uo), z(to) = ug are the
initial conditions. Applying the partitioned Runge—Kutta scheme (2.3)—(2.4) to system (2.5),
we can get a high order semi-implicit Runge—Kutta method for (2.1): the first component of
the first Eq.(2.5) only gives

= H(, u(), u()).

i
Ci = E ai,js
j=1

whereas the second component of the first equation and the second equation of (2.5) are
identical, which gives the following semi-implicit scheme

i—1 i
ki=H|"+c¢ At u" + Al‘z&i_jkj, u" + AtZa,-,jkj , I <i <,
j=1 j=1
It is worth to mention here that k; is defined implicitely since a; ; # 0. Therefore, starting
from u", we give the algorithm to calculate " ! in the following.

1. Setfori =1,...,s,

i—1
U =u" + At z&iq./'kj’
Jj=1

i
Vi=u"+ At Y a jk;. (2.6)
j=1
2. Fori =1,...,s, compute
ki =M (1" + At UL V). 2.7
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+1

3. Update the numerical solution "™ as

S
W=yt 4 At Zbi k;. (2.8)
i=1

Remark 2.1 Observe that the augmented system (2.5) is only used to construct the partitioned
Runge—Kutta method as for (2.2). Since the second component of the first equation of (2.5)
and the second equation of (2.5) are the same, we only evaluate 7{ once at each stage and
[; corresponds to the second component of k;, for any i € {1, ..., n}. Furthermore, since
b; = l;;, we also have in (2.4) that z"*! corresponds to the second component of y”“.

By algorithm (2.6)—(2.8), the second variable of Eq. (2.1) is treated explicitly and the third
one is treated implicitly. Obviously, it is necessary to solve system of linear or nonlinear
algebraic Eq.(2.7) at each time step. The overall performance highly depends on the per-
formance of the solver. Traditional iterative solution methods such as Gauss—Seidel method
suffers from slow convergence rates, especially for large systems. To enhance the efficiency
of the high order semi-implicit time marching method, we will apply the multigrid solver to
solve algebraic Eq. (2.7) in this paper. And for a detailed description of the multigrid solver,
we refer the readers to Trottenberg et al. [18].

In this paper, we focus on a second order L-stable scheme and a third order one, which
were introduced in the context of hyperbolic systems with stiff relaxation in [15]. The second
order L-stable is given in the following form

00 O y y 0
111 0 1—y|1-2y y
1/21/2 | 1/2 1)2

with y = 1 — 1/+4/2. While for the third order L-stable scheme, the corresponding Butcher
tableau is given by

0l0o0o 0 0 ala 0 0 0
000 0 0 0 |- «a 0 0
1jo1 0 0 1[0 11—« o 0
1/2/01/41/4 0 12/ B n 12-B-n—a «

01/61/62/3 [0 1/6 1/6 2/3

with o = 0.24169426078821, B = /4 and n = 0.12915286960590.

3 Applications of LDG Method and Semi-implicit Time Marching
Methods

In this section, we perform numerical experiments of the LDG scheme coupled with the pro-
posed high order semi-implicit time marching method for the surface diffusion and Willmore
flow of graphs, the Cahn—Hilliard equation and the Allen—Cahn/Cahn—Hilliard system. To
enhance the efficiency of the proposed approach, the multigrid solver is used to solve the
algebraic equations at each time step. We present some accuracy tests to show that the pro-
posed spatial and time discretization methods can achieve high order accuracy in both space
and time. All the computations are performed in double precision and on uniform spatial
meshes.
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3.1 The Surface Diffusion and Willmore Flow of Graphs

In this subsection, we consider LDG spatial discretization coupled with high order semi-
implicit Runge—Kutta method (2.6)—(2.8) for the surface diffusion of graphs

d v \%
—”+V~(Q(1—%)VH)=0 3.1)
and Willmore flow of graphs

du 1 Vu ® Vu 1 H?
P +0V- (E (1 - T) V(QH)) - EQv- (EW) =0, (3.2)

where Q is the area element

Q0 =V1+|Vul?

and H is mean curvature of the domain boundary I

H:V.(%).

Xu and Shu [23] developed the LDG finite element methods for these two equations,
which were high order accurate in space. However, the forward Euler method was applied
for time discretization with a suitably small time step A7 (Ar = O (Ax*)) for stability, which
was not efficient, especially for long time simulations. These two equations are both highly
nonlinear, which increases the difficulty of developing semi-implicit time marching method,
not to mention high order scheme. To achieve high order accuracy in time, we will apply the
proposed semi-implicit Runge—Kutta method (2.6)—(2.8) to these two equations.

After the LDG spatial discretization, we can apply our semi-implicit Runge—Kutta scheme
by writing the ODEs in the form (2.1) with u the component treated explicitly, v the compo-
nent treated implicitly and

Hsp(r )——V( ()(I—M)VH( ))
sp(t,u,v) ==V - | Qsp(u Osp(@0)? sp(u, v

for surface diffusion of graphs (3.1), where

Osp) =/1+|Vu2, and Hsp(u, v):V-( Vv )
Osp(u)

While for Willmore flow of graphs (3.2), H is given as
1 (I Vu ® Vu

Hwt,u,v) = —Qw)V - ( )V(QW(U)HZ,W(’L v)))

owa) " Oww)?
1 Hy w(u)?
vy ().

where Qw (1) = /1 + |Vu|?,
Vo

Vu
i s B = W (Qw(u)) and Hywlw) :V'(Qw(w)'

