AN APPLICATION OF A THEOREM OF EMERTON TO MOD p
REPRESENTATIONS OF GLy

YONGQUAN HU

ABSTRACT. Let p be a prime and L be a finite extension of Q,. We study the
ordinary parts of GLa(L)-representations arised in the mod p cohomology of
Shimura curves attached to indefinite division algebras which splits at a finite
place above p. The main tool of the proof is a theorem of Emerton [10].
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1. INTRODUCTION

Let p be a prime number and L a finite extension of Q,. Let G = GLo(L). If
L = Q,, the work of Barthel-Livné [1] and of Breuil [3] gave a complete classifi-
cation of irreducible smooth representations of G over F, with a central character
(this last restriction is now removed by Berger [2]). However, when F # Q,, the
situation is much more complicated and a large part of the theory is still mysteri-
ous. The main difficulty lies in the study of supersingular representations, which
are irreducible smooth representations of G which do not arise as subquotients of
parabolic inductions. For example, when [L : Q,] = 2, Schraen has shown that
supersingular representations are not of finite presentation [20] (similar result was
first proved in [15] if L is a finite extension of F,[[¢]]).

Though the general theory of smooth representations of G could be very weird,
when L is unramified over QQ,, Breuil and Pasktinas were able to construct some
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‘nicer’ ones in [5]. Precisely, they constructed families of admissible smooth rep-
resentations (by local methods) which are related to two dimensional continuous
F,-representations of Gal(Q,/L) via the Buzzard-Diamond-Jarvis conjecture [7].
Recent work of Emerton-Gee-Savitt [11] shows that this construction is indeed
very important and tightly related to the mod p local Lancorollaryglands program.

To state our main result we need some notations. Let F' be a totally real field and
D a quaternion algebra with center F' which splits at exactly one infinite place. One
can associate to D a system of Shimura curves (Xy )y indexed by open compact
subgroups of (D ®g As)* (where A; denotes the ring of finite adeles of Q), which
are projective and smooth over F. Put

sP (Fp) = thHét(XU@va)

where the inductive limit is taken over all open compact subgroups of (D ®gAf)*.
Let p : Gal(Q/F) — GL2(F,) be an irreducible, continuous, totally odd represen-
tation. Assume moreover p is modular, which means that

" (p) == Homg,, @, ) (P; SP(Fy))

is non-zero. A conjecture of Buzzard, Diamond and Jarvis [7] says that the space
7P (p) decomposes as a restricted tensor product

D/ /
T (p) = ®w7rw
where each factor 7, is an admissible smooth representation of (D ®p F,,)* and
depends only on the restriction of p at w. Note that, when w|p, the local factor
Ty is supposed to be the right representation in the mod p local Langlands (or
Jacquet-Langlands) program, and many important properties about it have been
proved, see e.g. [14], [4], [11].

In this article we prove some extra property about 7, w|p, when the restriction
of p at w is reducible indecomposable and generic (see §3), and when F' is unramified
at w. In this case, it is hoped that m,, has a filtration of length f := [F}, : Q] of
the form (where (7;); denote the graded pieces of the filtration)

(1.1) Ty — M — -+ — Tf

such that m; is a principal series if ¢ € {0, f} and supersingular otherwise. Our
main theorem is as follows.

Theorem 1.1. Assume the decomposition 7P (p) = ®!, 7, holds. Let w be a place
above p. Assume that D splits at w, and p,, is reducible indecomposable and generic.
Assume that F is unramified at w and [F,, : Q] > 2. Then m,, contains a unique
sub-representation m which is of length 2 and which fits into an exact sequence

O—=my—>m—m —0
such that my is a principal series and m is a supersingular representation.

In other words, we prove that m,, contains the first two graded pieces in (1.1).
The main observation in the proof of Theorem 1.1 is a theorem of Emerton [10],
which allows us to control the ordinary part of m,,.

Back to the local situation, we get the following consequence.
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Corollary 1.2. Let L be a finite unramified extension of Q, of degree f > 2. There
exist a principal series my and a supersingular representation my such that

EXt%;(ﬂ'l,ﬂ'o) #0.

If moreover [L : Q,] = 2, and if mo denotes the f-th smooth dual of my (see [17,
Prop. 5.4]), then
Ext, (o, m1) # 0.

The existence of extensions in Corollary 1.2 is not known before. Remark that
such extensions do not exist when L = Q, ([19]). We also prove, in §5, that when
L is a local field of characteristic p there is no non-trivial extension of a principal
series by a supersingular representation.

The paper is organized as follows. In §2 we prove some necessary results about
smooth F,-representations of G, especially the structure of (irreducible) principal
series. In §3, we recall the construction of [5] and show, under certain assumption,
that the representations they constructed behave well. In §4, we show that this
assumption is satisfied in certain global situation. In the appendix (§5), we show
the counterpart of Theorem 1.1 is false if L is of characteristic p.

2. REPRESENTATION THEORETIC PREPARATION

In this section, L denotes a finite extension of Q,, with ring of integers Oy,
maximal ideal pz,, and residue field (identified with) F, = IF,,;. Fix a uniformiser @
of L; we take w = p when L is unramified over Q,. For A € Fy, [\] € O, denotes
its Teichmiiller lifting.

Let G = GLy(L), and define the following subgroups of G:

* % — * 0 1 * * 0
P=(o ) P00 m=(01) =6 )

and let Z be the center of G.

Let K = GL2(Or) and K; be the kernel of the reduction morphism K —»
GL2(F,). Let I C K denote the (upper) Iwahori subgroup and I; C I be the
pro-p-Iwahori subgroup. Let No=NNK,To=TNK and T} =T N K;.

We call a weight an irreducible representation of K over F,, which is always an
inflation of an irreducible representation of GLo(FF;). A weight is isomorphic to ([1,
Prop. 1))

r*2 ri2 T r,1*2 rf1 a
Sym'F, @5, (Sym"F,)"™ @ - @5, (Sym"/F,)"™ " @5, det

where 0 <7, <¢—1,0<a<g—2and Fr: (24)— (% %) is the Frobenius on
GLy(F,). We denote this representation by (ro,...,7f_1) ® det®.

2.1. Principal series. By the work of Barthel-Livné [1], smooth irreducible F,-
representations! of G' with a central character fall into four classes:
(i) one-dimensional representations, i.e. characters.
(ii) principal series Indgx, with x # x° where x is a smooth character of T
inflated to P and x* is the character of T' defined as x*((29)) = x((¢9)).
(iii) special series, i.e. twists of the Steinberg representation Sp.
(iv) supersingular representations.

1Although we choose to work with Fp-representations in this section, all the results hold true if
we replace [, by a sufficiently large finite extension of Fy.
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In this paper, only the second and fourth classes will be involved. When we talk
about a principal series Indgx, we implicitly mean x # x*. Recall first the following
result from [5, §8].