With the proposed space and time discretization methods, we will achieve schemes with high
order accuracy in both space and time with a larger time step, i.e. At = O(Ax). Next we
will present some numerical experiments to validate the result.
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Table 1 Accuracy test for

surface diffusion of graphs (3.1) N L? error Order L error Order
with the exact solution (3.3) at 1
time T = 0.5 P 16 7.31E-04 - 9.13E-04 -
32 1.82E-04 2.00 2.30E-04 1.99
64 4.56E-05 2.00 5.76E-05 2.00
128 1.14E-05 2.00 1.44E-05 2.00
P2 16 2.29E-05 - 2.69E-05 -
32 2.87E-06 3.00 3.40E-06 2.99
64 3.59E-07 3.00 4.26E-07 3.00
128 4.48E-08 3.00 5.62E-08 2.92

Example 3.1 Accuracy test for surface diffusion of graphs
In this example, we consider the accuracy test for one-dimensional surface diffusion of
graphs. We test our method taking the exact solution

u(x,t) = 0.05cos(t) sin(x) 3.3)

for Eq. (3.1) with a source term f, which is a given function so that (3.3) is the exact solution.
The computational domain is [—z, 7], with the periodic boundary condition. The time step
is taken as At = 0.1 Ax. When the piecewise P! elements are used in the LDG method, the
second order semi-implicit Runge—Kutta method is used for time integration, while for P>
approximation, we adopt the third order scheme. The L? and L errors and the numerical
orders of accuracy at time 7 = (.5 are contained in Table 1, which shows (k + 1)-th order
of accuracy in both L? and L> norms for P* approximation.

To demonstrate the optimal complexity (with respect to the grid size Ax) of the multigrid
solver, we provide evidence that the multigrid convergence rate is independent of Ax for P!
and P? approximation, which is shown in Fig. 1.

(@
10°E (b)mﬁ:
[ — = N=32 [ — = N=32
107k — 4 N=64 107k — 4 N=64
E —e— N=128 E —e— N=128
T 10°F 3 10°F
= = = =
° F S F
3 I 0 I
gt gt
8 10k 8 10k
10" 10"
Sl SN TN N SN NN S SN N R SR ] Gl
10 5 L 3 5 10 2 3 4 5
iterations iterations

Fig.1 Convergence rates of multigrid solver with Pl and P2 approximation for surface diffusion of graphs.
aPp! approximation, b P2 approximation
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Example 3.2 Positive perturbation for surface diffusion of graphs
In this example, we consider the numerical solutions of the two-dimensional surface
diffusion of graphs (3.1) with the initial condition

up(x,y) =1+ 0.3min (l,max (0,2—5,/x2—|—y2)) (3.4)

and periodic boundary conditions. The computational domain is [—1, 1] x [—1, 1]. The P2
elements with 64 x 64 cells and third order semi-implicit Runge—Kutta method are taken for
space and time discretization, respectively. The numerical solutions at time 7 = 0, 0.0001,
0.001 and 0.005 are presented in Fig.2, which shows statistically similar patterns in the
numerical solution as those in Xu and Shu [23], but with the advantage of taking larger time
step (At = O(Ax)) comparing with the explicit time marching method (At = O(AxY) in
[23].

We present in Fig.3 the time evolution of the L? norm of the numerical solution and its
dissipation, i.e.

d
—&sp(t) = —Isp(1),
T sp(t) sp(t)

where the functional Esp (¢) and the dissipation Zsp () are defined by

Esp(t) = %/QuQ(t,x)dx, ISD(t):/QHZ(u(t,x))dx.

The results show that our numerical scheme is stable with a lager time step (At = O(Ax)).

Example 3.3 Accuracy test for Willmore flow of graphs
In this example, we consider the accuracy test for one-dimensional Willmore flow of
graphs. We test our scheme taking the exact solution

u(x,t) = 0.05cos(?) sin(x) (3.5)

for Eq. (3.2) with a source term f, which is a given function so that (3.5) is the exact solution.
The computational domain is [—, 7], with the periodic boundary condition. The time step
is taken as At = 0.1 Ax. When the piecewise P! elements are used in the LDG method, the
second order semi-implicit Runge—Kutta method is used for time integration, while for P2
approximation, we adopt the third order scheme. The L? and L errors and the numerical
orders of accuracy at time 7 = (.5 are contained in Table 2, which shows (k + 1)-th order
of accuracy in both L? and L* norms for P¥ approximation. Figure4 shows the optimal
complexity of the multigrid solver for the Willmore flow of graphs.

Example 3.4 Sine perturbation for Willmore flow of graphs
In this example, we consider the numerical solutions of the two-dimensional Willmore
flow of graphs (3.2) in the square domain 2 = [—2, 2] x [—2, 2] with the initial condition

up(x,y) = 0.25sin(mry) (0.25sin(mrx) 4+ 0.5 sin(37x)) 3.6)

and periodic boundary condition. We use P2 elements with 64 x 64 cells and third order
semi-implicit Runge—Kutta method to solve Eq. (3.2). The numerical solutions at time 7" = 0,
0.0001, 0.001 and 0.01 are shown in Fig.5. With a larger time step of At = O(Ax), our
scheme gets the same results comparing the numerical calculations performed by Xu and
Shu [23].
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Fig. 2 Numerical solutions for the surface diffusion of graphs with the initial condition (3.4). a T = 0,
b 7T =0.0001,¢ 7 =0.001,d T = 0.005

2.099

(a) (b)

2.098

2097

20fF
2.096
2.095

_2.004

e

W 2093
2.092

2.091

2.09

2.089

LSARN RARRN LNANS LARR) RAARD LARAN LANED ERARD LANRD MRS ARRM
It

-

| - T - L L 1 L | L L |
0.06 0 0.02 0.04 0.06

P IR RN
2088 0 0.02 0.04
t

Fig. 3 Evolution of the L2 norm and the dissipation for surface diffusion of graphs. a Functional Egp (¢),
b dissipation Zgp (t)

We present in Fig. 6 the time evolution of the energy of the numerical solution and its
dissipation, and the functional £y (¢) and the dissipation Zy (¢) are defined by

(u(t, x))*

1
sw(t)ZE/QHZ(t,x) o, x)dx, Tw() = 065
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Table 2 Accuracy test for

2 oo
Willmore flow of graphs (3.2) N L~ error Order L°° error Order
with the exact solution (3.5) at 1
time T = 0.5 P 16 7.31E-04 - 9.09E-04 -
32 1.82E-04 2.00 2.28E-04 1.99
64 4.56E-05 2.00 5.66E-05 2.00
128 1.14E-05 2.00 1.39E-05 2.02
P2 16 2.29E-05 - 2.69E-05 -
32 2.87E-06 3.00 3.40E-06 2.99
64 3.59E-07 3.00 4.26E-07 2.99
128 4.49E-08 3.00 5.42E-08 2.98
@), ®),,._
F g
[ —— N=32 +
107 —&—— N=64 107k
E —o— N=128 E
"g 10°F =§ 10°F
o F 3 F
7] I 7] I
¢ | ¢ f
e N o
10°F 10
107“1““&““:‘5““4‘1““;““6 10411\wwwé\w\wéw\wwlw\w\éw\w\e
iterations iterations

Fig. 4 Convergence rates of multigrid solver with Pl and P2 approximation for Willmore flow of graphs.
aP! approximation, b P2 approximation

From Fig.6, we can see that our numerical scheme is stable numerically, i.e. the discrete
energy is non-increasing about time.

3.2 The Cahn—Hilliard equation

In this subsection, we consider LDG spatial discretization coupled with high order semi-
implicit Runge—Kutta method (2.6)—(2.8) for the Cahn—Hilliard equation

% =V [b@)V (—yAu+ V' w)], 3.7)
where V(i) = %(u2 — 12, b(u) is the degenerate mobility, and y is a positive constant.
Xia et al. [19] developed an LDG method for the Cahn—Hilliard equation and based on the
consideration of high order in spatial derivative, Guo and Xu [13] constructed a semi-implicit
convex splitting scheme for Eq. (3.7). The convex splitting scheme was unconditionally stable
with a first order temporal accuracy, and the additive Runge—Kutta method was adopted in
[13]to achieve high order accuracy in time for Cahn—Hilliard equation with constant mobility,
i.e. b(u) is constant. While for Cahn—Hilliard equation with degenerate mobility, Guo and Xu
introduced the linearization scheme and fully implicit scheme to achieve high order temporal
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Fig. 5 Numerical solutions for the Willmore flow of graphs with the initial condition (3.6). a T = 0,
b 7T =0.0001,¢7 =0.001,d T = 0.01

(a) b
) (b)
2F 1500 |~
151 r
r 1000 |-
= . = I
o 'F E=2 i
osf 500 -
ok |
[ ol
Os\\\\l\\\\l s b b by by b b b [N ENEEE SNEEE SEEEE SNNE NN NN NN NN NN
06:001 6:003 0003 0004 0,005 0.005 6.007 0008 0008 0.1 0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01
t t

Fig. 6 Evolution of the energy and the dissipation for Willmore flow of graphs. a Fuctional Ey (¢), b dissi-
pation Zyy ()

accuracy, but the implementation was difficult and the constraint of time step was still hard
for these two methods. It would therefore be desirable to develop high order semi-implicit
time marching method to solve the Cahn—Hilliard equation with degenerate mobility.

The convex splitting which was proposed in [13] is given in the following form:

=V. [b (u") v (—yAu”'H + (u”“)3 — u")] . (3.8)

un+1 n

—u
At
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Table 3 Accuracy test for the

Cahn—Hilliard equation (3.7) al L? error Order L% eror  Order
with the exact solution (3.10) at 1
ime T = 0.5 P 16 1.01E-02 - 1.26E-02 -
32 2.52E-03 2.00 3.16E-03 2.00
64 6.31E-04 2.00 7.89E-04 2.00
128 1.57E-04 2.00 1.96E-04 2.00
P2 16 3.18E-04 - 3.75E-04 -
32 3.98E-05 3.00 4.72E-05 2.99
64 5.00E-06 2.99 5.98E-06 2.98
128 6.27E-07 3.00 7.54E-07 2.99

Based on the unconditionally stable convex splitting scheme (3.8), and to apply our semi-
implicit Runge—Kutta scheme, we rewrite the Cahn—Hilliard equation in the form of (2.1)
with u the component treated explicitly, v the component treated implicitly, and

Hen(t,u,v) =V - [b@)V (=yAv +v* —u)]. 3.9)

Then we will get a stable semi-implicit scheme for the Cahn—Hilliard equation, which is high
order accurate in both space and time.

Example 3.5 Accuracy test for Cahn—Hilliard equation
We consider the Cahn-Hilliard Eq.(3.7) with b(u) = 1 — u?, y = 1 in the domain
Q = [—m, 7] and with periodic boundary condition. We test our method taking the exact
solution
u(x,t) = e 'sin(x) (3.10)

for Eq. (3.7) with a source term f, which is a given function so that make the exact solution
(3.10). The time step is taken as A = 0.1Ax. When the piecewise P! elements are used
in the LDG method, the second order semi-implicit Runge—Kutta method is used for time
integration, while for P2 approximation, we adopt the third order scheme. Table 3 presents
the L? and L™ errors and the numerical orders of accuracy at time 7 = 0.5, which shows
(k + 1)-th order of accuracy in both L? and L° norms for P¥ approximation with larger
time step comparing numerical methods in [19]. Figure 7 presents the optimal complexity
of the multigrid solver for the Cahn-Hilliard equation, which shows that the convergence is
independent of the grid size Ax.