Proposition 2.1. Let w be a principal series of G. B
(i) We have an isomorphism of Fp,-vector spaces Hom(L*,F)) = Eth,C(ﬂ',Tr)?
(i1) Assume L # Q,. Let 7' be a smooth irreducible non-supersingular represen-
tation of G, then Extg(n’,7) = 0 except when 7' = .

Proof. (i) follows from [5, Cor. 8.2(ii)], noting that 7 is irreducible by our conven-
tion, hence the two cases excluded in loc. cit. can not happen. (ii) follows from [5,
Thm.8.1] using [5, Thm. 7.16(i)].

We recall the construction of the isomorphism in Proposition 2.1(i). Let 0 €
Hom(L*,F,). We lift § to a homomorphism of P to F, via P — L* given by
(25)— ad~'. Write 7 = Ind§y and let 5 be the extension

(2.1) 0—>x—>e&—x—0

corresponding to §. Explicitly, €5 has a basis {v, w} with the action of P represented
by (§ ’;6): b-v=x(bvand b-w = x(b)w + x(b)d(b)v for b € P. Then, inducing
to G we obtain an exact sequence

(2.2) 0 — Ind%yx — Ind%es — IndSy — 0

which is the element in Extg (7, 7) corresponding to . Since by definition § is
trivial on Z, the representation Indge(g has a central character.
Taking K-invariants, (2.2) induces a long exact sequence

0= (IndSx) "X — (Ind%es)™ — (IndGy)X* & HY(K,/Z1, ndSy).

Proposition 2.2. Notations are as above. The map Os is zero if and only if § is
an unramified homomorphism, i.e. § is trivial on Of . Moreover, if s is nonzero,
then it is an injection.

Proof. First, if 4 is unramified, then it splits when restricted to T'N K, hence the
sequence (2.2) also splits when restricted to K. This shows that ds = 0 in this case.

Now assume ¢ is ramified. It suffices to show that the inclusion (Ind$y)X1 <
(IndSes)X1 is an equality. By definition, Ind%e; identifies with the vector space of
smooth functions f : G — F,v & Fpw such that f(pg) = p- f(g), where p € P,
g € G, and {v,w} is the chosen basis of €5 as above; the action of G on Ind$e; is
given by (¢’ - f)(g) := f(gg’). Let f be such a function which is fixed by K;. We
need to show that f(g) € F,v for any g € G. Using the decomposition

G=PK=P <(1) é) KIH(AIGTLP (&] 2) Kl),

it suffices to check this for g = (9 4) and g = (13 1), A€ Fp. b= (HF*9)e Ty
and g = ([i] (1]), we have (as h- f = f):

ﬂg)(h'f)(g)f(([A]l(fL+w;a) ?))h’[f(<[x](1im) ?))}h'[f(g)}

2Extb ¢ means that we consider extensions with a central character and ( is the central character
of .
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where the last equality holds because f is fixed by K;. This shows that the vector
f(g) is fixed by T1, hence lies in F,v because § is non-trivial on 7;. Similar (and
simpler) argument works for g = ( 9 6) This finishes the proof. |

Since K is normal in K, the space H'(K1/Z;,n) can be viewed naturally as a
K-representation.

Corollary 2.3. Letd := dime Hom(1 + pL,E;), There is a K-equivariant embed-
ding (7¥1)®d — HY (K, /Z, 7).

Proof. The association § — 95 defines an F,-linear map
Hom(F*,F,) — Homy (75, HY (K1 /71, 7).

By Proposition 2.2, its kernel is the subspace of unramified homomorphisms, so we
obtain an exact sequence

0 — Hom"™(L*,F,) — Hom(L*,F,) — Homy (751, HY (K, /2, 7))

(where Hom"" means unramified @momorphisms). The assertion follows from
Proposition 2.2 and that Hom(O},F,) = Hom(1 + pz,F,). O

Let m be a principal series. For later use, we recall some basic results about
its I;-invariants. By [1, Thm. 34], socxm is not necessarily irreducible in general,
but it contains a unique irreducible sub-representation which is of dimension > 2,

which we denote by o. The decomposition G = PI; [[ PILI; (where IT := (2 }))
implies that 7/t is always 2-dimensional, spanned over F,, by fi, fo characterized

as follows:

(2.3) fdd) =1, () =0; fo(Id) =0, fo(II) = 1.

Here Id denotes the identity matrix of G. It is easy to see that (K.fs) = ¢ and
Z/\E]Fq(g [’1\] )f2 =x((§ 2))f2. Extending o to be a K Z-representation by letting
(% 2) act trivially and setting A := x((§ 2)), we get m = e-Ind% o /(T -\ @Y o
det, for some (uniquely determined) character x' : L* — F: . Here we have used
the formula (5.1) (see §5 below) for the action of T'.

2.2. Computation of H'(K;/Z;,n). Assume in this subsection that L is un-
ramified over Q, of degree f. Although it is not always needed, we assume for
convenience f > 2.

Define the following elements in the completed Iwasawa algebra F,[[No]]:

o= S a5 1) emima.

nEF,

A similar proof as that of [20, Prop. 2.13] shows that F,[[No]] 2 F,[[Xo, ..., Xf_1]].
Let 7 = (50,...,57_1) ® det® be a weight. We can view 7 as an F,[[Np]]-module.
A direct generalization of [20, Prop. 2.14], using [1, Lem. 2|, shows that 7 is
ijomorphic to Fp[[Xo, .o, Xp_1]]/ (X350, ...,X;f_’llﬂ) as a module over F,[[Ny]] =
Fp[[Xo, ..., Xy_1]]. Precisely, if w € (9 §)-7"° is non-zero (such a vector is unique

up to a scalar), then 7 is generated by w as an F,[[No]]-module.

Lemma 2.4. The F,-vector space Exty, (7,F,) is of dimension f.
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Proof. We have the identification

Ext}vo (7, ED) = Ext%p (M, Fp),

[[No]]

where M denotes F,[[Xo, ..., X7 _1]]/(Xg0 T, ...,X;f_’llﬂ). The assertion then fol-
lows from the theory of Koszul complex ([6, §1.6]). Explicitly, for each 0 < j < f—1,

the extension

0= Foej = Fpl[Xo, oo, Xpoa]) /(X0 X2 LX) = M =0,

is non split (where e; is sent to X;jﬂ)7 and they form a basis of Ext% [
P

[No]] (M, Fp)'
(Il

We need take into account of the action of H, where

Ho={(1J o) AaneF}ck

Note that the order of H is prime to p and H normalizes Ng.

Proposition 2.5. Let 7 = (sq,...,57-1) ® det® be as above. Let ¢ be a character
of H such that EX‘L%_LNO (1,4) # 0. Then there exists 0 < j < f — 1 such that

= Sa(SjJrl)pj, where Y. is the character corresponding to the action of H on
il
7No. Moreover, Ext%{No (1,%) is of dimension 1.

Proof. Tt is easy to see that if V is an F,[[HNp]]-module, and w € V is an H-
eigenvector of character x, then X;w is also an H-eigenvector, but of character Xapj.
So by the proof of Lemma 2.4, the characters ¢ of H such that Ext%_[No (r,9) #£0
are the characters {135 TP 0 < j< f—1}. O

G . .. . P
From now on, we assume 7 = Indpx is a principal series satisfying:

(H) the K-socle of 7 is irreducible, and if (7o, ...,rf_1) ® det” is the socle, then
0<r;<p—2.

Remark 1. The first condition of (H) amounts to demand that if we write x =
m ®mng forn; : L* — F; , then mny * is a ramified character.

Define a set of weights, depending on (the K-socle of) =, as follows: for 0 <
j < f—1,1let oj(n) == (50,..,87_1) @ det” where s; = r; for i ¢ {j — 1,5} and
sji1=p—2-rj_1,8;=r;j+1,b=a+p " (rj_1+1)—p’ (mod ¢—1). They are
well defined under the condition (H) and the assumption f > 2.

Proposition 2.6. Let m = Indgx be a principal series satisfying (H) and denote
0 =socgm = (rg,...,7y—1) @ det®. Let T be a weight. Then Ext}(/zl (r,7m|x) #0 if
and only if one of the following holds

(i) 7= o;(m) for some 0 < j < f —1; in this case dim Ext} (o;(7), 7|x) = 1.
(il) 7 2 o; in this case dimExt}{/Zl (o,7k) = f.

Proof. Twasawa decomposition implies that (Ind%x)|x = Ind® - (x|7nx ). To sim-
plify the notation, we write ©» = x|pnk for its restriction to P N K. By Shapiro’s
lemma, we have an isomorphism Ext} (7, 7|x) = Extpq(7,1). Consider a non-
split extension of P N K-representations

(2.4) 0=y —=>V =170
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First assume V' remains non-split when restricted to H Ny, so that Ext, N (T ) #
0. If we write 7 = = (50, 5f-1) ® det’, then Proposition 2.5 implies that ¢ =
P25 tP for some 0 < j < f — 1. Usmg the relation ¢* = (rq,...,rf_1) @ det?,
a simple calculation shows that ; = ¢, (x), hence 7 = oj+1(m). That is we are
in case (i) of the theorem. Again by Proposition 2.5, Exthqx (7, 1) has dimension
< 1, so the same holds for Extl (7, 7|x). To conclude in this case, it suffices to
construct a non-zero element in Extje (041 (), 7|x). In fact, [5, Cor.5.6] says that
Extye(0j41(m),0) is non-zero and has dimension 1. In view of the exact sequence

Homp (041(7), m/0) = Extic(041(7),0) = Extie(0;41(7), 7| x)
we are reduced to show Hompg (0;41(m), 7/0) = 0. If the later space were non-zero,
we would get an inclusion ¥ < 7, where ¥ denotes the unique non-split extension
of gj11(m) by o. But Ky acts trivially on ¥ (see [5, Cor. 5.6]), we would get an

g%]; 1/), which contradicts [5, Thm. 2.4].

inclusion ¥ «— 751 = Ind

Now assume V is split when restricted to HNy and choose a H Ny-splitting
s : 7 — V. This implies that V is fixed by ((1J plL) since both ¥ and 7 are.
If n € Ng and h € T, a simple calculation shows that hn = n'nh, for some

n € (1 pL) therefore the actions on V' of T; and Ny commute.

Claim: if x € T lies in the radical of T (as No-representation), then s(x) € V is
fixed by T;.

Proof of Claim. Let w € (9§)7™° be a non-zero vector. We have seen that
w generates 7 as an Ny-representation. The condition that x lies in the radical
of 7 is equivalent to that there exists a finite set of elements n; € Ny such that
x =) ,(n; —1)w. Let x be such an element and assume there exists h € T with
(h — 1)s(z) # 0. The remark above implies that

(25)  (h=1)s(@)=> (h—1)(n; — Ds(w) = > _(n; — 1)(h — 1)s(w).

In particular, (h — 1)s(w) is non-zero. But, this vector lies in the underlying space
of 1 on which Ny acts trivially, so the equality (2.5) forces that (h — 1)s(z) = 0 as
n; € Ny, contradiction. The claim follows.

By the claim, the extension (2.4) is the pullback of a (non-split) exact sequence
0—=¢ =W —r7/rad(1) = 0

on which Ny acts trivially but 77 acts non trivially. This forces that ¢ = 17, so that
T = o (since ¥* = x,) and we are in case (ii) of the theorem. Moreover, because
Ty/Z1 =1+ pL, = Op = Z] (since L is unramified) , the space Extr, /7, (1,) has
dimension f.

To conclude in this case, we need show dim Ext} /7, (0, 7| i) has dimension > f,
but it follows from Corollary 2.3. O

Remark 2. When L = Q,,, the dimension part of Proposition 2.6(it) is not always
true, cf. [5, Thm. 7.16(iii)].

The above proof has the following consequence.

Corollary 2.7. Let m be as in Proposition 2.6 and 7 = o;(m) for some 0 < j <
f—1. Let0 - m — E — 7 — 0 be the unique non-split K-extension. Then the
induced sequence 0 — w1t — ETv — 71v 5 0 is exact.
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Proof. With notations in the proof of Proposition 2.6, the extension F comes from
the extension ¥ of 7 by o. The result follows from the corresponding statement for
Y, see [5, Prop. 4.13]. O

The next lemma will be used in the proof of Proposition 3.2.

Lemma 2.8. Let 7 be a principal series satisfying (H) and o be its K-socle. As-
sume that V is a smooth representation of G such that m — V. Assume that
Hompg (0, V|k) is 1-dimensional and Homg (o, V/w) # 0. Then V contains a sub-
G-representation V' which is a non-split extension of ™ by .

Proof. The assumption dim Homg (o, V) = 1 means that o appears in socxV with
multiplicity one and is contained in 7. Therefore V' contains a sub- K-representation
FE which fits into a non-split extension

0—=mlg—FE—0—0.

We first describe the extension E more explicitly. Proposition 2.2 implies a
surjective morphism Exté’c(w,ﬂ') — Ext}()c(a,ﬂ'h(), given by pullback via o —
7| k. Choose an extension

0— 71— IndGes -7 —0

which lifts E. Choose a basis {v,w} of €5 as in §2.1 and define two elements of
Indgq as follows: let f, € m C Indgeg be the vector fo defined in (2.3), and f,, be

the element characterized by (write IT = (9 )):

Supp(fw) = PIII; = PIINy, f,(blIn) =b-w, Vb € P,Vn € Ny.