Example 3.6 Long time simulation for Cahn—Hilliard equation
In the square domain 2 = [0, 6.4] x [0, 6.4], we consider the Cahn—Hilliard Eq.(3.7)
with

W) =u’—u, b= \/(1 +u)? (1 —u)?+y, y=0.001,
and Neumann boundary condition, i.e.
ou ,
P b))V [—yAu+ V' (w)]-v=0, on 9.
v

The initial data is a random field of values that are uniformly distributed about the average
composition # = —0.05, with amplitude 0.05.
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Fig. 7 Convergence rates of multigrid solver with P! and P2 approximation for Cahn-Hilliard equation.
aPp! approximation, b P2 approximation

We use the P2 element and third order semi-implicit Runge—Kutta method (3.9), which
is based on the convex splitting scheme proposed in [13]. Figure 8 shows the contour lines of
the numerical solution in some selected time levels. We present in Fig.9 the time evolution
of the discrete energy of the numerical solution and its dissipation, i.e.

d
= = -7
dt5CH([) cH (),

where the functional £c g and the dissipation Z¢ g are given by the following form
ecn®) = [ [S1vul + v dx. Teu) = [ b 1vulds,
Q Q
with it = —y Au + W' (u). The results show that our numerical scheme is stable.
This long time simulation example shows the capability of the LDG method, the high

order semi-implicit temporal method and the multigrid solver for solving the Cahn—Hilliard
equation with degenerate mobility.

3.3 The Allen—-Cahn/Cahn-Hilliard System

In this subsection, we consider LDG spatial discretization coupled with high order semi-
implicit time marching methods for the Allen—Cahn/Cahn—Hilliard system

WV b, )V (W, v) — y A,
at
(3.11)
av
PE = —b(u,v) [‘Ijv(u, v) — )’AU] s

where

Y, (u,v) =0 [In(u+v)—In(1 — (u+v))+In(u —v) —In(1 — (u —v))] + %(1 —2u),
V,(u,v) =0 [In(u +v) —In(1 — (u +v)) —In(u —v) + In(1 — (u — v))] — B,
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Fig.8 The time evolution of the Cahn—Hilliard equation with P2 approximationona256x256mesh.aT = 1,
bT =5¢T=20,dT =40,eT =60,f T =100

the degenerate mobility is

1
b(u,v) = u(l —u) (Z —v2>, (3.12)
and the free energy is given by
Eaccn (u, v) :/ [% (IVul* + |Vu]?) + W(u, v)]dx. (3.13)
Q
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Fig.9 Evolution of the energy and the dissipation for Cahn—Hilliard equation. a Functional £¢ g, b dissipation
Icu

The homogeneous free energy W (u, v) is

Wacen (@, v) = 0 [®u +v) + D —v)] + % [eu(l —u) — pv?],

where ®(s) =sIns + (1 — s) In(1 —s).

Here 6 represents the temperature, y is the coefficient of gradient energy and «, 8 are the
coefficients of nearest and next-nearest pairwise energetic interactions. To close the system,
we assume that the system (3.11) is supplemented with Neumann boundary conditions, i.e.

a—u = 8—U:b(u,v)V(—yAu—i—\IJ,,(u,v))-v:O, on 0. (3.14)
av  Jv

Xia et al. [21] developed an LDG method for the system (3.11), and in which an explicit
time marching method was employed. However, the explicit method was not efficient because
of its severe time step restriction (At = O0(Ax%)) for stability, especially for long time
simulations.

Here, we introduce the convex splitting method for time discretization coupled with LDG
spatial discretization, to obtain a fully-discrete energy stable LDG scheme for a particular
Allen—Cahn/Cahn-Hilliard system (¢ = 0). The corresponding semi-discrete convex split-
ting scheme is given as

un+l _n

i A\ [b (u", v") \YJ (\IJu(u", V") — yAu"'H)] ,
At
(3.15)
anrl — " H
v —=b (" V") [Wy ", v") — y AV
where o
"I"u (un’ Un) — 5 (1 _ Zun) , \Ijv (un’ vn) — —,an
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We consider a subdivision 73, of 2 with shape-regular elements K, and denote I" the union
of the boundary faces of elements K € 7, i.e. ' = Ugc7,0K, and T'g = I"'\9€2. We set

Vi ={<p . ¢lk e PY(K), VK e Th}

sf={e=@....007: gl cPHE), I=1.--d VKT,

where PK(K) is the space of polynomials of degree at most k > 0 on element K. Note that
functions in Vj, and EZ are allowed to be completely discontinuous across element interfaces.
To define the LDG method for scheme (3.15), we first rewrite it as a first order system

n+1 n
% -V. sn+17
vn+1 —
noh n+1 n
E = bl ()
with
sn+1 =b (un n) pn+l
prl = V( q?ﬂ _Hl)’
qn+1 =yV. witl!
2 2
wlil+1 _ Vun+1
wg+l an-H
r1 =y, ", "),
[y =Wy ", v").
The LDG scheme for the semi-discrete scheme now consists in finding u"+!, v**+1, q’f“,
qé’“ ri, r} € Vj and st pntl w'{“ 121+1 € E,‘f, such that, for all test functions ¢,

92, 93, 94, @5, 96 € Vi and 01, 02, 03, 0,4 € ¢, we have

un—H —u
/ —— ¢1dK = —/ " VodK +/ T voids,
K At K aK

(3.16)
L gn b ™, v
VTV dk = — [ 2T (i) ghak,
/K Ar ¥2 /K P ( q> )(PZ
with
n+1 01dK :/ b (un7 U”) pn—H -01dK,
K
(3.17)
/ 02dK = / (r q’l’+1)V-02dK+/ (Fr = a1+") 02 - vas,
K IK
/ n+1 3dK__y/ n+1 V(p'&dK“r]// I‘l+l v(p3ds
K aK
(3.18)

/ q£’+l<p4d1( = —y/ n+l V<p4dK+y/ ﬁg“ -vuds,
K K aK
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and
/ mtgidK = — /u"+1v-03d1<+/ 7"105 - vds, (3.19a)
K K K
/w”+1 04dK = — /u"+1v-04d1(+/ 79, - vds, (3.19b)
K K 9K
/r;%pde:/ W, (u",v") psdK, (3.19¢)
K K
/rf(,%dK:/ W, (u",v") pedK. (3.19d)
K K

Here 311, T ’q\{”“l, A"+1, ’ID;H, 7"t and 9" are so-called “numerical fluxes”. To

complete the deﬁmtlon of LDG method, we need to define these numerical fluxes.

Let e be an interior face shared by the “left” and “right” elements K7, and K g and define
the normal vectors vy and vg on e pointing exterior to K; and Kpg, respectively. For our
purpose “left” and “right” can be uniquely defined for each face according to any fixed rule.
For example, we choose vq as a constant vector. The left element K, to the face e requires
that vy - vg < 0, and the right one K g requires vz, - vg > 0. If ¢ is a function on K7, and Kg,
but possibly discontinuous across e, let v/, denote (|k, )|, and ¥g denote (¥ |k, )le, the
left and right trace, respectively. It turns out that we can take the simple alternating numerical
fluxes to guarantee the energy stability, such as

An+1 — sn+l
~n+1 n+1
‘11 =dr>
G _]rl R
~n+ n+
wy =w (3.20)
ot — n+1
+1 “R 41
~n N
w, = w2,]L )
ol =t

We remark that the choice for the fluxes (3.20) is not unique. Considering the compactness
of the stencil and the optimal accuracy, the crucial part is taking §"*! and 7 7, q7 7" from
opposite sides, ’1’+1 and 7"+! from opposite sides, wg+1 and 9"+ from oppos1te sides.
It is easy to show that the LDG scheme is mass conservative. Next, we will prove the
energy stability for fully-discrete LDG scheme (3.16) with the alternating numerical fluxes

and Neumann boundary condition.

Proposition 3.1 (Energy stability for the fully-discrete LDG scheme) The solution to the
LDG scheme (3.16) with the numerical fluxes (3.20) satisfies the energy stability

& ( nbl gttt Un+1) — & (w, wh, u", V") <0, (3.21)

where

Enw, wa, u, v>=/ (2 i wi+waw) + W, v)) dx
Q\2
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Proof For Egs.(3.19a) and (3.19b) of the LDG scheme, subtracting the equations at time
level " from the equations at time level /"*!, respectively, we get

/ Dw; - 03dK = —/ DuV -03dK + Dubs - vds,
K K K

/ Dw; - 04dK = —/ DvV -04dK +/ Dvly - vds,
K K 0K

where Dw; = w*! — w!, Du = u"t! — u", Dwy = ng wf and Dv = v"+! — o,
Then taking the test functions 83 = £ w'f“ and 04 = w'%“ we obtain

L/Dw1 ~w’1’+ldK:—l/DuV-wq’+ldK + L/ Dﬁwﬁ’“-vds,
At Jg At Jg At Jok

l/Dwz-wngldK: —l/ DoV - witlak + L / Dow! ! - v ds.
At Jk At Jg 9K

(3.22)
For other equations in scheme (3.16), we take the test functions as
(‘Pl — _qIH'l’ o = —qurl, 0, = _pn—H’ 0, = sl
vz = ﬁDu, Q1 = ﬁDv, @5 = —iDu, 06 = —iDv.

Then we have,
- Du (rn _qu-l) dK = _/ sn+llv<rn n—H) dK
Ar i 1 © 1

+ [ s ov( q?“) ds,

1 Dv( q?“) dK = —/ ACELY] (” q£‘+1)2 dK,
At Jg K P

_/ sn+1 .pn+1 dK = _/ b(un’vn) pn+1 .pn+] dk,
K K

/Pn+1 n—HdK__/ ( qf’+1)V~S”+]dK+/ (;.\Il_z]\;t+1)sn+l.vd_g’
K 9K

gMoudk = - L [ wtl . vDudk + l/ %" vDuds,
K At Jak
1
— ngDvdK =_r w;H -VDvdK + e / ﬁg“ -vDuvds,
At Jk At Jk At Jyk
1
- rl DudK = ~ \I/u DudK
K
1
- r2 DvdK = Y \I/v DvdK
K

(3.23)
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By adding Egs. (3.22)—(3.23), and after a careful calculation we obtain

L/ (Dw’f“ w4 Dwit n+l)dx
Q

At
b ", "
+/ ( ) (( n qgﬂ) + prt! .pn+1) dx
Q P

1
+ E ( Dudx——/ Dvdx—O

with the help of the alternating numerical fluxes (3.20) and the Neumann bounday condition
(3.14). Notice that

W, (u", V") Du— W, (u”, v") Dv 1 —2u") Du — pv"Dv

n+l) Y (un’ vn) + %

»e N\Q

(un—H _ Mn)2

(

("
g (v n+1 vn)2
Therefore we have

L/ (wa7+l n+1+Dwn+l n+1)dx
At Jq

s L[ o) —w ) ar <o,
Q

which implies the energy stability result. O

3.3.1 Algorithm Flowchart and the Multigrid Solver
Given u”, v" and g, the algorithm to get w1 vy and q]"+1 is as follows

1. We choose a local basis in cell K, then r, r}, w’l’Jrl ”+1, ng, p*tl st can be
eliminated from Egs. (3.19c¢), (3.19d), (3.19a), (3.19b), (3.18) and (3.17) respectively, by
simply inverting a small mass matrix in each case.