Here - means the action of P on €5. It is easy to see that f,, is well defined and
fixed by Ngy. If h € T, then

hfw = fuw+ 6(ITRITY) f,.
Moreover, the image of f,, in (the quotient) 7 lies in o = sock, see §2.1; that is,
fuw itself lies in E.

Now view f, as a vector in V' via the inclusion £ C V. Consider the operator
S=3sew, (g [i‘] )€ Fp[G]. Because f,, is fixed by Ny, we get by Lemma 5.1(iii),

h(S(fuw)) = S(h(fw)) = Sfuw + S(IAIITY)S fy = S fi + S(TTAIT)AS,.

Hence f], := S(fw) — Afw is fixed by Ti. By Lemma 5.1(iv), for n large enough,
Sn ! is fixed by I;. Moreover, by the proof of [18, Lem. 4.1], S"*!f! generates
an irreducible K-representation which is isomorphic to o. Since o appears with
multiplicity one in the K-socle of V by assumption, we deduce that S"*1f/ € F,f,.
In particular, S"*2f,, = AS"T! £, in V/x, showing that S"*! f,, (which is non-zero)
generates a principal series in V/m, which must be isomorphic to 7. O

2.3. Ordinary part. In this subsection L is a finite extension of Q,, of degree n.

Recall that Emerton has defined a functor, called ordinary parts and denoted
by Ordp, from the category of admissible smooth Fp—representations of G to the
category of admissible smooth F,-representations of T. Let R‘Ordp be its right
derived functors for i > 1. It follows from [9, Prop. 3.6.1] and [12] that R*Ordp
vanishes for i > n + 1.

Write G, = Gal(Q,/L). Let € : G — Z) be p-adic the cyclotomic character
ad w be its reduction modulo p. View them as characters of L* via the local Artin
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map normalized in such a way that uniformizers of L are sent to geometric Frobenii.
Denote by a the character w @ w™' : T — Fy.

Proposition 2.9. (i) If U is an admissible smooth representation of G and V is
a smooth representation of G, then

Home(IndSU, V) 2 Homy (U, Ordp(V)).

(ii) There is a canonical isomorphism R"Ordp(V) & Vy @ a™!, where wx is the
space of coinvariants (i.e. the usual Jacquet module of V' with respect to P).

(iii) We have Ordp(IndSU) = U and R*Ordp(IndGU) =2 U @ a~.

(iv) If m is an absolutely irreducible supersingular representation of G over F,,

then Ordp(m) = R"Ordp(7) = 0.

Proof. (i) is [8, Theorem 4.4.6]. (ii) is [9, Prop.3.6.2]. (iii) follows from [8, Cor.
4.3.5] and [9, Prop. 3.6.2], using the natural isomorphism Ind$U = Ind%US. For
(iv), the first assertion follows from (i); the second follows from (ii). To see this, let
m(N) C 7 be the subspace spanned by vectors of the form (n — 1)v, for all n € N
and v € 7, so that 7y = w/7(N). It is easily checked that w(NN) is stable under
the group P and non-zero. The result follows from the main result of [18], which
says that 7|p is irreducible. O

2.4. A definition. We recall a definition due to Emerton [10, §3.6], which plays a
crucial role below.

We normalize the local Artin map L* < G4 in such a way that uniformizers
of L are sent to geometric Frobenii.

Denote by S the following subtorus of T'

S:z{(% (1)>|aeLX}CT

so that S = L*. The composite of this isomorphism with the local Artin map
defines an injection ¢ : S < G2, and hence an anti-diagonal embedding

(2.6) S G xS, s (u(s),sh).

Definition 1. Let V' be a representation of G x S.

(i) Let V2P be the mazimal sub-object of V' on which G, acts through its mazimal
abelian quotient G3°. This is a G, x S-sub-representation of V.

(ii) Let V2P5 be the subspace of V2P consisting of S-fized vectors, where S acts
through the anti-diagonal embedding (2.6) and the action of G3® x S on V&P,

The space VP9 is stable under the action of G and, of course, this action
factors through G3P.

Lemma 2.10. Let V be a representation of Gp, x S. Assume that the action of G,
on V/VaPS factors through G2. Then, for any subquotient W of V. (as G, x S-
representations), the action of G, on W/W?ab5 qlso factors through G&°.

Proof. By definition, if Hy, denotes the kernel of the quotient map Gz, — G4P, then
Vab = VHL and VabS = (VHL)S If W is a sub-G [ x S-representation of V, we
deduce that Va»S N W = W25 hence a Gp-equivariant inclusion W/Wab:s <
V/V2P:S and the result holds in this case. If W is a quotient of V, the result is
obvious. The general case follows from this. O
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3. LOCAL RESULTS

We keep notations of Section 2. Assume L is unramified over Q, of degree f > 2.

3.1. Construction of Breuil-Paskiinas. Let 5 : Gal(Q,/L) — GLy(F,) be a
continuous representation. Assume p is reducible and generic in the sense of [5,
§11], i.e. p is of the form

. I o D
5 nr(,u)w;m-‘rl)—i_ 7 (ry o1 =1) * ®n
-1
0 wr(i1)

where p € F;, ri € {0,...,p—3} with (ro,...,75_1) # (0,...,0),(p—3,...,p—3), wy is
Serre’s fundamental character of level f, and 7 : Gal(Q,/L) — F; is a continuous
character.

To p is associated a set of weights, called Serre weights and denoted by D(p),
as follows (see [5, §11] or [7]). First, the genericity condition on p implies that p
is in the category of Fontaine-Lafaille [13]. Writing down the associated Fontaine-
Lafaille module, we define a subset J; of S := {0, ..., f —1} which we refer to [16, §2]
for its precise definition. We recall that J5; measures how far p is from splitting, in
the sense that J5 = S if and only if 5 is split. Second, we define D(zq, ..., z_1) to be
the set of f-tuples 7 = (79(x0), ..., Ty—1(x—1)) satisfying the following conditions:

(i) 7i(zs) €{zyyzi+L,p—2—xz;,p—3 —z;}
(11) if Tl(xl) € {xi,xi + 1}, then Ti+1(xi+1) € {{Ei+1,p -2 ZL’iJrl}

(iii) if 7;(z;) € {p—2—w;,p—3—;}, then 71 (zi41) € {p—3— 21, Ti41 +1}

(iv) if 7(x;) € {p — 3 — @, x; + 1}, then i € J;
with the conventions z; := x¢ and 7¢(zf) := 19(x0). Then D(p) can be explicitly
described as

D) = {(70(r0), .- Ty—1(r-1)) ® det®Mrom=1) € Dy, s Tpo1) )

where e(7)(zg, ...,z y—1) is defined as in [5, §4]. Remark that there are 2!/7! elements
in D(p), and it always contains the weight o¢ := (ro, ...,7y—1)®@nodet. For o € D(p)
which corresponds to 7 € D(xg, ..., f_1), We set

U(o) := Card{i € S;7i(x;) € {p — 2 —24,p — 3 —x;}},

and call it the length of o.
Let Dy(p) be the maximal representation of GLy(F,) such that

(i) the GLy(F,)-socle of D(p) is ®ren(H) T
(ii) each Serre weight 7 € D(p) occurs exactly once in D(p).