2. We get a system of 3 coupled linear equations for {#"*!, v"*1, q{”‘l}

n—H _ Ll( n+1 u Un)

qilJrl L, (un+l) , (3.24)
V=1, (v"“,u”,v").
3. We solve the system of nonlinear Eq. (3.24) at each time step by multigrid solver and get
un+1, vn+] and qn+l

Remark 3.7 Observe here that we keep the variable g related to u since the evolution equation
for u contains fourth order spatial derivatives, whereas the evolution equation for v has only
second order spatial derivatives. Hence the system (u, v, g1) now contains only second order
space derivatives.
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3.3.2 The Spectral Deferred Correction Method

For the Allen—Cahn/Cahn—Hilliard system with constant mobility, i.e. b(u, v) is constant,
we can apply the semi-implicit SDC method based on the convex splitting scheme (3.15) to
achieve high order temporal accuracy. An advantage of the SDC method is that it is a one
step method and can be constructed easily and systematically for any order of accuracy. For
convenience, the convex splitting scheme (3.15) can be rewritten as

‘ W = u" 4 At (Fs (") + Fy (", 0")),

3.25
vn+l — vn + At (GS (Un+1) 4 GN (un’ vn)) , ( )

where Fg, G s represent the implicit part and Fi, G y represent the explicit part of the convex
splitting scheme, which means

(3.26)

Fs(u) = —yA%u, Fy(u,v) = A (¥, (u, ),
Gs(v) =yAv, Gy(u,v) =—Yy,(u,v).

Then the semi-implicit SDC method can be applied iteratively to achieve high order temporal
accuracy. For a detailed description of the SDC method as well as their implementation and
applications, we refer the readers to [9, 14,20,22].

3.3.3 The High Order Semi-implicit Runge—Kutta Method

For the Allen—Cahn/Cahn-Hilliard system with degenerate mobility, i.e. b(u, v) is not con-
stant, we know that the stiff and non-stiff components can not be well separated. In this case,
the semi-implicit SDC method is not efficient any more. Therefore, we adopt the high order
semi-implicit Runge—Kutta method. And to apply our semi-implicit scheme (2.6)—(2.8), we
write the Allen—Cahn/Cahn-Hilliard system (3.11) in the form of (2.1) with u = (u1, u2)
the component treated explicitly, v = (v, v2) the component treated implicitly and

Vb (i, u2) V(W (ur, uz) — y Avy)],

Haccu(t,u,v) = (3.27)

1
- ;b(“l’ uz) [Wy (u1, uz) — y Avy].

The semi-implicit scheme is based on the convex splitting scheme (3.15), high order
accurate in time and expected to be stable with a larger time step comparing with explicit
methods, which is very efficient, especially for long time simulations in multi-dimensional
case.

Remark 3.8 The energy stabilities of these semi-discrete LDG schemes were proved for
surface diffusion and Willmore flow of graphs [23], Cahn—Hilliard equation [19] and Allen—
Cahn/Cahn—Hilliard system [21]. As we know, based on a convex splitting principle of the
energy, the unconditional energy stability of the fully-discrete LDG scheme for Cahn—Hilliard
equation was presented in [13], and for Allen—Cahn/Cahn—Hilliard system, the corresponding
energy stability is given in Proposition 3.1. While for the fully-discrete LDG schemes for
surface diffusion and Willmore flow of graphs, these two equations are highly nonlinear,
therefore it is difficult to develop energy stable fully-discrete LDG schemes based on some
splitting technique, which will be left to our future work.
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Table4 Accuracy test for the Allen—-Cahn/Cahn-Hilliard system (3.11) with the exact solution (3.28) at time
T=05

N u v

L2 error Order L error Order L2 error Order L®° error Order

Pl 16 7.61E-02 - 5.82E-02 - 1.91E-02 - 9.79E-03 -
32 1.85E-02  2.03 1.57E-02 1.89 4.28E-03  2.16 2.39E-03 2.03
64 4.59E-03 2.0l 3.99E-03 1.98 1.03E-03 2.04 6.12E-04 1.96
128 1.14E-03 2.00 1.00E-03 2.00 2.57E-04  2.01 1.53E-04 1.99

P2 16 4.70E-03 - 4.13E-03 - 5.77E-04 - 3.84E-04 -
32 5.80E-04  3.01 4.91E-04 3.07 7.54E-05  2.93 4.84E-05 2.99
64 727E-05 299 6.14E-05 2.99 1.02E-05  2.87 6.27E-06 2.94
128 9.38E-06  2.96 7.94E-06 2.95 1.53E-06  2.74 8.56E-07 2.87

——a&—— N=32
—a&—— N=64
——6—— N=128

log(residual)
log(residual)

10—10\\\\|\\\\|\\\\|\\\\|\\\\|\\\\l\\\\l\\\\l\\\\ 10—10\\\\l\\\\l\\\\l\\\\l\\\\l\\\\l\\\\l\\\\l\\\\
2 3 4 5 6 7 8 9 10 2 3 4 5 6 7 8 9 10
iterations iterations

Fig.10 Convergence rates of multigrid solver with Pl and P2 approximation for Allen—-Cahn/Cahn-Hilliard
system. a P! approximation, b P2 approximation

Example 3.9 We consider the Allen—Cahn/Cahn—Hilliard system (3.11) with W (u, v) =
u—u*— %vz, b(u,v) = (1 + u?)(1 + v?) in the domain Q = [0, 47] and with periodic
boundary condition. We test our method taking the exact solution

ulx,t) = e " sin(x), w(x, 1) = e " cos(0.5x) (3.28)

for Eq.(3.11) with a source term f, which is a given function so that (3.28) is the exact
solution. When the piecewise P! elements are used in the LDG method, the second order
semi-implicit Runge—Kutta method is used for time integration, while for P2 approximation,
we adopt the third order scheme. The L? and L errors and the numerical orders of accuracy
at time T = 0.5 are contained in Table4, which shows the (k + 1)-th order of accuracy in
both L2 and L> norms for P¥ approximation. Figure 10 shows the near optimal complexity
of the multigrid solver for the Allen-Cahn/Cahn—Hilliard system, which means that the
convergence is nearly independent of the grid size Ax.

Example 3.10 To demonstrate the theoretical result of unconditional energy stability for the
Allen—Cahn/Cahn—Hilliard system, we present an example here. We consider the system
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Table 5 Accuracy test for the Allen—-Cahn/Cahn-Hilliard system (3.11) with degenerate mobility at time
T =0.5in2D

N u v
L2 error Order L error Order L2 error Order L error Order
pl 16 2.20E-02 - 1.52E-02 - 1.10E-02 - 8.42E-03 -
32 5.45E-03 2.01 3.81E-03 2.00 2.72E-03 2.01 2.05E-03 2.03
64 1.35E-03 2.01 9.46E-04 2.01 6.76E-04 2.01 4.88E-04 2.07

P2 16 1.33E-03 - 1.31E-03 - 6.68E-04 - 6.72E-04 -
32 1.68E-04 2.99 1.60E-04 3.03 8.40E-05 2.99 8.03E-05 3.06
64 2.10E-05 2.99 1.98E-05 3.01 1.05E-05 2.99 9.91E-06 3.01

Table 6 Accuracy test for the Allen—Cahn/Cahn-Hilliard system (3.11) with constant mobility at time 7 =
0.5in 2D

N u v
L2 error Order L° error Order L2 error Order L error Order
pl 16 2.23E-02 - 1.51E-02 - 1.11E-02 - 8.22E-03 -

32 5.47E-03 2.02 3.80E-03 1.99 2.73E-03 2.02 1.95E-03 2.07
64 1.35E-03 2.01 9.49E-04 2.00 6.76E-04 2.01 4.77E-04 2.03
P2 16 1.33E-03 - 1.30E-03 - 6.68E-04 - 6.70E-04 -
32 1.68E-04 2.99 1.60E-04 3.02 8.40E-05 2.99 8.03E-05 3.06
64 2.10E-05 2.99 1.98E-05 3.01 1.05E-05 2.99 9.91E-06 3.01

(3.11)in = [0, 27 ] x [0, 27r] with Neumann boundary conditions (3.14), y = 1,0 =0,
a =1, 8 =1, p = 1 with degenerate and constant mobility respectively. For the tests we
take the exact solution of

u(x,y, t) = e cos(x)cos(y), v(x,y,t)= %cos(x) cos(y), (3.29)

with the source terms f'(x, y, t) and g(x, y, t), respectively. We consider the following cases:

1. With degenerate mobility b(u, v) = (1 — u?)(0.25 — v?),
2. With constant mobility b = 0.25, which is the maximum of the degenerate mobility.

To obtain high order accuracy scheme in both space and time, we choose P¥ approximation
for spatial discretization, semi-implicit SDC method and semi-implicit Runge—Kutta method
for constant mobility and degenerate mobility, respectively. Tables 5 and 6 show the L and
L errors and numerical orders of accuracy at time 7 = 0.5. We can see that these two cases
with PK approximation give (k 4 1)-th order of accuracy.

We present in Figs. 11 and 12 the time evolution of the energy E4cc g (¢) [which is defined
in (3.13)] of the numerical solution and its dissipation, and the dissipation Z4 cc g (¢) is defined
by

1
Zaccu(®) = /Qb(u, v) (le 12 + ;(Mz)z) dx,
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Fig. 11 Evolution of the energy and the dissipation for Allen—Cahn/Cahn—Hilliard system with degenerate
mobility in 2D. a Functional £4¢cc g (1), b dissipation Zacc g (t)
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Fig. 12 Evolution of the energy and the dissipation for Allen—-Cahn/Cahn-Hilliard system with constant
mobility in 2D. a Functional £4¢¢ g (1), b dissipation E4cc g (1)

with u; = —yAu + ¥, and u, = —y Av + ¥, which show that our schemes are stable
numerically.

Finally, we remark that the LDG spatial discretization does allow for more flexibility
than that of the finite difference method in several other ways. LDG methods are a class
of finite element methods, which can handle the irregular computational domain and com-
plex boundary conditions easily comparing with the finite difference methods. Meanwhile,
since the basis functions can be completely discontinuous, discontinuous Galerkin meth-
ods have the flexibility which is not shared by typical finite element methods, such as the
allowance of arbitrary triangulation with hanging nodes, complete freedom in changing the
polynomial degrees in each element independent of that in the neighbors (p-adaptivity), and
extremely local data structure (elements only communicate with immediate neighbors regard-
less of the order of accuracy of the scheme) and the resulting embarrassingly high parallel
efficiency.
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4 Conclusion

In this paper, we have explored a high order semi-implicit Runge—Kutta method for solving the
ODE:s resulting from a local discontinuous Galerkin spatial discretization to highly nonlinear
PDEs containing higher order spatial derivatives, which consist of the surface diffusion and
Willmore flow of graphs, the Cahn-Hilliard equation and the Allen—-Cahn/Cahn—Hilliard
system. With the proposed semi-implicit temporal method, the severe time step restriction
of explicit methods can be relaxed and we can achieve high order temporal accuracy with a
larger time step. However, the equations at the implicit time level are linear or nonlinear, and
to enhance the efficiency of the solver, we employed the linear and nonlinear multigrid solver
to solve algebraic equations, respectively. In addition, we have developed a first order fully
discrete LDG scheme for the Allen—Cahn/Cahn—Hilliard system and proved the unconditional
energy stability. Numerically we show the high order accuracy of the proposed schemes, in
both time and space, with a larger time step. Also, the long time simulations show the capacity
and efficiency of the proposed temporal and spatial methods.