Let D1(p) = Do(p)"* with the induced action of I and we choose an action of IT =
(98) such that I1% is the identity. The amalgam structure of G (more precisely, of
SLa(L)) then allows Breuil and Paskiinas to construct a family of smooth admissible
representations of G over F,, with K-socle being Doen(p)0- The construction is as
follows (see [5]). We first embed K-equivariantly Dy(p) inside an injective envelope
Q= Injg (Dyren@)0). Then using the decomposition of [; we can give an action
of (9¢) on © which is compatible with the one on D;(p) via the embedding we
have chosen. In such a way, a theorem of Thara allows us to get a smooth action of
G on Q and we let V' be the sub-representation generated by Dg(p). In particular,
V' depends on the choice of the action of (2 (1)) on €2, and actually there are quite
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a lot of such choices. Finally, we twist V' by 7 o det to recover the determinant of
p. Denote by V(p) the family of representations V' obtained in this way.

It is expected that such a V' € V(p) has length f, or, at least, there exists one
V € V(p) which has length f. Precisely, we hope that V has a filtration of length
f of the form (where (7;); denote the graded pieces of the filtration)

o —— M1 —— T Tf

such that m; is a principal series if 7 € {0, f} and supersingular otherwise. This is
the case when p is (reducible) split; in this case, V is a direct sum of m;’s, 0 <14 < f
(see [5, §19]). However, it is not even known whether such a V' has finite length if
P is non-split, except for the case L = Q,, (cf. [8, Conj. 2.3.7]).

In the following, we assume p is non-split.

Lemma 3.1. For any V € V(p), the G-socle of V is an irreducible principal series
and isomorphic to c-Ind$. ,00/(T — \) for some A € F:.

Proof. Let 7 be an irreducible sub-representation of V. Let o € D(p) be a Serre
weight which is contained in socixm. The proof of [5, Thm. 15.4(ii)] shows that
we can go from Dy ,(p)"* to Do, (p)!* using x — x° (with notations there). In
particular, we see that oy is also contained in m, hence (G.oo) C w. But, by
construction, (G - 0¢) is an (irreducible) principal series, so that = = (G - g¢). The
last assertion follows from [1, Thm. 30]. O

Remark 3. In Lemma 3.1, any \ € ﬁ; could happen. In fact, the construction in
[5] does not take into account of the whole information of p. For the representations
arising from the cohomology of Shimura curves, A is uniquely determined by p (see

[4] or 84).

Proposition 3.2. Let V € V(p). Assume that Ordp(V') is one-dimensional. Then
V' contains a sub-representation w which is of length 2 and fits into an exact sequence

O—=mg—o>m—m —0

such that my is a principal series and w1 is a supersingular representation. Moreover,
1 1s uniquely determined (by V') in the following two cases:

(i) either D(p) = {00}, in which case sock (T1) = Geecp(55),6(0)=10

(i) or V11 = Dy (p), in which case we only have an inclusion

(3.1) P o Csocx(m),

o€D(p*),L(0)=1
which is an equality when f = 2.

Remark 4. It is easy to check that the set {o € p*° : £(0) = 1} is exactly the set
{(m0) : 0 <j < f—1} (well defined thanks to the genericity condition on p).

Proof. Lemma 3.1 implies that the G-socle of V' is a principal series; we denote it
by mo. By assumption, Ordp(V) is one dimensional. We claim that V/m does not
admit principal series as a sub-representation. In fact, if 7’ — V/m is a principal
series, then Exté(w’,wo) # 0 since mg is the G-socle of V. But Proposition 2.1
implies that @' 2 my, and the corresponding extension is of the form (2.2) for
certain § € Hom(L*,F,). The claim follows from the assumption on Ordp(V)

using Proposition 2.9(iii). By [22, Thm. 2|,V/m is still a smooth admissible
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representation, hence it contains at least one irreducible sub-representation; by the
claim it must be supersingular. This shows the first assertion of the proposition.
We define m and determine its K-socle under assumptions (i) or (ii). First
assume D(p) = {op}. By construction recalled above, V sits inside a certain
such that Q| is an injective envelope of gg. Proposition 2.6 then implies that

f-1 f-1
sock (2/mg) = @Uo (@ aj(m))
j=0 Jj=0

By Lemma 2.8, we deduce that sock (V/mg) does not contain og so that
f-1
sock (V/mo) C (6P o) (m0))
7=0

We claim that V/mg contains a unique irreducible sub-representation. In fact, let
m < V/mp be an irreducible sub-representation and let o be a weight contained
in the K-socle of 7. Then ¢ is of the form ¢;(m) for some 0 < j < f—1. We
check that all other o;(my)’s are also contained in 7y under the process x — x*
(argument as in [5, Thm. 15.4]). To do this, we may assume j = 1 so that
o={p—2—ro,m1+1,72,...,77_1) (up to twist). If we let I(co, o)) be the unique
sub-representation of Dy(p) with cosocle ¢l*! (see [5, Cor. 3.12]), where ol :=
(ro+1,p—2—r1,p—1—7rg,....,p—1—7;_1) (up to a twist uniquely determined by o)
is as in [5, page 9]. Using [5, Cor. 4.11], oo(mo) occurs in I(og, ol*]) as an irreducible
constituent. This shows that og(7) also occurs in the K-socle of w. Repeating this
argument gives the result and shows that socgm = @;;80]' (M0) = CocD(@),b(c)=10
by Remark 4.

Now assume (ii) V1 = D;(p). By the construction, V sits inside certain Q €
Modg" such that Q| is an injective envelope of ©,cp(5)0. Since sock (m) = 0o,
we can K-equivariantly decompose Q = @, cp (520 so that sock () = o for each
o and that m is contained in Q,,. Therefore Q/my = (2, /70) ® (Po£0,) and
Proposition 2.6 then implies that

~
=

_ f—1
sock (V/mo) C sock (Q2/mo) = ( 00) &) (@Jj(ﬂ'o)) <) ( @ U).
J=0 a€D(p),0#00
Here, although o () is possibly isomorphic to some o € D(p) in view of Remark 4
(automatically of length 1), we use o (7) to emphasize that it is a sub-representation

of Qy,/mo and use o € D(p) to emphasize that it is contained in ,. Lemma 2.8
implies that V/my does not admit oy as a sub-K-representation, hence

@ o Csock(V/mg) C @O'] 7T0 @ U).
oc€D(p),0#00 ae@(ﬁ),a#do
Let 0 € D(p) such that £(c) = 1. We know o = 0;(m) for some 0 < j < f—1
by Remark 4. Let ¥ be the unique non-split extension of o;(mg) by og; then
»h = glt@a;(m)" is 2-dimensional by [5, Prop. 4.13]. We have Homg (%, V) = 0;
if not, we would have ¥ < V and therefore ¥ @ o < V which would contradict the
assumption V!t = D;(p) which is multiplicity free ([5, Cor. 13.5]). In all we get

sock (V/m) C ( @ o) @ ( @ ).

oceD(p%%),£(0)=1 c€D(p).L(c)>2

<.
Il
=)
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As in case (i), we show that V/m admits a unique irreducible sub-G-representation.
For this, we show that any sub-representation 7 of V/7g contains ©gep(p),0(0)=10
in its K-socle. Indeed, if 7; contains some o € D(p) with £(o) > 2, then the same
argument as in the proof of [5, Thm. 15.4], using the process x — x°, shows that
71 also contains another o’ € D(p) with £(c’) < £(0). Remark that, although it is
not necessary for us, we can guarantee that ¢’ belongs to D(p), not just to D(p*).
So we may assume £(o) = 1 at the beginning. Still using the process x — x*, we
claim that 7; contains all other ¢’ € D(p**) with £(¢’) = 1. The argument is similar
to that of case (i) above but slightly different, as follows.

Let Do o(p) := Do(p) N and let Dy 1(p) be the maximal sub- K -representation
of Dy(p)/Do,0(p) which does not contain any element of D(5*) of length > 2. By
[16, Lem. 5.1], the K-socle of Dy 1(p) is exactly ©yen@),e(o)=1- By [5, Thm.
13.1], Do1(p) is a sub-K-representation of Dy 1(p%) (see [5, Thm. 15.4(ii)] for
this notation), since it does not contain any element of D(p*) of length 0 or > 2.
Moreover, Dy 1(p)!* is stable under the action of (9 §) and compatible with that
of Dy.1(p)"* because they are both multiplicity free. In all, we are reduced to check
the claim in the case p = 7, which is done in [5, Thm. 1.54(ii)].

To conclude, we just let 7 be the sub-representation of V/my generated by
©oeD(p),0(0)=1- The inclusion (3.1) follows from the claim and the equality when
f = 2 is obvious. O

Remark 5. In [11], it is shown that for some V € V(p) coming from cohomology
of Shimura curves, the condition (ii) of Proposition 3.2 is verified. Moreover, for
such a V, it is hoped that (3.1) is always an equality.

3.2. The case f = 2. We have seen that non-split G-extensions of a supersingular
representation by a principal series exist (under the conditions which will be checked
in §4). In this section, we deduce from this the existence of non-split extensions of
the converse type in the case f = 2, namely extensions of the form

0—>m —*x—m—0
with m; supersingular and 75 a principal series.

We keep notations in the previous subsection.

Proposition 3.3. Assume f = 2. Let myp = Indgx and w1 be a supersingular
representation. If Extl(my,m) # 0, then Extl(IndSxa,m) # 0.

Proof. Let
(3.2) 0—=>m—=>V —=>m =0

be a non-split extension. Apply the functor Ordp and using Lemma 3.4 below, we
get a surjection
R'Ordpm; — R2Ord pry.

By Proposition 2.9(ii) (as f = 2), we know R?Ordpmy = xa !, hence R'Ordp7 is
non-zero and admits a quotient isomorphic to ya~!. Because there is no non-trivial
extension between two non-isomorphic T-characters, we deduce that R'Ordpm;
also contains a sub-character isomorphic to ya~!. The assertion follows from
the long exact sequence [9, (3.7.5)] which implies that Extév(Ind%X@*l,m) =

Homr(ya™ 1, R*Ordp(m)) # 0. O
Lemma 3.4. We have R20rdpV = 0.
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Proof. By assumption f = 2, Proposition 2.9(iii) implies that R20OrdpW = Wy ®
a~! for any G-representation W. The sequence (3.2) induces an exact sequence
(mo)n = VN — (m1)n — 0. Since (m1)n = 0 by Proposition 2.9(iv), it suffices to
prove that the map (mg)ny — Vi is zero. If not, then Vy = (mg)n as (mp)n is one
dimensional, and the adjunction formula (see [8, §3.6]) implies that

Homeg(V, Indg(ﬂo)N) = Homg(V, mp) # 0,

As a consequence, the extension (3.2) splits, giving the desired contradiction. [

We have remarked that when p is reducible, we hope that any V € V(p) is a
successive extension of the irreducible representations (m;)o<i<2, with m, w2 being
principal series. It is easily checked that if we write my = IndIpr for suitable ¥,
then my = Indgxsa, which is compatible with Proposition 3.3.

Remark 6. Note that mo is exactly the f-th smooth dual of my, in the sense of [17,
Def. 3.12 & Prop. 5.4].

4. GLOBAL RESULTS
We prove the main result of this article in this section.

Let F be a totally real number field. For each finite place v of F', denote by F,
the completion of F' at v. Write Gp = Gal(F/F) and G, = Gal(F,/F,), and we
identify G, with a subgroup of Gr by fixing an embedding F' < F,. We fix a
finite extension E of Q,, which serves as the coefficient field and is allowed to be
enlarged. Write O for the ring of integers of F, kg its residue field, and wg a
fixed uniformizer.

4.1. A theorem of Emerton. Let D be a quaternion algebra over F' which splits

at exactly one infinite place denoted by 7. Fix an isomorphism D, < p ®pr R =

M5 (R). Let D; = (D®qAy)*.

For any open compact subgroup U C D;, let Xy be the projective smooth
algebraic curve over F associated to U and consider the étale cohomology with
coefficients in A

Hét (XU,@7 A)’

where A denotes one of E, O, or Og/w, for some s > 0. For two open compact
subgroups V C U of D7, we have natural morphisms of algebraic curves Xy — Xy
defined over F', which induces a Gal(F/F)-equivariant map

Hét(XU@, A) — Hélt(XV,@a A).

Define
SP(A) = lim Hi (Xy g, A)

where the limit is taken over all the open compact subgroups U C D;. It carries a
continuous action of Gal(F/F) and a smooth admissible action of DfX commuting
with each other.