References

1. Bassi, F.,, Rebay, S.: A high-order accurate discontinuous finite element method for the numerical solution
of the compressible Navier-Stokes equations. J. Comput. Phys. 131, 267-279 (1997)

2. Boscarino, S., Filbet, F., Russo, G.: High order semi-implicit schemes for time dependent partial differ-
ential equations. J. Sci. Comput. 66, 1-27 (2016). doi:10.1007/s10915-016-0168-y

3. Cockburn, B., Shu, C.-W.: TVB Runge-Kutta local projection discontinuous Galerkin finite element
method for conservation laws II: general framework. Math. Comput. 52, 411-435 (1989)

4. Cockburn, B., Lin, S.-Y., Shu, C.-W.: TVB Runge—Kutta local projection discontinuous Galerkin finite
element method for conservation laws III: one dimensional systems. J. Comput. Phys. 84, 90-113 (1989)

5. Cockburn, B., Hou, S., Shu, C.-W.: The Runge—Kutta local projection discontinuous Galerkin finite
element method for conservation laws I'V: the multidimensional case. Math. Comput. 54, 545-581 (1990)

6. Cockburn, B., Shu, C.-W.: The Runge—Kutta discontinuous Galerkin method for conservation laws V:
multidimensional systems. J. Comput. Phys. 141, 199-224 (1998)

7. Cockburn, B., Shu, C.-W.: The local discontinuous Galerkin method for time-dependent convection-
diffusion systems. SIAM J. Numer. Anal. 35, 2440-2463 (1998)

8. Deckelnick, K., Dziuk, G.: Error analysis of a finite element method for the Willmore flow of graphs.
Interfaces Free Bound. 8, 21-46 (2006)

9. Dutt, A., Greengard, L., Rokhlin, V.: Spectral deferred correction methods for ordinary differential equa-
tions. BIT 40, 241-266 (2000)

10. Eyre, D.J.: Unconditionally gradient stable time marching the Cahn—Hilliard equation. In: Bullard, J.W.,
Kalia, R., Stoneham, M., Chen, L.Q. (eds.) Computational and Mathematical Models of Microstructural
Evolution, vol. 53, pp. 1685—1712. Materials Research Society, Warrendale (1998)

11. Filbet, F, Jin, S.: An asymptotic preserving scheme for the ES-BGK model of the Boltzmann equation.
J. Sci. Comput. 46(2), 204-224 (2011)

12. Filbet, F., Jin, S.: A class of asymptotic-preserving schemes for kinetic equations and related problems
with stiff sources. J. Comput. Phys. 229(20), 7625-7648 (2010)

13. Guo, R., Xu, Y.: Efficient solvers of discontinuous Galerkin discretization for the Cahn—Hilliard equations.
J. Sci. Comput. 58, 380408 (2014)

14. Minion, M.L.: Semi-implicit spectral deferred correction methods for ordinary differential equations.
Math. Sci. 1, 471-500 (2003)

15. Pareschi, L., Russo, G.: Implicit-Explicit Runge—Kutta Schemes for Stiff Systems of Differential Equa-
tions. Recent trends in numerical analysis, pp. 269-288, Adv. Theory Comput. Math. 3, Nova Sci. Publ.
Huntington (2001)

16. Reed, W.H., Hill, T.R.: Triangular Mesh Method for the Neutron Transport Equation, Technical Report
LA-UR-73-479. Los Alamos Scientific Laboratory, Los Alamos (1973)

17. Smereka, P.: Semi-implicit level set methods for curvature and surface diffusion motion. J. Sci. Comput.
19, 439-456 (2003)

18. Trottenberg, U., Oosterlee, C., Schiiller, A.: Multigrid. Academic Press, New York (2005)

@ Springer


http://dx.doi.org/10.1007/s10915-016-0168-y

J Sci Comput

20.

21.

22.

23.

24.

Xia, Y., Xu, Y., Shu, C.-W.: Local discontinuous Galerkin methods for the Cahn—Hilliard type equations.
J. Comput. Phys. 227, 677-693 (2007)

Xia, Y., Xu, Y., Shu, C.-W.: Efficient time discretization for local discontinuous Galerkin methods. Discrete
Contin. Dyn. Syst. Ser. B 8, 677-693 (2007)

Xia, Y., Xu, Y., Shu, C.-W.: Application of the local discontinuous Galerkin method for the Allen—
Cahn/Cahn-Hilliard system. Commun. Comput. Phys. 5, 821-835 (2009)

Xia, Y.: A fully discrete stable discontinuous Galerkin method for the thin film epitaxy problem without
slope selection. J. Comput. Phys. 280, 248-260 (2015)

Xu, Y., Shu, C.-W.: Local discontinuous Galerkin method for surface diffusion and Willmore flow of
graphs. J. Sci. Comput. 40, 375-390 (2009)

Xu, Y., Shu, C.-W.: Local discontinuous Galerkin methods for high-order time-dependent partial differ-
ential equations. Commun. Comput. Phys. 7, 1-46 (2010)

@ Springer



	Efficient High Order Semi-implicit Time Discretization and Local Discontinuous Galerkin Methods for Highly Nonlinear PDEs
	Abstract
	1 Introduction
	2 The High Order Semi-implicit Time Marching Method
	2.1 The Partitioned Runge--Kutta Methods
	2.2 The Semi-implicit Runge--Kutta Methods

	3 Applications of LDG Method and Semi-implicit Time Marching Methods
	3.1 The Surface Diffusion and Willmore Flow of Graphs
	3.2 The Cahn--Hilliard equation
	3.3 The Allen--Cahn/Cahn--Hilliard System
	3.3.1 Algorithm Flowchart and the Multigrid Solver
	3.3.2 The Spectral Deferred Correction Method
	3.3.3 The High Order Semi-implicit Runge--Kutta Method


	4 Conclusion
	References