Let p : Gp — GLy(kg) be an irreducible, continuous, totally odd representation.
Assume that p is modular, in the sense that Homg, (5, SP(kg)) # 0. Let ¥ be a
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finite set of finite places of F' which contains all those places dividing p, or at which
U, is not maximal, or D or p is ramified. Define as usual the Hecke operators

Wy

7, = 6La(0n) (1) GLalOR 0= (612(0m) (7 2 ) GLa(OR)

and let T*(U) denote the commutative A-algebra generated by T}, and S,, for v ¢ 3.
We let m% = m%(U ) denote the maximal ideal of T* corresponding to p, i.e.
satisfying
T, mod m% = trace(p(Frob,)) and N(v)S, mod mz = det(p(Frob,))
for all v ¢ X. Let
SPWU, kp)m3] ={f € SP(U,kg)|Tf =0 for all T € m>}.

By [7, Lemma 4.6], it is independent of X, so denote it by SP (U, kg)[m;]. We
can consider the direct limit over U of the spaces SY(U,kg)[m;] which yields

SP(kg)[ms]. Recall the following conjecture due to Buzzard, Diamond and Jarvis
[7, Conj. 4.9].

Conjecture 1. The representation SP(kg)[mz] of Gp x D; is isomorphic to a
restricted tensor product

(4.1) S (k) [mp] 27 ® (@, 7mw),

where m,, is a smooth admissible representation of D5 such that

e ifw does not divide p, then ., is the representation attached to p,, := plgy,
by the modulo ¢ local Langlands and Jacquet-Langlands correspondence, see
7, §4];

e if wlp, then m, # 0; moreover if F and D are unramified at v, and o is an
irreducible kg-representation of GLa(OF,,), then

Homgr, 0y, )(0,Tw) #0 <= 0 € W(p,).

Here W(p,,) is a certain set of Serre weights associated to p,, which, when
Pw 15 generic, coincides with D(p,,) (in §8) up to normalisation.

From now on, assume that D splits at some finite place v lying above p. For U”
an open subgroup of Hmév ng, we write
SP(UY, A) = @SD(U“UU, A)

where the inductive limit is taken over all compact open subgroups U, of D) =
GL2(F,). The following result is due to Emerton (see Definition 1 for the notation).

Theorem 4.1. For any n > 0, the action of Gal(@p/F) on the cokernel of the

embedding

Ordp (SP (U, kpg)my) ™"

factors through G}? .

v Ordp(SD(UU,kE)mF)

Proof. This is Theorem 5.6.11 of [10] in our setting. The proof of Emerton works
equally in this case. In fact, Lemmas 5.6.7 and 5.6.8 loc. cit. hold true, with the
only change being to replace the absolute value | |, by | |,, the absolute value on
F, normalised as |w@,|, := ¢, *. We also need

SP(UY, Op)me” [wrSP (U, Op)nl” — SP(UY kg)me"
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to be surjective to apply Lemma 5.6.3 loc.cit.. This is a consequence, by taking
inductive limit over r, of the isomorphisms (provided r is large enough so that
U"I,, is neat)

SP(UY, Op)w JwrSP (U, Op)wy — SP (U kp)ns.

Here, we denote by I,.,, the open subgroup of GLy(Op,) defined as {g = (§7)
mod w] }. O

4.2. Application. Assuming the existence of the decomposition as in Conjecture
1, we get the following information about the local factor , (for v|p) when pl|g,,
is reducible with scalar endomorphisms.

Theorem 4.2. Assume the decomposition (4.1) holds. If for some v|p, p, is re-
ducible indecomposable and isomorphic to (wol Jz ), with 1y # 12, then Ordp(7p.(P))
is an admissible semi-simple T, -representation.

Proof. The natural inclusion SP (U, kg)[ms] < SP(U”, kg)m, induces an inclu-
sion Ordp(SP(UY, kg)[mp]) < Ordp(SP(U", kg)m,), hence Lemma 2.10 and The-
orem 4.1 imply that the action of G, on the cokernel of

(Ordp(SP (U, kg)[mz])) ™" < Ordp(SP (U, kig)my])

factors through G37.

Assume that the decomposition (4.1) holds. Then, as a representation of G, x
GLy(F,), SP(U?, kg)[m;] is isomorphic to (p, ® m,)®" for some integer r > 1.
Apply Lemma 2.10 again, we deduce that the action of G, on the cokernel of

Ordp(p, @ m)*™*" = Ordp(p, @ )

factors through G*}E.

Now assume that Ordp(m,) is not semi-simple. Because there is no non-trivial
extension between two non-isomorphic kg-characters of T, there must exist some
character x : T, = kj and some non-trivial extension as (2.1)

0—=x—e—=+x—0

such that €5 appears as a subquotient of Ordp(m,). This implies that Ordp (5, ®7,),
which is equal to p, ® Ordp(m,), has a G, x T,-equivariant, hence Gp, X S,-
equivariant, subquotient of the form p, ® €5s. Applying Lemma 2.10 to it shows
that the action of G, on the cokernel of

(4.2) (P, © €)™ < b, @ €5

factors through G*}E. We claim that (p, ® €5)*"°* is at most 1-dimensional over
kg, while p, ® €5 is 4-dimensional, and the cokernel of (4.2) admits a quotient
isomorphic to p, ® x. Because p, is reducible and indecomposable by assumption,
the action of G, on p, ® x does not factor through G%E, hence a contradiction
which shows that Ordp(r,) is semi-simple.

To verify the claim, we choose a basis {v1,v2} of b, over kg such that g - v, =
P1(g)vy for g € Gp,; also choose a basis {wy,ws} of €5 such that s - w; = x(s)w
and s - wy = x(s)(wg + 6(s)wy) for s € T,. Tt is clear that V* C ¢ ® €5, as
P, is indecomposable and ; # 1. Since the action of S, on p, ® €5 is via the
anti-diagonal embedding S, < G x Sy, s = (1(s),57 "), we get

s+ (v1 ®@wi) =P1(e(s))v1 ® x(s™Hwy
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s+ (v1 @ wg) = P1(e(s))v1 @ [x(s™) (wa + (s~ Hwr)].
Because § : F* = S, — kg is non-trivial and the extension €5 admits a central
character, there exists s € S, such that §(s™1) = —§(s) # 0, hence

(P, © €)™ C kp(v1 @ w).

The claim follows easily from this. (]
Combined with results proved in §3, we get the following corollary.

Corollary 4.3. Keep assumptions in Theorem 4.2. Assume moreover that p, is
generic and F, is unramified over Q, of degree > 2. Then the GLo(F,)-representation
m, contains a sub-representation w which is of length 2 and fits into a non-split exact
sequence

0—>mg—>m—>m —0

with T a principal series and m supersingular. If moreover [F, : Qp] = 2, and if
o denotes the f,-th smooth dual of mo, then ExtéLz(Fv)(ﬂg,m) #0.

Proof. Under our assumptions together with the genericity condition of p,, we
can apply [4, Thm. 3.7.1] to get that socgr,(o,)(my) is of multiplicity 1. Then
Theorem 4.2 implies that Ordp, (7,) is one-dimensional, so that the result follows
from Propositions 3.2 and 3.3 and Remark 6. (Il

We can get rid of the assumption (4.1) in Corollary 4.3 as follows (note however
that then 7, does not make sense).

Proof of Corollary 1.2. In [4], Breuil and Diamond explicitly constructed a certain
kp-representation 7, of GLa(F),), and showed that 7] must be the local factor m, if
(4.1) holds (see [4, Cor. 3.7.4]). We have a G, x GLa(F),)-equivariant embedding
Py @l = SP(UY, kg)[mg], so that Ordp (7)) is semi-simple by the same proof of
Theorem 4.2. Moreover, under genericity assumption on p,, [4, Thm. 3.7.1] says
that the K,-socle of 7/, is of multiplicity one, hence Ordp(n)) is of dimension 1.
We deduce that 7/, contains a non-split extension of m by mp. The last assertion
of Corollary 1.2 is deduced as in Corollary 4.3. (]

5. APPENDIX

In this section, we prove, contrast to Proposition 3.3, that there is no non-trivial
extension of principal series by supersingular representations, when L is a local field
of characteristic p. Notations are the same as in Section 2.

We fix a uniformizer w of L. For an irreducible smooth representation o of
K, we view it as a representation of KZ by letting (10” g) act trivially. Consider
the compact induction C—Ind?( »0 and recall that the F,-algebra Endg(c—Ind?(ZJ)
is isomorphic to F,[T] where T is a certain Hecke operator (normalized as in [1]).
To describe the action of T, for g € G and v € o, denote by [g,v] € ¢-Ind% 40 the
function supported on KZg~! and such that [g,v](¢g~!) = v. Let vy € o't be a
non-zero vector and recall that Id denotes the identity matrix of GLy(L), then the

action of T on c-Ind%, ;0 is characterized by the formula (and by the G-equivariance
of T):

(5.1) T([1d,u)) = 3 [(fg [T]> 0] + (o) 1L )

AeF,
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where (o) =1 if o is of dimension 1 and €(o) = 0 otherwise.
In [15, Def. 2.7] is defined an operator by the formula:

_ @ D &
S=> (0 1) € F,[G]
AEF,
which acts on any G-representation. By (5.1) we get immediately

(5.2) T([1d, vo]) = S([Id, vo])

when ¢ is of dimension > 2. Set S' = S and by induction S = S0 S"~! for n > 1.
We then have S"t™ = 8" o0 §™ = §™ o S™. Recall some useful properties of S.

Lemma 5.1. Let m be a smooth representation of G and let v € .

(i) If v is an eigenvector of H, then so is Sv for the same eigencharacter.

(i) If v is fixed by Ny, then so is Sv.

(iti) If v is fized by Ny, then so is h-v for h € Ty, and we have the formula
h-Sv=_S(h-v) forall h € Ty.

(iv) If v is fized by (;—Eﬁf 1$;L) with n > 1, then Sv is fized by (1;? 12&). In
particular, if v is fived by Iy, then so is Sv.

(v) Assume that L is of characteristic p and 7 is a supersingular representation

of G. Then there exists an integer n > 0 such that S™v = 0.

Proof. (i), (ii) and (iii) follow from an easy calculation, see [15, Lem. 2.8] for the
details. (iv) is proved in [15, §4.2, (4.4)]. (v) is just [15, Thm. 5.1], which requires
L to be of characteristic p. |

Theorem 5.2. Assume that L is of characteristic p. Let my be a supersingu-
lar representation and my be a principal series or a special series of G. Then
Exté(ﬂ'g,ﬂ'l) =0.

Proof. Consider an extension of G-representations
0—=m =V —=>m—0.

Because 7o is a principal series or a special series, it always contains a sub-K-
representation of dimension > 2, say o, and 7 is a quotient of ¢-Ind%- ,o /(T — \) ®
x odet for some A\ € F; and y : L* — F;, see [1, Thm. 33]. Let w € o't C 73 be a
non-zero vector, which is unique up to a scalar and is automatically an eigenvector
of H. Choose a lifting w € V of w arbitrarily. Since the order of H is prime to p,
we may choose w so that it is an eigenvector of H. Denote by M = (Ng.w) C V
the sub-Ny-representation generated by w and choose vectors v; € w1, where i runs
over a finite set, such that {w,v;} forms a basis of M. Then by [15, Lem. 5.2],
for any n > 0, (Ny.S™w) is spanned by the vectors {S"™w, S™v;}. But, since M
is finite dimensional and 77 is supersingular, Lemma 5.1(v) implies that S™v; = 0

for n > 0, hence S™w is fixed by Ny for such n. Since Sw (5.2) Tw = \w in 7

and \ # 0, /\%S"w is still a lifting of w, so we may assume the chosen lifting w is
fixed by Ny. Since w is fixed by I, we have (in particular) (h — 1)w = 0 for any
h € Ty, hence (h — 1)w € m. By Lemma 5.1(v), there exists nj > 0 such that
S™:(h—1)w = 0. The representation V' being smooth, (T}.w) is finite dimensional,
so we may find n large enough so that S™(h — 1)w = 0 for all h € T;. But, Lemma
5.1(iif) implies

0=5"h—-1w=(h—1)S"w,
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so that S™w is fixed by I; N P. Again, by Lemma 5.1(iv), up to enlarge n, S"w is
fixed by I;. Replacing w by )\%S"w, we obtain a lifting w of w which is fixed by
1.

Next, consider the vector (S — X\)w which belongs to 7 as its image in 9 is zero.
By Lemma 5.1(v) again, there exists n > 0 such that S™(S — A)w = 0. Replacing
w by =5™w, we get a lifting w of w satisfying Sw = Aw.

Summarizing, we obtain a lifting w € V11 of w which is an eigenvector of H and
satisfies Sw = Aw. By the proof of [18, Lem. 4.1]

Ti=(K -w)CcV

is irreducible and isomorphic to o. Moreover, the fact Sw = Aw implies that
the G-morphism C—Ind?{ 47 ® xodet — V (here x is the character appeared at the
beginning of the proof) induced by Frobenius reciprocity must factor through (note
that Sw = Tw by (5.2))

¢ :c-IndS,7/(T — \) ® x odet — V.
This shows that V' contains m; as a sub-representation and hence splits. ([
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